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Abstract: A two-dimensional mathematical model of moist air convection in the sub-cloud and cloud
layers is proposed. A theoretical analysis of the influence of near ground atmospheric parameters
on the development of sub-cloud and cloud convection is provided, and the criteria of convection
development are considered. As a rule, this relationship is parameterized in general circulation,
regional or mesoscale models of the atmosphere. Therefore, achieving a more complete and correct
understanding of this relationship can lead to an improvement in the accuracy of weather forecasts.
The mathematical model describes the system of the equations of motion, heat conductivity and the
continuity equations for a two-dimensional vertical plane. The approximate analytical solution of
the system of equations is obtained. Expressions for the estimation of the convection height and
height of maximum velocity are derived for vertical and horizontal components of updraft wind and
for vertical distribution of temperature. From the expressions obtained, the criterion of sub-cloud
convection development is derived. The expressions for the convection parameters at a condensation
level have also been formulated, from which the criterion of cloud development through convection
is derived. It is established that the development of cloud convection depends on absolute values of
the dew point deficit in a near-surface layer and, in a greater degree, on vertical gradients of water
vapor mass fraction. It is shown that at certain critical values of a vertical gradient of water vapor
mass fraction “explosive convective growth” is observed. The application of the obtained results to
artificial stimulation of convection by means of air heating in the near-ground atmosphere has shown
that the success of such an application and the required air heating-up depend on: (i) the vertical
temperature gradient; (ii) the vertical dew-point gradient; and (iii) the value of the dew point deficit
in the near-ground layer. The analysis performed has shown the possibility of successful stimulation
of artificial convection under specific favorable atmospheric conditions.

Keywords: atmosphere surface layer; sub-cloud convection; condensation level; cloud convection;
two-dimensional model of convection; artificial convection

1. Introduction

The formation of clouds and precipitation is known to be conditioned by the rise of moist air,
its cooling, and condensation of the water vapor. The upward motion of air is triggered by either free
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air convection due to thermal instabilities of the atmosphere, or by the effect of the dynamic factors,
associated with the passage of atmospheric fronts or flows around orographic heterogeneities.

This work is devoted to thermal convection, including: (i) convection of moist unsaturated air in
the sub-cloud layer; and (ii) convection above the condensation level, where water vapor reaches the
dew point and may pass into the liquid phase.

A number of studies have examined the development mechanisms of free thermal convection
depending on the characteristics of the near-surface atmospheric layer (air temperature, moisture,
and their vertical profiles). The effects of the vertical profile of moisture on the development of
convection have been experimentally substantiated [1]. The effects of the near-surface layer on the
vertical profiles of the temperature and moisture on the state of the free troposphere have been
investigated [2]. Convection is believed to start from the formation of thermals, which, similar to phase
transition, begins from the formation, under certain conditions, of a critical size thermal [3]. If the size
of the thermal is subcritical, the thermal is unstable, and dissipates over time, while supercritical size
thermals are stable, lifts off the ground and grows. Attempts to determine the critical size of thermals
relied exclusively on the balance between the buoyancy force and Stokes’ resistance force; however,
the theory requires further development.

Small-scale processes that are parameterized in the common circulation, regional, or mesoscale
models, including shallow convection, add further complexities to the topic. The quality of these
models depends largely upon the degree of understanding of the physics and adequate description of
these processes [4,5]. The sub-cloud convection determines the vertical distribution of the moisture and
temperature, and plays a key role in the global hydrological and energy cycles [6–11]. To deepen the
understanding of the role of the sub-cloud convection in the climate models, simple one-dimensional
models have been applied [2,12–16]; their improvement is also a vital task.

The moist (cloud) convection triggers severe storms that lead to showery rains, thunderstorms,
hail, squalls, tornadoes, flash floods, and inundations [17]. Convective storms are usually local [18],
hence, forecasting the locations, timings, and causes of their development are the most difficult
challenges in weather forecasting [19]. Current operational numerical models are still generally unable
to forecast the location and onset time of cloud convection initiated by the sub-cloud layer processes
due to the poor representation of these processes in the model physics. It has been shown in [20,21] that
the sub-cloud convection seriously affects the development of the cloud convection. Hence, forecasting
the initiation of cloud (deep) convection requires knowledge on the sub-cloud layer thermodynamics.

Field surveys have provided insights on cloud convection initiation processes [21–24].
The understanding of the general dynamics of the processes under study is in place, whereas the initial
stage of development of the convection cells remains insufficiently studied [25]. Some studies [1,26]
have indicated that cloud convection initiation is quite sensitive to the sub-cloud layer temperature
and moisture variations, whose field of moisture is a key factor to initiate the precipitation-forming
convection [27]. Even slight variations of the water vapor mass fraction can promote or inhibit the
development of storms (e.g. 1 g/kg variation of the water vapor mass fraction may lead to strictly
antipodal forecasts: no convection or intensive convection [1]). The moisture of the underlying surface
largely affects the sub-cloud layer water content [28,29], because a moist soil enriches the air of the
near-surface layer with water vapor [30,31].

Hence, the effective forecast of storm events relies on the accurate determination of the
initial thermodynamic characteristics and moisture of the sub-cloud layer. However, traditional
meteorological observation systems do not permit a detailed structure of the near-surface atmosphere
layer parameters. According to [24], the critical factor that limits forecasting convectional precipitation
is the uncertainty of water vapor vertical distribution measurements. Radiosonde measurements are
insufficient for these purposes, as they provide information on vertical profiles in distant locations,
usually only twice a day, and are subject to significant errors [32,33].

To improve knowledge of the initiation of storms, two significant European studies have been
conducted: the Convective Storms Initiation Project (CSIP) [19] in the south United Kingdom in
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summer 2005, and the Convective and Orographically-induced Precipitation Study (COPS) [34,35] in
the south-west Germany and east France in summer 2007. The main purpose of these experiments
was to observe the atmospheric boundary layer using a dense observation network consisting of
radiosondes, wind profilers, and Global Positioning System (GPS) to determine water vapor contents,
and automated weather stations. The findings highlighted the necessity to further refine theoretical
concepts of the relationship between cloud convection and the processes in sub-cloud and near-surface
layers. This will potentially improve the convective phenomena forecasting methods, while taking
into account the aforementioned limitations of traditional weather observation systems.

In [36], the effect of the size of sub-cloud rising streams on the perturbation of the vertical velocity
in cloud convection is studied. Simple analytical solutions were obtained, for which the following
assumptions are made:

• the vertical component of the pressure disturbance gradient is ignored;
• the solution is sought for in the Boussinesq approximation, where the undisturbed air density is

assumed to be constant;
• the solution is sought for in the form of the stationary two-dimensional wave.

It should be noted that such simple analytical solutions are necessary to understand the physics
of the process, as well. In particular Weisman et al. (1997) [37] used solutions in the form of normal
modes of the linearized two-dimensional Boussinesq equations of motion, equations of continuity,
and equations of thermodynamics to draw a simple expression for the vertical velocity W0 in the
sub-cloud layer:

W0 ≈
k√

k2 + l2

B0

N
(1)

where W0 and B0 are the amplitudes of the normal modes for the vertical velocity and buoyancy
respectively; N is the Brunt-Väisälä frequency; k and l are the horizontal and vertical wave
numbers respectively.

Much of the previous work has dealt with the characteristics of the near-surface layer and their
effect on the development of large-scale circulation [38,39] and cloud convection [40]. Studies dealing
with the artificial stimulation of convection [41,42], where the sub-cloud layer was studied within the
framework of the simple one-dimensional model, may be associated with the above. Nevertheless,
convective motion is among the most common types of the atmospheric motions, while many gaps
still exist in the physics of the process and its mathematical description.

The objectives of this work are to describe the sub-cloud and cloud convections within the
framework of a two-dimensional model, analyze the effects of the near-surface layer on the
development of the sub-cloud and cloud convections, and reveal the criteria of their development.

2. Definition of Problem

Radiosonde measurements, plotted on the aerological diagram, are commonly used to forecast
cloud convection parameters. The routine assumption made is that the velocity of the rising streams
and temperature excess of a buoyant parcel at the condensation level are equal to zero. However, this
assumption does not always hold. Therefore, it appears important to determine how the near-surface
layer parameters affect those of the cloud convection at the level of condensation. In the approach of
artificial stimulation of convection, the major uncertainty lies in the parameter values of the near-surface
layer that are reached when artificially stimulated convection reaches the condensation level for
cloud formation.

In [43] the analytical solution of the two-dimensional model of thermal convection in the
atmosphere of absolutely dry air was derived. In [44] the analytical solution was obtained for a
two-dimensional model of the moist saturated air convection. Hence, we have analytical solutions
for the two-dimensional models of the dry air convection that will be referred to as “sub-cloud”
convection, and an analytical solution for the moist air convection model that will be referred to
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as “cloud” convection. In the present study, we attempt to apply the results of [43,44] to analyze
the effects of the characteristics of the near-surface layer of atmosphere on the development of the
cloud convection.

To describe the cloud convection we need to know such parameters as the temperature excess
of a buoyant parcel, velocities of the rising flows, and mass fraction of the water vapor at the level
of condensation. These parameters can be found by the examination of the sub-cloud convection
determined by the characteristics of the surface layer. Therefore, the nature of cloud convection relates
to the characteristics of the near-surface layer of atmosphere. The objective of this work consists
of establishing this relationship. Here we perform analytical research on this problem within the
framework of the two-dimensional nonlinear model of convection, based on earlier analytical solutions
for dry and moist saturated air convection.

3. Equations of Thermal Convection or Moist Unsaturated Air

The sub-cloud air is not dry, requiring us to apply the previously described illustrations of
convection of moist unsaturated air. Similar to (Zakinyan et al., 2015) [43], where the analytical
solution for the two-dimensional model of dry air convection was obtained, we now derive the
solution for the convection of moist unsaturated air, considering the effects of the near-surface layer
on the values of the convection parameter at the level of condensation. For this we proceed with a
stepwise approach to the conclusion made in [43], but taking into account the air moisture.

The equation of motion is considered in the (x, z) plane. The pressure is presented as the sum
of the static state pressure and its disturbance: p = p + p′. We define the moist air density by the
expression:

ρp = ρe(1− α∆T − β∆s) (2)

where ρp is the density of the disturbed air in atmosphere; ρe is the density of the air in the static
atmosphere; α = 1/T0 is the air thermal expansion coefficient (T0 = 273 K); ∆T(z) = Tp(z)− Te(z)
is the temperature excess of a buoyant parcel; Tp, Te are the air temperatures in the disturbed and
undisturbed atmospheres respectively; s is the mass fraction of the water vapor; ∆s = sp − se is the
oversaturation function; z is the altitude; β ≡ Md/Mv − 1 = 0.608; Md = 29 g/mol is the molar
weight of the dry air; and Mv = 18 g/mol is the molar weight of the water vapor. Here index “p”
denotes “parcel characteristics” and index ”e”—“environment”, “d”—“dry”, ”v”—“vapor”.

The rise of an air parcel is assumed to be adiabatic in the ambient undisturbed atmosphere where
α∆T << 1. In other words, we assume that in approximation (2) the air density depends on the
temperature and mass fraction of the water vapor and is pressure independent [3,45]. The temperature
excess of a buoyant parcel equals to:

∆T(z) = ∆0T − ∆γ · z (3)

where ∆0T = Tp0 − Te0 = ∆T(0) is the value of the temperature excess of a buoyant parcel near
the ground surface z = 0; ∆γ = γa − γ, where γ is the air temperature gradient of the undisturbed
static atmosphere; γa is the dry adiabatic temperature gradient; Tp0 is the disturbed atmosphere air
temperature near the ground surface; Te0 is the undisturbed static atmosphere air temperature near
the ground surface.

In Equation (3) we assume that the air temperature of the undisturbed atmosphere varies linearly.
This assumption differs from the actual vertical temperature profile with the presence of inhibiting
layers, but it solves the problem analytically.

The mass fraction of water vapor in an adiabatically rising unsaturated air parcel remains constant
and sp(z) = sp0, where sp0 is the mass fraction of water vapor near the ground surface. Let the mass
fraction of water vapor in a static undisturbed atmosphere decreases linearly:

se(z) = se0 − bz (4)
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where b is the gradient of the mass fraction of water vapor. Then the expression for the oversaturation
function is

∆s(z) = ∆0s + bz (5)

where ∆0s = si0 − se0 is the oversaturation near the ground surface. By substituting expressions (3)
and (5) into Equation (2) the expression for the air parcel density will have the form

ρp = ρe[1− (α∆0T + β∆0s) + (α∆γ− βb)z] (6)

Find from here the level of equalization of the air density in an air parcel and in an undisturbed
atmosphere from condition ρp = ρe:

zρ =
α∆0T + β∆0s
α∆γ− βb

(7)

Assuming formally β = 0, we obtain from Equation (7) the expression for the level of equalization
of the temperatures zt = ∆0T/∆γ (the level of neutral buoyancy), that follows directly from Equation
(3). It follows from here that for a moist parcel the level of equalization of the air densities is higher
than that for the temperatures.

Advance evaluation of the temperatures equalization level zt is done with the following
atmospheric parameters [45]: ∆0T = 4

◦
C, ∆γ = 4

◦
C/km where we get zt = 1 km. Here we assumed

the vertical temperature gradient equal to γ = 6
◦
C/km (for the standard atmosphere γ = 6.5

◦
C/km)

Average value of temperature excess of a buoyant parcel is ∆0T = 0.2
◦
C. The warm season water vapor

mass fraction gradient for middle latitudes is assumed to be equal to b = 1 · 10−5 m−1, also assume
∆0s = 0. For these parameter values, the level of equalization of densities is zρ = 1.7 km, that is, higher
than that for the temperatures [45]. However, it follows from (7) that if the water vapor mass fraction
gradient approaches a certain critical value equal to bcr = α∆γ/β, then the level of equalization of
the densities will go to infinity, with the so-called “explosive” intensification of convection. The real
atmosphere presents many stability layers that would prevent convection from reaching arbitrary
height levels. This is a distinctive feature of the moist atmosphere convection compared to the dry air
convection. Hence, we see that the absolute value of the near-surface water vapor mass fraction is not
critical for the convection, but its vertical gradient is.

Taking into account the static equation valid for the undisturbed atmosphere, the set of equations
that describes the thermal convection of stationary moist unsaturated air has the form:

u
∂u
∂x

+ w
∂u
∂z

= − 1
ρe

∂p′

∂x
, (8)

u
∂w
∂x

+ w
∂w
∂z

= g(α∆0T + β∆0s− (α∆γ− βb) · z), (9)

∂u
∂x

+
∂w
∂z

= 0, (10)

where u and w are the horizontal and vertical components of the air velocity. Here in Equation (9) it
was assumed analogously to [36] that −1/ρe · ∂p′/∂z << g(α∆T + β∆s).

Note that the air motion in our model is described by the equation of motion of an ideal
(nonviscous) fluid. In addition, we do not consider turbulent motion and consequently turbulent
mechanism of air entrainment. Entrainment is taken into account only due to the continuity Equation
(10). It should also be noted that, in contrast to equations for an incompressible fluid, in Equation
(8) the density of air ρe(z) is a function of altitude. It can be seen from Equation (9) that the level of
density equalization is the level of neutral buoyancy.
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It follows from continuity Equation (10) that the stream function ψmay be introduced as follows:

u = −∂ψ

∂z
, w =

∂ψ

∂x
. (11)

Comparing this system with the set of equations for the dry air thermal convection [43], one can
see that they differ only in the right part of Equation (9). Hence, the solution for the set of Equations
(8)–(10) is found similarly to that for the dry air set of equations.

The critical gradient for the water vapor mass fraction can be found from (7) at the condition
γ = 0:

(bcr)max =
α∆γ
β
≈ 10−4 m−1. (12)

Solving the system of Equations (8)–(11) for the moist unsaturated air convection by analogy
with [43], we obtain the stream function in the form

ψ =

√
g(α∆γ− βb)

k

√
z(2zρ − z)cos kx. (13)

From here with account of Equation (11), for the velocity projections we get:

u =

√
g(α∆γ− βb)

k
zρ − z√

z(2zρ − z)
cos kx, (14)

w =
√

g(α∆γ− βb) ·
√

z(2zρ − z)sin kx. (15)

Then, from Equation (15) under condition w = 0, for the moist unsaturated air convection level
zw, the following expression is obtained

zw = 2zρ = 2
α∆0T + β∆0s
α∆γ− βb

. (16)

It should be noted that when predicting the convection parameters using an aerological diagram,
it is assumed that the level of convection coincides with the level of temperature equalization (the
level of neutral buoyancy). But in the framework of the adiabatic model of convection, this is not the
case. The level of neutral buoyancy corresponds to the maximum velocity and the air continues its
movement. There is an analogy with the oscillations of a pendulum. In our case, the air oscillates
about an equilibrium position with the Brunt-Väisälä frequency.

It can be seen in Equation (16) that the level of convection depends on both the temperature
excess of a buoyant parcel and oversaturation in the near-surface layer, and the vertical gradients
of the temperature and the water vapor mass fraction. According to Equation (16), the following
limiting cases can take place. At α∆0T >> β∆0s the convection development is more affected by the
air temperature excess near the earth surface. Contrary, at α∆0T << β∆0s the convection development
is more affected by the air moisture near the earth surface.

It can also be seen in Equation (16) that the water vapor mass fraction gradient b is the most
significant factor. If the water vapor mass fraction gradient approaches the critical level, the “explosive”
intensification of convection occurs, that is, the level of convection grows and goes to infinity. This is
due to that our model of convection considers the equation of motion of an ideal liquid without taking
into account the viscosity of the air. The air viscosity limits the level of convection.

The maximal velocities level may be found from the condition: ∂w/∂z = 0. Having taken the
derivative with respect to variable z in expression (15), we get

∂w
∂z

= ÑBV
zρ − z√

z(2zρ − z)
sin kx = 0, (17)
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and call the value
ÑBV =

√
g(α∆γ− βb), (18)

Brunt-Väisälä frequency for the moist unsaturated air oscillations. This formula shows that at the
critical water vapor mass fraction gradient the Brunt-Väisälä frequency equals zero, hence, the period
of oscillations goes to infinity. It follows from Equation (17) that the maximal velocities level coincides
with the densities equalization level: zw max = zρ.

Substituting the expression for zρ into Equation (15), we get for the maximal velocity of the rising
moist unsaturated air flows the equation

wmax = ÑBVzρsin kx =

√
g

α∆γ− βb
(α∆0T + β∆0s)sin kx. (19)

The expression for the moist unsaturated air rising flows velocity square is:

w2 = [g(α∆γ− βb)z(2zρ − z)] sin2 kx. (20)

It follows from here that, if zρ = 0, that is, the air densities in the near-surface disturbed and
undisturbed atmospheres coincide, then the development of convection in a moist atmosphere follows
the condition b > bcr. In particular, for a dry atmosphere, the known condition of the convection
development follows: γ > γa. In a moist atmosphere the convection develops even under the condition
γ < γa.

Then we get for the rising flows velocity:

w =
√
βg(b− bcr)z · sin kx, (21)

i.e., the rising flows velocity will grow with altitude following the linear law, and no convection level
will be reached even if γ < γa. It is clear that this result is an idealization. In a real atmosphere,
the inversion layers and air viscosity will not allow for such a pattern.

The expression for the rising flow maximal velocity amplitudes in a moist atmosphere has
the form:

w0 =

√
g

α∆γ− βb
(α∆0T + β∆0s). (22)

Hence, expression (22) obtained for the rising flow velocity amplitude shows that the vertical
velocity depends on the instability ∆γ of the atmosphere, water vapor mass fraction gradient b in
the ambient atmosphere and near-surface temperature excess of a buoyant parcel ∆0T. It is also seen
from Equation (22) that at the critical water vapor mass fraction the maximum velocity goes to infinity
(“explosive growth”).

4. Parameters of Convection on Condensation Level

Determine [45] the level of condensation zc from following equation:

zc =
T0 − τ0

γa − γτ
=

d0

∆γτ
, (23)

where τ0 is the near-surface dew point; d0 is the near-surface dew point deficit (z = 0); and γτ is the
dew point gradient. Equation (23) is known to give understated levels of condensation due to not
taking into account the entrainment of the ambient environment by the rising air. Taking, for example,
the vertical temperature gradient equal to γ = 6

◦
C/km, dew-point gradient equal to γτ = 1.7

◦
C/km,

and dew point deficit d0 = 6
◦
C, we get the condensation level equal to zc = 1.4 km. Note that over

most of the European and North American territory, the maximum repeatability of the cloud-base
height for warm season in the afternoon falls on the values of 1.2–1.6 km [46,47].
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For the further analysis, only the dependence between the level of condensation and the
near-surface dew point deficit is of importance.

Substitute Equation (23) into Equation (15), at the level of condensation zc the expression for the
rising flows velocity will have the form:

w2
c = 2g(α∆0T + β∆0s)

d0

∆γτ

(
1− d0

2(α∆0T + β∆0s)
α∆γ− βb

∆γτ

)
sin2 kx. (24)

Substitute Equation (23) into Equation (3), and get the formula for the condensation level
temperature excess of a buoyant parcel

∆cT = ∆0T − d0
∆γ

∆γτ
. (25)

Substitute Equation (23) into Equation (5), for the condensation level oversaturation function,
we get

∆cs = ∆0s + b
d0

∆γτ
. (26)

It can be seen in Equations (24) and (25) that the critical near-surface dew point deficit values
exist, at which both the condensation level temperature excess of a buoyant parcel ∆cT and the rising
air flow velocities wc equal zero:

∆cT = 0: (d0)cr1 = ∆0T
∆γτ
∆γ

, (27)

wc = 0: (d0)cr2 = 2(α∆0T + β∆0s)
∆γτ

α∆γ− βb
. (28)

It follows from Equation (28) that the sub-cloud layer moisture will promote the development of
the cloud convection. It also follows from this formula that at the water vapor mass fraction gradient
equal to the critical value bcr = α∆γ/β, the critical near-surface dew point deficit (d0)cr goes to infinity,
and, hence, the sub-cloud convection will always “break through” the condensation level, that is,
wc > 0. This once again underlines the important role of such a parameter as the water vapor mass
fraction vertical gradient for the development of convection.

The found criteria determine the initial conditions of the cloud convection.

1. If the near-surface dew point deficit equals the second critical value d0 = (d0)cr2, the condensation
level temperature excess of a buoyant parcel will be negative (Figure 1a)

∆cT = − (α∆γ+ βb)∆0T + 2β∆γ∆0s
α∆γ− βb

= −(∆cT)max < 0, (29)

and the rising flow velocity at the same level will equal zero (wc = 0). Hence, in this case,
the sub-cloud layer will not promote the cloud convection development. At such near-surface
dew point deficit the atmosphere is not moist enough, and rising air will not break through the
sub-cloud layer (Figure 1a). Formally assuming β = 0, we get the condensation level temperature
excess of a buoyant parcel ∆cT = −∆0T < 0 for a dry sub-cloud atmosphere. This result is
known from the dry air convection adiabatic model [45].

2. If the near-surface dew point deficit is (d0)cr1 < d0 < (d0)cr2, then the condensation level
temperature excess of a buoyant parcel is negative, but its absolute value is lesser in magnitude
than the maximal value −(∆cT)max < ∆cT < 0, while the rising flow velocity at the same level is
positive. In this case, the rising sub-cloud flow will break through the level of condensation: this
promotes the cloud convection development (Figure 1b).
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3. If the near-surface dew point deficit equals the first critical value d0 = (d0)cr1, then the
condensation level temperature excess of a buoyant parcel equals zero ∆cT = 0, and the rising
flow velocity equals wc = w(zt) (lesser than maximum), that is, the velocity equals the value at
the level zt of equalization of temperatures:

w2
c = g(α∆γ− βb)zt(2zρ − zt) sin2 kx (30)

or

w2
c = g

∆0T
∆γ

[
α∆0T + β

(
2∆0s + b

∆0T
∆γ

)]
sin2 kx. (31)

It should be noted that in this case the condensation level coincides with that of equalization of
temperatures: zc = zt. Similarly, the oversaturation function is equal to that at the same level zt:

∆cs = ∆0s + b
∆0T
∆γ

= ∆0s + bzt. (32)

Hence, in this case, the conditions for the cloud convection development will be in place
(Figure 1c).

If the near-surface dew point deficit is lower than the first critical deficit d0 < (d0)cr1, then the
condensation level temperature excess of a buoyant parcel is positive ∆cT > 0, while the rising
flow velocity level is positive, but lesser than maximum: these may promote the cloud convection
development, as well (Figure 1d).

It can be seen in Equation (24), that if the ambient atmosphere water vapor mass fraction gradient
becomes critical bcr, then the condensation level rising flows velocity is positive at any near-surface
dew point deficit and equals:

w2
c = 2g(α∆0T + β∆0s)

d0

∆γτ
. (33)

Hence, taking into account that the moisture of the sub-cloud layer leads to not only the qualitative
changes of the criteria that determine the condensation level cloud convection parameters, but to
quantitative changes, as well. We see that the cloud convection parameters at the level of condensation
are affected by the water vapor mass fraction gradient in the sub-cloud layer, rather than by the
sub-cloud layer absolute moisture. This is physically explained by that the rising air is moister in
relation to the undisturbed atmosphere in this case.

Hence, the analytical expressions obtained for the two-dimensional model of convection have
allowed for the analysis of the effects of the characteristics of near-surface layer of atmosphere on the
development of the cloud convection.
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Figure 1. Distributions of rising flows velocity and temperature excess of a buoyant parcel with altitude
depending on different near-surface dew point deficits. Graphs are shown schematically for moist
unsaturated air. (a) d0 = (d0)cr2, ∆cT = −(∆0T)max, wc = 0; (b) d0 < (d0)cr2, −(∆0T)max < ∆cT < 0,
wc > 0, ∂w/∂z < 0; (c) d0 = (d0)cr1, ∆cT = 0, wc = wmax; (d) d0 < (d0)cr1, ∆cT > 0, wc > 0,
∂w/∂z > 0.

5. Cloud Convection

In the work [44] the analytical solution for the two-dimensional model of the moist saturated air
convection has been obtained. See the major provisions and assumptions that had served the bases for
the analytical solution in [44]. The moist saturated air temperature gradient has the form:

γma = −dTi

dz
= γa +

L
cp

dsm

dz
= γmac + ε(z− zc), (34)

where γmac = γa + L/cp · dsm/dz
∣∣
z=zc

is the condensation level moist-adiabatic temperature gradient,
known function of the temperature and pressure (dsm/dz < 0) [45]; L is the specific heat of
condensation; cp is the specific thermal capacity at constant pressure; sm is the saturated water

vapor mass fraction; ε = L/cp|K| ≈ 3 · 10−7 ◦C/m2 is constant; and K = d2sm/dz2
∣∣∣
z=zc

is a certain
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function of smc, condensation level water vapor mass fraction, also assumed constant. Here index “m”
denotes “moist”, “ma”—“moist-adiabatic”, “mac”—“moist-adiabatic on the condensation level”.

The temperature excess of a buoyant parcel will be written as [44]:

∆T(z) = ∆cT + ∆γmac(z− zc)−
ε

2
(z− zc)

2, (35)

where ∆cT is the temperature excess of a buoyant parcel at the level of condensation; ∆γmac = γ−γmac
is the difference between the undisturbed atmosphere air temperature gradient and that of a rising
parcel at the level of condensation. On the aerological diagram ∆γmac determines the angle between
the condition curve and stratification curve at the level of condensation. Comparison of calculations
using Equation (35) with the curve of the wet adiabat on the aerological diagram shows satisfactory
agreement in the range of heights of our concern. This, in turn, indicates the admissibility of the
approximation (34).

The expression for the oversaturation function is [44]:

∆s(z) = ∆cs +

(
b +

dsm

dz

∣∣∣∣
z=zc

)
(z− zc) +

K
2
(z− zc)

2, (36)

where ∆cs = smc − sec is the oversaturation at the level of condensation.
The formula for the air parcel density has the form [44]

ρp = ρe

[
1− α0 − α1(z− zc) + α2(z− zc)

2
]
, (37)

where

α0 = α∆cT + β∆cs, α1 = α∆γmac + β

(
b +

dsm

dz

∣∣∣∣
z=zc

)
, α2 =

1
2
(αε− βK).

The level of equalization of the air densities in a cloud air parcel and ambient atmosphere is [44]:

zρ − zc =
α1 +

√
α2

1 + 2(αε− βK)(α∆cT + β∆cs)

αε− βK
. (38)

The level of equalization of the temperatures is determined by the expression [44]:

zt − zc =
∆γmac +

√
(∆γmac)

2 + 2ε∆cT

ε
. (39)

The thermal convection of the moist saturated air is described by the set of equations

u
∂u
∂x

+ w
∂u
∂z

= − 1
ρe

∂p′

∂x
, (40)

u
∂w
∂x

+ w
∂w
∂z

= g(α∆T + β∆s), (41)

∆T(z) = ∆cT + ∆γmac(z− zc)−
ε

2
(z− zc)

2, (42)

∆s(z) = ∆cs +

(
b +

dsm

dz

∣∣∣∣
z=zc

)
(z− zc) +

K
2
(z− zc)

2, (43)

∂u
∂x

+
∂w
∂z

= 0. (44)
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Note that air density ρe in Equation (40) is a function of altitude. Solving this set of equations, we
get for the stream function [44]:

ψ =
Ñmac

k

√
2(z− zc)

[
z̃1 +

(z− zc)

2
− k1

3
(z− zc)

2
]

cos kx, (45)

where [44]:

Ñmac =

√√√√g

[
α∆γmac + β

(
b +

dsm

dz

∣∣∣∣
z=zc

)]
(46)

is the Brunt-Väisälä frequency for the moist saturated air;

z̃1 =
α∆cT + β∆cs

α∆γmac + β

(
b + dsm

dz

∣∣∣
z=zc

) , k1 =
αε− βK

2
[
α∆γmac + β

(
b + dsm

dz

∣∣∣
z=zc

)] . (47)

For the vertical velocity we get [44]:

w =

√
w2

c + 2Ñ2
mac(z− zc)

[
z̃1 +

(z− zc)

2
− k1

3
(z− zc)

2
]
· sin2 kx. (48)

The thickness of the convection cell (“cloud”) is found from the condition w = 0; for the case
when the velocity at the condensation level equals zero (wc = 0), it equals [44]:

zw − zc =
3

4k1

(
1 +

√
1 +

16
3

k1z̃1

)
. (49)

Because according to Equation (34) dsm/dz < 0, it can be seen in Equation (49) that in the case
of the cloud convection the critical ambient water vapor mass fraction gradient that promotes the
development of the cloud convection exists, as well:

bcr =

(
− dsm

dz

∣∣∣∣
z=zc

)
− α
β

∆γmac. (50)

Even more clearly in Equations (47) and (49) it is seen that when ∆γmac < 0, that is, the atmosphere
is moist-stable and the convection is, according to the traditional concepts, impossible, when the water
vapor mass fraction gradients exceed the critical ones, the convection becomes possible.

In Figure 2, the stream function for the sub-cloud convection was calculated from Equation (13),
and for the cloud convection, it was calculated from Equation (45). Figures show that the growth
of moisture in the near-surface layer (drop of dew point deficit d0) leads to the development of the
cloud convection.
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Hence, the expressions for the cloud convection parameters show that this convection depends on
the temperature excess of a buoyant parcel ∆cT and rising flows velocity wc at the level of condensation;
these ones are themselves dependent upon the characteristics of the near-surface atmosphere layer.

6. Artificial Stimulation of Convection

For many arid regions of the world, the idea of artificial stimulation of convection to create clouds
and precipitation is highly attractive [41,42]. From above it follows that it is necessary to increase the
temperature and moisture of the near-surface layer of the atmosphere in order to achieve the criterion
value of the dew point deficit. However, in the problem of the artificial stimulation of convection we
cannot sufficiently influence the moisture; hence, consider for the criterion the near-surface temperature
excess of a buoyant parcel ∆0T.

It can be seen in Equations (24) and (25) that the critical near-surface temperature excess of a
buoyant parcel values ∆0T exist, at which both the condensation level temperature excess of a buoyant
parcel ∆cT and the rising air flows velocity wc (at the level of condensation) equal zero:

∆cT = 0: (∆0T)cr1 =
∆γ

∆γτ
d0. (51)

wc = 0: (∆0T)cr2 =
1
2

∆γ− β
αb

∆γτ
d0 −

β

α
∆s0. (52)

It has already been noted that Equation (23) gives understated values for the level of condensation.
This is due to the near-surface layer having impeding layers, in addition to the rising air mixing with
the ambient environment. Hence, assuming the complete mixing, Equation (23) is written as

zc =
T0 − τ0

γ− γτ
=

d0

γ− γτ
. (53)

As (∆0T)cr1 > (∆0T)cr2, we will take the first criterion as the necessary and sufficient criterion of
convection, i.e.,

(∆0T)cr =
∆γ

∆γτ
d0 =

γa − γ
γ− γτ

d0. (54)
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The calculations for the vertical temperature gradient γ = 6 · 10−3 ◦C/m, and dew point deficit
d0 = 10

◦
C, yield (∆0T)cr = 9

◦
C.

It follows from Equation (54) that the required temperature excess of a buoyant parcel (∆0T)cr is a
function of the vertical temperature gradient. If γ = γa, then the temperature excess of a buoyant parcel
equals zero, and the convection develops by itself. If, however, γ = γτ, that is, the vertical gradient of
the temperature is equal to that of the dew point, the temperature excess of a buoyant parcel equals
infinity. In other words, even without the temperature inversion, the temperature gradient equals
to γ = γτ makes the convection impossible. Hence, if the near-surface layer of atmosphere, from
the ground surface level to the level of condensation has the temperature gradient equal to γ = γτ,
any attempts to artificially stimulate the convection by heating are ineffective. However, if the thickness
of the impeding layers is greater than that of the layer mentioned, they may be broken through.

7. Discussion of the Results

In Section 3, the two-dimensional mathematical model of thermal convection of moist unsaturated
air in the atmosphere is proposed. An analytical solution is obtained for stream function, horizontal
and vertical velocity components, the level of convection, maximal vertical component of air velocity.
It is shown that, as in the case of dry air, the atmosphere is unstable under the condition γ > γa,
that is, when the vertical temperature gradient is greater than the dry-adiabatic gradient. However,
convection can develop in a stable atmosphere (γ < γa) as well, if there is an air temperature excess
of a buoyant parcel near the ground surface ∆0T = Tp0 − Te0 > 0, that is, if there is some air volume
warmer than the ambient atmosphere.

In contrast to the dry air convection, the convection of moist unsaturated air depends on the
oversaturation near the ground surface

(
∆0s = sp0 − se0 > 0

)
, that is, on the excess of the water vapor

mass fraction of warm air relative to the air of the ambient atmosphere. In addition, the convection of
moist unsaturated air strongly depends on the vertical gradient of the water vapor mass fraction b in
the ambient atmosphere. At some critical value of this parameter bcr, the so-called “explosive growth”
occurs, that is, the atmosphere becomes wet-unstable, being dry-stable.

An analytical solution of a quite complicated problem under study was obtained for an idealized
atmosphere in which the ambient air temperature decreases with the height according to the linear
law, and the temperature of the air particle decreases with the height according to the dry-adiabatic
law. At the same time, we did not take into account the presence of intercepting layers. The analytical
solution is obtained under the condition that the water vapor mass fraction gradient in the surrounding
atmosphere decreases linearly with the height, and the moisture of the adiabatically rising air particle
remains constant. It is assumed that the air viscosity can be neglected. The neglection of viscosity is
the reason for the convection "explosive growth" at the critical value of the water vapor mass fraction
gradient in the obtained solution.

On the basis of the proposed model of moist unsaturated air convection, called “sub-cloud
convection”, in Section 4 the values of the convection parameters (temperature excess of a buoyant
parcel ∆cT and vertical velocity wc) at the level of condensation are obtained. In the further analysis
we assumed that the dew point temperature vertical gradient is constant. It is shown that the values of
these parameters depend on the value of the dew point deficit near the ground surface d0 = T0 − τ0,
that is, on the difference between the temperature of warm moist air and the dew point temperature.

It is shown that there is a critical value of the dew point deficit (d0)cr1 at which the temperature
excess of a buoyant parcel at the condensation level is zero (∆cT = 0). At accepted atmosphere
parameters the value (d0)cr1 = 5.5

◦
C corresponds to the first critical value the dew point deficit. It

is to remind that the water vapor mass fraction vertical gradient is assumed to be less than critical
value b = 1 · 10−5 m−1 < bcr = 2 · 10−5 m−1, as at a condition b > bcr the atmosphere is unstable.
When d0 < (d0)cr1 temperature excess of a buoyant parcel at the condensation level will be positive;
this will promote the cloud convection development. If the air is not moist enough and d0 > (d0)cr1,
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it will be colder than the environment at the level of condensation; this will exclude the development
of cloud convection.

The same is the case with the critical value (d0)cr2, which determines the value of the upstream
velocity at the condensation level. At the abovementioned atmosphere parameters, the value (d0)cr2 =

21
◦
C corresponds to the second critical value of the dew point deficit. At d0 = (d0)cr2, the velocity

of upward flows at the condensation level is zero and the upper bound of the sub-cloud convection
coincides with the lower bound of the cloud convection. At d0 < (d0)cr2 wc > 0, i.e., at the condensation
level, there will be some positive upstream velocity, which will be the initial upstream velocity for
cloud convection.

Note that at (d0)cr1 < d0 < (d0)cr2, although the upstream velocity at the condensation level
is positive, the temperature excess of a buoyant parcel will be negative, that is, air is colder than
the environment. In this case the sub-cloud convection will influence the development of cloud
convection, but this influence will not be optimal. If d0 > (d0)cr2 (i.e., when the air is not moist enough),
then the sub-cloud convection does not reach the level of condensation and does not contribute
to the development of cloud convection. Therefore, the conditions presented in Figure 1c when
d0 = (d0)cr1 = 5.5

◦
C will be the most optimal case. In this case, although the temperature excess of a

buoyant parcel is equal to zero, the upstream velocity at the condensation level is highest.
In Section 5 a mathematical model of moist saturated air convection developed in [43] and called

in this paper “cloud convection” is presented. The analytical solution is obtained under the assumption
that the vertical gradient of moist saturated air temperature depends linearly on altitude (Equation
(34)). Unlike the convection of dry air and moist unsaturated air, the convection pattern of moist
saturated air is vertically asymmetrical. The level of maximal velocities zmax is not in the middle of the
convective cell, but in the upper half. It is shown that the level of cloud convection depends on the
values of the temperature excess of a buoyant parcel and the initial velocity at the condensation level.
These values are calculated using a sub-cloud convection model.

Thus, cloud convection depends on the parameters of the atmosphere at the level of condensation,
which in turn depend on the values of the atmospheric parameters at the near-surface layer. Figure 2
shows how the value of the dew point deficit near the ground surface affects the development of cloud
convection. The development of cloud convection is significantly affected by the vertical gradient of
the water vapor mass fraction in the ambient atmosphere.

Section 6 examines the possibilities of convection stimulation to create artificial convective clouds
and precipitation. It is shown that under the favorable conditions it is possible to successfully stimulate
the development of artificial convection, contributing to the development of cloud convection.

8. Conclusions

Based on the analytical solutions from [43,44] of the dry and moist saturated air convection
equations, and upon the analytical solution for the moist unsaturated air convection, the effects of the
atmosphere near-surface layers parameters on the development of the cloud convection have been
shown. The analytical expressions for the dew point deficits in the near-surface layer determining the
temperature excess of a buoyant parcel and rising flows velocities at the level of condensation have
been obtained. The value of the water vapor mass fraction has been shown to significantly affect the
development of the sub-cloud convection. It has been established that at the close to critical gradients
of the water vapor mass fraction the “explosive” growth of the convection cells in the sub-cloud layer
is observed. It has also been shown that the critical gradient of the water vapor mass fraction exists,
that promotes the development of the sub-cloud convection.

Hence, the findings from the proposed model agree with the experimental and theoretical data on
the effects of the moisture of the near-surface layer of atmosphere on the development of the convection.
The specificity of the proposed model is that, first, it deals with not only the absolute value of the
near-surface layer moisture, but also with the crucial role of the water vapor mass fraction gradient.
Moreover, the analysis is based upon the solution of the two-dimensional nonlinear convection model.
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The drawback of the proposed model is that it is stationary and does not account for the viscosity of
the air.
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