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Abstract: The accumulated particulate matter concentration at a given vertical column due to
traffic sources in urban area has many important consequences. This task, however, imposes a
major challenge, since the problem of realistic pollutant dispersion in an urban environment is a
very demanding task, both theoretically and computationally. This is mainly due to the highly
inhomogeneous three dimensional turbulent flow regime in the urban canopy roughness sublayer,
which is far from “local equilibrium” between shear production and dissipation. We present here a
mass-consistent urban Lagrangian stochastic model for pollutants dispersion, where the flow field
is modeled using a hybrid approach by which we model the surface layer based on the typical
turbulent scales, both of the canopy and in the surface layer inertial sub-layer. In particular it
relies on representing the canopy aerodynamically as a porous medium by spatial averaging the
equations of motion, with the assumption that the canopy is laterally uniform on a scale much
larger than the buildings but smaller than the urban block/neighbourhood, i.e., at the sub-urban-
block scale. Choosing the spatial representative averaging volume allows the averaged variables to
reflect the characteristic vertical heterogeneity of the canopy but to smooth out smaller scale spatial
fluctuations caused as air flows in between the buildings. This modeling approach serves as the
base for a realistic and efficient methodology for the calculation of the accumulated concentration
from multiple traffic sources for any vertical column in the urban area. The existence of multiple
traffic sources impose further difficulty since the computational effort required is very demanding
for practical uses. Therefore, footprint analysis screening was introduced to identify the relevant part
of the urban area which contributes to the chosen column. All the traffic sources in this footprint area
where merged into several areal sources, further used for the evaluation of the concentration profile.
This methodology was implemented for four cases in the Tel Aviv metropolitan area based on several
selected summer climatological scenarios. We present different typical behaviors, demonstrating
combination of source structure, urban morphology, flow characteristics, and the resultant dispersion
pattern in each case.

Keywords: Lagrangian stochastic model; urban boundary layer; roughness sublayer; canopy model;
footprint analysis; multiple pollutant sources

1. Introduction

There are a considerable number of studies that point out the hazard to health fol-
lowing exposure to traffic-related PM10. Specifically, such exposure was found to be
associated with adverse changes in the regulation of the cardiovascular system among
subjects without cardiovascular disease [1], risk of asthma development among children [2]
and incidence rates of lung cancer among males [3,4]. Several campaigns were held in
different urban regions around the world in which particulate matter concentrations were
measured in different heights, ranging from ground level up to several hundreds of meters
above ground. All these have exhibited variability in the PM10 vertical concentrations [5–7].
This variability lead some authors to try and quantify the level of exposure to traffic related
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PM10 as a function of the height of residence [8]. Therefore, in order to realistically assess
the exposure to traffic-related PM10 in an urban environment it is imperative to simulate
quantitatively the three dimensional PM10 concentration field.

Realistic modeling of transport and dispersion of pollutants at the city scale is a
very challenging problem due to the non-uniform and complex nature of the flow field
within and just above the canopy [9,10]. In such environments, the flow structure in the
roughness sublayer (RSL) dictates the air flow and pollutant dispersion within and above
urban canopies. This sub-layer consists of the lowest part of the atmospheric surface
layer, from the ground to 2–5 average height of the canopy elements. Moreover, the RSL
is where the turbulent exchange of momentum, heat and mass occur [9,11]. The main
important flow features are the shear layer generated at the roof-top level as well as the
highly inhomogeneous turbulent flow within the urban canopy [12,13]. The thickness
of the shear layer depends on the averaged morphological parameters (e.g., the packing
density) of the canopy elements [14,15]. Furthermore, the turbulent kinetic energy (TKE)
budget, well above the canopy, reduces to a “local equilibrium” between shear production
and dissipation, and therefore can be approximated in terms of Monin-Obukhov similarity
theory (MOST) [9,16]. On the other hand, within and just above the canopy, due to locally
generated turbulence, the entire canopy flow is far from the “local-equilibrium” [11,17].

Over the past few decades an effort was made to model realistic dispersion of pol-
lutants at the urban scale (see, e.g., overview in [18]). Few attempts were made when
the emphasis was on quantitative models. When efficiency was also a focus these at-
tempts were usually based on Lagrangian stochastic models (LSM) for transport and
dispersion [19]. LSM is able to describe consistently gas dispersion phenomena in rather
complicated atmospheric scenarios such as non-homogeneous turbulent regimes, complex
terrain and canopies (urban and vegetation) [20], and is superior to advection-diffusion-
based approaches (see e.g., [21,22]). The main methods included: computational fluid
dynamics (CFD) simulations around hundreds to thousands of buildings (e.g., [23] and
references therein); application of Reynolds-averaged Navier–Stokes (RANS) and large-
eddy simulation (LES) complemented by LSM (e.g., [18,24,25]). A third approach is based
on evaluating a diagnostic-empirical method [26] and use that to drive LSM [27–29]. This
approach relys on a consistent mean wind field based on as many as needed urban canyon
scale diagnostic-empirical estimates for the different buildings configurations. It was also
shown to be practical for planar urban areas but may be too demanding for complex terrain
urban areas. The key limitations of the all the above are that of excessive computational de-
mand (due to the mass consistency constraint even for the diagnostic-empirical approach),
and often difficulty in extending to more complex and general canopies such as a city scale
over complex terrain.

The aim of this study is to employ an efficient and general LSM approach to estimate
the accumulated concentrations field from traffic particulate matter pollutants in an urban
area at the city scale. To do so, we use an urban LSM developed at the Israeli Institute
for Biological research (IIBR) for urban canopy over complex terrain solved at the city
scale [30]. The modeling presented in this study is based on spatial averaging of the
urban morphology, with the assumption that the canopy is laterally uniform on a scale
much larger than the buildings but smaller then the urban neighbourhood/block, i.e., at
the sub-urban-block scale. This is achieved by formulating the equations of motion as
double (space-time) averaged over the sub-urban-block scale volume, thus representing the
urban canopy layer aerodynamically as a quasi-horizontally homogeneous porous medium.
Using a spatial representative averaging volume enables the averaged variables to reflect
the characteristic vertical heterogeneity of the canopy. Moreover, it allows smoothing out
smaller scale spatial fluctuations that are generated as wind flows in between the buildings,
while maintaining the effect of the turbulent exchange of the canopy (e.g., [15,31]).

To calculate the accumulated concentration at a given vertical column in the urban
area, we first use footprint analysis [32,33] to locate the dimensions of the source area with
respect to the influence on concentration at the requested column, then calculate the sources
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in this footprint as local areal sources. From each areal source and averaged morphological
parameters we analyse the accumulation of pollutant field for a given vertical column.
This approach enables a significant reduction of required LSM simulations, which makes
it efficient for cases where multiple sources are essential. This method was implemented
for four test cases in the Tel Aviv metropolitan area that occur during the typical rush-
hour periods.

2. Theory and Methods
2.1. The Lagrangian Stochastic Model

To evaluate the concentration field of pollutant at the POI, one has to specify the
underlying turbulent pollutant dispersion model. In this study, a mass-consistent La-
grangian stochastic model (LSM) for urban canopy over complex terrain developed at the
Israeli institute for biological research (IIBR) [30], has been used. Its details, for the case
of dispersion within and above urban canopy under near neutral conditions, are outlined
in this section. This model was formulated for urban canopy including over complex
terrain, and was validated against urban atmospheric tracer release field campaign in the
city of Haifa (on the Camel mountain), Israel, exhibiting full compliance with all statistical
acceptance criteria for urban dispersion models [30] (see also [34,35]).

The LSM approach is based on modelling turbulent dispersion as a first-order Markov
process with the velocity-displacement conditional distribution function as the princi-
pal characteristic of the motion in Lagrangian variables, while maintaining consistency
with the Kolmogorov 1941 similarity theory [36]. For homogeneous isotropic turbulence,
this approach is well-established (e.g., [37]; for an analytical solution see e.g., [21] (suppl.)),
however, a unique expression valid for general anisotropic inhomogeneous turbulence
is missing. A model for inhomogeneous turbulence is formulated based on a necessary
condition called the well-mixed condition, which assures consistency with the second law
of thermodynamics [19]. This condition allows the use of a pre-assumed one-particle Eule-
rian velocity probability distribution function (PDF), but was found to be necessary but not
sufficient, except for the one-dimension case. Moreover, this one-particle LSM approach,
which deals with absolute dispersion in a fixed reference frame and the mean concentration
field, is able to describe consistently passive scalar dispersion phenomena, in complicated
atmospheric scenarios such as non-homogeneous turbulent regimes, complex terrain and
canopies [20].

The velocity perturbation ui (i = u, v, w) at the particle position xp = xi and time t
about the local mass consistent Eulerian mean velocity UEi (instead of the Lagrangian)
can be written as UEi (xp, t) + ui(xs, t) (xs is the source position), e.g., [38,39]. Therefore,
we formulate the first-order Lagrangian stochastic process by calculating the Lagrangian
trajectories of fluid parcels (referred to as ’particles’). A ’new’ particle velocity is initiated
as a Gaussian random variable of zero average and of variance 2〈v2

i 〉). These ’particles’ are
passively marked at time zero according to a velocity PDF, at the point or volume of the
pollutant source. This leads to the following set of generalized Langevin equations (GLE)
for particle displacement and velocity fluctuation/perturbation:

dxi = (UEi + ui)dt

dui = ai(ui, xi)dt + bijdWj(t)
(1)

where dWi is an increment of the Wiener process, i.e., Gaussian random variate with
average 〈dWi〉 = 0 and variance 〈dWidWj〉 = dtδij [40], and a mass consistent adjusted
Eulerian mean velocity field UEi is implemented on surface-following coordinate, obtained
using a fast multigrid numerical algorithm [41]. Based on the Kolmogorov 1941 similarity
theory for the second-order structure function we get 〈duiduj〉 = C0εdtδij = b2

ijdtδij, where
ε is the average dissipation rate of the turbulent kinetic energy and C0 is the so-called
Kolmogorov constant [36]. The Kolmogorov 1941 structure function scaling was shown to
be valid in recent direct Lagrangian measurements in highly inhomogeneous canopy flow
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(modeled at the IIBR environmental wind tunnel [42,43]), despite an observed large-scale
intermittency which affects the energetics of trajectories [44]. The value of C0 is known to
vary on a broad scale of values between 2–8, see overview in [45], and deduction for canopy
flow from direct Lagrangian measurements [13]. Therefore, in order to avoid ‘tweaking’,
its specification must be based on relevant observations or modeling. In this study, we
use C0 = 3, based on [46,47]. It should also be noted that as Du 1997 [46] shows, the mean
concentrations are not very sensitive to small changes in C0.

The deterministic coefficients ai can be determined via the Fokker-Planck equation,
by satisfying Thomson’s well mixed (necessary) condition [19], i.e., by assuming a shape for
the one-particle PDF of an Eulerian velocity. The choice of the velocity PDF depends on the
statistics of the flow. In an urban canopy, the flow is known to be highly inhomogeneous
(e.g., [13]) and is known to exhibit some intermittent higher moments of momentum due
to an ejection-sweep burst cycle (e.g., [48]). However, it was shown that when skewness
is accompanied with highly inhomogeneous flow, the inhomogeneity dominates. This
effect is evident on the canopy scale due to strong multi-axial shear in the mean wind field
(e.g., [38]). Moreover, it was shown recently that on the canopy obstacles scale, there exists
a rapid decorrelation of the Lagrangian time-scales attributed to the flow disturbances
in the obstacles’ wakes, i.e., turbulence-obstacle interaction [13]. This was further shown
to lead to a velocity probability function which is well approximated by a one-particle
Gaussian Eulerian velocity-fluctuation PDF [13]:

PE =
1

(2π)3/2det(τij)1/2 exp(−1
2

uiSijuj) (2)

where Sij = (τij)
−1 and τij are the stress matrix elements. By using the Fokker-Planck

equation, PE may be considered to be a prescribed property of the turbulence, and therefore
constrains ai. The well mixed condition of Thomson [19] is formulated as:

aiPE =
1
2

c0ε
∂PE
∂ui

+ φi(x, u, t) ;
∂φi
∂ui

= −∂PE
∂t
− ∂

∂xi

(
uiPE

)
(3)

with φi → 0 as |u| → ∞. Except for the one dimensional case, the vector function φi is
not uniquely defined, since a series of solutions can be obtained by adding to it an arbitrary
vector function whose divergence in velocity space is zero. We use in this study the
particular solution of Thomson termed ’simplest solution’ for the above Gaussian Eulerian
velocity-fluctuation PE [19]. This solution rely on the choice that the above condition is
satisfied by each component separately. Furthermore, it was found to be the simplest one
to fulfil the mean Lagrangian trajectories rotation criterion (also termed the ‘zero-spin’
criterion) [49,50]; and was shown to be unique up to an error of a few percentages in
predicted dispersion statistics for shear-induced turbulence [51]. It should be noted that for
near neutral stratification, for which the use of a Gaussian PDF of the form as in Equation (2)
is known to be a good approximation [20], the non-diagonal elements of the stress matrix
cannot be neglected because the correlation between the vertical and horizontal wind
fluctuations are crucial for the pollutant dispersion. Hence, the ’simplest solution’ for the
drift term for stationary non-isotropic and quasi-homogeneous turbulence (relative to the
canopy spatial representative averaging scale) for velocity fluctuations takes the form:

au =− 1
2(σ2

uσ2
w − u4∗)

b2
u(σ

2
wu + u2

∗w)

av =− 1
2σ2

v
b2

vv

aw =− 1
2(σ2

uσ2
w − u4∗)

b2
w(u

2
∗u + σ2

uw) +
1

2(σ2
uσ2

w − u4∗)
(u2
∗

∂σ2
w

∂z
uw + σ2

u
∂σ2

w
∂z

w2) +
1
2

∂σ2
w

∂z

(4)

where a transformation to along wind coordinates was used, i.e., taking the y coordinate
as perpendicular to the averaged wind direction, U, we get V = uv = vw = 0 and
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−u2
∗ = uw. u, v and w are the along wind, cross wind and vertical components of the veloc-

ity fluctuations, σ2
i (i = u, v, w) are the corresponding velocity variances, and b2

u,v,w = C0ε,
with ε the average dissipation rate of the turbulent kinetic energy and C0 the Kolmogorov
constant (taken here as 3 as mentioned above). We further note that for homogeneous
isotropic turbulence the process is simplified to the standard Ornstein-Ohlenbeck process
(e.g., [40]).

2.2. Inertia Effects

Modelling atmospheric transport and dispersion of aerosols below 20 µm using the
Lagrangian stochastic approach was used in several studies. Usually, the aerosol was
modeled as a passive tracer (e.g., [52,53]). However, some studies accounted for physical
and biological phenomenon that affect aerosols [54,55].

In this study, we are interested in the concentrations of PM10 pollutants in air as they
disperse within and above urban canopy. Since the scale of dispersion is of a few tens of
kilometers (urban area scale), PM10 particles originating from traffic (the density depends
on the engine’s load and ranges between 0.8–2 g/cm3 [56]) can be assumed as tracers
i.e., inertia effects are negligible. This is assumption can be justified by the following: for
traffic pollutants the spatial maps of PM10 concentrations was found to exhibit similarity
with the gas NOx pollutants [4]; from theoretical view point it can be shown by inspecting
the ratio of aerosol diffusion coefficient Kz to gas diffusion coefficient Kzg [57] that for PM10
which exhibit densities of the order of 2 g/cm3 the ratio is approximately unity (up to less
than 0.1%), i.e., inertial effects are negligible.

2.3. Canopy and Surface Layer Modeling

Presently, the accepted picture of the canopy RSL flow (e.g., [11]) is based on the
deduction that canopy turbulent flow is dominated by large canopy-scale eddies, whose
source is an inviscid instability of the inflected mean velocity profile, just above the canopy.
This instability is formed when momentum is absorbed over a significant height range
as opposed to a plane surface in a conventional boundary layer. The canopy inflected
turbulence structure is analogous to a plane mixing layer, whereas above it, the turbulent
flow gradually submerges to an inertial sublayer, similar to a conventional wall-bounded
boundary layer [17].

Regarding scales, in the conventional inertial sublayer turbulence scales with z + d,
being the displaced distance from the ground origin (in this notation hc is the canopy height
and z = 0 at the top of the canopy such that −hc ≤ z, and d is the displacement distance
from ground taken here as 0.7 Hc [58]). In addition, in the canopy, as in a plane mixing
layer, canopy turbulence has a constant length scale. The transition between these two
regimes occurs within the RSL. Above the canopy we adopt the logarithmic form as the
wind profile for neutral stratification [59].

To model the actual effect of the canopy drag on the flow and turbulent exchange of
the canopy we need a canopy model. As a model for the canopy, based on [15,60], we adopt
an approach by which the canopy is treated as patches of porous media, on the canopy
sub-urban-block horizontal heterogeneity scale, to which the flow adjusts. This approach
is based on a solution of the doubly averaged (time-space) one-dimensional momentum
equation, ∂τ

∂z −
U2

Lc
= 0, with τ being the turbulent shear stress, FD = U2/Lc the kinematic

drag, Lc = (cda)−1 the average canopy-drag length scale with dimensionless drag coef-
ficient cd and a being the effective frontal element-area per unit volume. Furthermore,
the average canopy-drag length scale Lc is modeled based on the averaged morphological

scales, Lc ≈ hc
(1−λp)

λ f
[15] (assuming constant cd ≈ 2 for urban canopy [61]), where λ f is

the frontal area density ratio, λp the plan area density is the ratio of the occupied and total
plan area (also termed the solid porosity λp = 1− φ, where φ is the air porosity), and hc is
the plan area weighted average building height [14]. Analogously we can view the canopy
in terms of its porosity, in which case Lc can be shown to be proportional to the canopy
height h, solid porosity λp = 1− φ and inversely proportional to the frontal area index λ f ,
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i.e., Lc ∼ (φh)/λ f . This also reflects on the canopy boundary conditions which due to its
porous nature can be treated as reflective from the ground.

This approach is able account for inhomogeneous canopies, as when the averaged
characteristics of the canopy elements vary in space, the canopy length scale, Lc, vary
as well. Another issue is the distance of adjustment of a sparse/rural boundary layer to
a urban canopy of typical density, i.e., the fetch needed for the wind to adjust to such
a canopy. It was shown that the winds within the urban canopy adjust after a distance
x0 = 3LclnK [61], where the factor lnK (K = (Uh/U)(hc/Lc), with Uh = U(z = 0) the
mean wind speed at the top of the canopy) depends on upwind conditions and less on
local canopy parameters, and varies between 0.5 and 2 for typical urban settings. Thus, the
density and shape of buildings within a radius x0 only determine the local canopy winds.
In this sense x0 gives a dynamical definition of the size of a neighbourhood [61].

The modeling approach for inhomogeneous urban canopy used here is based on
the assumption that the whole city is composed of many smaller patches, each being
approximately homogeneous [31]. Based on this approach the horizontal averaging area
has dimensions of LA × LA, where the length scale LA over which spatial averaging is
performed must be larger than the building spacing but less than the length scale x0 over
which the flow is evolving. Thus, we have to assert that a scale separation exists between
these two length scales in order to implement this model. Such assertion is discussed [31]
where computed values show that x0 is of the order of 1 km (see also [62]) which is much
larger than the building spacing scale. In the following we chose the sub-urban-block scale
with the horizontal averaging length of LA = 200 m.

Thus, the effect of the canopy on the flow can be thought as adding a drag force
induced by the canopy’s roughness, which modifies the wind profile. Hence, the wind
profile consists of a logarithmic profile above the canopy and an exponential profile within
the canopy (first proposed by [63]), with a constant mixing length within the canopy and
a mixing length proportional to z + d above the canopy [64], where d is the displacement
height of the logarithmic profile, we get after mathematically matching both profiles:

U(z) =

{
Uhe(

βz
l ) −hc ≤ z ≤ 0

u∗β
κ ln( z+d

z0
) 0 ≤ z

(5)

where κ = 0.4 is the von Kármán constant, z0 is surface roughness, Uh = U(z = 0) is the
mean wind speed at the top of the canopy, u∗ is the friction velocity and l is the mixing
length in the canopy (found to be approximately constant even in canopies with significant
vertical heterogeneity [65]). In addition β = u∗

Uh
represent the momentum flux through the

canopy, which is approximately 0.3 for closed uniform neutral canopy. Therefore, using
Equation (5) requires the knowledge of two parameters—the mean speed at canopy height
Uh which will be discussed later, and the the mixing length l.

The mixing length is calculated using a formulation which rely on spatial averaging
of the urban morphology, with the assumption that the canopy is laterally uniform on a
scale much larger than the canopy elements. Hence the mixing length can be related to

the morphology of the city by l = 2β3Lc = 2β3hc
(1−λp)

λ f
. The morphological parameters

were calculated by analysing geographic information system (GIS) data for the relevant
regime, in the following way: the space is divided into uniform square cells; for each cell,
hc is calculated as the plan area weighted average building height, and the calculation of
λp, for every cell, is done directly from its definition as the ratio of the occupied and total
plan area.

The calculation of λ f was done by averaging the frontal area of each building normal
to the wind direction over all the buildings contained within the cell. The frontal area A f
was calculate by first rotating each building such that the wind will be aligned with the y
axis and then search the maximal difference of the x coordinates between two vertices of
polygon, i.e.,

A f = hc × L = hc ×max
n,m
|xn − xm| (6)
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where xn and xm are the x coordinates of the polygon’s vertices after the rotation (see
Figure 1 for clarification).

Figure 1. A demonstration of λ f calculation by searching the maximal distance between two vertices
of the building.

Turbulent structure in the inertial sublayer is usually described in terms of Monin-
Obukhov similarity theory (MOST) based on its assumptions, namely: stationarity, horizon-
tally homogeneity, and the existence of constant flux layer (within the range of 10–20% [66]).
In addition, since we assumed Gaussian velocity distribution, as manifested in the stochas-
tic drift term (see Equation (4)), modeling is required only up to second order turbulent
quantities. Namely velocity standard deviations, σi, and the turbulent dissipation rate,
ε(z), required for the stochastic dissipative term.

Given near neutral atmospheric stability conditions (defined using the MOST stability
parameter ζ = (z− d)/L as ζ . |0.8|, e.g., [16]), the vertical profiles of the wind velocity
standard deviations σi(z) (i = u, v, w), can be calculated from the friction velocity u∗

σu

u∗
=

σv

u∗
= 2.5 ,

σw

u∗
= 1.25 (7)

these values (as well as the rest of the parametrizations and values below) are those
used to validate our LSM model using tracer release data for the city of Haifa, Israel [30],
and are well in the range given by [9] for flat urban areas. Following [67] we assume
some decline in the wind fluctuations with height described by multiplication of the above
wind fluctuations by a slowly descending function e−2 fcz/u∗ , with fc = 0.0001 s−1 being the
Coriolis parameter. Based on [68] we further assume that the square root of the turbulent
kinetic energy

√
σ2

u + σ2
v + σ2

w in the RSL changes as ae−b(z/hc−c)2 · z/h (i.e., for z < 2.5 hc,
hc being the averaged buildings height), with the constants a = 0.8, b = 0.9, c = 0.7 taken as
best fit to [68].

For the parameterization of the turbulent dissipation rate ε we follow the parameteri-
zation of [67] for the Lagrangian correlation time using TLi = 2σ2

i /(c0ε), which was tested
for flat urban canopy [69]:

TLu = TLv = TLw =
0.5 z

σw

1 + 15 2 fcz
u∗

(8)
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where fc = 0.0001 s−1 is the Coriolis parameter. We further assume that the turbulent
dissipation rate is approximately constant within the canopy, as recently measured in direct
Lagrangian measurements [13,43].

2.4. Backward Lagrangian Stochastic Modeling

This study also implements backward Lagrangian stochastic modeling (bLSM) [70].
In terms of the bLS model equations, the following modification of the above forward
Langevin model (Equation (4)) is needed: the time increment should be negative, and a sign
reversal is required on the first term on the right-hand side of each ai coefficient (details of
the bLSM implementation by IIBR can be found at [71,72]). An important consequences for
incompressible fluid, is that the transition probability can be calculated either by forward
or backward propagation (denoted by f or b superscript), i.e.,

P f (r, t|r′, t′) = Pb(r, t|r′, t′) (9)

2.5. Concentration Calculation Using LSM

By counting all ‘touchdowns’ of the stochastic ’particles’ in some volume which rep-
resents the detector, one can calculate the probability density P f (r, t|r′, t′) that a particle
starting from r′ at time t′ will reach the detector located at point r after time t. The su-
perscript f designates that propagation is done forward in time, in contrast to backward
propagation as will be discussed later. The transition probability for such a process can be
related to the ensemble averaged concentration [70,73] by:

C(r, t) =
t∫

−∞

∫
S(r′, t′)P f (r, t|r′, t′)dt′dr′ (10)

where S(r′, t′) describes the spatial and temporal source distribution (in Kg × m−3 s−1).
Consider a list of k = 1...Nsource sources, each one of them is uniformly distributed over the
volume Vk with a “quasi” sustained emission rate. The source distribution of each source
takes the form S(r′, t′) = Qkj where Qkj = 1 if r′ ∈ Vk and 0 elsewhere and the emission
rate assumed to be fixed for the j’th time interval. This form reflects the structure of the data
where emission rate for every traffic route assume to be fixed for an hour but can changed
from hour to hour, as will be discussed later. In practice, implementing this requirement
into the LSM code is done by releasing fixed number of particles every short time increment
(typically 2 min) along the propagation, such that the total number of particles is about
400,000. This number was taken because the calculated profile for the serious of 100,000,
200,000 and 400,000 particles seems to be almost identical, and hence we assume that the
LSM simulations converged for the relevant part of space with 400,000 particles.

In this study we are interested in the total pollutant accumulated over some time
interval (typically an hour) at the POI located at r. Hence the last expression has to be
integrated over the time interval [Ti, Tf ] so the total concentration from the k’th source is
given by:

Dk =
N−1

∑
j=0

Qkj

Tf∫
Ti

tj+1∫
tj

∫
Vk

P f (r, t|r′, t′)dr′dt′dt (11)

where tN = Tf .

2.6. Source Structure and Footprint Screening

In this study, a dataset generated by Israel road traffic emissions inventory for the
year 2019 [74] was used. This data set consists of a list of all traffic routes and their the
corresponding emission rates for all vehicle types. An example for the relevant traffic
routes for a specific case is discussed in Section 3.4. Setting time dependency is imple-
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mented by multiplying each emission rate by a time dependent (monthly, daily and hourly)
modulation factor. We shall designate qij as the emission rate for the i’th route at the j’th
hour, assumed to be fixed for the entire hour (for a given day and month).

In principle one can operate LSM simulation using every one of these routes and cal-
culate its contribution to the concentration at the POI using Equation (11). This approach is
however very demanding since the number of required simulations is very large (typically
thousands for every case), while the computational time for a single such LSM simulation
is typically about a hour (every LSM simulation run independently on a single Intel i7-8700
core. The LSM code is implemented in FORTRAN 95 language).

A significant reduction of the required computational effort can be achieved by merg-
ing the traffic routes into several area sources, which can be justified since the fine details
of every traffic route looses their importance as the distance between the sources and the
POI increases. Therefore the city had been divided into cells, and the emission rate of the
k’th cell at the j’th time interval is calculated by summing all the emission rates of the
routes contained within the cell, i.e., Qkj = ∑i∈Vk

γikqij where γik is the portion the i’th
route contained within the k’th cell.

Further computational saving can be achieved by performing a screening step to
identify the relevant area in space which actually contributes to the concentration at the
POI. This area, which is in fact all the non-zero part of the “footprint” function viewed by
the chosen POI [32,75,76], can be calculated easily by identifying all the cells that under
specific meteorological conditions will induce an above threshold concentration (Dth)
(taken as the background concentration) at the POI in the relevant integration window
[Ti, Tf ]. Thus, the footprint in this context is defined as all cells contained within the set:

A = {k|Dk ≥ Dth } (12)

The last expression can be simplified by taking the maximal value Qmax over all cells
and times for this criterion, which may cause the inclusion of some undesired cells to
the footprint. This is not a significant problem, however, since this step is just screening
procedure, so the contribution of these cells to the total concentration will be negligible.
Therefore the last expression can be rewritten as:

A =

k

∣∣∣∣∣∣∣
Tf∫

Ti

t∫
−∞

∫
Vk

P f (r, t|r′, t′)dr′dt′dt ≥ Dth
Qmax

 (13)

If stationarity can be assumed, further simplification can be made by exploiting the
Forward-Backward relation (see Equation (9)). First rewrite:

Tf∫
Ti

t∫
−∞

P f (r, t|r′, t′)dt′dt =

Tf∫
Ti

∞∫
0

P f (r, τ|r′, 0)dτdt = ∆T ×
∞∫

0

P f (r, τ|r′, 0)dτ

=∆T ×
∞∫

0

Pb(r′, 0|r, τ)dτ

(14)

Therefore the expression for the footprint takes the form:

A(h) =

k

∣∣∣∣∣∣
∞∫

0

∫
Vk

Pb(r′, 0|r, τ)dr′dτ ≥ Dth
∆T ×Qmax

 (15)

where ∆T = Tf − Ti and Pb(r′, 0|r, τ) is the Backward transition probability density for a
particle starting from r and propagated backward to reach r’. Specific designation for the
vertical h coordinate was added to emphasise the height above ground at the POI. Since we
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are interested in the concentration profile with height, several bLSM simulations must be
performed from different heights in order to eliminate the possibility of missing relevant
cells. Hence, for every case define the regime of influence as A =

⋃
A(hi) for several

heights. To conclude, the union of a few (typically 3) bLSM calculation can be used to
construct the area of influence viewed by the the POI. The rest of the space can be ignored,
which enable dramatic reduction in the number of required Forward LSM operations.

It should be noticed that the calculation of the footprint in urban areas, especially
between buildings, can be difficult and requires a detailed description of the POI’s close
surrounding as discussed by [33]. This effect however is not taken in to account in this
study for several reasons: first, as mentioned above the objective of this paper is the
calculation of concentration vertical profile with height, i.e., mostly above the existing
canopy, so the explicit buildings effect on the footprint is of secondary importance. Second,
at least for one of the analyzed cases (the Edgar Tower, see Section 3), the close surrounding
in the wind direction (100 m) is composed of main and wide traffic routes, which buffers
it from other buildings. Finally, in the case of low rise urban environment, the proposed
method can be elaborated in the future to incorporate this effect by introducing a detailed
description of the POI’s close surrounding.

2.7. Wind Data and Climatological Analysis

The wind measurements analyzed in this study consisted of seven years of measure-
ments. Israel is located in the Eastern Mediterranean region. In that region the summer
season spans from June to September [77]. Therefore, the meteorological data analysed
in this study consists of the measurements collected during these four months. The wind
measurements consisted of data from four weather stations that are located in Tel Aviv
Metropolitan Area, as summarized in Table 1:

Table 1. The stations analysed in this study. Stations owners and abbreviations: IMS (Israel Meteorological Service), MoAg
(Israel Ministry of Agriculture and Rural Development), MoEP (Israel Ministry of Environemtnal Protection). These stations
are a part of ongoing monitoring networks available online: IMS (https://ims.data.gov.il/ims/7 (accessed on 8 February
2021)), MoAg and EPA (https://meteo.co.il/ (accessed on 8 February 2021)).

Station Name Location Wind Sensor Elevation ASL [m] Owner

Bet Dagan 32◦0′26′ ′ N
34◦48′50′ ′ E

Propeller-vane
anemometer 31 IMS

Tel Aviv Coast 32◦3′29′ ′ N
34◦45′32′ ′ E

Propeller-vane
anemometer 10 IMS

Tel Aviv Kremenetski 32◦3′59′ ′ N
34◦47′42′ ′ E Cup anemometer + vane 17 MoAg

Tel Aviv university 32◦48′4′ ′ N
34◦59′30′ ′ E Cup anemometer + vane 28 MoEP

The diurnal time series of the wind speed and direction may change in time, from day
to day, and in space, from one weather station to another. However, it is possible to
identify climatological patterns in these time series, if each pair of time and wind vector
component observation (either the direction or speed) is defined as a realization of a
bivariate distribution. In this study, the time series from the four stations were grouped into
two dimensional histograms, which were later plotted in a form of density contours. This
resulted in a nonparametric visualization of the bivariate (time-speed or time-direction)
distribution. Each contour represents a boundary in which a given percentile of the
nonparametric bivariate distribution is contained.

3. Results and Discussion

To demonstrate the methodology described above, we chose to study the concentration
profile at two points—the “Edgar Tower” (32◦3′43′′ N × 34◦47′19′′ E) which is located at

https://ims.data.gov.il/ims/7
https://meteo.co.il/
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the center of the Tel Aviv in the close proximity of main traffic routes and a junction of
two main streets in city of Ramat-Gan (32◦5′24′′ N × 34◦49′20′′ E), a suburban of Tel-aviv.
For each point the total concentration accumulates between 08:00–09:00 and 18:00–19:00
was calculated, which represents the expected pollution at rush hour in the summer. As
will be discussed later the POI’s differ by the distribution of the pollutant sources in their
close proximity. While the first point is located in the center of a very crowded routes,
the influence on the second point comes mainly from more distanced places. In this study
we shell examine the effect of this difference on the concentration profile. Specification of
the method described before for these cases will be given here.

3.1. Climatology

The wind speed at Tel Aviv Metropolitan Area exhibit a clear diurnal regime. The wind
speed is weak during the night. It increases during the morning, beginning around 0700 h,
and begins to decrease in the afternoon, around 1700 h. During the periods of time where
the wind is weak, its distribution is centered around 1–1.5 m/s. The wind speed reaches
a single maximum between 1200 h to 1400 h, where the distribution is centered around
4.5 m/s. Along the day, the width of the distribution is rather constant, 3 m/s (Top panel
of Figure 2). This wind speed diurnal regime was identified in other locations along the
Israeli Mediterranean coast, both farther north in the Haifa bay area as well as farther south,
in the southern coastal plain of Israel [78,79]. As Tel Aviv Metropolitan Area, the Haifa bay
area and the southern coastal plain are all regions that are adjacent to the Mediterranean
Sea, it can be deduced that they are all affected by the land-sea temperature difference.
This phenomenon is closely related to the sea breeze [79].

Figure 2. Nonparametric bivariate density of the climatological Tel Aviv summer wind diurnal
distribution: upper: wind direction, lower: wind speed. The colored contours represent a given
fraction of the distribution. All time points are in LST (UTC + 2).
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Contrary to the rather simple behavior of the wind speed, of a single maximum
around noon-time, the wind direction in Tel Aviv Metropolitan Area exhibits a more
intricate behavior. Beginning around 0900 h up until 2100 h, the wind regime is composed
of winds from the west, due to the Mediterranean sea-breeze combined with a Persian
trough. The center of the distribution veers from the WSW (247◦) to N (0◦). As this period is
influenced by the sea breeze, it can be referred as the daytime breeze period. During the night
time, from 0100 h to 0700 h, a regime of non-veering directions centered around the SW
(135◦), which is a combination of Katabatic land winds sliding from the Judea mountains
and land breeze. This period can be referred to as the nighttime breeze period. Between
these two regime, transition periods occur, in proximity to sunrise and sunset. Compared
to the sunset transition period, the sunrise transition period is considerably shorter (lower
panel of Figure 2). The change of direction during these periods does not follow a constant
pattern. Sometimes, the wind direction can either turn clockwise or anti-clockwise [80].

3.2. Morphology

After the wind direction had been determined, the morphological parameters were
calculated according to the procedure described before. In Figure 3 (left) map of λ f and
λp are given for every 200 m × 200 m cell in the relevant area for third case in Table 1.
Since most of the impact on the dispersion comes from the close surrounding of the source
position, the morphological parameters for every simulation was taken as the values of
these parameters at the source position. It should be noted that we focus here on the
buildings morphological parameters, while the effect of vegetation is neglected. This can
be justified as in Tel Aviv the urban vegetation density is similar to the city of Haifa were
we did validate our model with only the buildings used as morphological data [30].

Figure 3. A map of all the buildings in the relevant part of Tel Aviv metropolitan area for the third
case described in Table 2 is shown (black point represents the location of the POI in this case). The grid
(200 m × 200 m) layer on top of this map, represents the average morphological parameters (λp (left)
and λ f (right)) as calculated in Equation (6) (Israeli Traverse Mercator (EPSG 2039) is used for this
figure; The 6-digit coordinates are expressed in meters).

3.3. Analyzed Cases

By taking the maximal value of the speed and direction distribution at every integra-
tion hour, we get full specification of the 4 cases analyzed in this study, summarized in
Table 2. It should be noted that the morning scenarios (cases 1, 3) occur during the sunrise
transition period, while the evening scenarios (cases 2, 4) occur during the daytime time
breeze regime. We assume that since at these hours the heat fluxes are low enough (due
to small angle of the sun to earth surface), ether near neutral or very weak convective
conditions prevail (i.e., in terms of MOST stability parameter: |ζ| . 1).
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Table 2. The wind parameters of the the four cases analyzed in this work.

Case Point Ti Tf Speed (m/s) Direction

1 Edgar Tower 08:00 09:00 2 240
2 Edgar Tower 18:00 19:00 3 300
3 Ben Gurion st. 08:00 09:00 2 240
4 Ben Gurion st. 18:00 19:00 3 300

As described before, the total pollutant concentration is accumulated over 1 h window
[Ti, TN ] from all sources emitted before the end of this window. In addition, the emitting
time is divided into 1 h time intervals, such that tN = Tf , tN−1 = Ti. Assuming that the
wind is approximately stationary for a certain case, designated by v, and we are interested
in the concentration collected at point r from source at r′. Most of the particles expected
to reach the detector after approximately τ = | r−r′

v |+ δ, where δ is some width taken to
guarantee that almost all relevant particles had been included. In principle all particles
spread before tN−1 − τ will not arrive to the detector before the integration window starts.
If τ < 1 hr this implies that the only two previous time intervals in the summation of
Equation (11) will contributes to the total concentration.

Note that the wind direction for the relevant rush hour cases comes from the west
(240–300 deg), so the relevant sources are bound by the coast line which is typically no
longer then 4 km distanced from the POI. Hence, for wind speed of v = 2 − 3 m/s this
implies that the condition mentioned before is valid, i.e., only two terms has to be included
in the evaluation of the integral. Therefore the concentration collected over the time window
[Ti, Tf ] from the k’th cell located at Vk can be evaluated by the following expression:

Dk = Qk,N−1

Tf∫
Ti

Tf∫
Ti

∫
Vk

P f (r, t|r′, t′)dr′dt′dt + Qk,N−2

Tf∫
Ti

Ti∫
Ti−1

∫
Vk

P f (r, t|r′, t′)dr′dt′dt (16)

The last expression can be understood as follows: the first term represents all the
pollutant spread and collected at the current time interval. The second term add the
contribution of pollutant from the previous time interval to the integration window. Thus,
two LSM operations has to be performed in order to calculate the integral pollutant
concentration at the POI from a single area source.

3.4. Profile Calculation

As mentioned before, footprint analysis was used to estimate the relevant part of space
viewed by the POI. The threshold concentration was taken as 0.1 of the typical background
concentration, which is about 21 µg/m3 [81]. A detailed demonstration of this analysis
for the third case can be seen in Figure 4 (For clarity from here on, the coordinate system
of all Figures was shifted such that the POI is always centered at (5000, 5000)). In the left
panel the footprint calculated by Equation (15) starting from the POI, is shown in green
and all the routes contained within in red. In the right panel a map of the area sources,
calculated by summing all the corresponding routes in each cell, is shown. These sources
are the basis for the rest of the methodology, as from each one of them two LSM simulation
were performed which corresponds to the two terms in Equation (16). A corresponding
bLSM-based footprint screening step had been performed for all four cases and the source
map for each POI (columns) and wind regime (rows) is shown in Figure 5.
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Figure 4. Left panel: the non-zero (footprint) part of the Backward dispersion map, starts from the
second POI (case 3), is shown in green. This area represent all the relevant part of space which may
contributes to the concentration at the POI (located at (5000, 5000) in this map). All the relevant
routes contained within are shown by red lines. Right panel: The area source map, constructed by
summing all the routes within every cell.

Figure 5. The area source map is shown for all four cases described in Table 2. In the left column
the map for the first point (“Edgar tower”) for wind regime of 2 m/s in 240 direction (first row) and
3 m/s in 300 direction (second row). In the right column, the corresponding maps for the second POI
(“Ben-Gurion junction”) is shown for both meteorological scenarios. In all cases the POI is located at
(5000,5000) (shown by a black dot).
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In Figure 6 the concentration profile for the four cases is shown. Both profiles for
the first POI reviles a similar behavior, characterized by about 5–6 × 104 µg × h/m3 at
the ground floor, which vanishes after approximately 200 m. The value at ground floor,
after dividing by the time of integration, is about 16 µg/m3 which is very similar to the
(yearly averaged) instantaneous concentration measured in Tel Aviv Metropolitan Area
which is 21 µg/m3 [81].

The profiles of the second point are more diverse. The profile of the fourth case starts
at lower concentration at ground level and decays fast with height. This can be explained
by the gap of pollutant emissions in the area source map for this case (see in the lower right
panel of Figure 5) which is the results of massive urban green space (“Hyarkon Park”).
In contrast the profile of the third case starts from higher concentration and decays much
slower then all other cases. Surprisingly, from height of 50 m the pollutant concentration
at this point, located in a suburban of Tel Aviv is higher then the first point located in the
center of Tel Aviv.

The difference in the profile shapes can be understood by comparing the area sources
maps for each case, as discussed in Figure 5. Note that for first two cases, the cells with
high emissions are located in the close proximity of the POI, while in the third case they
are distanced about 3 km downwind from the point. This has a major effect on the
concentration profile, since at lower heights most of the contributions to the concentration
at certain point comes from its close proximity, while as the height increases more distanced
cells dominates. Therefore for the first two cases the close surrounding dominants the
profile, while at the third case the highly emission cells gives a significant contribution to
higher heights.

Figure 6. The accumulate and instantaneous concentration profile (left and right vertical axis) induced
by traffic sources for all cases described in Table 1 is shown.

Quantification of this claim can be shown in Figure 7, where the relative contribution
of each cell to the total calculate concentration at different heights (5, 55, 105, and 155 m)
is shown for third case. At 5 m, about 40% of the concentration comes from the close
surrounding, which is characterized by relatively low emissions so the total concentration
is small. In contrast, at 105 m the contributions to the calculated concentration comes from
a much wider regime, reaching its maximal value approximately at the maximal emitting
cell. A similar picture emerges at 155 m which explains the slow decay shown in Figure 6.
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An important emphasis of the current study is the attempt to reduce the computational
effort required for the profile calculation. Two steps had been taken to achieve this goal:
applying footprint analysis to identify the relevant part of space and merging the routes
into area sources. The effect of these steps can be evaluated by comparing the number
of area sources within the footprint (Ncells) to required LSM simulation from each traffic
source without any screening (Nroutes). Some caution must be made however in order to
make fair comparison, since the second number is given to some interpretation. Therefore
we define a strip of 2 km along the wind direction for each case and calculated all the routes
contained within downwind to the POI as reasonable evaluation for Nroutes. For example,
for the third case, Ncells = 166 and Nroutes = 1600 so applying these steps can reduce the
required computational effort by a order of magnitude. The efficiency of this procedure
enables a relatively fast calculation of the profile, make it appealing for many uses.

Figure 7. The relative contribution of different cells to the pollutant concentration at the second POI
(case 3; located at (5000, 5000)) at four heights for third case is shown.

4. Summary

In this study, an efficient methodology for evaluating the air pollution profile, induced
by traffic sources, has been presented. This methodology relies on the ability of the LSM
to calculate accurately the dispersion of the pollutant in a realistic complex scenario of
urban canopy such as the Tel Aviv Metropolitan Area. This, however, requires the pre-
determination of many input parameters such as details of multiple pollutant sources,
meteorological, morphological and turbulent parameters. Although a single LSM sim-
ulation is known to be of relatively low computational effort, the simulation of urban
traffic sources implies large number of sources and with it the computational cost rises.
In this study we present an efficient methodology, using a footprint analysis based on
bLSM, as well as on merging the traffic routs into area source cells (sub-areal sources). This
methodology was implemented to calculate the concentration profiles for four exemplary
cases in the Tel Aviv metropolitan area, differing by their location and wind regime. Differ-
ent behaviors were shown for these cases, manifesting the unique combination of source
structure, urban morphology, flow characteristics and the resultant dispersion pattern in
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each case. We show that as the height at the POI increases, the local close-by surrounding
of the POI becomes less influential. We also demonstrated the effect of urban green space
(park) on the reduction of concentration profile. This emphasises the importance of such
an analysis for the impact on human exposure as well as for urban planning, and therefore
the necessity of an efficient computational methodology, such as the one presented in
this study.
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