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Abstract: Highly time-resolved aerosol measurements and analysis are necessary for a proper aerosol
characterization in many polluted regions, because aerosol concentrations in polluted environments
can change over time scales of minutes. However, many urban measuring sites have measuring devices
that provide time resolved average aerosol concentrations over a day or two at best. Light-scattering
properties of mineral dust and soot particles in the El Paso-Juárez Airshed were analyzed with
an improved methodology, using the T-matrix, a maximum likelihood estimator (MLE), and data
from both an acoustic extinctiometer and a laser particle counter. The hourly inter-comparisons
of the scattering coefficients’ results between the model and those obtained using the instruments
at a wavelength of 0.87 µm show good agreement. This methodology has been applied in the El
Paso-Juárez Airshed successfully, and it could be used in other cities where mineral dust and soot are
major components of the aerosol concentrations.
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1. Introduction

Medina et al. [1] developed a novel methodology to characterize the optical properties of mineral
dust and soot particles, that was based on T-matrix theory [2]. The T-matrix model was used to calculate
the scattering and extinction cross sections for the aerosols present in the El Paso-Juarez Airshed.
The T-matrix theory was selected because it could be applied to randomly oriented, non-spherical
rotational symmetric particles. The study inter-compared daily mean scattering coefficients through
the analysis of data from an acoustic extinctiometer and a laser particle counter, in conjunction with
a non-spherical scattering model, the T-matrix that was used to obtain the scattering coefficients.
The comparisons of the calculated values with data showed that the agreement was good. In this
research, using mathematical models, we have improved, made more accurate and highly time-resolved
the cited publication, as discussed in Section 2.

Mineral dust has important climate effects due to its scattering of atmospheric radiation and its
role in cloud formation [3–7]. Soot harms human health [8–10], while the effects of mineral dust on
human health are less clear [11]; however, there is more recent evidence that mineral dust causes
cardiopulmonary disease and lung cancer, leading to premature death [12].

Atmospheric concentrations of mineral dust in desert regions are largely determined by prevailing
wind speeds and surface vegetation [3]. The size distribution of desert dust aerosols is an important
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quantity because it affects the impact of these aerosols on climate [13], with the Saharan dust being an
important example [14].

Soot is another major focus of this paper, but elemental carbon, soot and brown carbon have
to be separately distinguished [15]. Elemental carbon and soot are emitted from high temperature
combustion sources, and both strongly absorb atmospheric radiation across the spectrum from the
ultraviolet through the infrared, and this absorbance of atmospheric radiation may have significant
climate effects [16]. Elemental carbon is refractory and does not volatilize below ~400 ◦C in air [16,17].
Soot is emitted from high temperature combustion sources, but soot is not a single compound; rather,
it is composed of elemental carbon and other carbonaceous material that incorporates trace amounts of
hydrogen, nitrogen, oxygen and other elements [16]. Brown carbon is a product of low-temperature
combustion of organic material, and it is a major component of brown smoke. Brown carbon is
composed of organic compounds, including alcohols, aromatics, di/tri organic acids, hydroxyacids,
ketoacids and sugars [15–17]. The impact of mineral dust and soot on human health and climate make
new methods for the analysis of the optical properties of these aerosols very relevant [18–21]. In El
Paso, Texas aerosols consisting of mineral dust and soot are very common, as can be seen in Figure 1,
on the left. The main component of mineral dust for this region is silica (SiO2), which was verified by
EDS (energy dispersive X-ray spectroscopy).
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500 km between the nearest urban areas with similar size, including San Antonio, Austin, 
Albuquerque and Chihuahua City. This relative isolation of the El Paso-Juárez region makes it an 
ideal site for air quality studies of isolated urban environments that are potentially affected by soot 
emissions within an airshed, as shown in Figure 1 Right. Furthermore, this region is located in the 
heart of the Chihuahua Desert (an area of 362,000 km2), which is otherwise sparsely populated. The 
region has a complex mountain-desert topography with a river valley area. This results in a 
constrained air basin where anthropogenic air pollution could be trapped over the metropolitan area, 
mainly during summer and winter seasons. In the El Paso-Juárez Airshed, mineral-dust and soot are 
the predominant components of atmospheric aerosols, as reported by Esparza et al. 2011 [21] and 
Pearson et al. [22] Sandstorms, windy days that occur during winter and early spring with winds 
striking up to 63 km/h with peak record of 135 km/h, blow mineral dust and sand out of the 
surrounding desert, causing high particulate concentrations [23]. In addition, these high wind dust 
events reduce visibility, and are a major concern for the health of the residents in the El Paso-Juarez 
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Figure 1. (Left) Scanning electron microscopy image of particulate aerosols, which are among the
most common on the region, particle size can range from nanometers to microns. (Right) Panoramic
photograph on a high-polluted day at El Paso-Juárez region, one can observe a clear a dusty cloud
suspended at the atmosphere (Image credit: https://www.quora.com/ [What is the air pollution like in
El Paso, TX?]).

The city of El Paso, Texas is located near the western tip of the state of Texas. El Paso has a
population of over 680,000, and it shares a border region with Ciudad Juárez, Mexico, which has
around 1.4 million inhabitants, and El Paso is adjacent to Las Cruces, New Mexico. The El Paso-Juárez
urban region is among the largest bi-national metropolitan areas in the world, one of the fifty largest
metropolitan areas in the Western Hemisphere, and it is technically isolated, centered in a radius of
500 km between the nearest urban areas with similar size, including San Antonio, Austin, Albuquerque
and Chihuahua City. This relative isolation of the El Paso-Juárez region makes it an ideal site for air
quality studies of isolated urban environments that are potentially affected by soot emissions within an
airshed, as shown in Figure 1 Right. Furthermore, this region is located in the heart of the Chihuahua
Desert (an area of 362,000 km2), which is otherwise sparsely populated. The region has a complex
mountain-desert topography with a river valley area. This results in a constrained air basin where
anthropogenic air pollution could be trapped over the metropolitan area, mainly during summer and
winter seasons. In the El Paso-Juárez Airshed, mineral-dust and soot are the predominant components
of atmospheric aerosols, as reported by Esparza et al. 2011 [21] and Pearson et al. [22] Sandstorms,
windy days that occur during winter and early spring with winds striking up to 63 km/h with peak
record of 135 km/h, blow mineral dust and sand out of the surrounding desert, causing high particulate
concentrations [23]. In addition, these high wind dust events reduce visibility, and are a major concern
for the health of the residents in the El Paso-Juarez airshed.

https://www.quora.com/
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One major source of soot in the metropolitan area is attributed to local anthropogenic sources
such as automobile emissions, three international ports of entry from Ciudad Juárez, México, El Paso,
TX, US and Santa Teresa, NM, US, as described by Chen et al. 2012 [24]. These considerations make
aerosol observations in the El Paso-Juárez Airshed valuable for testing mathematical models that could
potentially advance the understanding of mineral dust and soot aerosols. Characterization of optical
properties are essential to assess the radiative aerosol effect and their atmospheric climate impact.

In 2018, Medina et al. [1] outlined future work involving the development of increased accuracy and
the application of the new methodology to the investigation of the optical properties of aerosol particles.
In this work, we present an improved method based on hourly inter-comparisons of scattering
coefficients, to provide a highly time-resolved methodology needed to provide a high-standard
approximation and correlation of observations of aerosol airshed loading, which can change within
minutes or less of time.

2. Methodology

2.1. Instruments

We used a CI-150t Climet (Climet:, Redlands, CA, US) and extinctiometer photoacoustic
extinctiometer (PAX) instruments (Droplet Measurement Technologies: Boulder, CO, US) [25–27],
which allow us to obtain the scattering coefficients (i.e., a measure of the ability of particles to scatter
photons out of a beam of light) and the number of particles per unit volume at different radii intervals.

PAX stands for photoacoustic extinctiometer. We use this instrument to measure the black and
brown carbon concentration in the El Paso airshed. Our objective is to register these concentrations
where the sources are wildfires, either regionally or out of the area occurrences. The main characteristic
of this instrument is its dual function: recording the portion of the electromagnetic incident wave
that gets scattered, and the portion that gets absorbed. A minimal 1 L/min aerosol sample is collected
into the PAX through an internal vacuum pump controlled by two critical orifices. The PAX uses a
wide-angle integrating reciprocal nephelometer to measure the light scattering coefficient. The scattering
measurement responds to all particle types, regardless of chemical makeup, mixing state, or morphology.
The air sample is divided between the nephelometer and photoacoustic resonator for simultaneous
measurement of light scattering and absorption. For the photoacoustic portion, in the laser chamber,
the particles absorb the laser’s light, which causes local heating and thermoelastic expansion. Pressure
or soundwaves are emitted and detected by an ultra-high frequency transducer. These signals are then
processed and analyzed to determine the coefficients.

The CLiMET, CI-150t model is a particle counter instrument. With a flow of 1 cubic foot per minute
(CFM), and a delay in between samples of 15 min, the instrument “counts” the number of particles as
they flow through is internal chamber, and then displays the amount of particles by diameter size,
in micrometers. This particle counter is a laser diode-based aerosol particle counter that monitors
particles in four size ranges: 0.3, 0.5, 1.0, and 5.0, or larger micrometer particles, and contains an
internal HEPA filtered exhaust (RS-232) (Honeywell: Canton, MA, US). These numbers are the upper
limit for the diameter size, but in here, we will consider radius size from now on. Up to 3000 samples
can be stored in the Climet’s internal memory, and can be transferred as a comma delimited ASCII
file through the RS-232 serial port to a computer. They can also be easily transferred to common
spreadsheets. All samples are date and time stamped.

The radii intervals are referred to as bins in this paper. In Figure 2, it is possible to observe the
heights of each bin (the last one being truncated to 10 microns), so that the area underneath represents
the number of particles per unit volume over the range of each bin. As the number density is more
concentrated in the smallest bin and sparse in the largest bin, a log-log scale is presented. The ranges
per bin are as follows: bin 1 = [0.15, 0.25], bin 2 = [0.25, 0.5], bin 3 = [0.5, 2.5], and bin 4 = [2.5, 10];
units are in microns. As both instruments measure data at different time intervals, averaging is
necessary to match instances of time. Specifically, the PAX instrument provides measurements that are
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6 minute-averages, with the reported time corresponding to 3 min. This averaging has some impact on
data fitting and can cause some removable data discontinuities.
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Figure 2. (a–c) correspond to particle size distribution throughout the day on the selected representative
days used to perform the inter-comparisons between the model’s scattering coefficients and the
photoacoustic extinctiometer (PAX)’s corresponding results; (d) number of particles per unit volume
and radii intervals (bins). From each graph, it is possible to observe and deduce a higher concentration
of smaller size particles.

The scattering coefficients (B), scattering cross sections (C), and number of particles (N) are
related by

B = CN. (1)

The PAX instrument provides the scattering coefficients B, while the Climet instrument gives
the number of particles per unit volume per bin. Scattering cross sections are needed, so they can be
computed via the T-matrix approach using a computer code developed by Mishchenko et al. [2]

As the number of particles are obtained from the CI-150t Climet® per bin [21], we assume a
lognormal distribution of particle size; however, the mean and standard deviation need to be calculated.
For this purpose, the maximum likelihood estimator is used, which in turn is based on Newton’s
method to minimize the error in evaluating these parameters, as described in the next subsections.

2.2. Models

2.2.1. Maximum Likelihood Estimator (MLE)

Maximum likelihood estimation (MLE) is a technique used for estimating the parameters of a
given distribution, using some observed data.

As a formal definition: let Y1, Y2, . . . , Yn be observations from n independent and identically
distributed random variables, drawn from a probability distribution f0, where f0 is known to be from
a family of distributions f that depend on some parameters θ. The goal of MLE is to maximize the
likelihood function:

L = f (Y1, Y2, . . . , Yn|θ) = f (Y1|θ) × . . .× f (Yn|θ). (2)
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The multiplication principle of these probabilities means that we have the intersection of them
happening simultaneously. Often, the log-likelihood function is easier to work with:

l̂ = ln L =
n∑

i=1

ln f (xi|θ) (3)

Let [ai, bi) (Einstein’s notation) be a partition function of [0, ∞). In our context, the intervals
[ai, bi) correspond to the bins. The probability that a value Y drawn from a lognormal distribution
with logarithmic mean µ and logarithmic standard deviation σ lies in the interval [ai, bi) therefore is

fi(µ, σ) = P(ai ≤ Y < bi) = Φ
[

ln(bi) − µ

σ

]
−Φ

[
ln(ai) − µ

σ

]
, (4)

where Φ(x) is the cumulative canonical normal distribution.
When the data consist of independent draws Y1, Y2, . . . , YN, with Y j falling in bin i( j) and the bin

cutpoints are established independently of the Y j, the probabilities multiply, hence the logarithmic
likelihood is the sum of the logarithms of the values fi( j)(µ, σ).

It suffices to count the number of Y j falling with each bin i; let this count be k(i). By collecting the
k(i) terms associated with bin i for each bin, the sum condenses to

g(µ, σ) = kiln f i(µ, σ), (5)

where the ki = k(i) are the weights at each interval [ai, bi). We seek optimum values µ̂ and σ̂. Starting
with “good” values µ0 and σ0, one way to find an extremum (assuming it is not a saddle point) would
be to use Newton–Raphson’s method, which finds updated values of µ and σ by solving the linear
system of equations at each step, with iterations converging, as described by:

∂2 g
∂µ2

∂2 g
∂µ∂σ

∂2 g
∂σ∂µ

∂2 g
∂σ2


[

∆µ
∆σ

]
= −

 ∂g
∂µ
∂g
∂σ

. (6)

To simplify the notation, we introduce new variables vi and ui for the arguments of φ:

vi =
ln bi − µ

σ
, ui =

ln ai − µ

σ
(7)

then, the first partial derivatives (Appendix A) are:

∂g
∂µ

= −
ki
σ fi

[φ(vi) −φ(ui)] (8)

and
∂g
∂σ

= −
ki
σ fi

[viφ(vi) − uiφ(ui)], (9)

where Φ′ = φ; the second partial derivatives (Appendix A) are:

∂2g
∂µ2 = −

ki

σ2 f 2
i

{
fi[viφ(vi) − uiφ(ui)] + [φ(vi) −φ(ui)]

2
}
, (10)

∂2g
∂µ∂σ

=
∂2g
∂σ∂µ

= −
ki

σ2 f 2
i

{
f 2
i

[
v2

i φ(vi) − u2
i φ(ui)

]
+ [φ(vi) −φ(ui)][viφ(vi) − uiφ(ui) − fi]

}
, (11)
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and
∂2g
∂σ2 = −

ki

σ2 f 2
i

{[viφ(vi) − uiφ(ui)][viφ(vi) − uiφ(ui) − 2 fi] + fi
[
v3

i φ(vi) − u3
i φ(ui)

]
. (12)

2.2.2. Bi-Modal Distribution

In our theoretical model for distinction between particles, we assume soot to be majorly present
on bins for small particle sizes; and in case of larger size bins mineral dust is assumed to be present.
For the second bin, which is in the middle of what are considered small and large radii, both soot and
mineral dust exist mixed at different percentages, so we set them to add up to 100%, going from one
extreme (100% soot, 0% mineral dust) to the other extreme (0% soot, 100% mineral dust), in steps of 1%.

2.2.3. T-matrix Code

Once the parameters are obtained for the bi-modal distribution, these are used as input data in the
T-matrix code developed by Mishchenko et al. [2], which is separately applied in two modes, for soot
(refractive index n = 1.75 + 0.43i) [28] and for mineral dust (refractive index n = 1.53 + 0.008i) [29],
to achieve a numerical computation of optical cross sections, as described by:

Cscat =

∫ r2

r1

Cscat(r)n(r)dr, (13)

where r1 and r2 correspond to lower and upper radii for each bin. In particular, for the second bin
(0.25 µm < r < 0.5 µm), the corresponding integral splits into two integrals, one for soot and another
one for mineral dust:

Cscat = (Soot)
∫ r2

r1

Cscat(r)n(r)dr + (Mineral Dust)
∫ r2

r1

Cscat(r)n(r)dr. (14)

It is assumed that the upper limit for the rightmost bin is truncated to 10 microns, where the
size distribution function n(r) is negligible. Each integral is calculated using Gaussian quadrature,
where the intervals are partitioned into subintervals; the partition and degree of the quadrature are
adjusted to reduce the round-off error up to an acceptable numerical accuracy ε.

2.2.4. The Scattering Coefficients

The scattering coefficients can be obtained as:

B = N1C1 + N2C2 + N3C3 + N4C4, (15)

where B, the scattering coefficient, can also be measured using the PAX extinctiometer; N j is the number
of aerosol particles per unit volume on bin j and C j is the scattering cross section, also on bin j, obtained
using the T-matrix model.

3. Results and Discussion

We present, in this work, three representative days with dates in year 2013: 22 March, 13 April,
and 23 April. On Figures 3–5, the models’ normalized results in magenta correspond to NC/(NC)max
and the PAX instrument’s normalized results in blue correspond to B/Bmax, according to Equation (1).
As observed, the Pearson correlation coefficient is greater than 0.93, 0.97, and 0.86, respectively. Features
like extrema and concavity are in agreement between the experimental data and the theoretical model,
as presented in Figures 3–5. The higher correlation value occurred during 13 April 2013, with a Pearson
Coefficient of 0.9775.
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Figure 5. Hourly inter-comparisons of scattering coefficients under low relative humidity (RH < 20%)
using the models’ NC/(NC)max and the instrumentation’s results (B/Bmax) for 23 April 2013.

From Table 1, the mixture amount assumed for the second bins leading to the maximum Pearson
correlation coefficient per date are as follows: 03/22/13 Soot: 57%; Mineral Dust: 43%, (r = 0.96637).
13 April 2013, Soot: 11%; Mineral Dust: 89% (r = 0.9775). 23 April 2013: Soot: 25%; Mineral Dust: 75%
(r = 0.86424).

Table 1. The second bin (0.25 µm < r < 0.5 µm) is taken to be a mixture of soot and mineral dust.
The given percentages on this table lead to the highest Pearson correlation coefficient, as represented
on the last row.

22 March 2013 13 April 2013 23 April 2013

Soot 57% 11% 25%

Mineral Dust 43% 89% 75%

r 0.96637 0.9775 0.86424

When performing these types of studies, hysplit backward trajectories have also been successfully
used to identify the aerosol hotspots [30].

We observe that, on 22 March, we had the day of greatest concentration of soot, whereas 13 April
had the greatest concentration of mineral dust. Figure 6 shows the backward trajectories for 22 March,
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the air masses move closer to the ground through the desert and the urban city of Juarez, therefore
observing more soot aerosols. Figure 7 shows the Backward trajectories for 13 April, going more
through the desert region and avoiding the city of Juarez. 23 April also had a great concentration of
mineral dust, and some soot, consistent with Figure 8, the backward trajectory for that day, with the air
masses going through the desert and the city of Juarez and then moving upwards in the atmosphere.
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4. Conclusions

We found that aerosol scattering was the most significant contributing factor to atmospheric
extinction. However, as expected, soot contributed most strongly to extinction by absorption.

Our theoretical and experimental analysis found a higher concentration of smaller size particles
present in the El Paso-Juarez Airshed.

On 13 April and 23 April, it was observed there was a smaller concentration of soot, in comparison
with 22 March, consistent with the Hysplit air masses Backward Trajectories path.

An improved method for optical characterization of mineral dust and soot particles has been
successfully derived and applied to the El Paso-Juarez Airshed.

The inter-comparisons between the model’s scattering coefficients and the corresponding
experimental data were excellent, with Pearson correlation coefficients of 0.93, 0.97, and 0.86.

Therefore, we conclude that our method is a valuable low cost and feasible method to estimate
highly time-resolved aerosol concentrations over the El Paso-Juárez region and has great potential to
be applied elsewhere.
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Appendix A. Partial Derivatives

First Partial Derivatives

We start from the objective function to be maximized:

g(µ, σ) = kiln fi(µ, σ), (A1)

where

fi(µ, σ) = Φ
[

ln(bi) − µ

σ

]
−Φ

[
ln(ai) − µ

σ

]
, (A2)

where Φ′ = φ. Let us define vi and ui as

vi =
ln bi − µ

σ
, ui =

ln ai − µ

σ
. (A3)

The corresponding total differentials are obtained:

dg = kid(ln fi) =
ki
fi

d fi, (A4)

d fi = Φ′(vi)dvi − Φ′(ui)dui, (A5)

dvi = −
1
σ
(dµ+ vidσ), (A6)

and
dui = −

1
σ
(dµ+ uidσ). (A7)
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Going backwards, we get more elaborated formulae:

d fi = −
1
σ

{
[φ(vi) − φ(ui)]dµ+ [viφ(vi) − uiφ(ui)]dσ

}
, (A8)

i.e.,

dg = −
ki
σ fi

{
[φ(vi) − φ(ui)]dµ+ [viφ(vi) − uiφ(ui)]dσ

}
. (A9)

The first partial derivatives readily follow:

∂g
∂µ

= −
ki
σ fi

[φ(vi) − φ(ui)] (A10)

and
∂g
∂σ

= −
ki
σ fi

[viφ(vi) − uiφ(ui)]. (A11)

Second Partial Derivatives

To find the second partial derivatives, we need a chain of results:

d[σ fi]
−1 = σ−1d

(
f−1
i

)
+ f−1

i d
(
σ−1

)
, (A12)

d
(

f−1
i

)
= −

d fi
f 2
i

=
1
σ

{
[φ(vi) − φ(ui)]dµ+ [viφ(vi) − uiφ(ui)]dσ

}
, (A13)

d
(
σ−1

)
= −

1
σ2 dσ, (A14)

then
d[σ fi]

−1 =
1

σ2 f 2
i

{
[φ(vi) − φ(ui)]dµ+ [viφ(vi) − uiφ(ui) − fi]dσ

}
. (A15)

Furthermore,

d[φ(vi) − φ(ui)] =
1
σ

{
[viφ(vi) − uiφ(ui)]dµ+

[
v2

i φ(vi) − u2
i φ(ui)

]
dσ

}
(A16)

and
d[viφ(vi) − uiφ(ui)] = −

1
σ

{[(
1− v2

i

)
φ(vi) −

(
1− u2

i

)
φ(ui)

]
dµ

+
[(

1− v2
i

)
viφ(vi) −

(
1− u2

i

)
uiφ(ui)

]
dσ

}
.

(A17)

All these results are needed into the product rules before computing the second order derivatives:

d
{

1
σ fi

[φ(vi) − φ(ui)]

}
=

1
σ fi

d[φ(vi) − φ(ui)] + [φ(vi) − φ(ui)]d[σ fi]
−1 (A18)

and

d
{

1
σ fi

[viφ(vi) − uiφ(ui)]

}
=

1
σ fi

d[viφ(vi) − uiφ(ui)] + [viφ(vi) − uiφ(ui)]d[σ fi]
−1. (A19)

From the first product rule, two second order derivatives are derived:

∂2g
dµ2 = −

ki

σ2 f 2
i

{ fi[viφ(vi) − uiφ(ui)] + [φ(vi) − φ(ui)]
2
}, (A20)

∂2g
∂σ∂µ

= −
ki

σ2 f 2
i

{
fi
[
v2

i φ(vi) − u2
i φ(ui)

]
+ [φ(vi) − φ(ui)][viφ(vi) − uiφ(ui) − fi]

}
. (A21)
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From the second product rule, the other two second order derivatives are derived:

∂2g
∂µ∂σ

= −
ki

σ2 f 2
i

{
[viφ(vi) − uiφ(ui)][φ(vi) − φ(ui)] − fi

[(
1− v2

i

)
φ(vi) −

(
1− u2

i

)
φ(ui)

]}
, (A22)

∂2 g
∂σ2 = − ki

σ2 f 2
i
{[viφ(vi) − uiφ(ui)][viφ(vi) − uiφ(ui) − fi]

− fi
[(

1− v2
i

)
viφ(vi) −

(
1− u2

i

)
uiφ(ui)

]}
.

(A23)

Although the cross derivatives look different, it can be shown that they are equivalent. In a similar
manner, after some arduous algebra, these formulae are equivalent also to what is presented in the
main section.

Finally, to check for possible errors on these formulae, each partial derivative was compared to a
numerical second order approximation, described as follows:

∂g
∂µ
≈

g(µ+ ∆µ, σ) − g(µ− ∆µ, σ)
2∆µ

, (A24)

∂g
∂σ
≈

g(µ, σ+ ∆σ) − g(µ, σ− ∆σ)
2∆σ

, (A25)

∂2g
∂µ2 ≈

g(µ+ ∆µ, σ) − 2g(µ, σ) + g(µ− ∆µ, σ)
∆µ2 , (A26)

∂2g
∂σ2 ≈

g(µ, σ+ ∆σ) − 2g(µ, σ) + g(µ, σ− ∆σ)
∆σ2 , (A27)

and
∂2 g
∂µ∂σ =

∂2 g
∂σ∂µ ≈

1
4∆µ∆σ {[g(µ+ ∆µ, σ+ ∆σ) + g(µ− ∆µ, σ− ∆σ)]

−[g(µ+ ∆µ, σ− ∆σ) + g(µ− ∆µ, σ+ ∆σ)]
}
.

(A28)
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