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S1. Solutions to the reaction-diffusion equations in one phase

In all the one-phase solutions, we adopt the convention that positive flux points in the
direction of increasing z, where z measures distance from the interface.

S1.1. One compound in one phase

Because we work with only one compound in one phase, here we drop the “1,” “2,” “A,” and
“W” subscripts.

Let the thin film have thickness L. Solute molecules are present with concentration C(z),
where z is the distance from the interface. At all z > L, the phase is assumed to be turbulent
and well mixed; the eddy diffusivity is effectively infinite; C(z) = C.. Atall z < L, the film is
assumed to be stagnant; solute transport occurs only by molecular diffusion; the eddy
diffusivity equals the molecular diffusivity, D.

The concentration of the solute obeys the steady-state diffusion equation

d*c
ﬁ =0, z €(0,L)

with the boundary conditions C(z = 0) = C,, C(z = L) = C,. The solution to the
diffusion equation is
Co —Cy)z
0 gy 4 o
And the flux atany z € (0, L) is

dC  (Co—Cy)D
F(z) = =D = ——"——"—



S$1.2. Two reacting compounds in one phase prior to the imposition of boundary conditions

Hoover and Berkshire [1969] treated this case, but with the assumption that the two
species have the same molecular diffusivity. This assumption is permissible because
diffusivities for small compounds lie in a rather narrow range. Nevertheless, for more
generality, [ assume arbitrary diffusivities. With two compounds, the subscripts “1” and “2”
are necessary.

The case of two interacting compounds obeys the coupled steady-state reaction-diffusion
equations:

d2c,

Dlﬁ‘l‘ k21CZ - k12C1 =0

Ddzﬁ—k Cy,+ ki,C; =0
2772 2102 12L1 =

C1(z) and C2(z) are the concentrations of compounds 1 and 2 at position z; D1 and D are
their diffusivities; k12 and k21 are reaction rates for the two reactions

[1] - [2], ki,
[2] - [1], k21
The reaction-diffusion equations are to be solved over the domain z € (0, L).

The chemical equilibrium constant is

k
K = 12
ko4
Write

as the ratio of the two diffusivities. The following two quantities have units of distance:

4 2(&)”2 4 2(&)”2
! k12 2 k21

They establish the length scale over which species 1 or 2 diffuse before reacting. The
combined distance

d = (di? +d;*)1?



appears in the solution to the reaction-diffusion equations. Obviously, d is always smaller
than the lesser of di and d2, but never more than by a factor of about 0.7. When di and d-
differ by an order of magnitude or more, then d is very close to the lesser of di and d>.
Therefore, d acts as a reaction distance for both compounds in the film.

The general solution, obtained for example using Laplace transforms, is given by

Ci(z2)=p+ % + & cosh (2) + &£ sinh (2)

C,(z) =KB + % — Q6 cosh (g) — Qesinh (g)

At this stage, B, v, 6, and € are arbitrary coefficients whose values become fixed when we
impose boundary conditions. The terms linear in z have been normalized by a factor d~?! so
that B3, y, §, and ¢ all have units of concentration. The fluxes of compounds 1 and 2 are

oC D
F(z) = —D1a_Zl = —71

F,(2) = —% [KV — Q& sinh (2) — Qe cosh (2)]

|y + 6 sinh (g) + & cosh (g)]

The net flux at any z is independent of z as expected:

Y yD
Fe = Fy(2) + Fy(2) = =(Dy + D,K) 5= —(1+ KQ)—~
The individual fluxes through z = 0 are

D,
R0) = —— 0 +2)

D
Fp(0) = ——(Ky = Qe)

S$1.3. Two compounds in one phase; case N boundary conditions (compound [2] does not pass
through the interface)

The far-field concentrations, or concentrations at a large distance from the boundary, are
assumed to be the constants C;,, and C,,. Boundary conditions on the diffusion equations
are

dc
GO =Co 7| =0 GW=Cm G =G
zZ=

A zero-slope, zero-flux reflecting boundary condition is applied on Cz at z = 0 since [2]
molecules are unable to cross the boundary. In this case, the four boundary conditions lead



to the following expressions for the coefficients. We add the subscript N (no-pass) to
distinguish these values from those of case P (pass) for which [2] can pass through the
interface. A =L/dis areduced film thickness.

Sy = — (€100 — C10) (1 L)_l

+ K tanh A
e = tanh A
Py = Cio — Oy
_ Qey
)4, _K

The general solutions have the appearance of asymptotic divergence: For z >> d, the cosh
and sinh functions are exponentially large in z. However, it turns out that the relationship
0y = — &y tanh A is fine-tuned to prevent any “catastrophes.” We can combine the terms
in cosh and sinh to produce these expressions:

C1(z) = By +ynA + Oyg(A,A)
C,(z) = KBy + KyyA — Qéyg(A,A)

where
sinhA  sinh(A—2) e~ — e~ (2A-2)

g4, A) = cosh A — tanhA  sinh A 1—e 24

and where A represents the reduced distance A = z/d and where A = L/d. The range of A
is 1 € [0, A]. Figure S1 displays the g function for different values of A. In contrast to the
single-compound result, the €1 and C; functions can be curved, with all curvature entering
through the g function. For any A less than about 1, we have g = 1 — 1/A and negligible
curvature. Of the several equivalent expressions given above for g(4, A), the one involving
exponential functions has the best numerical stability.

The fluxes through z = 0 are:

_ D;(Q +K)
(LQ + Kd tanh A)

F = (C1oo - ClO): F,=0
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Figure S1. Plots of the g(4, A) functions for various values of A.

S$1.4. Two compounds in one phase; case P boundary conditions (compound [2] passes
through the interface).

The far-field concentrations, or concentrations at a large distance from the boundary, are

assumed to be the constants C;, and C,,. Boundary conditions on the diffusion equations
are

C1(0) = C10;C2(0) = Cyo, C1(L) = C1oo;C2(L) = (e



Species 1 and 2 are assumed to be in chemical equilibrium at all z > L:
Cr00 = KCi oo

The coefficients 3, v, 5, and ¢ are selected to satisfy the four boundary conditions, and we
use the subscript P to distinguish from Case N:

QCy + Cy
Bp=—"7—7—
0+K
5. = KCio — Gy
= L0 20
Q+K
& = tanh(A)

1
Y =7 [Cieo — Cio + Sp]

The same relationship between 6 and ¢ is obtained, meaning that asymptotic divergence is
avoided and that the sinh and cosh terms can again be grouped into the g function:

Ci(z) = Bp +ypd +pg(4,N)
Co(z) = KBp + Kypd — Q8pg (A, A)

The fluxes through z = 0, in all Case-P situations, are

D D
Fi(0) = —— (rp + &) = =7 [(C1eo = C10) + Z8p]

D D
Fo(0) = —=— (Kyp = Qep) = =7 [(K(Cioo = €10)) + Y]
where

1 K+ QA
tanh A’ tanh A




S$2. Two-phase solutions

To construct two-phase solutions, we have to patch together two of the one-phase
solutions given above in Sections S1.1 through S1.4. There are now two z-coordinates: za
and zw, each measuring distance into the phase away from the interface and pointing in
opposite directions. Subscripts “A” and “W,” representing air- and water-phase properties,
must now appear on all variables. Since zw and za point in opposite directions, the sign
convention for the flux must be redefined:

Fy (new convention) = —F,, (old convention)
F, (new convention) = F,(old convention)

Now, positive flux flows from the water to the air phase.

When two phases are patched together at steady state, the fluxes at the interface must
match. This leads to a reduction in the number of independent variables. For example,
when we create model A4 from two of the case-P solutions, all results are initially given in
terms of the eight concentrations: Cjew, Ciwar C200w» C2004> C1ow C104 C20w> C204. Only four
of these are independent, because of the four conditions listed at the bottom of Table 2 in
the main document. Matching fluxes adds two more constraints:

F1W(0) = FlA(O): FZW(O) = F,4(0)

and we are left with only two independent concentration variables. As independent
concentration variables, we will take the two far-field concentrations of compound 1,
Ciow and C; 4. The same is true for models A1, A2, and A3; we are always left with two
independent concentration variables which we choose to be C; 4y and C; o 4-

To facilitate comparison between models, it is useful to introduce the following C-notation.

DZA D2

Diw
::CW

D

w A

(a = Q460 = %:QW(W = L_
A w

T Ly
$2.1. Model A1

Model A1 was originally developed by Whitman (1923). Figure S2 displays a schematic of
the solution.
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Figure S2. Schematic of the concentration profiles predicted by model A1l.

To form model A1, patch together two of the one-compound-one-phase solutions given in
Section S1.1. This value of Cow leads to flux matching:

Coonks + Cowky

Coy =
ow Hk, + ky,
where
Dy, Dy
kw =L_:kA =L_'COA = H Cow
w A



The expression for the flux is

kwka

=—————(HCoy — Co
(HkAi—kW)( v 2

The concentration profiles are linear in za and zw and are given by the straight-line
equations in Section S1.1. The flux vanishes when H C,y, = C 4. Then the concentrations
in the two phases are completely uniform and in equilibrium. To facilitate comparison
between models, we take

" HCow
and rewrite the flux expression as
ky Hky
F = f4;Coopy (1 —m), where f,; = ———
41bow AT ¥ HE,

fa1 is one possible definition of the mass transfer coefficient. The subscript “A1” indicates
that this expression applies to model A1. The parameter m tunes the flow between the two
phases. When m < 1, the atmospheric concentration is in deficit, and net flow is from water
to air. When m > 1, the water concentration is in deficit, and net flow is from air to water.
When m = 1, the concentrations in the two phases are in physical equilibrium. Observe that
fdepends only on system variables.

Air-side control occurs when the term ky, > H k,. Then fa1 = H ka. Water-side control
occurs when the term ky, << H k4. Then fa1 = kw.

$2.2 Model A1E

The main document describes how model A1E is developed from model A1, with the result
that

_ CeW(eA
fAle B (He(eA + (eW) Hl (1 * KA)
or
1 1 1

e (Qa+EDHil, T (Qw + Kl

A more natural definition of the mass-transfer coefficient would define it relative to
Ciow + Cy0w, but the above form is appropriate for comparison with the other models.

The following hold for model A1E in cases of either water- or air-side control:



fare = CaH1(Qq + Ky)  (air)
fare = Sw(@Qw + Ky)  (water)

$2.3. Model A2.

To form model A2 patch together a one-compound solution for the air phase and a case-N-
two-compound solution for the water phase, selecting the value of Ciow that leads to flux
matching. The development parallels that of model A1, except that kw is redefined:

Diw
Ly

ky = EW( ) = EwQwlw

ky = (%) = Q4ba

_ Aw(Qw + Ky)
Ay Quw + Ky, tanh Ay,

Ey

The flux-matching condition and the expression for the flux read the same as for model A1
but with redefined ka and kw:

C — ClooAkA + ClooWkW
1ow Hk, + ky,

and the flux becomes
F = fCiow (1 —m)
with
kwH; ik,

faz = ky + Hyk,

t_ ot 1
far  H1Qala " EwQwlw

For any positive x, tanh x < x. It follows that Ew > 1. For this reason, Ew is sometimes called
the enhancement factor; it enhances the value of kw.

$2.4. Model A3.

The derivation for Model A3 parallels that of A2, except that we now have two
enhancement factors:

10



D,y
kg =Ey4 L_ = E4Q4C4
A
Eo= Ay (Qw + Ky)
W' AwQu + Ky tanh Ay,
Ay (Qa + Ky)
E,

= 70, +K,tanh A,

F = f3Ci0ow (1 —m)

kewHyk,

fas = ky + Hyk,

or
1 1 1

- = +
fas H1E Qals  EwQwlw

S2.5. Rank-2 matrix identities

As will be seen in Section 2.6, the exact computational algorithm for model A4 involves
rank-2 matrices. In this section, I lay out a number of helpful matrix identities. They are
given here without proof, but at rank-2, they can all be easily verified by direct
computation. The names of all matrices and vectors appear in boldface.

Adjugate of a 2x2 matrix

adj [all a12] _ [ azz —alz]
az1 dzp —dz1 Q11

Inverse of a 2x2 matrix

Al = ! adj (A)
det (A)

Derivative of an inverse matrix

11



6M‘1_ M-1 oM M1
ox ox

Many of the matrices used in model A4 are outer products of a column and a row. All of the
following identities apply to such matrices. Let Ci, Cz, etc., represent arbitrary 2x1 columns
and Ry, Ry, etc, represent arbitrary 1x2 rows. @ signifies the matrix outer product.

The determinant of an arbitrary outer product.

det(Cl ® Rl) =0

The determinant of a sum of two outer products. (This is a special case of the matrix
determinant lemma, cf. Wikipedia.)

det(C; ® Ry + C; ® Ry)
=R, -adj(C; ®R;) - C;
=R;-adj(C; ®Ry) - C;
The following relationships hold for an arbitrary row Ri and an arbitrary column Ci:
R, -adj(C; ®Ry) =0
adj(C; ®Ry) €, =0
The above forms simplify further:
R; -adj(C; ® R;) - C; = (Ry X Ry) - (C; X Cy)
Before writing the previous expression, it was important to distinguish between row and
column vectors. But now I introduce cross products of two rows or of two columns. In this
context, rows and columns are treated as simple 2-vectors in the plane, and X represents

their cross product. Since they are interpreted as 2-vectors, their cross products are all
normal to the plane, and the dot products are simple products of the magnitudes.

12



S§2.6. Model A4. Computational algorithm.

We now patch together two case-P solutions. The result is much more algebraically
complex than the previous models. Table S1 contains a self-contained, exact algorithm for
calculating the fluxes. Remember that the input variables must satisfy the following
constraints:

ki2a k1ow
K,=— Ky =
4 k214 v k1w
H,Ky, = H Ky

The computation proceeds using rank-2 matrices. Table S2 defines an extended list of
variables, with units, useful for (1) calculating concentration profiles, (2) calculating
individual fluxes of the two compounds, or (3) understanding the derivation of model A4.
Following the tables, I sketch out the derivation.

Two separate expressions appear for faa:
faz = qw(Qw + Ky + W-T,)
fas = —Q4A - T

They are exactly equal, and either may be used to calculate the flux.

13



Table S1. Algorithm to calculate fas.

1. Inputs to the model are these system variables:

DlAi DZA' D1Wl DZW: klZA' kZlAr klZWr k21Wl Hll HZ' LA' LW
See the main text for definitions, etc.

2. Calculate all the following scalars:

k124 kiaw D14 D1y
Ki=—2%, Ky=—2, Qu=—=,Q0y =—+
4 kaua Y k' Y Dag lv)v Dow D
_ _ 24 2w
Ja=Qa+K)™ Jw=Quw+Kn) s =L_r€W =7
A w
. (DlA )1/2 o (D1w )1/2 . (DZA >1/2 o (Dzw )1/2
M ke W Nk T Ny ’ W \egaw
dy = (diZ +dz)72, dy = (diy + dgig) ™
AL = Ly _ Ly M Ay
A7d, T T dy, xA_tanhAA' xW_tanhAW

3. Calculate these rows and columns:

W=[Qw, 1], A=[H,QuH,], Vy= [ﬁﬂ, Vi = %] s=[7]

0y = [KWr_]-]r 0, = H,0y

4. Calculate these two square matrices:
My ={4Jal-Va®A+2,0,SQ 0]

My = Quwwl—Viy Q W+ x50 S Q@ O]

5. Take the matrix sum:
M = MA + MW

6. Invert M to form M-!

7. Calculate the column vector t,. Of several expressions, this one is preferred:

o= (M -Vy,

8. Calculate fas by either of these two equivalent formulas.
faa = w(Qw + Ky + W+ 1)

fas = —4A - T

14



Table S2. A more complete list of variables. Units

SYSTEM VARIABLES (inputs to algorithm)

Ay

D14, D34, Dy, Doy cm? s™1
-1
k124 k214 K1ows kaiw S
H{,H, Dimensionless
Ly, Ly cm
CONCENTRATION VARIABLES
ClooW: ClooA; CZooW: CZooAr C10w; C10A; Czow; Czo,q mol cm‘3
SCALARS
Dimensionless
D14 Diw
Q == Q ==
AT DY T Doy
Dimensionless
ki2a k1w
K = , K =
A k14 v k1w
cms™ !
D34 Dow Dia Dy
( =_'( =_'Q ( =_rQ C =
A L, w Ly A64 L, wlSw L,
cm
4. = (DlA )1/2 Ao = (D1W )1/2
1 kiza w k1w
4= (%)1/2 do = (Dzw)l/z
24 Ky 2w Ky1m
dy = (dif +dz)7? dy = (dyy + dgip) V7
Dimensionless

Ly Ly A Ay
:—'A :—’Z :1——]2 =-1-—
d,”"" " d, tanhA,’ "% tanh Ay,
Qada Qwhw
Y)=K+—— Yw =Ky +———
4 at tanhA, " wt tanh Ay,

15




Table S2, cont’d. A more complete list of variables.

MORE SCALARS
Dimensionless
Ja=Qa+K)™ Jw=0Quw+Ky)?
mol cm~3
Ops = ]A(KACmA - CZOA)' Spw = ]W(KWCmW - Czow)
0pa = —JaCroow @4 T, Spw = —JwCicow O - T
Dimensionless
LY Ay
*4 = tanh Ay’ W = tanh Ay
Dimensionless
m= C100A
chlooW
First component of T: Dimensionless
Tl = -T
molcm=2 s~ 1
Fluxes of individual compounds:
Fig = —04Q4Cioow [HH(Mm +Ty) — J4Z,0, - T]
Fop = =04Croow [Ka(m + Ty) — Y4/40, - T]
Fiw = ¢wQuwCiow (1 + Ty — JwZy Oy - T)
Fow = CwCiow Ky (1 +Ty) — Yy Jy Oy - T]
Combined fluxes:
Fe =Fia+ Fou = Fiw + By
Fe = Croow (1 —m)fyy
cms™ !

fas = Sw(Qw + Ky + W-Tp)

fas = —G4A - T

16




Table S2, cont’d. A more complete list of variables.

ROW VECTORS
Dimensionless
0Oy = [le—l], 0, = [KAle —Hz] = H,0y,
w = [QW: 1]) A = [HlQA’HZ]' R = [1’ 0]
COLUMN VECTORS
Dimensionless
_ wm-1.v.[mH;
T=M1-V [ . ]
TO = M_1 VVD = sz_l'vW
1 H
V, = [%:]; Vp = [KW]' Ve = [11] =Vp + H; Vg
vu=[.  ve=[3) vw=[p"]s=[7]
D 1 ) E O ) w KW ) 1
SQUARE MATRICES
cms™ !
My =0Jal-Va @A+ x,04S R 0,]
My, = {wlwl—Viy @ W+ x,Qy, S Q O]
M=M, +My,
v [ Gt
Kila  Kwilw
scm™t
M—1
dimensionless
oM, Jal-V, @ A+ x,0, S ® 0,] M
= —_ X , =
a(A A A AN A A aCW
oM oM
3 <=0, a_W=]W[_VW®W+xWQWS®0W]
Ca Cw

17



S2.7. Model A4. Derivation.

The starting point is these expressions for the fluxes through the boundary, bundled into
column vectors:

F1] _ —Qa84l(Cio0a — C10a) + ZASPA]]
Fl, —{alK4(Crooa — Cr0a) + Ya0pal

F1] _ wQwl(Cioow — Crow) + ZW5PW]]
F2ly, SwlKw(Croow — Crow) + YwSpw]

The boundary conditions at La and Lw are:

zl -] [zl
CZOOW Loow KW ’ CZOOA Lood KA

The expressions above remove C,, and C,.4 as independent variables, leaving for the
moment, six independent concentration variables. If we assume a fast equilibrium for
molecules crossing the interface, then the following relation holds:

ClOA] — [H1C10W]
CZOA HZCZOW

This removes C;,4 and C,(4 as independent concentration variables, now leaving four
independent concentration variables. When we enforce flux-matching (this time for both
compounds independently), we also remove C,,, and C,q,,. The only remaining
independent concentration variables are C;, and C; o 4-

To enforce flux matching, we treat C; ., and C; 4 as givens, and adjust C; oy, and Cyyy to
balance the flux of both compounds. The flux-matching condition is

Fl] _ Fl]
Fl, ]y,

The matrices defined in Table S2 permit us to encode the flux-matching condition in this
way:

C C
—V-[ 100A] _ M-[ 10W]
Crow Crow

We also introduce the notation

— C100A
chlooW

m

18



and use it to remove C; 4 in favor of C; .,y as throughout. Flux matching imposes this
expression for the interfacial concentrations:

ClOW] -1 I:CIOOA:I
=-M1-V- = —Croow T
CZOW C100W Leow

for T as given in Table S2. The expressions in the table for fluxes and for &,y and 8p,4
follow.

The next step is to show that the term (1 - m) factors out of the flux expressions. We define
a column vector T such that

T=-m VB +T
(This expression was motivated by the empirical observation during numerical calculations
that T = —mVjp in many cases and that Vg is orthogonal to ®4 and ®w.) All expressions are
implicitly linear in m. Redefine 1 to show the m-dependence explicitly:
T=1+my

T, To, and 11 are to be determined. We also make use of this equation which is easily
verifiable:

M- VB =-V- VC
Two different identities can now be written for M - T:

M- T=V-V, +mH, V-V
M:-T=M:-ty+mM-t; +mV-V;

Both are valid at arbitrary m, so the constant terms and the terms in m are both
independently equal. The following expressions all follow.

M-t,=V-V,
M-t,=HV-V;—V-V, = -V-V,
w=M1Vv-v,=¢,M 1V, Ty = —T,, T=(1-m)T,

0, - T=(1-m)0y -1y, 0, T=1-m)H, 0y 19, Ty =—m+ (1 —m)7yy

When these expressions are inserted into the flux equations, the term (1 - m) factors out.

19



In most instances, we are only interested in the total flux, F1 + F2 = F;, and the equations for
the sum F; turn out to be simpler than those for either Fi or F2. We obtain the expressions

Fow = Ciow (1 = M) ftw, Fra = Crow(1 —m)fi4
fow = Cw(Qw + Ky + W - Tp), frta=—Ca AT
Now either fiw or fia can also be written fas.
$2.8. Model A4. Air- or water-side control.

Model A4 also becomes air- or water-side dominant when crossing one barrier or the other
is the rate-limiting step. I use the following two derivatives

d1n fyy Sw Ca
Rj=—"—-=——-W-MM;t))=1+—(A-M1-M,; -1,
4 0Ind, faa 40 A4 40
dInf, ¢ _ ¢ _
W= = 1 (Wotg = WM™ My 1) = 1+ 2 (A M7 My %)
ndy A4 A4

to indicate the extent of air or water dominance. (The two different versions of fas provide
two versions each of Ry and Rw.) Write fas as an explicit function of {4 and {w. Then

fas = f(a w) = 271 (404, Ay)

Where A is an arbitrary scale factor. We know this because fas has units length /time and
that Ca and Cw are the only variables from which units of length /time can enter the final
result. We can always think of A as representing a change of units, in which case the above
expression becomes obvious. It is not hard to show that any function with this property
obeys

RA + RW =1
Ra and Rw are the slopes of fas vs. {a and Cw on a log-log plot. Therefore, Ra near 1 implies

Rw near 0 and air-side control, and vice versa. When neither is near 1, the system exhibits
no clear dominance of one side over the other.

20



$3. Numerical properties of model A4.

[ have performed Monte Carlo calculations to study model A4. All results given below were
obtained using system variables distributed according to Table S3.

Table S3. Distribution of variables employed for studying numerical properties of model
A4. Hi through kz1a were selected from the indicated log-normal distributions. Kw, ki2a,
and H; were then assigned as shown.

Variable u c
Hq 0.0 2.0
D;y /(cm? s™1) 0.0 2.0
D,y /(cm? s™1) 0.0 2.0
D;,/(cm?s™1) 0.0 2.0
D,,/(cm?s™1) 0.0 2.0
Kypy /5! 0.0 2.0
Ky /51 0.0 2.0
Ky 0.0 2.0
Lw/cm 0.0 2.0
Ls/cm 0.0 2.0
Ky n /51 0.0 2.0
Kw k1w
ky1w
Kiza/s™! Ko Ky14
H> H, K,
Ky

S$3.1. Numerical stability of model A4.

The equations given in tables S1 and S2 are exact for model A4. However, in practice | have
found that numerical calculations can be subject to roundoff errors that commonly
accumulate in the sum of two quantities of nearly equal magnitude but opposite sign. This
usually happens here in one of two ways:

(1) det(M) is near zero. (One way this happens is when M, written exactly as the sum of
four outer products, is dominated by only one of the four. As pointed out in Section S2.5,
the determinant of an outer product is zero.)

(2) W or A are occasionally nearly orthogonal to T or to 7o, so the dot products such as W -
T, A-T, W- 1, and A - Ty are near zero.

To understand the severity of this problem, I coded the calculations to estimate significant

figures at each step in the calculation. All computations were performed in double-
precision arithmetic, which allows for a nominal 15-digit accuracy. So, at the beginning of

21



the calculation, all variables were assumed to have 15 significant figures, and then the
standard rules for significant figure estimation were followed. Fortunately, the algorithm
provides two separate equations for fas. The code calculates both and returns the one with
the better accuracy. As shown in Figure S3, there can be considerable loss of accuracy in
the calculation of fas, but at least one of the calculations always has 10-figure accuracy or
better.

1.0

0.8

0.6

04

p(significant figures)

0.2

0.0

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Significant Figures

Figure S3. Accuracy of the calculation of fas. fas can be calculated via two separate
expressions. Blue and red bars respectively represent the probability that the less accurate
and more accurate calculation has a given number of significant figures.

S$3.2. Model A4 simplifications

The A4 algorithm is very complicated, but there are limiting cases in which the matrix
identities given in Section 2.5 produce simplifications. The complete M matrix is a sum of
four outer-product matrices. Interesting simplifications occur when only two of the four
outer products are important. (When we approximate M with only one of the four outer
products, the resulting M is non-invertible.) Now consider two of these cases:

Air-side control. (Ma irrelevant relative to Mw.)

M=M,

M= () [-Vie QW+ x,Qy S ® O]
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detM = —{ [ %y Quw (W X @y) - (Viy X S) = {ixyy Qu
M~ = (o Qi [=Jw adj (Viy @ W) + Jiwxiy Qw adj (S ® 0y)]
=M1V, =2/,adj(S®R0y,) V,
fas = —04A T = —{uJw A-adj(S Q@ Oy) - Viy = —{uJi (A X Oy) - (Vi X S)
fas = CaH1(Qa + Ky)
Water-side control. (Mw irrelevant relative to Ma).
M=M,
M= i [-Vi @A+ 2,0, S® 0,]
detM = —{3/3x,Qa(A X @) - (V4 X S) = {3x4QaH1H,
M~ = (gt Qp  H THy Hal—adj (V4 ® A) + x40, adj (S @ 0,)]
To = ({axaQaH1Ho) " ] al—adj (V4 ® A) - Viy + x4Q4 adj (S ® ©,) - Viy]
fas = —CaATo = —(HyH;) '3 Ja(A X ©,) - (Vyy X S)
fas = Sw(Qu + Ky)

These expressions are also limiting expressions for faig. This implies that there are
instances for which f;;z = f44. Figure S4 displays the joint probability density of the ratio
faie/fas and Ra from the Monte Carlo calculations carried out using inputs distributed as in
Table S3. The following results have been obtained:

(1) faie > fasa always, but there are limiting processes in which the two become arbitrarily
close. The red-toned pixels at faie/fas = 1 are examples of this behavior. Then, the much
simpler A1E model performs as well as model A4. But there are also conditions for which

faie >> fas. About 15% of all Monte Carlo samples fell off the scale of figure S4, with faie/fas
> 31.6.

(2) The tendency for fair = fas intensifies when the system is under either air- or water-
barrier control, as exemplified by the two swooping red-toned curves converging either to
(R4, fa1g/fas) = (0,1) or (1,1). However, R, = 0 or 1 is no guarantee for faig = fas.
Significant probability density is found when R, = 0 or 1 at larger values of faig/fas.
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Figure S4. Joint probability density of model instances with the indicated values of Ra and

fa1e/fas.

Figure S5 displays the joint distribution of the ratio fa3s/fas and Ra in the Monte Carlo runs.
We find f,3 < fi4 always, but with many instances of f,3/f4, = 1 fa3/fa4. Similar
calculations, not shown, indicate that f;, < fi3 < fas < fa1g fa2 < fa3 < fa4 always, with the
possibility that any two of the four can become arbitrarily close.
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Figure S5. Joint probability of model instances with the indicated values of Ra and fa3/faa.

REFERENCES

Hoover, T.E.; Berkshire, D.C. Effects of Hydration on Carbon Dioxide Exchange across an
Air-Water Interface. Journal of Geophysical Research 1969, 74, 456-464.

Whitman, W.G. The Two-Film Theory of Gas Absorption. Chemical and Metallurgical
Engineeering 1923, 29, 146-148.

25



