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Abstract: The differentially weighted operator-splitting Monte Carlo (DWOSMC) method is further
developed to describe the droplet aerosol dynamic behaviors, including coagulation, deposition,
condensation, and evaporation processes. It is first proposed that the droplet aerosols will ex-
perience firstly condensation and then evaporation, and this phenomenon is first implemented
into the Monte Carlo method and sectional method with considering coagulation, deposition, and
condensation/evaporation processes in both single-component and two-component aerosol par-
ticle systems. It is found that the calculated results of the DWOSMC method agree well with
both the analytical solutions and the sectional method. The further developed DWOSMC method
can predict the variation of particle number density, total particle volume, mean particle diame-
ter, particle size distributions, and the component-related particle volume densities in both single
component and two-component droplet aerosol systems considering coagulation, deposition, and
condensation/evaporation processes.

Keywords: DWOSMC method; droplet aerosol; condensation/evaporation; deposition; coagulation

1. Introduction

Respiratory infections caused by droplet aerosol transmission are major killers of
humans. The outbreak of SARS, MERS, and the Novel Coronavirus SARS-CoV-2 illustrates
that virus transmission and infection are very complex problems. Droplet aerosol is one of
the crucial ways for most microorganisms (including viruses, bacteria and fungi) to spread
in the air [1–4]. People usually release droplet aerosols by coughing or breathing, and then
the droplet aerosols spread through the air until they are inhaled into the body or deposited
on surfaces [5,6]. In the transmission process, droplet aerosols will experience a series
of dynamical behaviors, such as coagulation, deposition, condensation, and evaporation
processes, which significantly affect the particle size distributions and the transportation
mechanism of aerosols [7–10].

Another characteristic of droplet aerosols is that they cannot be regarded as single-
component particles. Wells’ study showed that droplet aerosols evaporate and contract
during propagation, and eventually evolve into a condensation core [11]. Besides water,
which can evaporate, the droplet aerosols also contain compositions that do not evaporate
such as proteins and ions, which could be regarded as a solid condensation nucleus. There-
fore, the droplet aerosols can be considered as solid–liquid two-phase multicomponent
aerosol particles [12,13]. Furthermore, as the relative humidity of human exhaled gas is
close to 100% with relatively high temperature, water is likely to condense on the droplet
aerosols when they are just exhaled, and afterward evaporate. The deposition mechanism
of droplet aerosols on different surfaces is also different [14]. Thus, the evolutionary process
of the droplet aerosols is complicated and the study of the propagation and spread process,
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deposition behavior, evolution of particle size distributions, and the dynamical evolutions
of the droplet aerosols is significant.

Since the toxicity, sedimentation rate, capture strategy, and hazard to human beings of
aerosol particles are all related to the size distribution, the aerosol particle size distribution
is determined by dynamical events, and it is very difficult to find the analytical solutions
of equations for describing particle dynamics considering such complicated behaviors,
the establishment of efficient and accurate numerical algorithms to solve aerosol dynamic
equations has become the focus of researchers. At present, the most popular numerical
methods include the method of moment (MOM) [15,16], sectional method (SM) [7,17], and
Monte Carlo (MC) method [18,19]. Compared with the MC method, the MOM method and
sectional method both have their own advantages and disadvantages.

The SM tends to be more accurate; however, the sectional representations may lead
to complicated algorithms. MOM is relatively computational time-saving and simple.
Nevertheless, the initial form of the particle size distribution should be assumed to obtain
the closure of the moment equations, and it is difficult to give particle size distributions.
Moreover, it becomes complicated and difficult when solving multi-component particle sys-
tems using the MOM and SM [20–22]. While the MC method is relatively straightforward
for solving the complex multidimensional and multicomponent particle systems, it is also
easy to find the internal information and the historical trajectory of the aerosols [23,24].

The disadvantage of the MC method is that it is difficult to balance computational
accuracy and computational cost. To solve this problem, researchers put forward the
concept of “weighted fictitious particles”, meaning that each fictitious particle can represent
a certain number of real particles of the same physical properties, which dramatically
reduces the computational consumption of the MC methods [25,26]. In order to reduce
use of computing memory and simulation time of the MC algorithm, Zhao et al. [27–29]
put forward a differentially weighted Monte Carlo (DWMC) method to solve the particle
balance equation. Based on this DWMC method, Liu et al. further developed a differentially
weighted operator-splitting Monte Carlo (DWOSMC) method which tends to be more
efficient and precise in predicting the variation of aerosol particles [24,30,31].

Herein, the DWOSMC method is further updated to describe the droplet aerosol
dynamical behaviors including coagulation, deposition, condensation, and evaporation
processes. It is first proposed that the droplet aerosols will experience condensation first
and then evaporation, and this phenomenon is first implemented into the Monte Carlo
method and sectional method while considering coagulation and deposition processes
in both single-component and two-component aerosol systems. This paper is organized
as follows: Section 2 briefly introduces the droplet aerosol dynamics and the DWOSMC
method. Section 3 presents the simulation and validation results of the DWOSMC method
in predicting the evolution of aerosol particles considering different dynamical processes.
Section 4 presents the conclusions of the present study.

2. Materials and Methods
2.1. Description of the Droplet Aerosol Dynamics

Respiratory droplet aerosols are the primary carriers of respiratory infectious pathogens
and the aerosols will experience coagulation, condensation or evaporation, and deposition
behaviors in the process of spreading. Figure 1 shows the mechanism of droplet aerosol dif-
fusion, coagulation condensation/evaporation, and deposition processes. Considering the
large difference between the relative humidity of human exhaled gas and the atmosphere,
the droplet aerosols will first experience condensation, then evaporation.

The evolution of the particle number density considering coagulation, deposition, and
condensation/evaporation processes is expressed by the following equation [32],

∂n(υ,t)
∂t = 1

2

∫ v
0 β(υ′, υ− υ′)n(υ, t)n(υ− υ′, t)dυ− n(υ, t)

∫ ∞
0 β(υ, υ′)n(υ′, t)dυ′

− R(υ)n(υ, t)− ∂I(υ)n(υ,t)
∂υ

(1)
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where n(υ,t) is the particle number density of size υ at time t, β(υ, υ′) is the coagulation
rate between particles with size υ and particles with size υ′, R(υ) is the deposition rate of
particles with volume υ, and I(υ) is the condensation/evaporation rate of particles with
volume υ.
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If a two-component aerosol system is considered, Equation (1) becomes the following,

∂n(υX,υY,t)
∂t = 1

2

∫ υX
0

∫ υY
0 β(υX ′ , υY ′ , υX − υX ′ , υY − υY ′ )n(υX ′ , υY ′ , t)n(υX − υX ′ , υY − υY ′ , t)dυX ′ dυY ′

−n(υX, υY, t)
∫ ∞

0

∫ ∞
0 β(υX, υY, υX ′ , υY ′ )n(υX ′ , υY ′ , t)dυX ′ dυY ′ − R(υX, υY)n(υX, υY, t)

− ∂(IXn)
∂υX

(υX, υY, t)− ∂(IYn)
∂υY

(υX, υY, t)
(2)

where υX and υY are the size of X-component and Y-component within particle i whose total
size is υX + υY, respectively; IX and IY are the condensation/evaporation rate coefficients
correspondingly.

2.2. Implementation of the DWOSMC Algorithm

In this study, the DWOSMC method is further developed to describe droplet aerosol
dynamics, including coagulation, deposition, and condensation/evaporation processes in
both single-component and two-component systems. In this further developed DWOSMC
algorithm, the effect of relative humidity of gas on the phase transformation behavior is
considered. Condensation is considered in the first half of the simulation time, and then
evaporation is considered in the remaining simulation time.

The implementation of the DWOSMC algorithm is described as follows.

(1) Start with a predetermined total MC loop number, M.
(2) Predetermine the simulation stopping time, Tstop.
(3) Initialize the particle system. The weight, component, and size distribution of the

droplet aerosols are initialized first. The weight of numerical particle i, wi is defined as

wi =
Nr(υX, υY)

Nn(υX, υY)
(3)

where Nr(υX, υY) is the real particle number of particles with volume (υX, υY) and
Nn(υX, υY) is the numerical particle number that representing the corresponding
real particles.

(4) Determine a time step τ for the simulation.

The timescales for coagulation, deposition, and condensation/evaporation processes
are determined as follows, respectively.
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The characteristic time step of the coagulation behavior is described as Equation (4) [29,33],

τcoag = min|∀i(Vs/
Ns

∑
j=1,j 6=i

β′ij) (4)

where Ns and Vs are the numerical particle number and the volume of simulation system,
respectively. β′ij is the normalized coagulation rate of simulated particles i and j, which is
described as Equation (5).

β′ij = 2βijwjmax(wi, wj)/(wi + wj) (5)

The characteristic time step of the deposition behavior is expressed as Equation (6):

τdepo = min|∀i(1/Ri(υ)) (6)

where Ri is the deposition kernel.
For condensation/evaporation processes, the characteristic time step is shown as

τcond = min|∀i(υi/Ii(υ)) (7)

The selected time step should ensure both the accuracy and efficiency for simulating
all the dynamical processes mentioned above. Thus, the following equation is used to
determine the time step.

τ = α×min(τcoag, τdepo, τcond) (8)

The empirical parameter, α is usually set as smaller than 0.01 to ensure that the several
aerosol dynamical processes are uncoupled within a time step [25,31,34].

(5) Algorithm integration. In this DWOSMC method, the coagulation event is sim-
ulated by the stochastic Monte Carlo method; and the deposition and condensa-
tion/evaporation events are calculated by the deterministic method. Then, the
simulation results are integrated by the operator splitting method expressed by
Equation (9) [35], which means that in one time step, the deposition and conden-
sation/evaporation events will be firstly calculated within the first half time step.
Then, the coagulation event will be calculated, at last, the deposition and the conden-
sation/evaporation events will be calculated within the second half time step.

exp(τψ) = exp(
τ

2
ψd) exp(

τ

2
ψc) exp(τψs) exp(

τ

2
ψc) exp(

τ

2
ψd) + (τ3) (9)

where ψ represents the total particle dynamical processes, ψd represents the deposi-
tion event, ψc represents the condensation/evaporation event, and ψs represents the
coagulation event.

Herein, the treatment of coagulation, deposition, and condensation/evaporation
processes in two-component systems is described as follows.

(a) Coagulation

The probability of coagulation process occurring on particle i is the following [25,27]:

Pcoag,i = 1− exp(−VsCiτ/2) (10)

where Ci is the coagulation rate of simulated particle i which is written as:

Ci =
1

V2
s

Ns

∑
j=1,j 6=i

β′ij (11)
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Particle i is selected as the first coagulation partner when Pi meets the following inequality,

r1 ≤ Pi (12)

The second coagulation partner j is chosen when Equation (13) is satisfied, then the
coagulation process is treated between particles i and j; otherwise, the remaining particles
will be checked until Equation (13) is satisfied.

r2 ≤ β′ij/max(β′mn)
∣∣∣
∀m,∀n

(13)

where r1 and r2 are both random numbers that satisfy a uniform distribution between 0
and 1.

When the coagulation pair particles i and j are selected, coagulation event would be
treated and calculated as Equation (14) [36].

If wi = wj,

{
w′i = wi/2; υ′i = υi + υj; υ′i,X = υi,X + υj,X; υ′i,Y = υi,Y + υj,Y;
w′j = wj/2; υ′j = υi + υj; υ′j,X = υi,X + υj,X; υ′j,Y = υi,Y + υj,Y

If wi 6= wj,


w′i = max(wi, wj)−min(wi, wj); υ′i = υm

∣∣∣wm=max(wi ,wj)
;

υ′i,X = υm,X

∣∣∣wm=max(wi ,wj)
; υ′i,Y = υm,Y

∣∣∣wm=max(wi ,wj)
;

w′j = min(wi, wj); υ′j = υi + υj;
υ′j,X = υi,X + υj,X; υ′j,Y = υi,Y + υj,Y

(14)

where w′i , w′j, υ′i , and υ′j represent the weight or volume of newly updated simulation
particles i and j after the coagulation process. υ′i,X, υ′i,Y, υ′j,X and υ′j,Y are the volumes of com-
ponents X and Y in the updated simulation particles i and j after the coagulation process.

(b) Deposition

The probability of deposition on particle i is calculated by Equation (15) [37].

Pdepo,i = 1− exp(−Ri(υX, υY)τ) (15)

where τ is the simulation time step, Ri (υX, υY) is the deposition kernel of particles with the
volume of (υX, υY).

The following equation will be used to update the weight of the particles after deposition.

w′i = wi × (1− Pdepo,i) (16)

(c) Condensation and evaporation

In two-component aerosol systems, the condensation/evaporation kernels for the two
components X and Y are different. In the DWOSMC method, the total volume of particle i
is summation of the two components after the condensation/evaporation process, which is
described as Equation (17).

dυi(υX , υY, t)
dt

= IX(υX) + IY(υY) (17)

After the condensation/evaporation event, the total volume of particle i, the volume
of component X, and component Y in particle i, the particle weights are calculated as the
following equations, respectively.

υ′i = υi + (IX(υX) + IY(υY))τ (18)

υ′i,X = υi,X + IX(υX)τ (19)

υ′i,Y = υi,Y + IY(υY)τ (20)



Atmosphere 2022, 13, 326 6 of 15

w′i = wi (21)

In the present study, the effect of relative humidity of gas to the phase transformation
behavior is considered. Condensation is considered in the first half of the simulation time,
Tstop/2, then evaporation is considered in the remaining simulation time, where the particle
surface growth rate will be minus Ii(υ).

(6) The properties of the numerical particles (component composition, size distribution,
weight, etc.) are updated.

(7) If the present simulation time, T, reaches Tstop, stop the present MC loop. Otherwise,
repeat step (4) to step (6).

(8) If the current MC loop number N equals M, the mean value of the particle parameters
should be calculated and output. Otherwise, start a new MC loop.

In the present study, the simulation results of the DWOSMC method are compared
with the sectional method (SM) [38] in some complicated cases and two-component aerosol
systems. Herein, the SM is further developed to describe aerosol coagulation, deposition,
and condensation/evaporation behaviors in two-component aerosol systems.

3. Results

The DWOSMC method is validated in both single component and two-component
aerosol systems. In single component aerosol systems, the particles can be regarded as water
droplets that condense or evaporate; in two-component aerosol systems, besides water, the
droplet aerosols also contain compositions that do not evaporate, which could be regarded
as a solid condensation nucleus. In the first two cases, the DWOSMC method is verified
by analytical solutions [39,40] considering coagulation and condensation/evaporation
behaviors for single-component aerosols. Next, the DWOSMC method is verified by the
more developed sectional method considering coagulation, condensation/evaporation,
and deposition behaviors for both single-component and two-component aerosols.

3.1. Coagulation and Condensation/Evaporation Processes in Single Component Aerosol Systems

In Cases I and II, the initial particles have a uniform diameter of 1.5µm and the
DWOSMC method is validated by analytical solutions [39,40]. In Case I, constant rate
coagulation kernel (β = β0) and linear rate condensation/evaporation kernel (I = I1υ) are
considered; in Case II, linear rate coagulation kernel (β = β1 (υ1 + υ2)) and linear rate
condensation/evaporation kernel (I = I1υ) are considered; and the analytical solutions for
Cases I and II are shown as Equations (22,23) and (24,25), respectively. In Cases I and II,
the simulation time is 4s. It is assumed that condensation and coagulation occurred in the
first half of the simulation, and evaporation and coagulation occurred in the second half of
the simulation.

N(t)
N0

=
1

1 + β0N0t/2
(22)

V(t)
V0

= exp(σ1t) (23)

N(t)
N0

= exp[− β1V0

σ1
(exp(σ1t)− 1)] (24)

V(t)
V0

= exp(σ1t) (25)

where N and V are the particle number density and total particle volume, respectively; N0
and V0 are the initial particle number density and total particle volume, respectively.

The evolution of the normalized particle number density and total particle volume for
Cases I and II are shown in Figures 2 and 3.
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It can be seen that in Cases I and II, the particle number density decreases and the
total particle volume initially increases, and then decreases over time. This is because
condensation occurs in the first half and evaporation occurs in the second half, and the
coagulation process does not have influence on the total particle volume. In Case I, the
total particle volume varies linearly over time because of the condensation kernel and the
constant coagulation kernel. In case II, the total particle volume has the same variation
tendency as Case I, but does not show a linear relationship over time. This is because both
the coagulation kernel and the condensation/evaporation kernel are related to the particle
volume, which will affect the particle size distribution and the condensation/evaporation
behaviors. From Figures 2 and 3, the calculated results of the DWOSMC method are
consistent with the analytical solutions.

In Case III, the particles initially have an exponential size distribution which satisfies
Equation (26). The coagulation kernel in the free molecular regime is used which is
expressed as Equation (27). The condensation/evaporation kernel used is I = I1υ. The
simulation time is 4 s.

np(υ, 0)= (N0/υg0
)
e−υ/υg0 (26)

βij = (3/4π)1/6(6kbT/ρ)1/2

(
1
υi

+
1
υj

)1/2(
υ1/3

i + υ1/3
j

)2
(27)

where N0 = 1 × 1014/m3 and υg0 = 2.7 × 10−18 m3 are the initial particle number density
and initial geometric mean particle volume, respectively.
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For Case III, the further developed DWOSMC method is validated by the sectional
method, and the evolution of the normalized particle number density, total particle volume,
and the average particle diameter for Cases III are shown in Figure 4; the evolution of
particle size distribution is shown in Figure 5.
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where N0 = 1 × 1014/m3 and υg0 = 2.7 × 10−18 m3 are the initial particle number density and 
initial geometric mean particle volume, respectively. 

For Case III, the further developed DWOSMC method is validated by the sectional 
method, and the evolution of the normalized particle number density, total particle vol-
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In Case III, the variations of particle number density and total particle volume are
similar with Cases I and II. The particle number density decreases and the total particle
volume initially increases, then decreases over time. From Figure 4, it can be seen that
the particle average diameter increases over time over the whole simulation. It can be
concluded that, in the second half of the simulation time, the coagulation process dominated
the entire process because the particle diameter would increase due to the coagulation
effect, while the particle diameter would decrease due to the evaporation effect. From
Figure 5, it can be seen that the curve of the particle size distribution (PSD) becomes lower
and wider over time, and the peak volume of the PSD becomes larger distinctly at the first
half simulation time. During the second half of the simulation, the peak volume becomes
larger very slightly because the evaporation process makes the particle diameter smaller.
From Figures 4 and 5, the simulation results of the DWOSMC method are consistent with
the sectional method.
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3.2. Coagulation, Deposition, and Condensation/Evaporation Processes in Single Component
Aerosol Systems

In Case IV, particle dynamical behaviors including coagulation, deposition, and con-
densation/evaporation processes are considered. The coagulation kernel in the free molec-
ular regime is used which is expressed as Equation (25). The condensation/evaporation
kernel used is I = I1υ. The constant rate deposition kernel is used as R = 0.32/s. The initial
particle size distribution is the same with Case III, and the simulation time is also 4 s. The
variation of the normalized particle number density, total particle volume, and the mean
particle diameter for Cases IV are shown in Figure 6; the evolution of particle size distribu-
tion is shown in Figure 7. The simulation results are compared with the sectional method.
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Compared with Case III, the particle number density decreases faster, the total particle
volume does not increase in the first half simulation time, and the mean particle diameter
increases slower in Case IV. Since the deposition process will contribute to the decrease
in both the particle number and total particle volume. It demonstrates that in the first
half of the simulation time, the deposition effect exceeded the condensation effect because
the total particle volume decreases over time. The deposition process also weakened the
coagulation process, as the average particle diameter shows a slower growth rate. From
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Figure 7, the PSD curves are narrower and lower than those in Case III and the peak volume
of the PSD curve is smaller, which is consistent with the conclusions from Figure 6. From
Figures 6 and 7, the calculated results of the DWOSMC method are consistent with the
sectional method.

3.3. Coagulation, Deposition and Condensation/Evaporation Processes in Two-Component
Aerosol Systems

Besides water, it is found that the droplet aerosols released by people also contain
compositions that do not evaporate, which could be regarded as a solid condensation
nucleus [12,13]. Therefore, in Cases V and VI, particle dynamical behaviors including coag-
ulation, deposition, and condensation/evaporation processes in two-component aerosol
systems are examined. For a two-component particle system, qm,n is used to express the
component-related volume density. The particles are divided into several sections ac-
cording to their size. The component-related volume density of particles with volume,
vl,k < vk < vu,k in the k-th section is

qk
m,n(υ, t) =

∫ υu,k

υl,k

υm
X υn

Yn(υ, t)dυ (28)

where v = vX + vY. Specifically, qk
1,0

and qk
0,1

are the particle volume densities, where “0”
represents component X and “1” represents component Y in the k-th section.

In Case V, the initial PSD is set as the same with Case IV; the initial particle number
density is N0 = 1 × 1015/m3. The initial particles consist of two components X and Y,
and the volumes of components X and Y are vX0 = v0/3 and vY0 = 2v0/3, respectively.
The constant rate coagulation kernel (β = β0 = 1 × 10−14 m3/s) and linear rate conden-
sation/evaporation kernel (I = I1v) are considered, where IX = 0.1/s and IY = 0.2/s are
the condensation/evaporation kernels for component X and component Y, respectively.
The constant rate deposition kernel is used as R = 0.32/s. The simulation time is 4s;
condensation is considered in the first 2 s, and evaporation is considered in the last 2 s.

The evolution of the normalized particle number density and total particle volume for
Case V is shown in Figure 8, the evolution of PSDs (t = 0 s, 2 s, 4 s) is shown in Figure 9. The
component-related particle volume density distributions (PVDD) of q1,0, and q0,1 obtained
at t = 2 s and t = 4 s are shown in Figures 10 and 11, respectively.

It can be seen that the curves of particle volume density for components X and Y both
become wider and lower, and the peak volume becomes larger distinctly in the first 2 s of
simulation time. In the second half of the simulation, the curves evolve relatively slowly
because the evaporation process makes the particle volume smaller and also weakens the
coagulation effects. From Figures 8–11, it can be concluded that the calculated results of the
DWOSMC method are consistent with the sectional method.

In Case VI, two component droplet aerosols are examined, where component X is
considered as a condensation nucleus, which means that no condensation/evaporation
would occur, and component Y is considered as water on which condensation/evaporation
phenomena usually occur. The initial volumes of components X and Y are vX0 = v0/3 and
vY0 = 2v0/3, respectively. The coagulation kernel in the free molecular regime is used, which
is expressed as Equation (25). The condensation/evaporation kernel used for component Y
is I = I1v. The constant rate deposition kernel is used as R = 0.32/s. The initial particle size
distribution is the same with Case IV, and the simulation time is also 4s. The simulation
results for Case VI are shown in Figures 12–15.

From Figures 14 and 15, the evolutions of the PVDD curve of X-component and Y-
component share the same variation tendency: the peak volume becomes larger over time,
and the shape of the curve do not change much from 2 s to 4 s. From Figures 12–15, the
Variation of N/N0 and V/V0, PSDs and PVDDs from the DWOSMC method agree well
with the sectional method.
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4. Conclusions

In this study, the DWOSMC algorithm is further updated to describe the droplet
aerosol dynamic behaviors including coagulation, deposition, condensation and evapora-
tion processes in both single component and two component systems. During simulation,
the aerosols will firstly experience condensation, and then the evaporation will be consid-
ered during the second half of the simulation. The further developed DWOSMC method is
firstly validated by the analytical solutions in single component aerosol systems for some
relatively simple cases. Then, the calculated results are verified by the sectional method for
relatively complicated cases in both single-component and two-component aerosol particle
systems. It is concluded that the calculated results of the DWOSMC method show good con-
sistency with both the analytical solutions and the sectional method. The further developed
DWOSMC method is found to be able to describe the evolution of particle number density,
total particle volume, average particle diameter, particle size distributions, and component-
related particle volume densities in both single-component and two-component aerosol
systems considering coagulation, deposition and condensation/evaporation processes.
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