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Abstract

In the last decade, the radial basis function-generated finite difference (RBF-FD) method
has been widely used for numerical solutions of partial differential equations on smooth
surfaces. In this paper, we present a comparison between two approaches for approximating
spherical differential operators using the RBF-FD method based on polyharmonic splines.
First, we compare common differential operators, including the surface gradient and the
Laplacian operator on the sphere, employing polyharmonic splines with different degrees
of augmented multivariate polynomials. Second, we examine the approximation errors
for various node layouts and spatial resolutions. In most cases, the RBF-FD method
with a constant along the normal direction yields more accurate results. To maintain
consistency with the high-order RBF-FD spatial discretization, we employ high-order time
integration methods, including two Runge–Kutta schemes and exponential Rosenbrock
schemes. Finally, we apply the method to solve the spherical shallow water equations
using a series of standard test cases, such as steady geostrophic flow, zonal flow over an
isolated mountain, Rossby–Haurwitz wave propagation and perturbed zonal jet flow. The
simulation results demonstrate that the proposed method is capable of reproducing the
evolution of nonlinear dynamics successfully.

Keywords: RBF-FD methods; polyharmonic spline; stencil size; shallow water equations

1. Introduction
In recent decades, the radial basis function (RBF) method has been one of the most

popular mesh free methods [1]. It is widely used in data interpolation on scatter points, 3D
surface reconstruction, numerical approximation for PDEs, etc. Compared to the numerical
methods based on mesh, such as the finite difference method, the finite element method,
etc., the RBF method does not need the mesh’s topography and metrics. However, the
differential matrix generated by the global RBF method is dense, and as the number of
scattered points increases, the matrix tends to become increasingly ill conditioned. In order
to relieve the problem, Radial Basis Function-generated Finite Differences (RBF-FD) was
presented [2].

In the past decade, several improvements of the RBF-FD method have been proposed:
for instance, RBF-HFD (Hermite Finite Difference) accounting for derivative information
for added accuracy [3], overlapped RBF-FD with improved computational complexity [4]
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and oversampled RBF-FD with increased stability properties [5]. However, for the purposes
of this paper, we limit our analyses to the simplest and most popular original version [2].

When implementing RBF-FD methods, the basis function should be determined first,
usually, the commonly used RBFs are infinitely smooth function, such as Gauss, Multi-
quadrics, Inverse Multiquadrics, etc.; however, the basis function includes a shape param-
eter and the parameter’s choice plays a crucial role in the conditioning of interpolation
matrices as well as accuracy. As a result, the need to balance accuracy and conditioning
through the tuning of the shape parameter becomes a problem. The use of the polyhar-
monic spline (PHS) basis function with polynomials eliminates this requirement [6]. Instead
of tuning shape parameters to accommodate different space resolutions, the only param-
eter selection required is the degree of the PHS and augmented polynomials, which is
pre-selected and remains constant. Therefore, PHS basis becomes a more and more popular
choice in the RBF-FD method [7–9].

In this paper, we consider the shallow water equations (SWEs) on a sphere, which are
expressed as follows in the 3D Cartesian coordinates [10]:

∂h
∂t

+∇ · (−→V (h − hs)) = 0 (1)

∂
−→
V

∂t
+
−→
V · ∇−→

V + f (−→x ×−→
V ) + g∇h = 0 (2)

where
−→
V = (u, v, w) denotes the wind field at the position vector −→x = (x, y, z) on the

sphere, ∇ =
(︂

∂
∂x , ∂

∂y , ∂
∂z

)︂
denotes the gradient operator in 3D Cartesian coordinate, h

denotes the total height and hs denotes the topography, respectively, f is the Coriolis force
and g is gravity constant. The projection operator P maintains the flow tangent to the
sphere surface and is defined as [10,11]:

P = I −−→n −→n T =

⎡⎢⎣1 − x2 −xy −xz
−xy 1 − y2 −yz
−xz −yz 1 − z2

⎤⎥⎦ =

⎡⎢⎣pT
x

pT
y

pT
z

⎤⎥⎦ (3)

where −→n denotes outward unit normal vector at the position vector −→x . Obviously, the −→n
is exactly the −→x on a unit sphere. To maintain the motion tangent to the sphere surface, we
confine the gradient and divergence operators to the surface by redefining ∇ → P∇ in (1)
and (2). We then project the entire right-hand side of (2) onto the surface of the sphere as
well. For the ∂u

∂t equation, this gives us

∂u
∂t

= −px ·

⎡⎢⎣ u(px · ∇)u + v
(︁
py · ∇

)︁
u + w(pz · ∇)u

u(px · ∇)v + v
(︁
py · ∇

)︁
v + w(pz · ∇)v

u(px · ∇)w + v
(︁
py · ∇

)︁
w + w(pz · ∇)w

+ f

⎡⎢⎣yw − zv
zu − xw
xv − yu

⎤⎥⎦+ g

⎡⎢⎣px · ∇
py · ∇
pz · ∇

⎤⎥⎦h

⎤⎥⎦ = −px · RHS (4)

Similarly,
∂v
∂t

= −py · RHS (5)

∂w
∂t

= −pz · RHS (6)

∂h
∂t

= −(P∇) ·
(︂−→

V (h − hs)
)︂

(7)

It is clear that the only differential operator that needs to be discretized is the projected
spherical gradient operator P∇. In Section 2, two RBF-FD approaches are employed to
approximate the projected spherical gradient and Laplacian. Comparisons are given for
the approximation of the gradient and Laplacian operators using PHS basis functions of
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varying powers, combined with augmented polynomials of different degrees. The two
approaches are then tested on various spherical scattered node distributions, and the
convergence of the approximation errors is demonstrated under spatial refinement.

In Section 3, for the time discretization, high-order time integration methods are used,
including two explicit Runge–Kutta schemes and two exponential Rosenbrock schemes,
which offer a favorable trade-off between high accuracy and computational cost.

In Section 4, the results of numerical experiments for shallow water equations are
shown by a series of benchmarks, including the steady geostrophic flow, the zonal flow
past an isolated mountain, the Rossby–Haurwitz wave propagation and the barotropic
instability. In each case, we show the comparison between the numerical results and
reference solution. The results validate the method could reproduce the spherical shallow
water equations dynamics successfully.

2. Numerical Methods
For approximation of (1)–(2), it can be seen that the gradient operator should be

discretized firstly. For the approximation of the projected spherical gradient using the
RBF-FD method in 3D Cartesian coordinates, two approaches are adopted in this paper.
The first approach is a transformation-based method: for a given point, the gradient is
approximated on a local quasi-2D plane via a Householder transformation, after which
the result is mapped back to the sphere [12]. The second approach, known as the RBF-FD
constant-along-normal (CAN) method, approximates the gradient in a local stencil in 3D
Cartesian coordinates by incorporating several layers of ghost nodes along the normal
direction through the center node [13].

To compare these two RBF-FD approaches, a standard smooth test function defined
on the sphere is considered, and the RBF-FD method is employed to approximate both the
gradient operator and the Laplacian operator of this function. In our numerical experiments,
we evaluate even and odd-order PHS basis functions with various powers, and accuracy
assessments are conducted under different orders of augmented polynomials. Subsequently,
the two methods are further tested on different types of scattered node distributions on the
sphere, and the convergence behavior of the approximation errors for both the gradient
and Laplacian operators is examined under spatial refinement of the node sets.

Consider a discrete set of nodes X =
{︁−→x i

}︁N
i=1 placed on the unit sphere surface

Γ. Assume that u : Γ → R is a differentiable function sampled on X and the nodes
−→x i1, . . . ,−→x in are n nearest neighbors to −→x i measured by the Euclidean distance in R3. We
refer to −→x i and its n nearest nodes as the stencil on the sphere surface corresponding to
−→x i. If we let ϕi(r(

−→x )) be any RBF centered at −→x i, and r(−→x ) denotes the distance function,
the corresponding local RBF interpolant ˜︁u takes the following form:

˜︁u(−→x ) =
n

∑
j=1

αjϕ
(︁
r
(︁−→x −−→x ij

)︁)︁
+

k

∑
j=1

ϱjPj(
−→x ),

n

∑
j=1

αjPj(
−→x ij) = 0 (8)

where the second equation is the polynomial-consistency constraint, and P(−→x ) denotes
the augmented multivariate polynomials.

Since the RBF ϕi depends only on the distance r(−→x ) =
⃦⃦−→x −−→x i

⃦⃦
, its ordinary 3D

Cartesian gradient is obtained by the chain rule:

∇ϕi
(︁
r
(︁−→x )︁)︁ = −→x −−→x i

r
(︁−→x )︁ ∂ϕi

(︁
r
(︁−→x )︁)︁

∂r
(9)
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Assume we want to approximate a linear operator L, e.g., the components of the
gradient ∂

∂x , ∂
∂y or ∂

∂z , at −→x i by a linear combination of weighted function values at the
nearest n nodes, which form the stencil, i.e.,

L
(︁˜︁u(−→x )

)︁
=

n

∑
j=1

wjuj (10)

For instance, if one includes linear polynomials in a three-dimensional case, the
weights for the ordinary x-derivative L = ∂/∂x at −→x i are obtained by solving

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ϕ(
⃦⃦−→x 1 −−→x 1

⃦⃦
) ϕ(

⃦⃦−→x 1 −−→x 2
⃦⃦
) · · · ϕ(

⃦⃦−→x 1 −−→x n
⃦⃦
) 1 x1 y1 z1

ϕ(
⃦⃦−→x 2 −−→x 1

⃦⃦
) ϕ(

⃦⃦−→x 2 −−→x 2
⃦⃦
) · · · ϕ(

⃦⃦−→x 2 −−→x n
⃦⃦
) 1 x2 y2 z2

...
...

. . .
...

...
...

...
...

ϕ(
⃦⃦−→x n −−→x 1

⃦⃦
) ϕ(

⃦⃦−→x n −−→x 2
⃦⃦
) · · · ϕ(

⃦⃦−→x n −−→x n
⃦⃦
) 1 xn yn zn

1 1 · · · 1 0 0 0 0
x1 x2 · · · xn 0 0 0 0
y1 y2 · · · yn 0 0 0 0
z1 z2 · · · zn 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1

w2
...

wn

wn+1

wn+2

wn+3

wn+4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

xi−x1
ri1

∂ϕ1(r)
∂r

⃓⃓⃓
r=ri1

xi−x2
ri2

∂ϕ2(r)
∂r

⃓⃓⃓
r=ri2

...
xi−xn

rin

∂ϕn(r)
∂r

⃓⃓⃓
r=rin

0
1
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(11)

where rij =
⃦⃦−→x i −−→x j

⃦⃦
and only the former n weights w1, w2, . . . , wn should be used [14].

Solving this system at every node assembles the ordinary gradient differentiation matrix
Gx; the matrices Gy and Gz are obtained in the same manner by replacing the last four
entries of the right-hand side with (0, 0, 1, 0) and (0, 0, 0, 1), respectively. This construction
generalizes directly to higher dimensions and higher polynomial orders.

Once the three ordinary gradient matrices are assembled, the ordinary gradient of u at
−→x i is approximated by

∇u(−→x i) ≈

⎡⎢⎣Gx

Gy

Gz

⎤⎥⎦u. (12)

Because u is defined only on the sphere, only the component of ∇u tangential to the
sphere is physically meaningful. The spherical (surface) gradient is therefore obtained by
applying the tangential projection Pi = I −−→x i

−→x T
i to the ordinary gradient, i.e.,

∇Γu(−→x i) = Pi ∇u(−→x i) = Pi

⎡⎢⎣Gx

Gy

Gz

⎤⎥⎦u. (13)

Denoting the three rows of the projected gradient operator by GΓ
x , GΓ

y and GΓ
z , i.e.,⎡⎢⎣GΓ

x
GΓ

y

GΓ
z

⎤⎥⎦ = Pi

⎡⎢⎣Gx

Gy

Gz

⎤⎥⎦, (14)

For a tangent vector field
−→
V = (u, v, w), its discrete surface divergence becomes

∇Γ ·
−→
V = GΓ

x u + GΓ
y v + GΓ

z w, (15)
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and the surface Laplacian (Laplace–Beltrami operator) is approximated by applying the
surface divergence to the surface gradient, i.e.,

∆Γ = ∇Γ · ∇Γ = GΓ
x GΓ

x + GΓ
y GΓ

y + GΓ
z GΓ

z . (16)

Although the matrices GΓ
x , GΓ

y and GΓ
z defined in (14) contain the node-dependent

projection matrix Pi, the composition in (16) is well defined and does not require any
differentiation of P. The rightmost factors act first and map the nodal vector u to the three
Cartesian components of the tangential field ∇Γu ≈ (GΓ

x u, GΓ
y u, GΓ

z u)T, whose i-th row
uses Pi evaluated at the node where the gradient is computed. The leftmost factors then
apply the discrete projected divergence (15) to this tangential field, and their i-th row again
uses Pi at the node where the divergence is computed. Since, for the Euclidean extension
of a vector field

−→
V off the surface, the projected divergence coincides with the intrinsic

surface divergence, (P∇) · −→V = ∇Γ ·
−→
V , Equation (16) is exactly the discrete counterpart of

∆Γu = ∇Γ · (∇Γu) = (P∇) · (P∇u). In this chain, P is always evaluated at the center node
of the corresponding stencil and is never differentiated, so no additional normal-derivative
terms of P arise.

In this paper, RBF is specified as the polyharmonic spline [15]:

ϕ(r) =

⎧⎨⎩rk, if k is an odd number,

rk ln(r), if k is an even number.
(17)

To compare these two RBF-FD approaches, we define a standard smooth function on
the sphere; a concrete example for the test scalar function is chosen as follows [16]:

u(λ, θ) = cos(mλ)(cos(nθ))4 (18)

where λ, θ denote the longitude–latitude coordinates, and m, n are two integers. Addition-
ally, the spherical gradient of the test function is

∇u(λ, θ) =
[︂
−m sin(mλ)(cos(nθ))4

cos(θ) −4n cos(mλ)(cos(nθ))3 sin(nθ)
]︂

(19)

Once the numerical solutions for the gradient and Laplacian of the test function are
obtained, these would be compared with its analytical solutions. It is common to consider
the point-wise errors of approximation for the gradient and the Laplacian operators:

errgrad(ui) = ∇˜︁ui − grad(ui),

errLap(ui) = ∆˜︁ui − Lap(ui),
(20)

where ∇˜︁ui, ∆˜︁ui denote the numerical solutions by the RBF-FD method, grad(ui), Lap(ui)

denote the analytical solutions for the gradient and Laplacian operator of the test function
u(λi, θi), respectively, and (λi, θi) denotes the longitude–latitude coordinate of −→x i on the
unit sphere surface. Then, we specify the L∞ norms and L2 norms of absolute error:

L∞(err∗(ui)) = max
i

|err∗(ui)|,

L2(err∗(ui)) =

⌜⃓⃓⎷ 1
N

N

∑
i=1

|err∗(ui)|2,
(21)

where the subscript ∗ denotes the gradient operator or Laplacian operator, and N denotes
the total number of scatter nodes on the sphere.
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2.1. PHS with Augmented Polynomials

Both RBF-FD approaches described in Section 2 are implemented based on PHS basis
functions. The CAN approach additionally requires two parameters: the number of ghost-
node layers placed along the normal direction through each center node and the scaling
parameter. A visualization of both RBF-FD approaches for calculating RBF-FD weights at a
reference node −→x i (in red) and its nearest ns neighbors is shown in Figure 1; both RBF-FD
approaches have been applied to the solution of differential equations on the sphere.

Figure 1. A visualization of two RBF-FD approaches for calculating RBF-FD weights at a reference
node −→x i (in red) and its nearest ns neighbors (within the dark gray area).

In order to specifically evaluate their performance in approximating the gradient and
Laplacian operators, test function (18) is employed. Two integers are set as m = 2, n = 1,
and scatter nodes are distributed by spherical triangle mesh based on the icosahedron with
refinement level 4. For the RBF-FD CAN approach, the layer of each center point along
the normal direction is set as 15, and the scaling parameter is 0.01. These values follow the
recommendations in [13], where several layers of ghost nodes are placed along the normal
method, and the along-normal spacing is chosen as a small fraction of the characteristic
node spacing so that the off-surface RBF stencil remains well conditioned. With 15 layers
and a scaling parameter of 0.01, the local interpolation problem is resolved accurately
through the surface while the condition number of the local linear systems stays moderate.
Varying the number of layers in the range 8–25 and the scaling parameter between 0.005
and 0.05 produced error curves that are qualitatively the same and did not change the
relative comparison between the two approaches; too few layers or too small a scaling
parameter degrade the accuracy through ill conditioning, whereas too many layers or too
large a scaling parameter increases the computational cost without improving the accuracy.
These values were therefore kept fixed for all comparisons in this work.

The performance of two RBF-FD approaches—local mapping and CAN—is compared
in terms of the maximum absolute error of approximations for gradient and Laplacian
operators. The study systematically varies with increasing stencil size and the degree of
appended polynomials (PHS + poly2 through PHS + poly5; polyX denotes a multivariate
polynomial of degree X).

• PHS + poly2 (Figures 2 and 3): Both approaches display oscillatory errors with increas-
ing stencil size.

• PHS + poly3 (Figures 4 and 5): The oscillatory trend of maximum absolute error
remains pronounced for both gradient and Laplacian operators.

• PHS + poly4 (Figures 6 and 7): Error fluctuations persist, independent of which
approach is used.
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• PHS + poly5 (Figures 8 and 9): The oscillatory behavior is still observed, confirming
that increasing polynomial degree does not suppress the oscillatory nature of the error.

Across all cases, the maximum absolute error of approximations for the gradient or
Laplacian operator exhibits an oscillatory behavior rather than monotonic convergence,
irrespective of whether the RBF-FD local mapping or the constant-along-normal (CAN)
approach is employed [17].

(a) (b)

Figure 2. Max absolute error for two differential operators approximated by RBF-FD local mapping
(Householder transformation) approach based on PHS + poly2 with increasing stencil size. (a) Gradient
operator; (b) Laplacian operator.

(a) (b)

Figure 3. Max absolute error for two differential operators approximated by RBF−FD CAN approach
based on PHS + poly2 with increasing stencil size. (a) Gradient operator; (b) Laplacian operator.

(a) (b)

Figure 4. Max absolute error for two differential operators approximated by RBF-FD local mapping
(Householder transformation) approach based on PHS + poly3 with increasing stencil size. (a) Gradient
operator; (b) Laplacian operator.
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(a) (b)

Figure 5. Max absolute error for two differential operators approximated by RBF-FD CAN approach
based on PHS + poly3 with increasing stencil size. (a) Gradient operator; (b) Laplacian operator.

(a) (b)

Figure 6. Max absolute error for two differential operators approximated by RBF-FD local mapping
(Householder transformation) approach based on PHS + poly4 with increasing stencil size. (a) Gradient
operator; (b) Laplacian operator.

(a) (b)

Figure 7. Max absolute error for two differential operators approximated by RBF-FD CAN approach
based on PHS + poly4 with increasing stencil size. (a) Gradient operator; (b) Laplacian operator.

The oscillatory dependence of the error on the stencil size is a known characteristic of
PHS-based RBF-FD approximations [17,18]. It arises because the n nearest neighbours of a
node are arranged in approximately concentric rings so that increasing n does not change
the local point set smoothly: whenever a node from a farther ring enters the stencil, the
local interpolation problem, the conditioning of the small linear system and the balance
between the PHS and the polynomial parts all change abruptly. The pronounced jump
observed near n = 50 in Figures 2–9 corresponds to the incorporation of such a farther
ring of neighbours; since both approaches share the same surface node set and the same
nearest-neighbour selection, the jump appears at essentially the same stencil size for both
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methods. The somewhat more irregular behavior of the CAN approach is attributed to the
additional off-surface ghost nodes, which make the local RBF systems more ill conditioned
and therefore more sensitive to changes in the stencil than the Householder (local-mapping)
approach, even though CAN generally attains a smaller error.

(a) (b)

Figure 8. Max absolute error for two differential operators approximated by RBF-FD local mapping
(Householder transformation) approach based on PHS + poly5 with increasing stencil size. (a) Gradient
operator; (b) Laplacian operator.

(a) (b)

Figure 9. Max absolute error for two differential operators approximated by RBF-FD CAN approach
based on PHS + poly5 with increasing stencil size. (a) Gradient operator; (b) Laplacian operator.

The following could be concluded:

1. The approximation error is mainly determined by the degree of augmented multi-
variate polynomials [19,20], generally, the higher the degree of the polynomials, the
smaller the error.

2. When a specific PHS basis with fixed order polynomials is utilized, the approximation
error oscillates with the increasing stencil size. This phenomenon persists regardless
of which RBF-FD approach is used. It can be concluded that there is no single globally
optimal stencil size, but local minima exist within certain ranges of the stencil size.

3. When the order of augmented polynomials is definite, either the power of the PHS
basis is even or odd, which has little impact on the approximation error [18]. A higher
value of power of the basis function tends to produce somewhat more accurate results
but may cause greater instability.

4. When the order of augmented polynomials is low, the larger local stencil tends to
generate smaller approximation error.

5. Generally, under the same conditions, the RBF-FD CAN approach produces more
accurate results than the local mapping approach. In addition, the approximation for
the spherical gradient operator exhibits much more accurate results than that of the
spherical Laplacian operator.
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2.2. Different Node Layout

The uniformity of the scattered points, i.e., whether the node distribution is regular, has
a significant effect upon the accuracy, convergence behavior, stability and computational
efficiency of the RBF-FD method. To address this, various strategies have been developed
for generating quasi-uniform node sets on the spherical surface. Notable examples include
the vertices of icosahedron-based spherical triangle mesh (Ico) [21], Fibonacci spherical
nodes (Fib) [22], minimum energy configurations (Me) [23], maximum determinant point
sets (Md) [24], symmetric t-designs (St) [25] and the Hierarchical Equal Area isoLatitude
Pixelization (Healpix) [26].

Figure 10 shows the max error oscillations of the gradient and Laplacian operators
approximated by the RBF-FD local mapping method based on PHS r5 + poly2 on six
different types of node layout mentioned above; the total node numbers are 2602 (Md),
2593 (St), 2700 (Healpix) and 2562 for other node sets. Figure 11 shows the same results but
by the RBF-FD CAN approach. It can be seen that, in most cases of the local stencil size, the
RBF-FD method implemented on Md, Me and Ico nodes produces more accurate results,
while the case of Fib, St and Healpix nodes exhibits considerably less accurate behavior.

(a) (b)

Figure 10. Max absolute error for gradient operator (a) and Laplacian operator (b) approximated by
RBF-FD local mapping approach based on PHS + poly2 with increasing stencil size on six different
types of node layout (Me, Md, Fib, St, Ico, Healpix nodes).

(a) (b)

Figure 11. Max absolute error for gradient operator (a) and Laplacian operator (b) approximated by
RBF-FD CAN approach based on PHS + poly2 with increasing stencil size on six different types of
node layout (Me, Md, Fib, St, Ico, Healpix nodes).

2.3. Node Refinement

The next idea we explore is the convergence of the approximation error for the gradient
and Laplacian operator. The Md nodes are utilized and refined with total node numbers
121, 484, 1936 and 7744. In Table 1, the L∞ norm and L2 norm of approximation errors for
the gradient operator and Laplacian operator by the RBF-FD local mapping approach and

https://doi.org/10.3390/atmos17101025

https://doi.org/10.3390/atmos17101025


Atmosphere 2026, 17, 1025 11 of 22

RBF-FD CAN approach based on PHS r5 with second degree polynomials (r5 + poly2) were
presented in first eight rows; the local stencil size is set as 31. The same results but based
on PHS r5 with third-order polynomials (r5 + poly3) were shown in the last eight rows.

Table 1. The L∞ and L2 norms of the approximation error for the gradient and Laplacian operator on
a refinement of Md nodes by two RBF-FD approaches.

RBF-FD Approaches Node Number L∞(errgrad) L2(errgrad) L∞(errLap) L2(errLap)

local mapping (PHS r5 + poly2)

121 4.8844 × 10−2 2.7161 × 10−2 4.4164 × 10−1 1.8366 × 10−1

484 4.4191 × 10−3 2.2249 × 10−3 3.7675 × 10−2 1.2592 × 10−2

1936 1.1515 × 10−3 5.9634 × 10−4 1.4188 × 10−2 5.0531 × 10−3

7744 3.2099 × 10−4 1.5641 × 10−4 4.6608 × 10−3 1.5175 × 10−3

CAN (PHS r5 + poly2)

121 1.5727 × 10−2 8.2440 × 10−3 1.3053 × 10−1 6.3709 × 10−2

484 2.4301 × 10−3 1.1866 × 10−3 3.1097 × 10−2 1.4007 × 10−2

1936 3.5592 × 10−4 1.3279 × 10−4 5.0011 × 10−3 1.5100 × 10−3

7744 1.4275 × 10−4 2.6506 × 10−5 3.1406 × 10−3 4.8173 × 10−4

local mapping (PHS r5 + poly3)

121 4.0675 × 10−2 2.2366 × 10−2 4.3547 × 10−1 1.8248 × 10−1

484 2.7745 × 10−3 1.0808 × 10−3 3.1747 × 10−2 1.2438 × 10−2

1936 2.8851 × 10−4 8.2426 × 10−5 4.1018 × 10−3 1.0463 × 10−3

7744 4.1045 × 10−5 8.5454 × 10−6 7.7491 × 10−4 1.8719 × 10−4

CAN (PHS r5 + poly3)

121 1.1733 × 10−2 5.2154 × 10−3 8.9519 × 10−2 4.2629 × 10−2

484 1.3937 × 10−3 5.4859 × 10−4 1.6496 × 10−2 4.2143 × 10−3

1936 1.9573 × 10−4 6.7904 × 10−5 3.2519 × 10−3 8.5762 × 10−4

7744 2.7417 × 10−5 8.4096 × 10−6 1.0291 × 10−3 1.9991 × 10−4

In Table 1, as the scatter nodes are refined, for each RBF-FD approach, the approxima-
tion for the gradient operator is more accurate than that for Laplacian operator. Compared
with the RBF-FD local mapping approach, the RBF-FD CAN approach achieves slightly
more accurate results.

From Figures 12–15, it can be seen that the convergence rate of L2 norm of approxima-
tion errors for the gradient operator by two RBF-FD approaches remains consistent with the
degree of augmented polynomials, while the L2 norm convergence rate of approximation
errors for the Laplacian operator is somewhat undesirable and unstable. In all, for RBF-FD
methods based on PHS, the overall accuracy is predominantly governed by the degree of
the augmented polynomials.

• Convergence rate for PHS + poly2 (Figures 12 and 13): The convergence rate of the L2

norm of approximation errors for the gradient operator and Laplacian operator is about 2.
• Convergence rate for PHS + poly3 (Figures 14 and 15): The convergence rate of the

L2 norm of approximation errors for the gradient operator and Laplacian operator is
about 3.

(a) (b)

Figure 12. Convergence rate of L∞ and L2 norms of approximation errors for (a) the gradient operator
and (b) Laplacian operator approximated by RBF-FD local mapping (Householder transformation)
method based on PHS r5 + poly2.
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(a) (b)

Figure 13. Convergence rate of L∞ and L2 norms of approximation errors for (a) the gradient operator
and (b) Laplacian operator approximated by RBF-FD CAN approach based on PHS r5 + poly2.

(a) (b)

Figure 14. Convergence rate of L∞ and L2 norms of approximation errors for (a) the gradient operator
and (b) Laplacian operator approximated by RBF-FD local mapping (Householder transformation)
method based on PHS r5 + poly3.

(a) (b)

Figure 15. Convergence rate of L∞ and L2 norms of approximation errors for (a) the gradient operator
and (b) Laplacian operator approximated by RBF-FD CAN approach based on PHS r5 + poly3.

To quantify these observations, the empirical convergence order is estimated from the
data in Table 1 by the finite-difference formula:

p =
ln(erri+1)− ln(erri)

ln(hi+1)− ln(hi)
, (22)

where hi, hi+1 denote the characteristic node spacing of two successive refinement and
erri, erri+1 denote the corresponding error norms at these spacings. The convergence orders
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of the L∞ and L2 error norms for the gradient operator and Laplacian operator obtained
between successively refined node sets are listed in Table 2.

Table 2. Estimated convergence order p of the L∞ and L2 error norms with respect to the node spacing
h, computed from (22) between successively refined node sets for the two RBF-FD approaches and
two polynomial degrees.

RBF-FD Approaches Node Range Order of L∞(errgrad) Order of L2(errgrad)
Order of

L∞(errLap)
Order of L2(errLap)

local mapping (PHS r5 + poly2)
121 → 484 3.47 3.61 3.55 3.87
484 → 1936 1.94 1.90 1.41 1.32
1936 → 7744 1.84 1.93 1.61 1.74

CAN (PHS r5 + poly2)
121 → 484 2.69 2.80 2.07 2.19
484 → 1936 2.77 3.16 2.64 3.21
1936 → 7744 1.32 2.32 0.67 1.65

local mapping (PHS r5 + poly3)
121 → 484 3.87 4.37 3.78 3.87
484 → 1936 3.27 3.71 2.95 3.57
1936 → 7744 2.81 3.27 2.40 2.48

CAN (PHS r5 + poly3)
121 → 484 3.07 3.25 2.44 3.34
484 → 1936 2.83 3.01 2.34 2.30
1936 → 7744 2.84 3.01 1.66 2.10

It can be seen that the coarsest interval (The total number of nodes N = 121 to N = 484) is
pre-asymptotic and noticeably overestimates the rate, whereas the finest interval (N = 1936
to N = 7744) approaches the expected values: for the gradient operator, the convergence
order of the L2 error norm tends to 2 and 3 for the second- and third-degree augmented
polynomials, respectively, for both RBF-FD approaches; whereas for the Laplacian operator,
the convergence order tends to be smaller and less regular, reflecting the second-order (and
therefore more ill-conditioned) nature of the composed operator (16).

2.4. Hyper-Viscosity

For RBF-FD methods, the eigenvalue spectrum of differentiation matrices, particularly
those discretizing advection operators, non-physical “spurious modes” are present in
most cases. These modes possess eigenvalues with positive real parts, causing the time
integration to grow exponentially and ultimately diverge. To damp these small-scale modes
without affecting the well-resolved large-scale dynamics, it is common practice to append
a hyper-viscous term to the right-hand side of each prognostic equation:

∂q
∂t

= F(q) + (−1)p+1 ν ∆p
Γq, (23)

where q denotes the height h or any Cartesian component of the velocity
−→
V , F(q) is the

corresponding right-hand side of (4)–(7), ∆Γ is the Laplace–Beltrami operator, p is the order
of the hyper-Laplacian and ν > 0 is the dissipation coefficient. The sign factor (−1)p+1

renders the damping operator negative semi-definite so that high-wavenumber modes are
strongly damped while the low-wavenumber modes remain nearly unaffected.

According to the empirical formula p = int(1.5 ln n), where int(·) denotes the integer
part and n is the stencil size, the order p of the hyper-viscosity term grows logarithmically
with the stencil size. This guideline was inferred from the numerical experiments reported
in the RBF-FD literature [27] and confirmed by our own tests: as the stencil size (and
hence the number of resolved near-grid scales) increases, a higher-order hyper-Laplacian is
required to confine the dissipation to the smallest resolved scales, while the logarithmic
growth keeps the operator from over-smoothing the intermediate wavenumbers. Because
int(·) returns an integer, p is always a positive integer. In the discrete setting, ∆Γ is
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replaced by the RBF-FD Laplacian matrix defined in (16), ∆p
Γ is realized by p successive

multiplications with ∆Γ and no fractional power (operator square root) of ∆Γ is required.
The selection of the coefficient ν for the hyperviscosity term is by no means straightfor-

ward, and its appropriate value is typically closely tied to the specific problem being solved.
In this work, ν is calibrated [10,14] so that the highest-wavenumber mode is damped by
a prescribed fraction within a single time step. To this end, let λL denote the largest (in
magnitude) eigenvalue of the discrete Laplacian matrix L = ∆Γ; this eigenvalue locates the
“grid scale” because the spectral radius of the RBF-FD Laplacian on spherical nodes is strongly
correlated with the node distribution and automatically incorporates geometric effects such
as node non-uniformity. The eigenvalue of the hyper-viscous operator (23) for this mode is
(−1)p+1νλ

p
L so that, over one time step ∆t, the highest-wavenumber mode decays by the

fraction Chyp = ν|λL|p∆t. Fixing this per-step decay, i.e., prescribing 0.1 ≤ Chyp ≤ 0.5, yields

ν =
Chyp

|λL|p ∆t
, (24)

so that ν is inversely proportional to the p-th power of the largest eigenvalue of the
Laplacian and to the time step. This keeps the hyper-viscosity a selective dissipation
rather than a hard cutoff and, since the operator acts at every step of the explicit time
integration, makes the per-step damping identical across different resolutions, different
orders p and different time steps, thereby guaranteeing physical comparability across
resolutions. Alternatively, an eigenvalue-based tuning of the discrete operator can be
used [13,18]: the eigenvalue spectrum of the RBF-FD advection operator is inspected, the
spurious modes with positive real parts are identified and ν is chosen as the smallest value
that moves these modes into the left half-plane, i.e., ν|λL|p ≳ maxRe(λs)>0 Re(λs), where λs

denotes the spurious eigenvalues. An empirical a posteriori calibration is also common in
practice [10,17]: one starts with a small value of ν and increases it until the high-frequency
noise is eliminated while the resolved dynamics and the reference error norms remain
essentially unchanged. In all cases, ν is chosen small enough to leave the resolved dynamics
unchanged; the values used in each numerical experiment are stated in Section 4.

3. Time Integration
In order to be compatible with the high-order RBF-FD spatial discretization, high-

order time integration methods are employed accordingly [28]. In this work, we use two
classes of time integrators. The first class consists of the classical explicit Runge–Kutta (RK)
methods, including the fourth-order scheme (RK4) and John Butcher’s fifth-order scheme
(RK5) [29]; since both are standard, their implementation is omitted here.

The second class consists of exponential Rosenbrock integrators, which are well suited
to stiff problems and provide an efficient alternative to fully implicit methods. Writing
the semi-discrete system (4)–(7) in the compact form ∂q

∂t = F(q), let Jn = ∂F(qn)
∂q denote the

Jacobian at the current state qn, and split F(q) = Jnq + gn(q) with the residual gn(q) =

F(q)− Jnq. A general s-stage exponential Rosenbrock method then reads

Qni = qn + ci∆t φ1(ci∆tJn)F(qn) + ∆t
i−1

∑
j=2

aij(∆tJn)Dnj, i = 2, . . . , s,

qn+1 = qn + ∆t φ1(∆tJn)F(qn) + ∆t
s

∑
i=2

bi(∆tJn)Dni,

(25)

https://doi.org/10.3390/atmos17101025

https://doi.org/10.3390/atmos17101025


Atmosphere 2026, 17, 1025 15 of 22

where Dni = gn(Qni)− gn(qn), and the φ-functions are defined recursively by

φ0(z) = ez, φk(z) =
1

(k − 1)!

∫︂ 1

0
e(1−θ)zθk−1 dθ, k ≥ 1. (26)

In this paper, we adopt the parallel fourth-order 3-stage integrator Pexprb43 and
the fifth-order 5-stage integrator Pexprb54s5 proposed by Luan and Ostermann [30]; the
corresponding coefficients ci, aij(z) and bi(z) can be found therein. In the implementation,
the Jacobian Jn is formed analytically from the right-hand sides of (4)–(7), and the products
φk(∆tJn)v are approximated within a Krylov subspace.

Unlike the explicit RK schemes, the exponential Rosenbrock integrators are not
severely constrained by the CFL condition and therefore allow substantially larger time
steps. However, this advantage comes at a higher computational cost per step, mainly
due to the evaluation of the Jacobian, the solution of large-scale linear systems and the
construction of Krylov subspaces.

4. Numerical Experiments
In this section, we report numerical results obtained for SWEs (1) and (2) by RBF-

FD approaches coupled with high-order time integrators. Four test cases are considered,
including three benchmarks in [31]: the time-independent geostrophic flow, zonal flow
over an isolated mountain and the Rossby–Haurwitz wave propagation, followed by the
barotropic instability in [32].

The physical constants about the Earth are Re = 6.37122 × 106 m (the mean radius
of Earth), Ω = 7.292 × 10−5 s−1 (Earth angular velocity) and g = 9.80616 ms−2 (grav-
ity constant). In order to facilitate comparison to previously published error norms of
shallow water test case simulations, we specify the normalized L∞ and L2 norms of the
approximation error for the height field as

L∞ =
max |˜︁h − hre f |

max |hre f |
,

L2 =

⌜⃓⃓⎷∑(˜︁h − hre f )2

∑(hre f )2 ,

(27)

where ˜︁h denotes the numerical solution and hre f true solution or reference solution.
Before presenting the individual test cases, we comment on the widely different values

of the dissipation coefficient ν quoted below. According to the calibration (24), ν is inversely
proportional to the p-th power of the largest eigenvalue |λL| of the discrete Laplacian
matrix and to the time step. For spherical-harmonic modes, |λL| ≈ ℓmax(ℓmax + 1); with
ℓmax ∼ 102, i.e., |λL| ∼ 104, the value required for p = 5 is about eight orders of magnitude
smaller than the corresponding value for p = 3, which explains the main difference between
the fifth-order and third-order values below. The remaining spread between the two third-
order cases reflects the different small-scale energy of the test flows: the mountain test
is a nearly balanced, weakly nonlinear flow with very little grid-scale noise, whereas the
Rossby–Haurwitz wave and, above all, the barotropically unstable jet generate substantially
stronger small-scale activity and therefore require a larger (but still small) ν. In all cases, ν

was calibrated with the strategies described in Section 2.4 so that the spurious modes are
damped while the resolved dynamics is left essentially unchanged. Halving or doubling
the quoted values only rescales the damping time of the near-cutoff modes; in our tests,
this changed the reported error norms by a few percent and left the flow patterns visually
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unchanged, whereas values larger by one or two orders of magnitude over-smooth the
solution and degrade the physical fields.

4.1. Time-Independent Geostrophic Flow

This test is a steady-state solution to nonlinear SWEs. Similar to the test-case 2 of
Williamson et al. [31], the initial height fields are as follows:

gh = gh0 −
(︄

RΩu0 +
u2

0
2

)︄
(sin(θ) cos(α)− cos(λ) cos(θ) sin(α))2 (28)

where gh0 = 2.94 × 104 m2s−2, and α denotes the wind direction angle. The initial wind
field in longitude–latitude coordinates is defined as

u = u0(cos(θ) cos(α) + cos(λ) sin(θ) sin(α)),

v = −u0 sin(λ) sin(α).
(29)

The Coriolis parameter f depends on the wind direction α and is defined as

f = 2Ω(sin(θ) cos(α)− cos(λ) cos(θ) sin(α)) (30)

We solve (1) and (2) by two RBF-FD approaches mentioned above based on PHS r5

+ poly4 on the Ico nodes with refinement level 5, where the stencil size is 101, the wind
direction angle α = 0 and no hyper-viscous term (23) is added. Additionally, two Runge–
Kutta methods and exponential Rosenbrock schemes are employed for time integration.
The normalized L∞ and L2 norms of the approximation error for the height field at day 15
are evaluated for the two RBF-FD approaches and different time integrators.

Figure 16 shows the evolution of normalized L2 error for the height field between
the exact solution and numerical solutions by two RBF-FD approaches and different time
integration schemes. For RK4 and RK5 schemes, the time step is set to 5 min; for ex-
ponential Rosenbrock schemes, the time step is set to 60 min. Compared with the local
mapping approach, the normalized L2 error of height field between the exact solution and
numerical solutions by the RBF-FD CAN approach is about 10−6, which demonstrates
better mass conservation. In addition, the fifth-order time integration methods, especially
the Pexprb54s5 scheme, presents most accurate results. It is also noted that the error keeps
growing mildly in the first several days; however, it grows more rapidly after day 13.

(a) (b)

Figure 16. The normalized L2 error of height field for steady geostrophic flow at day 15 on the Ico
nodes with refinement level 5. (a) RBF-FD local mapping approach; (b) RBF-FD CAN approach.

We solve (1) and (2) by the RBF-FD CAN approach coupled with Pexprb54s5 time
integrator again. First, without considering hyper-viscous terms, the simulated height field
at day 15 and its error field relative to the exact solution are shown in Figure 17. On this
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basis, a sixth-order viscous term is added, and the simulation is repeated; the corresponding
height field at day 15 and the error field are shown in Figure 18. In addition, we separately
tested the results obtained by adding third-, fourth-, and fifth-order hyperviscosity terms.
The errors between the computed height fields and initial height fields all fall on the order of
10−7 , indicating that the third-order hyperviscosity term is already sufficient in most cases.

(a) (b)

Figure 17. Height field by RBF-FD CAN approach for steady geostrophic flow at day 15 on the Ico nodes
with refinement level 5, no hyper-viscous term. (a) Height field ; (b) the pointwise error of height field.

(a) (b)

Figure 18. Height field by RBF-FD CAN approach for steady geostrophic flow at day 15 on the Ico
nodes with refinement level 5. Sixth-order hyper-viscous term is added. (a) Height field; (b) the
pointwise error of height field.

It can be seen that when the relevant parameters are chosen appropriately, adding
hyper-viscous terms can not only enhance the numerical stability of the scheme but also
effectively improve the accuracy of the computational results. The RBF-FD CAN approach
coupled with the Pexprb54s5 time integrator is adopted in the following numerical experi-
ments unless otherwise specified.

4.2. Zonal Flow over an Isolated Mountain

This is the test 5 in [31]. It is a time-dependent case without an analytical solution.
The initial condition is similar to that in test case 2, that is, the velocity field is the solid
body rotation, and the height field is in the geostrophic balance. The initial data is given
by (28) and (29) with the parameters h0 = 5960 m, u0 = 20 m · s−1, and the angle of flow
direction is α = 0. The initial data is perturbed by a conic mountain located at the point
(λc, θc) = (−π/2, π/6) with a width of r0 = π/9. The bottom topography hs(

−→x ) is

hs(
−→x ) = 2000

(︃
1 − r(−→x )

r0

)︃
,

r(−→x ) = min
(︃

r0,
√︂
(λ − λc)2 + (θ − θc)2

)︃
.

(31)
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We solve (1) and (2) by RBF-FD CAN approaches based on PHS r5 + poly4 on the Ico
nodes with a refinement level 5, Pexprb54s5 scheme, for time integration. The stencil size is
101, and the time interval is set to 1200s. The third-order hyper-viscosity term (23) is added
to the height and velocity fields to damp the numerical noise.

The snapshot of the height field at day 15 is shown in Figure 19. It can be seen that
the proposed method could accurately model the meander of tracer field around the cone-
shaped hill. The results are in good agreement with those obtained by the conservative
schemes in [33].

Figure 19. Height field of the zonal flow over an isolated mountain at day 15 on the Ico nodes with
refinement level 5.

4.3. Rossby–Haurwitz Wave

The propagation of the Rossby–Haurwitz wave is test 6 in [31]. It is used to assess the
qualitative behavior of numerical schemes for (1) and (2). The initial velocity in longitude–
latitude coordinates is expressed as

u(−→x ) = aω cos(θ) + aK cosR−1(θ)(R sin2(θ)− cos2(θ)) cos(Rλ),

v(−→x ) = −aK cosR−1(θ) sin(θ) sin(Rλ).
(32)

The initial height is

gh(−→x , t)|t=0 = gh0 + a2 A(θ) + a2B(θ) cos(Rλ) + a2C(θ) cos(2Rλ) (33)

where the functions A, B and C are latitude dependent:

A(θ) =
ω

2
(2Ω + ω) cos2(θ) +

K2

4
cos2R(θ)

(︂
(R + 1) cos2(θ) + (2R2 − R − 2)− 2R2 cos−2(θ)

)︂
,

B(θ) =
2K(Ω + ω)

(R + 1)(R + 2)
cosR(θ)

(︂
(R2 + 2R + 2)− (R + 1)2 cos2(θ)

)︂
,

C(θ) =
1
4

K2 cos2R(θ)
(︂
(R + 1) cos2(θ)− (R + 2)

)︂
.

(34)

The constants are set as ω = K = 7.848 × 10−6 s−1, h0 = 8000 m and wave-number
R = 4. Equations (1) and (2) are solved by the RBF-FD constant along the normal method
based on PHS r5 + poly4, and the Ico node set with refinement level 5 is used. The time
interval is set to 1200s, and the stencil size is 101. The third-order hyper-viscosity term (23)
is added to the height and velocity fields to damp the numerical noise. The snapshot of the
height field at day 14 is shown in Figure 20. The results are in good agreement with those
obtained by the conservative schemes in [34].
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Figure 20. Height field for Rossby–Haurwitz wave with zonal wave-number 4 at day 14 on the Ico
nodes with refinement level 5.

4.4. Perturbed Zonal Jet Flow

The perturbed jet flow was introduced by Galewsky et al. [32]. This experiment was
designed to test the model ability of simulating the fast and slow motion. The initial flow-vector
field is only a function of latitude and is defined as

u(−→x , t)|t=0 =

⎧⎨⎩
umax

en
exp

(︂
1

(θ−θ0)(θ−θ1)

)︂
, θ ∈ (θ0, θ1),

0, otherwise,
(35)

where umax = 80 ms−1, θ0 = π
7 , θ1 = π

2 − θ0 and en = exp
(︂

−4
(θ1−θ0)2

)︂
. The initial height

field is

h(−→x , t)|t=0 = h0 + h′(λ, θ)− 1
g

∫︂ θ

− π
2

u(θ′)(a f + tan(θ′)u(θ′))dθ′ (36)

where h0 = 10,158.186 m (reference depth), and a denotes the radius of the earth. The
perturbation h′(λ, θ) is expressed as

h′(−→x , t) = 120 cos(θ) exp

(︄
−
(︃

λ

α

)︃2
−
(︃

θ2 − θ

β

)︃2
)︄

, λ ∈ (−π, π), (37)

where −→x denotes the position vector on the sphere, (λ, θ) denotes its longitude and latitude,
θ2 = π

4 , α = 1
3 and β = 1

15 .
The SWEs (1) and (2) are solved by the RBF-FD CAN approach based on PHS r5 +

poly4, and the Ico node set with refinement level 5 is used. The stencil size is 101, and the
time interval is set to 1200s. The fifth-order hyper-viscosity term (23) is added to the height
and velocity fields to control the small-scale numerical noise. The zonal jet is barotropically
unstable, leading to the growth of perturbations. Driven by barotropic instability, the zonal
jet excites Rossby waves. Figure 21 shows the relative vorticity of the flow field at day 6;
a series of vortex pairs can be observed alternately distributed along the zonal direction,
with approximately seven distinct vortex pairs clearly visible. The positive vorticity cores
(shown in red) are located at higher latitudes, while the negative vorticity cores (shown in
blue) are located at lower latitudes, with a meridional extent roughly spanning from 40° to
60°. The vorticity pattern is close to those obtained by the conservative schemes in [35].

https://doi.org/10.3390/atmos17101025

https://doi.org/10.3390/atmos17101025


Atmosphere 2026, 17, 1025 20 of 22

Figure 21. Relative vorticity field of the perturbed zonal jet at day 6 on the Ico node set with
refinement level 5.

5. Conclusions
We present a systematic comparison of two RBF-FD approaches based on PHS with

augmented polynomials for approximating the gradient operator and Laplacian operator
on the sphere. The results show that the RBF-FD CAN approach achieves a higher accuracy
in most cases. In terms of time integration, although the introduction of a hyper-viscosity
term can significantly enhance the stability of the traditional explicit Runge–Kutta method,
the exponential Rosenbrock time integration method exhibits even greater stability, thereby
allowing for a much larger time step size than the former. This advantage effectively reduces
the number of time steps while maintaining numerical stability. Numerical experiments
on the spherical shallow water equations demonstrate that the RBF-FD CAN method,
combined with the exponential Rosenbrock time integration method, is promising and can
be readily extended to solving partial differential equations on other smooth surfaces.
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PDE Partial differential equation
SWEs Shallow water equations
PHS Polyharmonic spline
CAN Constant along normal
RK4 Fourth-order Runge–Kutta method
RK5 Fifth-order Runge-Kutta method
Pexprb43 Parallel fourth-order exponential Rosenbrock integrator
Pexprb54s5 Parallel fifth-order 5-stage exponential Rosenbrock integrator
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