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Supplementary material 1: Effective thermodynamics equation

When using the exact definition for a,

a,(T)=C,T, [[T;,.TFJ_IHK%H (SL.1)

the prognostic equation

daT_@(T_Tr)_(]_LjQ=0 (S1.2)
dt p T
is exact in the sense of resulting from the exact thermodynamic equation
dl" R
C,——-——aol-0=0 (S1.3)
dt p
T-T T
Let us define Y = T = F —1 which is <<1 for practical applications. Then
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(S1.4)

which is the small-  approximation used in defining the temperature component
of available enthalpy
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a, (1)~ b [T‘Trj (S1.5)

Let us now return to the prognostic equation

d;tf—@(T—Tr)—(p%jQ:o (S1.6)

and apply systematically the same small-  approximation. Consider the diabatic

contribution
T r-17.1. T-T a4 T-T T-T
_Ir = rlr r(1+ ~ "(1— )~ r S1.7
(TjtTTr(l)Tr(Z)Tr GLD
So in the small-  approximation the corresponding approximate form of the prog-

nostic equation is

daT—R—”(T—T,)—[i—lJon (S1.8)

dt P T,

Note that this equation is slightly different from eq. (51.6).

Using this equation corresponds to using an approximate form of the thermody-
namic equation, as we shall show here:

da, —R—w(T—T,,)—(L—lezO

dt  p ,
C
= So(ror) af _oRT, _Q _, (S1.9)
T, . pC, C,
ar _ oo, _ Q0 _,
dt C, C,
where
RT,
a, =—=
p

which gives the effective, approximate form of the thermodynamic equation implied
by the small- ¥ approximation for @ _.We note that this approximate form of the ther-

modynamic equation is better than equation (65) in [1] [2] that had also a factor of order

unity ?r affecting the diabatic heating term.
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Supplementary material 2: The total kinetic energy equation

The total kinetic energy equation is obtained as follows:

ot o
_y. (S2.1)
ot
V(-(F V)T —sixV, g+ F)
(K- T o+ TE
with
Vi (Vi) =V, (Vig)-4(V,-7;)
:vh'(¢7h)+¢g_w
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Supplementary material 3: Time-mean kinetic energy equation associated with time-
mean wind

An equation for Kum is obtained by taking the dot product of the time-mean horizontal
winds with the time-mean horizontal momentum equation as follows

o . )0
= (H{79)7) - @)@ +F)E)

When applying the following identity from Reynolds averaging rules
(AB)=(A)(B)+(A'B") (S3.2)

(S3.1)

we obtain

(S3.3)

o 57 5 ) 9 )

(72)- (Vi) =i (@) (7)) =) (V2 (7))
({6 (7) -t -2k
V(7)) o
o420
=9((8){F)) (o))
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Supplementary material 4: Time-mean kinetic energy associated with time-variability
of the wind

The easiest way to obtain the time-mean kinetic energy associated with time-varia-
bility of the wind is by subtracting the time-mean kinetic energy equation and the kinetic
energy equation associated with time-mean wind as follows:

Ky _ <g.@>_<g>.@

(- ] [T [ o
_ {<7> (7-9) VO} {<Z>'V<¢>} {<Vh> m}

- onsidering
:§-<I71<>
=V-((7) (K))+ V(7 K,) (S4.2)
) (i) o7 {7 (Jre- (1) )7
_((7) k. )+ 7((7) KE)+€.<?GWJ>+V (7 (7-(7)))

Vi 2]> +V <’7(Z<Vh>)>} (S4.3)

- )
alg—tM: _{6.(<V> KE)+V<I7'GV,, 2j>—<ﬁ(‘7€)<fh>>} (S4.5)

The link between At and Kt can be done by rewritten the term involving geopotential
as follows:
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Supplementary material 5: Time-mean available enthalpy equation associated with
time-mean temperature

C
An equation for Aum is obtained by multiplying ?p<T -T > by the time-mean ther-

modynamics equation as follows:

(S5.1)

=V-((7) 4, )+ (T—Tr>(f'.§)r'> (S5.2)

(S5.3)
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Supplementary material 6: Time-mean available enthalpy equation associated with
time-variability of temperature

An equation for At is obtained by subtracting the time-mean enthalpy equation by
the time-mean available enthalpy equation associated with time-mean temperature as fol-
lows

C aT\ C aT
v - )

Considering
(7514
=V-(V A)
- V(<I7> <A>)+§-<V' AX> (S6.2)
=V{(7) ((A)+(4,))) +€.<7- (%T’2—<2C—£T'2>+%T'<T—T,>J>
S((7) 4, )+ -((7) AE)+6.<V-[2C_£T'2]>+€.<7'(%T'<T_z;>]>
and eq. (S6.2), we obtain

((7-9)4)-3r-n){(7-9)r)

T, ,
_ (6.3)

<a)a>—<a)><a>:<a)‘a'> (S6.4)

(£ o
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so that
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Supplementary material 7: Instantaneous kinetic energy equation associated with var-
iance of wind fluctuations

An equation for Kxi is obtained by taking the dot product of the time-variability hor-

izontal wind V' with the time-variability momentum equation

oK ., :W.a?_<ﬁ,_a§'>

V({7 9) T (7 9) ) - xS (571

_<ﬁv.(_{(ﬁ.§).fh_<(ﬁV)ﬁ}}—ffcxﬁ'-§¢'+ﬁ')>

The first advection term may be rewritten using the following Reynolds identity

(A)B'+A'(B)+A'B-(A'B") (S7.2)
_ﬁ..{(;.g).g_<(;.e).g>}

)57 ) )
A Nk
P g ) )7 51

Consequently, the second advection term is its time-average

N
I
N
=
I

]
|
gty
<]
4l

v. /7 (] — (= =\ /T (S7.4)
{<V (5”'2)>}*<“"(V"V)'<Vh>>
Terms involving the Coriolis parameter are all equals to zero.
Finally,
B ) G ) e ) - ) )
A (R A R AR S (AR B A AR (A
(87.5)

Axi and Kx1 energy reservoirs can be linked as follows:
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v,V
AR TR
op op
S o'
:V‘-V¢'—a)'—¢ (S7.6)
op
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Supplementary material 8: Instantaneous kinetic energy equation associated with co-
variance of wind fluctuations and wind time-average
An equation for Kxz is obtained by taking the dot product of time-variability horizon-

talwind V' with the time-mean momentum equation and the dot product of time-mean

—_—

horizontal wind <Vh >with the time-variability momentum equation as follows:

(7-9)7) - 1Ex(7,) V(g) + ()] (S8.1
(7-9) 7 ~((7 9) Vi) 1 T |

AR ) ]
(PSR ) (757
TR ) T 9 (1)

The first term in bracket has already been decomposed in (S8.3), the second is the
advection of the total kinetic energy by the three-dimensional wind vector and the last
term is obtained by combining two Reynolds identities:

(4(BC))-(4'(BC)")
(4BC)-(4'(B'(C)+(B)C+B'C'-(B'C"))) (S8.3)
(4BC)~(4'B(C)) ~{{B)C")~(4'B°C")

=

(4)(BC)

we obtain



V
2 +ﬁ,.(,7.§). 7,,>—ﬁ"<(f7"5)'ﬁ'> _5‘.{;71(} (S8.4)

Terms involving geopotential may be rewritten as follows:
Ky, _ _5l7 Lo [y Lo Al AN Ak AN A
-t e - )

T ) )V TG () I (1 (R () B

Axz and Kxz energy reservoirs can be linked as follows:

(S8.6)

(7,)-Vg'= v(<?>¢')+<w>a' (S8.7)
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SUPPLEMENTARY MATERIAL 9: Instantaneous available enthalpy associated with
variance of temperature fluctuations

C,
An equation for Ax:is obtained by multiplying T P T''with the time-variability ther-

-
modynamics equation

L <T,8T>)
o T\ ot ot
=%T' _{(17 €)T <(I7-€)T>} “’C‘:‘Jrg—p (S9.1)
A o))
The first advection term may be rewritten as follows:
- {rsyr-{-<)
=-%T'{(<?>-€)T'+(V'-€)<T ) .
=_€-{<?> S e T} Sr((75)r) |

}C
—‘”T( vy
T
C
T

C c —
o7 |- (1 V)<T>+—" < (v V)T'>
)T 7

Consequently, the second advection term is its time-average

e

i e e

(S9.4)

+%T'<(7'-§)T'>+{w'a'—<w'a'>}+TL{T'Q'—<T'Q'>}

r r
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SUPPLEMENTARY MATERIAL 10: Instantaneous available enthalpy associated with
covariance of temperature fluctuations and wind time-average

An equation for Ax: is obtained by multiplying Tp T 'with the time-mean thermo-

r

dynamics equation and —p<T -T > with the time-variability thermodynamics equa-
tion as follows:

ey
=%T' —<(I7-V)(T T)> <wc>a + <§> (S10.1)
+%’<T-T>( {(V v)(r-7) <V v)(7- T)>} ijJ’cQ?_p
(79N -1)) = [T =T) (7 V)7 1) (T =T ){(79)(7-1,)) |
--r((7-9)r)-[(7- i ) ~r-T)(7-9)7)]
—-r((7-9)7)-[(r-T )(V V)T (r-T){(7-V)7)] (8102)
—-1((P-V)7)=[{(r-1)-T}(V-9)r (T -T.)((7-V)7) |

The first term into bracket has already been evaluated in eq. (59.2), the second is pro-
portional to the advection of the total available enthalpy by the three-dimensional wind
vector and the last term is obtained using the combination of two Reynolds identity de-
veloped in eq. (58.3) as follows:

=<(T—T) 17-$)T>+<T'(I7-§)<T>>+<T'(<I7>-5)T'>—<T'(7'-§)T'> (810.3)

Consequently, the total advection term becomes:
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SUPPLEMENTARY MATERIAL 11: Total kinetic energy retrieval

We ensure that the computation of time-mean and time-variability kinetic energy
budget were correct by summing all their contributions to retrieve the total kinetic energy
equation terms obtained in the “Supplementary material” .

N {779 {7))

R (T {05@] 7R

oK,

S (el R I

B | (779 )PV | | g |-

A7)

(S11.1)
In fact, the sum of conversion and boundary fluxes terms appearing in Km, K, Kx1 and Kx2 tendency equations

1S:
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UG RS
| 7RG ST 792077 9) )
T ) () )

(S11.2)

The sum of contribution of geopotential heights appearing in Kv, Ke, Kx1 and Kx
tendency equations is:

SR R R R RRORRNY
> < AR (ARRO I AR
> 31+ (1) 9.0) - (79,647, (4)) (S113)

The sum of contribution to the dissipation of the kinetic energy appearing in Kw, K,
Kxi and Kxz tendency equations is:

Vo) (B (P By (B = (0 B+ (7B )+ (7))

h
:<Z>.<E>+W.Fhv+y/}l'.<Fh>+<Vh>.F}1' (S11.4)

Finally, we retrieve all terms present in “Supplementary material” (51.1) and is a con-
firmation of the robustness of the kinetic energy equations developed in this paper.
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SUPPLEMENTARY MATERIAL 12: Total available potential energy retrieval

We ensure that the computation of time-mean and time-variability available en-
thalpy energy budget were correct by summing all their contributions to retrieve the total
kinetic energy equation terms obtained in (S3.8).

e e (-Ga) o ((2-1])e)

r

»

(S12.1)

The sum of conversion and boundary fluxes terms appearing in Am, Ak, Axi and Axz
tendency equations is:
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— /—(C - [ )
+V-(p —"<T—T>T' VAT 7l v o
T 2T
e L ol L G v.lr C, U C,
vy | =72 |—(v | =21 Wy | |VAIV|a-—21?|-(V|4-—2T7>|\l_
2T 2T 2T 2T
P 1 1 1 1

(S12.2)

The sum of terms contributing to the diabatic heating in K, Ke, Kxi and Kx2 tendency
equations is:

<[%—1J><Q>+<T'T:Q'>+T%{T'Q'—<T'Q'>}+%(T'<Q>+<T—R>Q')
(L ]jor B L@ r-T)o)

=—{(T){Q)+10'T(0)+(T,)0'}-{(0)+0'} (512.3)

We retrieve all terms present in (51.8) for the available enthalpy; this confirms the
robustness of the available enthalpy equations developed in this paper.
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