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Abstract: Abnormal electromagnetic radiation associated with seismic activity has been reported
across a wide range of frequencies, but its primary energy is concentrated in the super-low-frequency
(SLF) and extremely low-frequency (ELF) bands. To estimate the effect of the seismic radiation
source, a radiator in a soil foundation was modeled as a horizontal electric dipole (HED), and
the propagation characteristics of the electromagnetic fields were studied in the Earth–ionosphere
cavity. The expressions of the electromagnetic fields could be obtained according to the reciprocity
theorem. Therefore, a new algorithm named the numerical integral algorithm was proposed, which
is suitable for both the SLF and ELF bands. The new algorithm was compared with the asymptotic
approximation algorithm when the receiving point was not close to the field source and the antipode.
The two algorithms were found to be in excellent agreement, confirming the validity of the new
algorithm for SLF and ELF bands.

Keywords: electromagnetic radiation; SLF and ELF; Earth–ionosphere cavity; reciprocity theorem;
numerical integral algorithm

1. Introduction

Abnormalities in low-frequency electromagnetic radiation (SLF/ELF) [1,2] have been
discovered by earthquake prediction researchers before many earthquakes have occurred. Rus-
sian scientists found an earthquake low-frequency abnormality in electromagnetic radiation
recorded by a satellite when they analyzed an electromagnetic signal from the Interkosmos-
19 satellite in 1983 [3]. A magnetic field abnormality was discovered by the underground
low noise observation station Rustrel before an 8.0-magnitude earthquake struck India on
26 January 2001 [4]. Its frequency scope was from 0.03 to 1.0 Hz, and it was 6250 km from the
epicenter. An abnormality in ELF electromagnetic radiation was discovered by analyzing ten
days of ELF electric and magnetic field data recorded by the French Demeter satellite before
a 6.0-magnitude earthquake struck the Adriatic region on 23 November 2004 [5]. Because
electromagnetic radiation often appears just before an earthquake occurs, it is an important
tool for short-term and imminent earthquake prediction.

Electromagnetic radiation that may be associated with seismic activity has been re-
ported in a wide range of frequencies, but its primary energy is concentrated in the SLF
and ELF bands. To further explore this phenomenon and attempt to uncover the rule
of earthquake electromagnetic radiation as an indicator of earthquake occurrence, it is
imperative that the propagation of such electromagnetic radiation in the SLF and ELF
bands [6–8] be studied. To estimate the effect of a seismic source, electromagnetic radiation
associated with the seismic activity from a possible seismic current source modeled as an
underground HED [9,10] has been studied. However, there is still a need to study the
characteristics of electromagnetic fields excited by a radiator in soil foundations in the
Earth–ionosphere cavity, with the radiator modeled as an HED [11,12].
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According to the International Telecommunication Union (ITU), the frequency range
from 30 Hz to 300 Hz is called SLF, and the range below 30 Hz is called ELF. In the SLF
and ELF bands, electromagnetic waves can propagate to a distant place along the Earth–
ionosphere cavity because the Earth and the ionosphere are both good reflection walls.
In ELF frequency bands, the propagation space between the ground and the ionosphere
cannot be regarded as a “waveguide [13]”, but as a “cavity”, because the perimeter of the
Earth is comparable to the wavelength.

R.W.P King et al.’s lateral wave propagation theories [14,15] suggest that the elec-
tromagnetic field intensity excited by an HED is greater than that excited by a vertical
electric dipole (VED) in the SLF and ELF bands. Therefore, a radiator in a soil foundation is
idealized as an HED [16–18]. The expressions of electromagnetic fields can be obtained by
the VED and the vertical magnetic dipole (VMD) based on the reciprocity theorem. The
asymptotic approximation algorithm is suitable for the SLF band, but it is not suitable
for the ELF band. Therefore, a new algorithm called the numerical integral algorithm is
proposed, which is suitable for the SLF and ELF bands [19–23]. It is compared with the
asymptotic approximation algorithm when the receiving point is not close to the field
source and the antipode [24]. The propagation characteristic of the fields in the cavity are
analyzed and calculated by the numerical integral algorithm in the ELF band.

The paper is arranged into five sections. Section 2 discusses the reciprocity theorem
of electromagnetic fields. It is considered as a model. In Section 3, using this model, the
expressions of the fields in the Earth–ionosphere cavity are derived. In Section 4, the
calculation results are presented and the two algorithms are compared. Section 5 details the
conclusions and summarizes the key properties of the electromagnetic fields in the cavity.

2. Fields in the Earth–Ionosphere Cavity
2.1. Reciprocity Theorem of Electromagnetic Fields

Figure 1 shows the reciprocal position of the transmitting antenna, the receiving
antenna, and the corresponding system.
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The voltage V2 in the second antenna induced by the current I1 in the first antenna
should be equal to the voltage V1 in the first antenna induced by the current I2 (I1 = I2) in
the second antenna, according to the reciprocity theorem.
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2.2. Expressions of Fields in the Earth–Ionosphere Cavity

It is assumed that there is a VED in the position of z′0 = zs and there is a horizontal
electric dipole in the position of z0 = zr, and its direction parallels the x direction in Figure 1.
The voltage in the x direction in the position of z0 induced by the VED in the position of zs
can be expressed as follows:

Vhe = −Eve
ρ′ (z

′
0 = zs, z0 = zr) cos ϕ dshe (1)

where the superscript characters ve and he represent the vertical and horizontal electric
dipoles, respectively, and the subscript character r and s represent the receiving point
and the transmitting point, respectively. It is assumed that the current in the transmitting
antenna is 1 A. dshe is the unit length of the horizontal electric dipole.

The voltage in the position of zs induced by the horizontal electric dipole in the position
of z0 can be expressed as follows:

Vve = Ehe
z′ (z0 = zs, z′0 = zr)dsve (2)

Equation (1) should be equal to Equation (2) if the lengths of the transmitting antenna
and the receiving antenna are the same according to the reciprocity theorem. So, the
following can be obtained:

Ehe
z′ (z0 = zs, z′0 = zr) = −Eve

ρ′ (z
′
0 = zs, z0 = zr) cos ϕ (3)

If the VED is substituted by a vertical magnetic dipole in the position of z′0 = zs, the
voltage in the x direction in the position of z0 induced by the vertical magnetic dipole can
be expressed as follows:

Vhe = Evm
ϕ′ (z

′
0 = zs, z0 = zr) sin ϕ dshe (4)

where the superscript character vm represents the vertical magnetic dipole.
The voltage in the position of zs induced by the horizontal electric dipole in the position

of z0 can be expressed as follows:

Vvm = iωµ0Hhe
z (z0 = zs, z′0 = zr)davm (5)

where davm is the area of the small current loop.
Equation (4) should be equal to Equation (5) according to the reciprocity theorem. So,

the following can be obtained:

Hhe
z (z0 = zs, z′0 = zr) =

1
iωµ0

Evm
ϕ (z′0 = zs, z0 = zr) sin ϕ

dshe

davm (6)

The expressions of the electromagnetic fields excited by the VED in the Earth–ionosphere
cavity are known as follows:

Eve
r = − iIds

2ωε0hr2 ∑ Λe
n

ν(ν + 1)
sin νπ

Fn(z)Fn(z0)Pν(cos(π− θ)) (7)

Eve
θ = − iIds

2ωε0hr ∑ Λe
n

1
sin νπ

Fn(z0)
dFn(z)

dz
∂

∂θ
Pν(cos(π− θ)) (8)

Hve
ϕ =

Ids
2hr ∑ Λe

n
1

sin νπ
Fn(z0)Fn(z)

∂

∂θ
Pν(cos(π− θ)) (9)

where
Λe

n =
1

1 + sin 2kCnh
2kCnh

, ν(ν + 1) = k2a2S2
n, Sn =

√
1− C2

n,
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Fn(z) is the height function of n modes. Pν(cos(π− θ)) is the Legendre function.

Fn(z) =
1

1 + Rg
{exp[−ik

z∫
0

(C2
n +

2tS2
n

a
)

1
2

dt] + Rg exp[ik
z∫

0

(C2
n +

2t
a

S2
n)

1
2
dt]}

where Cn can be obtained by the following mode function.

RiRg exp(2ikCnh) = e2inπ (10)

where

Rg =
Cn − ∆g

Cn + ∆g
, Ri =

Cn − ∆i
Cn + ∆i

In the spherical coordinate system, by substituting (8) into (3), the following can be
obtained:

Ehe
r (r, θ, ϕ) = − iIdsheη cos ϕ

2ha
∂Pν(cos(π− θ))

sin νπ∂θ

∞

∑
n=0

Λe
nFn(zr)

∂Fn(zs)

k∂z
(11)

The expressions of the electromagnetic fields excited by the vertical magnetic dipole
in the Earth–ionosphere cavity are known as follows:

Evm
ϕ =

iωµ0 Ida
4r

∂

∂θ
Pν(cos(π− θ))∑

m

Gh
m(zs)

sin(µπ)Nm
Gh

m(zr) (12)

Hvm
r = − Ida

4r2 Pν(cos(π− θ))∑
m

ν(ν + 1)
sin(µπ)Nm

Gh
m(zs)Gh

m(zr) (13)

Hvm
θ = − Ida

4r
∂

∂θ
Pν(cos(π− θ))∑

m

Gh
m(zs)

sin(µπ)Nm

∂

∂z
Gh

m(zr) (14)

where

Nm = − h
2∆2

gC2
m
[1− sin 2kCmh

2kCmh − ∆2
gC2

m(1 +
sin 2kCmh

2kCmh )− i ∆g
kh (cos 2kCmh− 1)]

Gh
m(z) = {exp[−ik

z∫
0
(C2

m + 2t
a S2

m)
1/2

dt] + Rh
g exp[ik

z∫
0
(C2

m + 2t
a S2

m)
1/2

dt]}(1 + Rh
g)
−1

where Cm can be obtained by the following mode function:

Rh
gRh

i exp[2ik
h∫

0

(C2
m +

2t
a

S2
n)

1/2
dt] = e2i(m−1)π (15)

where

Rh
g = (Cm − ∆−1

g )(Cm + ∆−1
g )
−1

, Rh
i = (C′m − ∆−1

i )(C′m + ∆−1
i )
−1

, C′m = (C2
m +

2h
a

S2
m)

1/2
≈ Cm

By substituting (12) into (6), the following can be obtained:

Hhe
r (r, θ, ϕ) =

Idshe

2ha
sin ϕ

∂Pν[cos(π− θ)]

sin µπ∂θ ∑
m

Λh
mGh

m(zr)Gh
m(zs) (16)

where

Λh
m = ∆2

gC2
m[1−

sin 2kCmh
2kCmh

− ∆2
gC2

m (1 +
sin 2kCmh

2kCmh
)− i

∆g

kh
(cos 2kCmh− 1)]

−1
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It can be obtained by the Maxwell function.

1
r sin θ

[
∂

∂θ
sin θHϕ −

∂Hθ

∂ϕ
] = −iωε0Er (17)

1
r
[

1
sin θ

∂Hr

∂ϕ
− ∂

∂r
(rHϕ)] = −iωε0Eθ (18)

1
r
[

∂

∂r
(rHθ)−

∂Hr

∂θ
] = −iωε0Eϕ (19)

1
r sin θ

[
∂

∂θ
sin θEϕ −

∂Eθ

∂ϕ
] = iωµ0Hr (20)

1
r
[

1
sin θ

∂Er

∂ϕ
− ∂

∂r
(rEϕ)] = iωµ0Hθ (21)

1
r
[

∂

∂r
(rEθ)−

∂Er

∂θ
] = iωµ0Hϕ (22)

By substituting (11) and (16) into (17)~(22), the expressions of the electromagnetic
fields can be obtained, such as

Ehe
r (a, θ, ϕ) = −

Idsη∆gs

2ha
cos ϕ

∂Pν(cos(π− θ))

sin νπ∂θ ∑
n

Λe
n (23)

Ehe
θ (a, θ, ϕ) = − iIdsη

2ha
cos ϕ{−

∆gs∆gr

ka
∂2Pν(cos(π− θ))

sin νπ∂θ2 ∑
n

Λe
nS−2

n −
1

ka sin θ

∂Pv(cos(π− θ))

sin vπ∂θ ∑
m

Λh
mS−2

m } (24)

Hhe
ϕ (a, θ, ϕ) =

Ids
2ha

cos ϕ[−
i∆gs

ka
∂2Pv(cos(π− θ))

sin vπ∂θ2 ∑
n

Λe
nS−2

n −
i

ka sin θ∆gr

∂Pv(cos(π− θ))

sin vπ∂θ ∑
m

Λh
mS−2

m ] (25)

where ∆gs is the surface impedance in the position of the transmitting antenna, and ∆gr is
the surface impedance in the position of the receiving antenna.

3. Algorithms of the Legendre Function and Its Differential Coefficient
3.1. Asymptotic Approximation Algorithm

When ka >> 1, and the observation point is not close to the field source and the
antipode, the following can be obtained:

Pν[cos(π− θ)]

sin νπ
≈ −

√
2

π(ν + 0.5) sin θ
exp[i(ν + 0.5)θ + i

π

4
] ≈ −

√
2(πkaSn sin θ)−1/2 exp(ikaSnθ + iπ/4) (26a)

So, the following Formula (26b) can be obtained by taking the partial derivative of
Formula (26a).

∂Pν(cos(π− θ))

sin νπ∂θ
≈ −i

√
2kaSn

π sin θ
exp(ikaSnθ + i

π

4
) (26b)

and
∂2Pν(cos(π− θ))

sin νπ∂2θ
≈
√

2
π sin θ

(kaSn)
3/2 exp(ikaSnθ + i

π

4
) (27)
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When it is close to the antipode, δ is equal to π− θ, and δ is very small, so the Legendre
functions may be approximately obtained

Pν[cos(π− θ)] = (1 + δ2

12 )J0(x)− δ
24(ν+0.5) J1(x)

∂
∂θ Pν(cos(π− θ)) ≈ − δ

8 J0(x) + (ν + 1
2 )(1 +

δ2

12 )J1(x)
∂2Pν(cos(π−θ))

∂2θ
≈ −[(ν + 0.5)2(1 + δ2

12 )−
1
8 ]J0(x) + ν+0.5

δ J1(x)(1− δ2

24 ) + · · ·

≈ − 1
2 [(ν + 0.5)2 − 1

4 ] +
3δ2

16 (ν + 0.5)2[(ν + 0.5)2 − 7
6 ] + · · ·

(28)

When it is close to the field source and θ << 1, the following can be obtained:

Pν(cos(π−θ))
sin νπ ≈ −iH(1)

0 ((ν + 0.5)θ)
∂Pν(cos(π−θ))

sin νπ∂θ ≈ i(ν + 0.5)(1 + θ2

12 )H(1)
1 ((ν + 0.5)θ) ≈ i(ν + 0.5)H(1)

1 ((ν + 0.5)θ)

∂2Pν(cos(π−θ))
sin νπ∂2θ

≈ − i(ν+0.5)H(1)
1 ((ν+0.5)θ)
θ

(29)

3.2. Numerical Integral Algorithm

The asymptotic approximation algorithm is only used when ka >> 1. So, it cannot
be used in the ELF band because ka >> 1 is not satisfied in the ELF band. In order to find
a new algorithm to be used in the SLF and ELF bands, a numerical integral algorithm is
proposed [25].

Pv(cos θ) =
2
π

θ∫
0

cos[(v + 0.5)t]√
2(cos t− cos θ)

dt (30)

So

Pv[cos(π − θ)] =
2
π

π−θ∫
0

cos[(v + 0.5)t]√
2[cos t− cos(π − θ)]

dt (31)

It is divided into two parts because the denominator is equal to zero in Equation (31)
when t is equal to π − θ.

Pv[cos(π − θ)] = I1 + I2 (32)

where

I1 =
2
π

π−θ−δ∫
0

cos[(v + 0.5)t]√
2[cos t− cos(π − θ)]

dt, I2 =
2
π

π−θ∫
π−θ−δ

cos[(v + 0.5)t]√
2[cos t− cos(π − θ)]

dt

I1 may be calculated by the Simpson numerical integral formula. So, the following
can be obtained:

I1 =
π − θ − δ

3π

{
1√

2[1− cos(π − θ)]
+ 4

cos[(v + 0.5)(π − θ − δ)/2]√
2{cos[(π − θ − δ)/2]− cos(π − θ)}

+
cos[(v + 0.5)(π − θ − δ)]√

2[cos(π − θ − δ)− cos(π − θ)]

}
(33)

If it is assumed that π − θ − l = t, I2 may be rewritten as follows:

I2 =
1
π

∫ δ

0

cos[(v + 0.5)(π − θ − l)]√
sin(π − θ − l/2) sin l/2

dl (34)

when δ→ 0 , I2 may be changed as follows:

I2 = 1
π

{
cos[(v+0.5)(π−θ−δ)]√

sin(π−θ−δ/2)
− cos[(v+0.5)(π−θ)]√

sin(π−θ)

}∫ δ
0

√
2
l dl

= 2
√

2δ
π

{
cos[(v+0.5)(π−θ−δ)]√

sin(π−θ−δ/2)
− cos[(v+0.5)(π−θ)]√

sin(π−θ)

} (35)
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because
P′v(z) =

v
z2 − 1

[zPv(z)− Pv−1(z)] (36)

P′′v (z) =
v

(z2 − 1)2

{[
z2(v− 1)− 1

]
Pv(z)− z(2v− 3)Pv−1(z) + (v− 1)Pv−2(z)

}
(37)

The following can be obtained:
∂Pν [cos(π−θ)]

∂θ = − v
sin(π−θ) {cos(π − θ)Pν[cos(π − θ)]− Pν−1[cos(π − θ)]}

∂2 Pν [cos(π−θ)]
∂2θ

= v
sin3(π−θ)

{[
(v− 1) cos2(π − θ)− 1

]
Pν[cos(π − θ)]− (2v− 3) cos(π − θ)Pν−1[cos(π − θ)] + (v− 1)Pν−2[cos(π − θ)]}

(38)

4. Calculation Results and Discussion

The calculation results were obtained under the nonideal electric conductor condition.
In this case, the altitude of the low ionosphere was taken as h = 70 km during the day. The
radius of the Earth was a = 6370 km. The conductivity of the ground was σg = 10−4 s/m,
and the conductivity of the ionosphere was σi = 10−5 s/m. The current moment of the
electric dipole was Idl = 1 Am.

Figure 2 shows the variation in the electric field component Er along the propagation
distance, where the solid line represents the result calculated by the asymptotic approxi-
mation algorithm, and the dashed line represents the result calculated by the numerical
integral algorithm. The calculations are both under the condition that the dipole is located
5 m in the soil foundation, and the receiving point is located on the surface of the Earth,
which is not close to the field source and the antipode, and the frequency is f = 100 Hz, and
ϕ = π/4.
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It can be seen from Figure 2 that the two algorithms agree well. It can be clearly seen
that they can correctly show the “interference” phenomenon of two waves’ propagation
along the short great-circle way and the long great-circle way when they pass through the
antipode to the receiver after 10,000 km, because the attenuation ratio of the SLF wave
propagation in the cavity is very small. The “interference” phenomenon is more and more
evident after 10,000 km.

Figure 3 shows the variation in the electromagnetic field components along the propa-
gation distance near the antipode, which is calculated by the numerical integral algorithm.
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The calculations are both under the condition that the dipole is located 5 m in the soil
foundation, the receiving point is located on the surface of the Earth, and the frequency is
f = 100 Hz, and ϕ = π/4.
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Figure 3. Variation in the electromagnetic field components along the distance from antipode.
(a) electric field component; (b) magnetic field component.

It can be seen from Figure 3 that the variation rules of the electric field component Eθ

and the magnetic field component Hϕ are just the same, and the value of the electric field
component Eθ is larger than that of the magnetic field component Hϕ. The variation rules
of the electric field component Eϕ and the magnetic field component Hθ are just the same,
and the value of the electric field component Eϕ is larger than that of the magnetic field
component Hθ . The value of the electric field component Er is the largest. The “interference”
phenomenon of two waves’ propagation along the short great-circle way and the long
great-circle way when they pass through the antipode to the receiver can be clearly seen,
because the attenuation ratio of the SLF wave propagation in the cavity is very small.

Figure 4 shows the variation in the electric field component Er along the propagation
distance, which is calculated by the numerical integral algorithm. The calculations are both
under the condition that the dipole is located 5 m in the soil foundation, the receiving point
is located on the surface of the Earth, and the frequency is f = 8 Hz, f = 15 Hz, f = 20 Hz,
f = 30 Hz, and ϕ = π/4.

It can be seen in Figure 4 that different-colored line segments are used to represent
the different frequencies. Their wavelength is less than half of the perimeter of the Earth
when the frequencies are equal to 15 Hz, 20 Hz, and 30 Hz. The “interference” phenomena
of two waves’ propagation along the short great-circle way and the long great-circle way
are more and more evident when they pass through the antipode to the receiver, because
the attenuation ratio of the SLF wave propagation in the cavity is very small. The values
of the electric field component Er become more and more small along the propagation
distance. The “interference” phenomena become more and more obvious with the increase
in the frequency. The wavelength is almost equal to the perimeter of the Earth when the
frequency is equal to 8 Hz. The fields in the cavity are a kind of “standing wave”, and the
“interference” phenomenon already disappears.
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5. Conclusions

In order to estimate the effect of a seismic source, the characteristic of the electromag-
netic fields excited by a radiator in a soil foundation in the Earth–ionosphere cavity still
needs to be studied, with the radiator modeled as an HED. Its expressions of the electro-
magnetic fields can be obtained by the expressions of the electromagnetic fields excited
by a VED and VMD according to the reciprocity theorem. The asymptotic approximation
algorithm is suitable for the SLF band, but it is not suitable for the ELF band. Therefore,
the numerical integral algorithm is proposed, which is suitable for the SLF and ELF bands.
It is compared with the asymptotic approximation algorithm when the receiving point is
not close to the field source and the antipode, and their results agree well. Therefore, the
new algorithm is correct. The characteristic of the electromagnetic fields in the cavity is
analyzed and calculated by the numerical integral algorithm in the ELF band.
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