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Abstract: It is accepted that there exists two kinds of atmospheric turbulence in the Earth’s
aerosphere—Kolmogorov and non-Kolmogorov turbulence; therefore, it is important to research
their combined impacts on laser-satellite communications. In this paper, the exponential power
spectra of refractive-index fluctuations for non-Kolmogorov turbulence in the free troposphere and
stratosphere are proposed, respectively. Based on these two spectra, using the Markov approxi-
mation, beam wander displacement variances of a Gaussian-beam wave are derived, respectively,
which are valid under weak turbulent fluctuations condition. On this basis, using a three-layer
altitude-dependent turbulent spectrum model for vertical/slant path, the combined influence of
a three-layer atmospheric turbulence on wander of a Gaussian-beam wave as the carrier wave in
laser-satellite communication is studied. This three-layer spectrum is more accurate than a two-layer
model. Moreover, the variations of beam wander displacement with beam radius, zenith angles, and
nominal value of the refractive-index structure parameter on the ground are estimated. The theory of
optical wave propagation through non-Kolmogorov atmospheric turbulence is further enriched and
a theoretical model of a three-layer atmospheric turbulence beam wander for a satellite-ground laser
communication uplink is established.

Keywords: satellite laser communication; atmospheric optics; non-Kolmogorov turbulence;
Kolmogorov turbulence; beam wander

1. Introduction

Since the 1960s, as one of the advanced satellite communication technologies, satellite
laser communication technology has attracted much attention from the scientific com-
munity because it has some potential advantages, including higher data rates, larger
communication capability, better anti-disturbance, low probability of intercept, less volume,
less mass, lower power consumption, no restrictions for frequency use, etc. [1]. At the
same time, the integration of the newly developed satellite communication technology
and satellite laser communication technology can also be expected [2–4]. In the late 1990s,
the United States, Europe, and Japan successively carried out verification experiments
on the ground. In the first two decades of the 21st century, satellite laser communication
technology has made great progress. As the representatives of space optical communication
pioneer, the European Space Agency , the German Space Agency, the Japan aerospace explo-
ration agency, the National Association of Information and Communications Technology,
and the Jet Propulsion Laboratory involve comprehensive and in-depth research, and key
technologies have been developed. Several sets of satellite laser communication terminals
have been developed and successfully completed a number of on-orbit experiments. The
space-based laser communication network with global coverage are being planned to
demonstrate the huge potential of satellite laser communications and lay a solid foundation
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for the commercialization and application of satellite laser communication technology. For
satellite-to-ground and ground-to-satellite links, since the Earth’s atmosphere is one part of
the communication channel, the atmospheric turbulence deteriorates the performance level
of satellite laser communication system. To solve this problem, several experiments have
been carried out to study the effects of atmospheric turbulence on satellite-ground laser
communication. The results have shown that the laser uplink is more seriously affected
by atmospheric turbulence than the downlink. The main performance is that the bit error
rate of the uplink is much higher than that of the downlink [5–8]. In the downlink, the
above 90 percent path of the laser beam is the ideal transmission environment close to vac-
uum, and there will be atmospheric attenuation and phase distortion until it is close to the
ground. On the contrary, in the uplink, the laser beam is affected by the dense atmosphere
of the troposphere as soon as it leaves the pupil. In addition to atmospheric attenuation
and scintillation, the downlink is also affected seriously by the beam wander, which is
equivalent to increase the pointing error of the satellite laser communication system. Up
until now, the uplink of satellite-ground laser communication can only barely establish
in all on-orbit experiments, and cannot guarantee the continuous symbol tracking and
clock synchronization, and there is often the phenomenon of communication interruption.
Therefore, it is of great significance to study the influence of atmospheric turbulence on
satellite laser communication, especially on uplink.

In recent years, data from stellar scintillation measurements, airborne tether balloon
temperature measurements, and ground-based radar measurements have shown turbu-
lence deviations from Kolmogorov’s model in parts of the Earth’s atmosphere [9–13]. For
example, Dalaudier et al. [10] measured the power spectrum of one-dimensional tempera-
ture fluctuations along the inclined path of the Earth’s atmosphere by using balloons and
radar. The results showed that the upper troposphere and the entire stratospheric turbu-
lent atmosphere did not follow the Kolmogorov statistical law, and the three-dimensional
power spectrum of −5 power rate was also confirmed. In theory, further development
of the propagation theory of passive conservative quantity has shown that although the
Kolmogorov spectrum is important, it is only part of more general behavior of passive
conservative quantity propagation in turbulence. At the same time, other theoretical studies
further confirm this conclusion [14–16]. For example, when the atmosphere is in a relatively
stable state that are not locally isotropic, the behavior is inconsistent with the Kolmogorov
turbulence statistical law [14]. Dewan [16] conducted a numerical study on the power
spectrum of internal gravity waves and the results confirmed the existence of a turbulent
power spectrum with a power ratio of −5, which corresponds to internal gravity waves
(IGW). IGW are anisotropic structures. Lukin et al. [17–19] suggested a hypothesis that
atmospheric coherent structures were principal causes of considerable deviations of the
Kolmogorov and Obukhov constants from their standard values. Turbulence observed
in a coherent structure is called coherent turbulence, which is different from noncoherent
Kolmogorov turbulence. Its one-dimensional spectrum has one more rapid decrease in the
inertia interval and lower contributions of small-scale components. Phase fluctuations of
optical radiation in coherent turbulence are weaker as compared to the Kolmogorov one
(due to lack in small-scale inhomogeneities).

The combined influence of Kolmogorov and non-Kolmogorov turbulence on optical
wave has been investigated along a slant or vertical path on the basis of further develop-
ment of a propagation theory for optical wave in non-Kolmogorov turbulence, including
beam spreading, intensity fluctuations, etc. [20,21]. These studies were carried out by
establishing a two-layer turbulence model based on the early observations of atmospheric
turbulence. Namely the turbulence in the earth’s atmosphere is composed of Kolmogorov
turbulence (spectral exponent −11/3) in the troposphere and non-Kolmogorov turbulence
(spectral exponent −5) in the stratosphere. The latest measurements showed that the
atmosphere turbulence in the the boundary layer obeyed the Kolmogorov theory and that
the atmosphere turbulence in the free troposphere was different from one in the strato-
sphere, both of which exhibited non-Kolmogorov properties. The more accurate three-layer
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atmospheric turbulence model was developed. The related works also were extended from
the two-layer atmospheric turbulence model to the three-layer one, including scintillation
index of a plane and spherical wave at large zenith angles, propagation of electromagnetic
waves, etc. [22–24]. The fluctuation conditions also gradually expanded from weak to
strong fluctuations. It is well-known that beam wander can cause time-varying power
fades at the receiver terminal and further deteriorates the performance of satellite laser
communication system. Meanwhile, beam wander also affects the acquiring probability,
acquiring time, pointing accuracy, and tracking stability of the laser communication link
and then degrades the performance of satellite laser communication pointing, acquiring,
and tracking subsystem. Therefore, it is significant to study the combined influence of the
three-layer atmospheric turbulence on the wander of the laser beam wave as the carrier
wave in laser satellite communication.

In this paper, a three-layer altitude-dependent power spectrum of refractive-index fluc-
tuations for satellite-to-ground and ground-to-satellite links is modified, which is composed
of the Kolmogorov power spectrum with an exponent value of −11/3, non-Kolmogorov
ones with exponent values of −10/3 and −5, corresponding to the boundary layer, the
free troposphere, and the stratosphere in the aerosphere, respectively. Using the Markov
approximation, beam wander displacement variances of a Gaussian-beam wave propagat-
ing through non-Kolmogorov turbulence in the free troposphere and the stratosphere are
derived, respectively. Finally, an expression governing wander of a Gaussian-beam wave
along a slant path valid in the weak fluctuations regime is presented. This work lays a sci-
entific foundation for the establishment of an atmospheric turbulence compensation model
and has certain scientific significance for improving the performance of a satellite-ground
laser communications system, on-orbit experiment and practical application.

2. Three-Layer Altitude Spectrum Model of Refractive-Index Fluctuations

Increasing measurements of the atmosphere have shown that the turbulence statistical
characteristics in the atmosphere varies with altitude. Up until now, the experimental
results have shown that the boundary layer (up to ∼2–3 km) had Kolmogorov turbulent
characteristics and the free troposphere (up to ∼8–10 km) and the stratosphere showed
different non-Kolmogorov turbulent characteristics. Based on this, Zilberman et al. [24]
suggested a three-layer altitude spectrum model that is more accurate, in which the first
layer corresponds to the boundary layer with Kolmogorov turbulence (with spectrum
exponent value of 11/3); the second one corresponds to the free troposphere with non-
Kolmogorov turbulence (with spectrum exponent value of 10/3), and the third layer where
non-Kolmogorov turbulence spectrum has a slope 5. The values of the refractive index
structure constant for the free tropospheric turbulence and stratospheric one are given,
respectively, A(α = 10/3) = 0.015 and A(α −→ 5) = 0.0024. As mentioned above, the
conclusions developed by Lukin et al. can present a reasonable theoretical basis. Since the
turbulence is developed in the boundary layer and the Kolmogorov turbulence appears,
the difference in the sizes of primary vortices of different coherent structures is small in the
area under study and the sum of the spectra of different coherent structures is close to a
Kolmogorov power dependence. On the contrary, the turbulence is undeveloped in the
free troposphere and the stratosphere and coherent turbulence appears, so the difference
in the sizes of primary vortices of different coherent structures is high, and the sum of
the spectrum shows a rapid power decrease, corresponding to non-Kolmogorov power
dependence [17,18].

Here, a three-layer altitude-dependent turbulent spectrum model of refractive-index
fluctuations for a vertical/slant path is proposed to describe the variations of turbulent
statistical characteristics with altitudes in the aerosphere in Reference [22], which is equal
to the sum of refractive-index fluctuation power spectra in the boundary layer, the free
troposphere, and the stratosphere. It is shown that the turbulence is characterized by the
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conventional Kolmogorov model in the boundary layer and the refractive-index fluctuations
power spectrum has the following form,

ΦnB(κ, z) = 0.033 C2
n(z) κ−11/3, (1)

where κ is the magnitude of the spatial frequency vector in units of rad/m, z is a propagation
distance that varies between z = 0 and z = L, and C2

n(z) is the conventional Kolmogorov
turbulent index-of-refraction structure parameter in the boundary layer that is dependent
on the altitude and has units of m−2/3. The turbulence exhibits non-Kolmogorov charac-
teristics in the free troposphere and the refractive-index fluctuations power spectrum has
the following form,

ΦnF(κ, z) = 0.015C̃2
nF(z) κ−10/3, (2)

where C̃2
nF(z) is non-Kolmogorov index-of-refraction structure parameter in the free tropo-

sphere that depends on the altitude and has units of m−1/3. The turbulence exhibits another
non-Kolmogorov characteristics in the stratosphere above them and the refractive-index
fluctuations power spectrum has the following form,

ΦnS(κ, z) = 0.0024C̃2
nS(z) κ−5, (3)

where C̃2
nS(z) is non-Kolmogorov index-of-refraction structure parameter in the strato-

sphere that is dependent on the altitude and has units of m−2 [22].
Based on the Markov approximation [25], the only larger inhomogeneities than the

scale of the beam size can contribute to the beam wander, so the exponential spectrum for
the Kolmogorov turbulence in the boundary layer is used,

ΦnB(κ, z) = 0.033 C2
n(z) κ−11/3

[
1− exp

(
− κ2

κ2
0(h)

)]
, (4)

where κ0(z) = C0/L0(h), here, the scaling constant C0 is chosen in the range 1 ≤ C0 ≤ 8π,
here the value of C0 is 2π, and L0(h) is the outer scale varying with the altitude. Here, in
the same way, the outer scale factors are introduced in the refractive-index fluctuations
power spectra of the free troposphere and the stratosphere,

ΦnF(κ, z) = 0.015C̃2
nF(z) κ−10/3

[
1− exp

(
− κ2

κ2
0(h)

)]
, (5)

ΦnS(κ, z) = 0.0024C̃2
nS(z) κ−5

[
1− exp

(
− κ2

κ2
0(h)

)]
. (6)

And the three-layer altitude spectrum model was developed [24]. In order to study the
combined influence of the Kolmogorov turbulence and the non-Kolmogorov one on laser
propagation for an uplink/downlink communication channel, based on Equations (4)–(6), a
modified three-layer altitude spectrum model of refractive-index fluctuations is suggested,
which has the following form,

Φn(κ, z) = ΦnB(κ, z) + ΦnF(κ, z) + ΦnS(κ, z). (7)

Propagation along a vertical or slant path requires a C2
n(h) profile model to describe

properly the varying strengths of optical turbulence as functions of altitude h. For the C2
n(h)

profile, the most widely used Hufnagel–Valley model is chosen [1]

C2
n(h) = 0.00594(v/27)2(10−5h)10 exp(−h/1000)

+ 2.7× 10−16 exp(−h/1500) + C2
n(0) exp(−h/100), (8)
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with the wind speed v = 21 m/s and C2
n(0) = 1.7× 10−14 m−2/3. For the C̃2

nF(h) profile in
the free troposphere, this form is taken as suggested in [24],

C̃2
nF(h) = 2.2

(
k

L1

)−1/6
C2

n(h), (9)

where L1 is the propagation distance in the free troposphere, k denotes the optical wave
number, and k = 2π/λ, here λ is the optical wavelength. For the C̃2

nS(h) profile in the
stratosphere, this form is taken as suggested in [24],

C̃2
nS(h) = 13.75

(
k

L2

)2/3
C2

n(h), (10)

where L2 is the propagation distance in the stratosphere.
In addition, the outer scale changes with altitude, according to the empirical for-

mula [26]

L0(h) =
5

1 +
(

h−7500
2500

)2 . (11)

3. Beam Wander

The instantaneous center of the beam is randomly displaced in the receiver plane,
producing what is commonly called the beam wander. Usually the phenomenon can be
characterized statistically by the variance of the hot spot displacement along an axis or
by the variance of the magnitude of the hot spot displacement [1]. Based on the Markov
approximation, the beam wander or the variance of the instantaneous center of a Gaussian-
beam wave in the receiver plane (z = L) is modeled by the following expression

〈ρ2
c 〉 = 4π2k2W2

∫ L

0

∫ ∞

0
κΦn(κ, z)HLS(κ, z)

(
1− eΛLκ2ξ2/k

)
dκdz, (12)

where ξ is the normalized distance variable, W is the spot size radius at the receiver plane,
Λ is called the Fresnel ratio at the output plane, Φn(κ, z) represents the refractive-index
fluctuation power spectrum, and HLS(κ, z) denotes the large-scale filter function [27]

HLS(κ, ξ) = exp
{
−κ2W2

0

[(
Θ0 + Θ0ξ

)2
+ Λ2

0(1− ξ)2
]}

, (13)

where W0 denotes the radius of the beam size at the transmitter plane, Θ0 is also called the
curvature parameter and Λ0 is called the Fresnel ratio at the input plane, and Θ0 = 1−Θ0.

Now, it is accepted that the influence of the atmospheric turbulence for the satellite-
to-ground or ground-to-satellite link is a result of a combined action of the Kolmogorov
turbulence in the boundary layer, non-Kolmogorov in the free troposphere, and non-
Kolmogorov in the stratosphere. Based on Reference [1], beam wander for a Gaussian-
beam wave propagating through Kolmogorov turbulence in the boundary layer takes the
following form

〈ρ2
Bc〉 = 7.25L3

0W−1/3
0

∫ H1

h0

C2
n(ξ)ξ

2

×

 1
|Θ0 + Θ0ξ|1/3

−
[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]1/6
dξ, (14)

where h0 is is the height of an optical transmitter/receiver above ground and H1 is the
altitude of the boundary layer.
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By following the approach in Reference [1], using Equation (5), beam wander a
Gaussian-beam wave propagating through non-Kolmogorov turbulence in the free tropo-
sphere, is obtained (see Appendix A.1)

〈ρ2
Fc〉 = 1.59L3

1W−2/3
0

∫ H2

H1

C2
nF(ξ)ξ

2

×

 1
|Θ0 + Θ0ξ|2/3

−
[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]1/3
dξ. (15)

In the above equation, H2 is the altitude of the free troposphere.
In the same way, beam wander for a Gaussian-beam wave propagating through

non-Kolmogorov turbulence in the stratosphere is also obtained (see Appendix A.2)

〈ρ2
Sc〉 = 0.34L3

2W−1/3
0

∫ H

H2

C2
nS(ξ)ξ

2

×


[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]1/2

− |Θ0 + Θ0ξ|

dξ, (16)

where H is the altitude of the satellite. Here, it is noteworthy that the the geometrical optics
approximation is used in the derivation of Equations (15) and (16), viz.,

1− eΛLκ2ξ2/k ' ΛLκ2ξ2

k
, Lκ2/k� 1. (17)

In addition, to emphasize the refractive nature of beam wander, the last term in Equation (13)
is also dropped.

According to Equation (7), it can be concluded that the beam wander displacement
variance over the whole satellite-to-ground or ground-to-satellite link for small zenith
angles or under weak irradiance fluctuations is expressed as the sum of the beam wander
displacement variance caused by the turbulence in the boundary layer, the free troposphere,
and the stratosphere.

〈ρ2
c 〉 = 〈ρ2

Bc〉+ 〈ρ2
Fc〉+ 〈ρ2

Sc〉

= 7.25L3
0W−1/3

0

∫ H1

h0

C2
n(ξ)ξ

2
{

1
|Θ0 + Θ0ξ|1/3

−
[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]1/6
dξ

+ 1.59L3
1W−2/3

0

∫ H2

H1

C2
nF(ξ)ξ

2
{

1
|Θ0 + Θ0ξ|2/3

−
[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]1/3
dξ

+ 0.34L3
2W0

∫ H

H2

C2
nS(ξ)ξ

2


[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]−1/2

− |Θ0 + Θ0ξ|
}

dξ. (18)

Here, it should be noted that beam wander is of little concern for a downlink path, but an
uplink path can be large enough to cause the beam to move the several hundred meters.
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For a uplink path, the normalized variable ξ has this form, ξ = 1− (h− h0)/(H− h0),
and the beam wander displacement variance over the whole ground-to-satellite uplink for
small zenith angles or under weak irradiance fluctuations is expressed as

〈ρ2
c 〉 = 〈ρ2

Bc〉+ 〈ρ2
Fc〉+ 〈ρ2

Sc〉

= 7.25(H1 − h0)
2 sec3(ζ)W−1/3

0

∫ H1

h0

C2
n(h)

(
1− h− h0

H − h0

)2

×


1

|Θ0 + Θ0

(
1− h−h0

H−h0

)
|1/3
−

 κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0

(
Θ0 + Θ0

(
1− h−h0

H−h0

))2


1/6
dh

+ 1.59(H2 − H1)
2 sec3(ζ)W−2/3

0

∫ H2

H1

C2
nF(h)

(
1− h− h0

H − h0

)2

×


1

|Θ0 + Θ0

(
1− h−h0

H−h0

)
|2/3
−

 κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0

(
Θ0 + Θ0

(
1− h−h0

H−h0

))2


1/3
dh

+ 0.34(H − H2)
2 sec3(ζ)W0

∫ H

H2

C2
nS(h)

(
1− h− h0

H − h0

)2

×


 κ2

0(h)W
2
0

1 + κ2
0(h)W

2
0

(
Θ0 + Θ0

(
1− h−h0

H−h0

))2


−1/2

− |Θ0 + Θ0

(
1− h− h0

H − h0

)
|
}

dh, (19)

where ζ is the zenith angle. It can be seen from Equations (15) and (16) that beam wander
of a Gaussian-beam wave propagating through non-Kolmogorov atmospheric turbulence
is independent on optical wave length, similar to Kolmogorov atmospheric turbulence [1].

4. Simulation and Analysis

For a satellite positioned in either a low Earth orbit (LEO) or a geostationary orbit
(GEO) with the transmitter on the ground, beam wander displacement variance of a
Gaussian-beam wave (Θ0 = 1) is plotted as a function of beam radius at the receiver in
Figure 1, based on the three-layer beam wander model Equation (19). The zenith angle is
set ζ = 0 deg, C2

n(0) = 1.7× 10−15 m−2/3 and h0 = 0 m are taken, respectively. The outer
scale model is described by Equation (11) with κ0(h) = 2π/L0(h). And the theoretical
model of conventional Kolmogorov beam wander displacement variance is also plotted
in Figure 1 for comparison. Here, we can see that beam wander displacement variance
is greatest for smaller beams and steadily decreases with an increasing beam radius. In
addition, it can be seen from Figure 1 that the result predicted by the three-layer theoretical
model is smaller than one predicted by the conventional Kolmogorov theory model, this is
due to weaker fluctuations of non-Kolmogorov turbulence in the free troposphere and the
stratosphere than Kolmogorov one, which matches the conclusions of Lukin et al. Beam
wander displacement variance predicted by the three-layer theoretical model decreases
sharply with the beam radius, with respect to the conventional Kolmogorov model.

Furthermore, beam wander displacement variance of a Gaussian-beam wave (Θ0 = 1)
for the three-layer model is plotted as the function of zenith angles in Figure 2 for W0 = 0.2 m.
As shown in Figure 2, beam wander displacement variance increases with the zenith angles,
and increases lightly for smaller zenith angles and increases sharply for larger one.

Finally, in order to find the influence of the variations of nominal value of refractive-
index structure parameter on the ground C2

n(0) on beam wander, beam wander displace-
ment variance of a Gaussian-beam wave (Θ0 = 1) is plotted as a function of C2

n(0) in
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Figure 3, based on the three-layer beam wander model Equation (19). The zenith angle is
set ζ = 0 deg and W0 = 0.2 m is taken. As shown in Figure 3, beam wander displacement
variance increases with C2

n(0). Theoretically, the increase of refractive-index structure
parameter indicates the enhancement of optical turbulence, which inevitably leads to the
increase of beam wander.

Figure 1. Beam wander displacement variance (solid curve) of a Gaussian-beam wave for the three-
layer model plotted as a function of beam radius at the receiver for a transmitter on the ground
and a satellite in space at zenith angle zero. The wavelength is λ = 1.55 µm and the dashed curve
corresponds to the conventional Kolmogorov model.

Figure 2. Beam wander displacement variance of a Gaussian-beam wave for the three-layer model
plotted as a function of zenith angle for a transmitter on the ground and a satellite in space.
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Figure 3. Beam wander displacement variance of a Gaussian-beam wave for the three-layer model
plotted as a function of nominal value of refractive-index structure parameter on the ground C2

n(0)
for a transmitter on the ground and a satellite in space.

5. Conclusions

In this paper, we proposed an exponential power spectra of refractive-index fluctua-
tions for non-Kolmogorov turbulence in the free troposphere and the stratosphere, and on
this basis, modified a three-layer altitude-dependent power spectrum of refractive-index
fluctuations for satellite-to-ground and ground-to-satellite links, which is composed of the
exponential Kolmogorov turbulence power spectrum of the boundary layer, the exponential
non-Kolmogorov power spectrum turbulence of the free troposphere, and the exponential
non-Kolmogorov power spectrum of the stratosphere. Based on the Markov approxima-
tion, beam wander displacement variances of a Gaussian-beam wave for non-Kolmogorov
turbulence in the free troposphere and the stratosphere were derived, and the propagation
theory of optical wave through atmospheric turbulence was further enriched. Further,
the theoretical model of beam wander displacement variances of a Gaussian-beam wave
propagating through Kolmogorov and non-Kolmogorov turbulence along laser-satellite
communication uplink was developed and applied to characterize the displacement of the
instantaneous center of the beam for the small zenith angle. Finally, the expression was
used to analyze the variations of beam wander with beam radius, zenith angles, and a
nominal value of refractive-index structure parameter on the ground.

Through our work in the paper, wander theoretical model of a Gaussian-beam wave
propagating through Kolmogorov and non-Kolmogorov turbulence along laser-satellite
communication uplink was established. According to the actual situation of the atmospheric
turbulence along the satellite-ground link, the combined influence of Kolmogorov and
non-Kolmogorov turbulence on beam wander was studied. It provides a theoretical basis
for the design and practical application of a satellite-ground laser communication system.
The research results not only further enrich the theory of atmospheric turbulent optical
wave propagation, but also lay a theoretical foundation for the realization of high-speed
satellite-ground laser communication, which has important guiding significance for the
system design, in-orbit test, and practical application of satellite laser communication, and
will further promote the development of satellite-ground laser communication technology.



Atmosphere 2022, 13, 162 10 of 12

Author Contributions: Conceptualization, F.W. and W.D.; methodology, D.L., S.F. and W.D.; formal
analysis, Q.Y.; investigation, F.W. and Q.Y.; data curation, Q.Y. and F.W., writing—original draft
preparation, F.W. and W.D.; writing—review and editing, D.L., S.F., F.W. and W.D.; supervision, Q.Y.
and W.D.; project administration, Q.Y. and W.D.; funding acquisition, Q.Y. and W.D. All authors have
read and agreed to the published version of the manuscript.

Funding: This research was funded by the Foundation of Heilongjiang Educational Committee
(FHEC) grant 12521603, the Natural Science Foundation of Heilongjiang Province of China (NSFHPC)
grant LH2020F050, and the Scientific Research Project of Basic Scientific Research Funding for
Universities in Heilongjiang Province (SRPBSRFUHP), grant 135309453 and 145109402.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Data set available on request to corresponding authors.

Acknowledgments: We thank Ke Yang, Zheng Xu, and Jiahao Kang, who helped with the Matlab
numerical simulation.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Beam Wander a Gaussian-Beam Wave Propagating through
Non-Kolmogorov Turbulence

Appendix A.1. Beam Wander a Gaussian-Beam Wave Propagating through Non-Kolmogorov
Turbulence in the Free Troposphere

For integration purposes, the normalized distance variable ξ = 1− z/L is used and
Equation (12) becomes

〈ρ2
c 〉 = 4π2k2W2L

∫ 1

0

∫ ∞

0
κΦn(κ, ξ)HLS(κ, ξ)

(
1− eΛLκ2ξ2/k

)
dκdξ. (A1)

The last term in the large-scale filter function Equation (13) is dropped to emphasize the
refractive nature of beam wander, and then it is expressed as

HLS(κ, ξ) = exp
[
−κ2W2

0
(
Θ0 + Θ0ξ

)2
]
. (A2)

In addition, here, the geometrical optics approximation is used and the last term in
Equation (A1) becomes the following form,

1− eΛLκ2ξ2/k ∼=
ΛLκ2ξ2

k
, Lκ2/k� 1. (A3)

Substituting Equation (5), the power spectrum of non-Kolmogorov turbulence in the
free troposphere, and Equation (A2) into Equation (A1) yields

〈ρ2
c 〉 = 0.592kL2W2Λ

∫ 1

0
ξ2C̃2

nF(ξ)
∫ ∞

0
κ−1/3

[
1− exp

(
− κ2

κ2
0(h)

)]
× exp

[
−κ2W2

0
(
Θ0 + Θ0ξ

)2
]
dκdξ. (A4)

Using the integral identity ∫ ∞

0
exp(−st)tx−1dt =

Γ(x)
sx , (A5)
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and integrating the variable κ in Equation (A4) yields

〈ρ2
Fc〉 = 1.59L3

1W−2/3
0

∫ 1

0
C2

nF(ξ)ξ
2

×

 1
|Θ0 + Θ0ξ|2/3

−
[

κ2
0(h)W

2
0

1 + κ2
0(h)W

2
0
(
Θ0 + Θ0ξ

)2

]1/3
dξ. (A6)

Here it should be noted that the formula Λ = 2L1/kW2 is used in the derivation.

Appendix A.2. Beam Wander a Gaussian-Beam Wave Propagating through Non-Kolmogorov
Turbulence in the Stratosphere

Following Appendix A.1, beam wander for a Gaussian-beam wave propagating through
non-Kolmogorov turbulence in the stratosphere is also obtained, namely Equation (16).
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