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Abstract: Lattice structures offer unique mechanical properties and versatility in engineer-
ing applications, yet existing designs often struggle to balance performance and material
efficiency. This study introduces the brachistochrone curve as a novel framework for op-
timizing lattice geometries, enhancing mechanical behavior while minimizing material
usage. Using finite element simulations and compressive testing of 3D-printed samples,
we analyzed the mechanical response of brachistochrone-based (B-) and standard lattice
structures (diamond, IWP, gyroid, and BCC). We investigated the scaling behavior of
the volume-to-surface area ratio, incorporated fractal dimension analysis, and compared
experimental and numerical results to evaluate the performance of B-lattices versus stan-
dard designs (S-). Our findings indicate that brachistochrone-inspired lattices enhance
mechanical efficiency, enabling the design of lightweight, high-strength components with
sustainable material use. Experimental results suggest that B-gyroid lattices exhibit lower
stiffness than S-gyroid lattices under small displacements, highlighting their potential for
energy absorption applications.

Keywords: lightweight structures; brachistochrone; lattice; additive manufacturing;
polymers; elastomers

1. Introduction
Additive manufacturing technologies, such as Fused Deposition Modeling (FDM),

Selective Laser Melting (SLM), and Stereolithography (SLA), enable the fabrication of
complex geometries, creating new opportunities for high-performance and innovative
designs. Integrating the brachistochrone curve into lattice structures leverages optimization
principles to enhance mechanical properties while reducing material usage—a critical factor
for sustainable engineering solutions. The brachistochrone curve, a classical problem in the
calculus of variations, defines the optimal path a particle follows under gravity to travel
between two points in the shortest time.

Lattice structures are ordered arrangements of repeating complex geometries, valued
for their lightweight nature and high surface area, making them essential across various
industries. In automotive [1] and heat transfer applications [2], they contribute to weight
reduction, lower carbon emissions, and improved fuel efficiency. Their impact absorption
capabilities also enhance the performance of lightweight protective gear [3–5]. Additionally,
in medical applications, lattice structures mimic the mechanical properties of natural
bone, improving implant and prosthetic integration for enhanced patient recovery [6–8].
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By incorporating the brachistochrone curve into lattice design, we aim to advance the
development of next-generation lightweight components [9–11].

Beyond structural applications, lattice architectures significantly enhance surface area,
a key factor in improving the efficiency and performance of advanced functional compo-
nents. In tissue engineering, they serve as scaffolds for cell growth and regeneration [12],
while in catalysis reactors, they optimize reaction kinetics and heat transfer [13]. In energy
storage, lattice structures improve battery performance and electrode durability [14–17].
Similarly, they contribute to the mechanical stability of solar panels [18,19] and enhance
desalination technologies by improving filtration efficiency and structural resilience [20,21].
Their high surface area also plays a crucial role in environmental purification and energy
storage applications [22]. In biomedical fields, lattice structures support cell growth, tissue
regeneration, and targeted drug delivery, making them valuable for regenerative medicine
and advanced therapeutic applications [23–26].

Higuchi’s numerical experiments established a relationship between the power-law
index and fractal dimension in time-series spectra [27,28], which can be extended to material
properties by analyzing their scaling behavior. The fractal dimension quantifies how
completely a fractal fills space as the scale changes, providing a measure of complexity and
detail variation across different scales. In this study, we use it to examine the self-similarity
and geometric complexity of lattice structures and their influence on mechanical properties,
including stress–strain distribution.

Lattice structures exhibit multi-scale behavior, where mechanical properties are gov-
erned by interactions at different length scales. Due to their fractal nature, these structures
demonstrate isotropic, self-similar, and multi-scale mechanical responses that follow power-
law relationships, which can be captured through mathematical fractal expressions. This
approach enables the prediction and optimization of mechanical properties across scales,
making it crucial for designing materials where nano- and micro-scale characteristics
significantly influence macro-scale performance [29–32].

Numerical simulations using finite element analysis (FEA) provide critical insights
into how the fractal nature of lattice structures influences their mechanical properties. By
simulating various lattice configurations under different loading conditions, stress–strain
distributions can be analyzed to identify optimal designs for specific applications. Under-
standing the relationship between fractal dimension and mechanical properties enables the
development of lightweight, strong, and resilient lattice structures—essential for aerospace,
automotive, and biomedical engineering, where high-performance components are re-
quired. By leveraging fractal dimensions, isotropy, and power-law scaling, lattice structures
can be optimized to create efficient, robust, and application-specific materials [33–35].

Previous studies have demonstrated the effectiveness of MATLAB’s Partial Differential
Equation (PDE) Toolbox in addressing complex material behaviors and optimizing lattice
structures for engineering applications [36–38]. In this study, we employ the finite element
method (FEM) through the PDE Toolbox to model lattice structures and analyze their
stress-displacement behavior. The PDE Toolbox’s capability to define intricate geometries
and material properties enables simulations that closely replicate real-world conditions,
improving the accuracy of predictive models and aiding in the optimization of lattice-
based designs.

This paper is structured as follows: Section 2 examines the power-law relationship
between the volume-to-surface area ratio in brachistochrone lattices. Comparisons with
standard lattice configurations highlight the impact of geometric complexity, integrating
fractal dimension analysis with simulation results to explore correlations with stress-
displacement distribution [39–44]. Section 3 details the three-dimensional lattice generation
process, including STL file creation for 3D printing, and evaluates mechanical performance
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through compressive testing and numerical simulations using the PDE Toolbox. This
section predicts mechanical responses under controlled loading conditions, integrating
experimental and computational analyses to provide a comprehensive assessment of lattice
behavior. Finally, Section 4 presents the conclusions, summarizing key findings, discussing
their implications for lattice structure optimization, and outlining future research directions.

2. Brachistochrone-Based TPMS Lattice Structures
The brachistochrone problem seeks the curve along which a particle travels between

two points in the shortest time under the influence of gravity. In this section, we adapt the
brachistochrone curve for use in lattice structures to explore their properties and mechanical
behavior in comparison to regular lattice designs.

The cycloid, the solution to the brachistochrone problem, is defined parametrically as:

x(θ) = r(θ − sin θ), (1)

y(θ) = r(1 − cos θ), (2)

where r is the radius of the generating circle, and θ is the angle of rotation of the rolling
circle. To construct a periodic function, the curve is mirrored across the x-axis, creating a
symmetric oscillation. The mirrored curve is given by:

xm(θ) = −r(θ − sin θ), (3)

ym(θ) = −r(1 − cos θ). (4)

This transformation produces a continuous and smooth curve that oscillates about
the x-axis, forming the basis for periodic lattice designs. Figure 1 illustrates (a) the brachis-
tochrone curve with its Fourier fit compared to the sin(x) term and (b) the derivative of the
brachistochrone curve alongside its Fourier fit.

(a) (b)

Figure 1. (a) Brachistochrone curve and its Fourier fit vs. sin(x) term; (b) Derivative of the brachis-
tochrone curve and its Fourier fit vs. the derivative of the sin(x) term.

To ensure the successful fabrication of lattice structures without defects or discon-
tinuities, smooth and continuous representation is critical. The Fourier series provides
such an approximation by expressing the brachistochrone curve as a sum of sine and
cosine functions:

f (x) = a0 +
∞

∑
n=1

(
an cos

(
2πnx

L

)
+ bn sin

(
2πnx

L

))
, (5)

where L is the period of the function, and an and bn are Fourier coefficients. This formulation
enables a smooth, periodic curve suitable for lattice applications.
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The Fourier series provides a simplified mathematical representation, making it highly
beneficial for computational applications where a continuous function is required to de-
scribe a periodic signal. In our study, a fifth-order Fourier series was sufficient to accu-
rately capture the essential features of the brachistochrone curve. The fit was evaluated
based on how well the series matched the actual data points, with higher-order terms
enhancing precision.

The equation representing the fitness of the brachistochrone curve using a Fourier
series is:

sin′(x) = b1 sin(x) + b2 sin(2x) + b3 sin(3x) + b4 sin(4x) + b5 sin(5x), (6)

where the coefficients are:
b1 = 1.104,

b2 = 0.01263,

b3 = 0.1408,

b4 = 0.0122,

b5 = 0.06373.

The modified cosine terms are given by:

cos′(x) = b1 sin
(

x +
π

2

)
+ b2 sin

(
2
(

x +
π

2

))
+ b3 sin

(
3
(

x +
π

2

))
+b4 sin

(
4
(

x +
π

2

))
+ b5 sin

(
5
(

x +
π

2

))
. (7)

Using these modified expressions, new lattice structures based on the brachistochrone
curve are created by replacing the terms sin(x) and cos(x) in the equations of Triply
Periodic Minimal Surfaces in Table 1 with sin′(x) and cos′(x), respectively. We designate
this modified configuration as the B-lattice, while the standard configuration is referred to
as the S-lattice.

Triply Periodic Minimal Surfaces (TPMS) are fascinating geometrical constructs that
exhibit intricate periodicity and minimal surface area, making them significant in vari-
ous fields, including materials science and engineering. Among the prominent TPMS
structures are the diamond, gyroid, and Skeletal Interlocking Wall Panel (Skeletal-IWP)
configurations. The diamond TPMS is characterized by its cubic symmetry, resembling the
atomic arrangement found in diamond crystals, with two interpenetrating networks that
provide remarkable mechanical strength and stability, making it an attractive option for
designing lightweight yet robust components [45]. In contrast, the gyroid TPMS showcases
an intricate, wave-like surface that creates a highly porous structure, allowing for isotropic
mechanical properties and making it ideal for applications such as filtration and scaffolds in
tissue engineering. Skeletal-IWPs feature smooth, interconnected frameworks that provide
superior specific strength and energy absorption compared to traditional porous materi-
als. The main Skeletal-IWP units utilize a body-centered cubic topology, characterized by
structural elements that converge at the center of the unit cell, facilitating effective load dis-
tribution and mechanical stability under axial forces. In contrast, secondary Skeletal-IWP
units are designed with an edge-centered cubic topology, where the structural components
are arranged along the symmetry axes of the cube’s faces. This difference in topology leads
to distinct mechanical behaviors when subjected to forces, highlighting the importance
of studying the cracking responses of both unit types. Investigating these structures not
only enhances the understanding of their mechanical properties but also broadens their
potential applications in civil engineering, where larger unit sizes are crucial for practical
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use [46–48]. To simplify terminology, we will refer to the secondary Skeletal-IWP as IWP
and the main Skeletal-IWP as BCC.

Table 1. Equations for various Triply Periodic Minimal Surfaces (TPMS).

Lattice Equation

Diamond sin(x) sin(y) sin(z) + sin(x) cos(y) cos(z) + cos(x) sin(y) cos(z) + cos(x) cos(y) sin(z) = C
Gyroid cos(x) sin(y) + cos(y) sin(z) + cos(z) sin(x) = C

BCC cos(2x) + cos(2y) + cos(2z)− 2[cos(x) cos(y) + cos(y) cos(z) + cos(z) cos(x)] = C
IWP 2[cos(x) cos(y) + cos(y) cos(z) + cos(z) cos(x)]− [cos(2x) + cos(2y) + cos(2z)] = C

By examining the relationship between the brachistochrone curve and lattice configura-
tions, we can identify the potential advantages of integrating this mathematical framework
into lattice design. In this study, we fit the derived brachistochrone curve using a Fourier series
to gain deeper insight into its properties and behavior in relation to these lattice structures.

The results presented in Figure 1 illustrate the brachistochrone curve and its Fourier
series representation. Figure 1a shows the brachistochrone curve (red) alongside its Fourier
fit (blue), demonstrating how accurately the series aligns with the actual data points.
Figure 1b presents the derivative of the brachistochrone curve and its Fourier fit compared
to the derivative of the sine function. A key observation is that the derivative of the
brachistochrone curve (blue line) has a steeper slope than the sine function derivative
(black line), particularly at x = 0, where the slope of the brachistochrone derivative is
much greater than one, while the sine function derivative is equal to one. This difference in
derivative behavior could significantly impact the mechanical properties and performance
of lattice structures derived from the brachistochrone curve.

Table 2a–d shows the TPMS unit cells for B-diamond, B-gyroid, B-BCC, and B-IWP lat-
tices, each with a size of 30 mm. The differences between S-lattices and their corresponding
B-lattices are illustrated in Table 2e–h, where the blue lattice represents the B-configuration
and the red lattice represents the S-configuration. The B-lattices exhibit distinct geometric
structures compared to traditional S-lattices, suggesting potential differences in mechan-
ical properties and performance. For instance, the B-diamond lattice shows thin-film
variations in its surface structure, while the B-BCC lattice has a larger volume than the
standard configuration.

Building on this foundation, the next section explores the computational analysis of
these newly derived lattices. We evaluated geometric properties such as volume, surface
area, and fractal dimension using advanced mathematical tools and simulations. These
analyses are critical for understanding the mechanical behavior and potential applications
of these innovative structures. Our study focuses on both B- and S-lattice geometries,
including gyroid, IWP, BCC, and diamond configurations.

2.1. Fractal Dimension

By employing the box-counting method, we calculated the fractal dimension (D f ),
which provides insights into the complexity and scaling behavior of TPMS structures.
The fractal dimension quantifies how the structural complexity scales with size and is
defined as:

D f = − lim
ϵ→0

log(N(ϵ))

log(ϵ)
, (8)

where N(ϵ) is the number of boxes required to cover the fractal, and ϵ is the size of the
boxes [49]. In our implementation, D f is calculated using:
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D f =
log(∑(OBJ(:) > 0))

log
(

1
ϵ

) , (9)

where ∑(OBJ(:) > 0) counts the positive voxels corresponding to the number of occu-
pied boxes, and ϵ represents the size of the box. This logarithmic ratio estimates the
fractal dimension.

Table 2. Blue solid representations of unit cells for B-diamond, B-gyroid, B-IWP, and B-BCC, along
with the purple STL models obtained by subtracting the S-lattice from their respective B-lattices. All
unit cells are 30 mm in size, with tick marks every 10 mm.

Diamond Gyroid IWP BCC

B-
la

tt
ic

e

(a) (b) (c) (d)

B-
su

bs
S-

la
tt

ic
e

(e) (f) (g) (h)

Figure 2 illustrates the relationship between the fractal dimension and the number
of cells for B- and S-diamond, IWP, gyroid, and BCC lattice structures. In Figure 2a, the
unit cell length is fixed at 3 mm, and box sizes of ϵ = 0.037 mm, 0.03 mm, and 0.25 mm
were used to balance computational accuracy and efficiency. The results show that the
fractal dimension remains relatively constant as the number of cells increases across all
lattice types.

(a) (b)

Figure 2. Fractal dimension as a function of number of cells for B- and S-diamond, IWP, gyroid, BCC.
(a) Length of unit cell is equal to 3 mm; (b) the length of lattice equal is equal to 30 mm.

In Figure 2b, the lattice length is set to 30 mm, and similar trends are observed. Increas-
ing the number of cells while maintaining the geometric arrangement does not significantly
alter the fractal dimension. This indicates that D f is a robust and scale-invariant property
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of these lattice structures, determined primarily by their intrinsic geometry rather than the
number of repeating units.

The fractal dimension serves as a reliable descriptor of the complexity and space-
filling properties of lattice architectures. Its scale-invariance implies that it reflects the
self-similarity of the pattern at different scales, making it an effective tool for characterizing
lattice structures regardless of their overall size.

2.2. Ratio Volume to Surface Area

Figure 3 illustrates the power-law relationship between the ratio of volume to surface
area and the number of cells for different lattice structures, with the lattice length fixed.
This comparison includes B- and S-lattices for diamond, IWP, gyroid, and BCC structures.
As the number of cells increases, this ratio decreases across all structures, following a
predictable power law.

Both B- and S-lattices adhere to this power law but exhibit different parameters. By
comparing their fit lines, we observe how B-structures influence thickness differently than S-
geometries. These trends are crucial for designing lattice structures with specific mechanical
properties, as they allow for predictions about how changes in cell number affect thickness,
strength, and flexibility. Notably, the power-law fits for the standard lattices—diamond,
IWP, gyroid, and BCC—show differences from their B-based counterparts, except for the
diamond lattice, where the power-law fit remains consistent between S- and B-lattices.

(a) (b)

Figure 3. Power-law relationship of the volume-to-surface area ratio as a function of the number of
cells, based on equations in Table 1 with C = 0 and ϵ = Lu/90. The lattice size is fixed at 30 mm for
configurations with 1, 8, 27, and 64 cells, corresponding to unit sizes of 30 mm, 15 mm, 10 mm, and
7.5 mm, respectively. (a) S-lattices: diamond, IWP, gyroid, and BCC. (b) B-lattices: diamond, IWP,
gyroid, and BCC.

Understanding the fractal dimension is essential, as it directly relates to the geometric
properties of TPMS structures, such as their surface area. The total surface area of a
TPMS structure is computed by iterating through each triangular face in the isosurface
representation. For each triangular face, the area is calculated using its vertices:

area =
1
2
∥v2 − v1∥ × ∥v3 − v1∥, (10)

where v1, v2, v3 are the coordinates of the triangle vertices. The total surface area is then
obtained by summing the areas of all triangular faces:

surface_area = ∑ area. (11)

This parameter is critical for understanding how TPMS structures interact with their
environment, particularly in applications such as filtration and catalysis. Figure 4 investi-
gates the surface area and volume of diamond, IWP, gyroid, and BCC lattice structures as
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a function of the number of cells. Figure 4a,b focus on scenarios where the length of the
unit cell remains constant across all lattice types, while Figure 4c,d explore cases where
the length of the lattice is fixed but the lengths of the unit cells vary. In Figure 4b,d, the
surface area increases with the number of cells, with B-lattices consistently showing equal
or larger surface areas compared to their S-lattice counterparts. Notably, B-diamond and
B-IWP lattices have the largest surface areas.

(a) (b)

(c) (d)

Figure 4. Volume and surface area as functions of the number of cells for B- and S-lattices: diamond,
IWP, gyroid, and BCC. (a,b) correspond to a unit cell length of 3 mm for configurations with 1, 8,
27, and 64 cells, with lattice sizes of 1, 2, 3 and 4 mm. (c,d) correspond to lattices with 1, 8, 27, and
64 cells, with unit cell lengths of 30, 15, 10 and 7.5 mm, respectively.

Figure 4a,c present the volume of the lattices. When the unit cell length is constant,
the volume increases linearly with the number of cells. However, when the lattice length is
fixed, the volume remains relatively stable across varying unit cell sizes [50–52]. Notably,
B- and S-diamond, as well as gyroid lattices, exhibit identical volumes under these condi-
tions. In contrast, S-IWP has the maximum volume, resulting in the lowest density, while
S-BCC has the minimum volume, leading to the highest density.

As shown in Figure 4a,c, the volume difference between the B-BCC and S-BCC lattices,
as well as between B-IWP and S-IWP lattices, is evident. The volume of a lattice structure
is primarily influenced by its geometry size, while the fractal dimension (Figure 2) is an
intrinsic property of the mathematical expression defining the lattice structure. Volume,
as a scale-dependent property, is directly influenced by the overall shape and spatial
arrangement of the geometric forms. Different geometries naturally lead to variations in
volume, even when the number of cells remains constant. In contrast, the fractal dimension
represents the fundamental, scale-invariant characteristics of the structure as defined by
its mathematical expression. Since this expression remains unchanged regardless of the
number of cells, the fractal dimension remains relatively stable, capturing the intrinsic
self-similar and space-filling nature of the lattice. This distinction explains why volume,
which is scale-dependent, is influenced by specific geometric and topological variations. In



Polymers 2025, 17, 654 9 of 21

contrast, the fractal dimension serves as a more fundamental descriptor of the structural
complexity of the lattice.

To further analyze geometric properties, Figure 5 focuses on BCC and IWP lattice
structures with a fixed unit cell size of 3 mm. This figure provides a detailed comparison
of surface area and the ratio of volume to surface area for these lattices as functions of the
number of cells and a constant C, with a fixed lattice parameter of ϵ = 0.075.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 5. Surface area and ratio of volume to surface area as functions of the number of cells and
constant C for S-lattices with ϵ = 0.075. (a) Surface area of BCC. (b) Surface area of IWP. (c) Ratio
of volume to surface area for BCC. (d) Ratio of volume to surface area for IWP. (e) Surface area of
B-BCC. (f) Surface area of B-IWP. (g) Ratio of volume to surface area for B-BCC. (h) Ratio of volume
to surface area for B-IWP. Unit cell size is fixed at 3 mm.

Figure 5a,b illustrate the surface area for BCC and IWP. The surface area increases
with the number of cells, and IWP consistently exhibited larger surface areas than BCC.
This trend highlights the impact of IWP’s geometric configuration on surface area, which
may influence its physical properties. Additionally, increasing C reduces the surface area
for both lattices.

Figure 5c,d examine the volume to surface area ratio, providing insights into structural
efficiency. This ratio increases with the number of cells and C, emphasizing how geometric
parameters affect the performance characteristics of these lattice structures.

3. Experimental Measurements and Numerical Results
This section outlines the computational approach used for the generation of STL files

and manufacturing of lattice structures, detailing the MATLAB-based workflow for creating
intricate geometries suitable for additive SLA manufacturing.
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3.1. Manufacturing of Lattice Structures for Compressive Test

First, the lattice structures were generated using a MATLAB R2024b (MathWorks
Inc., Natick, NA, USA) script that computes the geometric configurations of the B- and
S- lattice types. The process involved defining a mesh grid and calculating isosurfaces
for the specified lattice equations listed in Table 1. The isosurface and isocaps functions
were used to extract 3D isosurfaces from the computed lattice data, creating a mesh that
accurately represents each lattice structure. These functions were applied to both B- and
S- lattices to generate the corresponding STL files. The resulting meshes were exported
to STL format using the stlwrite function, ensuring compatibility with most 3D printers.
This approach allowed precise control over geometric parameters, enabling the generation
of detailed STL files for each lattice type. The flexibility of this framework facilitates the
exploration of various lattice configurations while ensuring reproducibility.

The STL files were processed using PreForm 3.44.2 software with Elastic 50A Resin V1
for additive manufacturing on a FormLabs Form 3 printer. The lattices were printed
using the recommended parameters: 100 µm layer thickness and 1 s exposure time.
Post-processing involved washing the printed lattices in an isopropyl alcohol bath for
10 min, followed by post-curing at 60 ◦C for another 10 min. Diamond and gyroid S- and
B-lattices with 8- and 27-cell configurations were fabricated. Figure 6 presents the
3D-printed samples of B- and S-diamond and gyroid lattice structures, along with the
experimental setup. Figure 6a displays the B-diamond and S-diamond lattices with 8 and
27 cells, while Figure 6b shows the B-gyroid and S-gyroid lattices with the same configura-
tions. These samples were subjected to compressive tests using a Universal Testing Machine
(Instron, Norwood, MA, USA) at a speed of 5 mm/min to obtain force-versus-displacement
data. Figure 6c illustrates the compressive testing setup for the printed lattice samples
using the Universal Testing Machine. The experimental results were later compared with
simulation data to assess the performance and accuracy of the computational models.

(a)

(b)

(c)

Figure 6. (a) B- and S-diamond printed lattices with 8 and 27 cells, (b) B- and S- gyroid printed lattices
with 8 and 27 cells, (c) compressive tests using a Uniaxial Test Machine.

Figure 7 presents the displacement versus compressive force results for S- and
B-diamond and gyroid lattices. As observed, there is no significant difference between the
B- and S-diamond lattices, consistent with our earlier findings showing that the power-law
fit for standard and B-diamond lattices remains consistent when lattice length is fixed. The
power-law fit accurately captures the mechanical properties of these lattices, providing
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reliable predictions and facilitating comparisons. Figure 7c,d present the displacement
versus compressive force results for S- and B-gyroid lattice structures, with C = 0. The
force was applied to the upper faces in the z-direction, while the lower faces were fixed.
These results were obtained from experimental tests conducted on three printed samples of
each configuration.

(a) (b)

(c) (d)

Figure 7. Displacement versus compressive force for S- and B-diamond and gyroid lattices with
C = 0. The force was applied to the upper faces in the z-direction, while the lower faces were fixed.
(a) S- and B-diamond lattices with 8 cells, unit cell size 15 mm. (b) S- and B-diamond lattices with
27 cells, unit cell size 10 mm. (c) S- and B-gyroid lattices with 8 cells, unit cell size 15 mm. (d) S- and
B-gyroid lattices with 27 cells, unit cell size 10 mm.

The results indicate that increasing the number of cells and reducing the cell size
improves the mechanical performance of the gyroid lattice, as evidenced by a decrease in
the required compressive force. Specifically, the 27-cell configuration exhibits a smaller com-
pressive force compared to the 8-cell configuration, highlighting the benefits of increased
cell density. A comparison between B- and S-gyroid lattices reveals notable differences
in mechanical properties due to geometric variations. The compressive force at certain
displacements is greater for the S-gyroid compared to the B-gyroid. This difference is
attributed to the geometric alterations in the B-gyroid, which influence how the structure
distributes and withstands applied forces. The S-gyroid’s higher compressive force indi-
cates greater stiffness, making it suitable for structural applications requiring rigidity and
resistance to deformation, such as supporting heavy loads. Conversely, the B-gyroid, with
lower compressive forces at equivalent displacements, offers greater flexibility and energy
absorption. This makes it advantageous for applications requiring impact resistance or
shock absorption, such as protective components or cushioning systems. Additionally,
the altered geometry of the B-gyroid contributes to potential weight reduction, which is
beneficial in transportation industries like aerospace and automotive, where minimizing
weight is critical.

3.2. Numerical Simulation via Finite Element Method

In this study, we utilized the MATLAB Partial Differential Equation (PDE) Toolbox
to analyze the mechanical behavior of lattice structures under applied displacement. The
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primary objective was to compute displacement and Von Mises stress in response to specific
loading conditions. The PDE Toolbox enables precise modeling of stress and displacement
distributions, allowing us to simulate real-world conditions. By restricting the analysis
to small displacements, the material’s response can be accurately described by a linear
elastic constitutive model and avoiding the need to capture complex nonlinear behavior
for small displacement assumption. Boundary conditions consistent with the experimental
setup were applied, with displacement imposed on the upper faces and the lower faces
fixed. This approach facilitated controlled predictions of mechanical responses under
defined loading scenarios. Elastic resin 50A was selected as the material for this study, with
mechanical properties characterized by a Young’s modulus of 2.6 MPa and a Poisson’s
ratio of 0.4 [53]. The Von Mises stress was used as a theoretical metric to assess mechanical
performance under compressive loading. Although primarily associated with metals, this
metric is applicable to polymers like elastic resin 50A, particularly when they exhibit ductile
characteristics. Evaluating Von Mises stress provided critical insights into the yield behavior
of the material, informing design decisions and material selection [54–56]. The simulation
process began with importing 3D models of S- and B-diamond structures consisting of
8 and 27 cells, with cell sizes of 15 mm and 10 mm, respectively. The PDE Toolbox allowed
for defining complex geometries and material properties, facilitating the generation of
finite element meshes composed of quadratic tetrahedral elements. These elements are
particularly effective for 3D analyses, as they adapt to intricate geometries and provide
accurate representations of structural characteristics. A high-resolution quadratic element
formulation was used to ensure mesh quality and result accuracy.

The choice of element type and mesh density in finite element analysis (FEA) signifi-
cantly influences the accuracy of stress distribution predictions in lattices. Furthermore,
mesh density plays a crucial role in enhancing accuracy; however, the findings indicate
that increasing the resolution beyond a certain threshold—specifically, using a mesh size
of Lu/90, where Lu is the length of the unit cell—does not result in significant improve-
ments in predictive accuracy for small displacements, as nonlinear effects are suppressed in
this regime [57].

After mesh generation, a FEM model was employed to solve the governing Partial
Differential Equations for structural mechanics. The simulations computed deformation,
stress, and strain distributions within the lattice structures under compressive displacement
applied in the negative z-direction to the upper surfaces. These results provided valuable
insights into the mechanical performance of B- and S-lattices, highlighting the distinct
behaviors resulting from their geometric configurations.

3.2.1. Diamond Lattice Structures

Given the substantial surface area of the diamond lattice, we began by examining
the simulation and experimental analysis of mechanical behavior in B- and S-diamond
lattice structures. Figure 8 presents the mechanical behavior of B- and S-diamond lattice
structures under applied displacement. Figure 8a,b display the z-direction displacement
for B-diamond lattices with 8 and 27 cells, respectively. The color gradient indicates
the magnitude of displacement, revealing deformation patterns under load. Figure 8c,d
illustrate the Von Mises stress distribution for these B-diamond lattices, with zoomed views
of the xz-plane, highlighting areas of high stress concentration.

In the lower row, Figure 8e,f show the z-direction displacement for S-diamond lat-
tices with 8 and 27 cells, while Figure 8g,h depict their Von Mises stress distribution.
The comparison reveals differences in displacement and stress patterns between B- and
S-diamond lattices, emphasizing the impact of geometric variations. The number of cells
(8 vs. 27) influences both displacement and stress distribution, significantly affecting the
mechanical response under identical loading conditions.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 8. Von Mises stress and z-displacement for B-diamond (upper row) and S-diamond (lower
row) lattices. The models consist of two configurations: 8 cells (15 mm each, ϵ = 0.36 mm) and
27 cells (10 mm each, ϵ = 0.24 mm). The analysis assumes C = 0, a z-displacement of −3 mm, a
Young’s modulus of 2.6 MPa, and a Poisson’s ratio of 0.4. (a,b) z-displacement for B-diamond lattices;
(c,d) Von Mises stress for B-diamond lattices; (e,f) z-displacement for S-diamond lattices; (g,h) Von
Mises stress for S-diamond lattices.

To validate the simulation results, Figure 9 compares displacement versus compressive
force for B- and S-diamond lattices. The comparison evaluates the accuracy of the simula-
tion model in predicting mechanical behavior under load. By analyzing relative errors at
various displacements for configurations with 8 and 27 cells, the alignment between simu-
lated and experimental data is assessed. The comparison indicates that both lattice types
exhibit similar mechanical behavior, with simulations closely aligning with experimental re-
sults, particularly for 27-cell configurations. This analysis underscores the reliability of the
simulation methodology and provides valuable insights into the mechanical performance
of these structures for practical applications.

(a) (b)

Figure 9. Cont.
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(c) (d)

Figure 9. Comparison of simulated and experimental data for displacement versus compressive force
for B- and S-diamond lattices with C = 0, a Young’s modulus of 2.6 MPa, and a Poisson’s ratio of
0.4. A force is applied to the upper faces in the z-direction, while the lower faces are fixed. (a,b) The
8-cell configurations for S-diamond and B-diamond, respectively. (c,d) The 27-cell configurations for
S-diamond and B-diamond, respectively.

3.2.2. Gyroid Lattice Structures

In this section, we extend our analysis to gyroid lattice structures, comparing B-gyroid
and S-gyroid lattices. As depicted in Figure 4, B-gyroid lattices exhibit a larger surface area
compared to their S-gyroid counterparts, suggesting potential differences in mechanical
performance due to their distinct geometric configurations. To explore these differences, we
conducted a comprehensive analysis of the mechanical behavior of gyroid structures under
applied loads. This included both simulation and experimental approaches to evaluate the
impact of the brachistochrone transformation on gyroid lattice performance. Simulations
were performed to compute displacement and Von Mises stress for both configurations,
using geometric models consistent with previous analyses. Experimental validation was
carried out using 3D-printed gyroid samples fabricated with Elastic 50A resin and processed
under identical conditions to the diamond lattices. Compressive tests measured the force-
displacement response of the gyroid structures, enabling a direct comparison between
B- and S-gyroid configurations.

Figure 10 displays the results of numerical simulations for B-gyroid (top row) and
S-gyroid (bottom row) lattice structures. Figure 10a,b show z-displacement for B-gyroid
lattices with 8 and 27 cells, respectively, with a color gradient indicating deformation under
load. Figure 10c,d present the Von Mises stress distribution for these configurations, high-
lighting high-stress concentration areas. Similarly, Figure 10e,f illustrate z-displacement
for S-gyroid lattices with 8 and 27 cells, while Figure 10g,h display their Von Mises stress
distribution. Observations reveal that B-gyroid lattices exhibit different deformation and
stress distribution patterns compared to S-gyroid lattices, likely due to geometric vari-
ations. These differences highlight the potential for tailored mechanical properties in
B-lattice designs.

Figure 11 compares displacement versus compressive force for B- and S-gyroid lattice
structures, incorporating both experimental and simulation data. The close alignment
between simulation and experimental results demonstrates the accuracy of the computa-
tional model in predicting the mechanical behavior of gyroid lattices. This efficiency is
crucial for optimizing lattice designs, enabling reliable predictions of mechanical properties
without extensive physical testing. By capturing key characteristics of B- and S-gyroid
configurations, the simulation provides a valuable tool for material design, saving time
and resources.
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(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 10. Numerical simulation results for B-gyroid (top row, a–d) and S-gyroid (bottom row,
e–h) lattices. The study includes two configurations: 8 cells (15 mm each, ϵ = 0.36 mm) and
27 cells (10 mm each, ϵ = 0.24 mm). The analysis assumes C = 0, z-displacement of −3 mm, a
Young’s modulus of 2.6 MPa, and a Poisson’s ratio of 0.4. Results are presented as z-displacement for
(a,e) 8 cells and (b,f) 27 cells; Von Mises stress for (c,g) 8 cells and (d,h) 27 cells.

(a) (b)

(c) (d)

Figure 11. Comparison of simulated and experimental data for displacement versus compressive
force for B- and S-gyroid lattices, with C = 0, a Young’s modulus of 2.6 MPa, and a Poisson’s ratio of
0.4. A force is applied to the upper faces in the z-direction, while the lower faces are fixed. (a,b) 8-cell
configurations for S-gyroid and B-gyroid, respectively; (c,d) 27-cell configurations for S-gyroid and
B-gyroid, respectively.

3.2.3. Results Discussion

Comparing experimental data and numerical simulations for S- and B-diamond and
gyroid lattices, we observe no significant difference between B- and S-diamond lattices.
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This finding aligns with the power-law fit for both standard and B-diamond lattices when
the lattice length was fixed. The power-law model accurately captures the geometrical
properties of these structures. For S- and B-gyroid lattices, displacement versus compres-
sive force data was obtained with the force applied to the upper faces in the z-direction
while the lower faces were fixed. The results indicate that increasing the number of cells
(i.e., reducing cell size while maintaining a fixed equivalent volume of 30 × 30 × 30 mm)
enhances the mechanical performance of gyroid lattices, as a higher compressive force is
required to achieve a specific displacement. A direct comparison between B- and S-gyroid
lattices reveals notable differences in mechanical properties due to geometric variations.
In particular, for displacements ranging from 4 to 10 mm, the S-gyroid lattice exhibits
higher compressive force than the B-gyroid, indicating greater stiffness. This suggests
that S-gyroid lattices are better suited for structural applications requiring rigidity and
resistance to deformation, such as load-bearing components. In contrast, the B-gyroid
lattice, which experiences lower compressive forces at equivalent displacements, provides
greater flexibility and energy absorption, making it ideal for impact-resistant applications
such as protective gear or cushioning systems. Furthermore, the altered geometry of the
B-gyroid contributes to a possible weight reduction, which is beneficial in various engineer-
ing applications.

To further assess the accuracy of the numerical simulations, Figure 12 presents the
relative error values between experimental averages and finite element simulation re-
sults. Notably, the gyroid lattices exhibit lower relative error than the diamond lattices in
both 8- and 27-cell configurations, indicating better agreement between experimental and
simulation results.

Manufacturing imperfections, such as layers misalignment or voids, can occur during
the 3D printing process of the lattice structures. These imperfections can affect their mechan-
ical behavior under both quasi-static and dynamic loads, leading to differences between the
experimental and numerical results. The presence of manufacturing defects can introduce
local stress concentrations, alter the load transfer mechanisms within the lattice, and change
the overall deformation and failure modes of the structure. Therefore, the error between
the experimental and numerical results on the mechanical performance of the 3D-printed
lattices could be partially attributed to the influence of manufacturing imperfections.

To further understand the impact of geometry on mechanical performance, we ana-
lyzed the Von Mises stress distribution for B- and S-diamond and gyroid lattices with 8 and
27 cells, maintaining a constant lattice length of 30 mm. Figure 13 presents histograms of
Von Mises stress values for these structures under a z-displacement of −3 mm. The his-
tograms reveal distinct stress distributions for each configuration, highlighting the influence
of geometry and cell size on mechanical behavior. For the diamond lattices, the histograms
show a clear peak around 0.1–0.2 MPa for both 8- and 27-cell configurations, indicating
that most Von Mises stress values fall within this range. In contrast, the gyroid lattices
display peaks around 0.05–0.15 MPa, with extended tails indicating a higher frequency of
regions experiencing very high stress levels. The differences in stress distribution have sig-
nificant implications for mechanical performance. The diamond structures exhibit shorter
tail distributions, suggesting fewer regions with high stress concentrations and a lower
likelihood of localized failure. Conversely, the gyroid structures show longer and more
pronounced tails, indicating a greater risk of high-stress regions that could lead to material
failure under certain loading conditions. The choice of structural design also impacts stress
concentration and distribution. The B-diamond structure exhibits a broader range of Von
Mises stress values compared to the S-diamond structure, as seen in Figure 13a,b. Similarly,
the B-gyroid structures show distinct stress distribution patterns compared to their S-gyroid
counterparts, as illustrated in Figure 13c,d. These results suggest that B-structures have
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potential advantages in applications requiring tailored stress responses. The differences
between the 8- and 27-cell configurations further highlight the role of cell size in mechanical
behavior. Smaller cell sizes (27-cell configuration) result in more uniform stress distribu-
tions, reducing localized stress concentrations. However, this comes at the cost of slightly
higher stress magnitudes in certain regions. Understanding these trade-offs is critical
for selecting the appropriate lattice structure for specific applications, where minimizing
high-stress regions and ensuring long-term performance are key considerations.

Figure 12. Relative error for B- and S-diamond and gyroid lattices with 8 and 27 cells. The error
represents the difference between experimental averages and finite element simulation results.

(a) (b)

(c) (d)

Figure 13. Histograms of Von Mises stress obtained from simulations with C = 0, Young’s modulus
2.6 MPa, and Poisson’s ratio 0.4. A z-displacement of −3 mm is applied to the upper faces, with the
lower faces fixed. (a) S- and B-diamond lattices with 8 cells (Lu = 15 mm). (b) S- and B-diamond
lattices with 27 cells (Lu = 10 mm). (c) S- and B-gyroid lattices with 8 cells (Lu = 15 mm). (d) S- and
B-gyroid lattices with 27 cells (Lu = 10 mm).
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4. Conclusions
This study highlights the potential of utilizing the brachistochrone curve in lattice

structure design, offering advancements in mechanical performance and material efficiency.
The B-lattice exhibits distinct advantages, including increased surface area and altered
stress distributions, making it suitable for diverse applications.

The brachistochrone curve introduces subtle changes in the surface topology and
curvature of the lattice structures compared to their standard counterparts. No buckling was
observed due to the introduction of the brachistochrone curve. Nonetheless, compressive
tests were performed under small displacements in the elastic regime and further research
may explore the mechanical stability of these novel architectures.

The larger surface area of B-lattices enhances functionalities in several potential engi-
neering applications such as catalysis, energy storage, and thermal management, facilitating
faster reaction rates, improved charge–discharge kinetics, and efficient heat dissipation.
In filtration and separation processes, B-lattices improve particle filtration and through-
put, addressing challenges in clean water and air purification. Furthermore, their poten-
tial for supporting cell growth in tissue engineering scaffolds makes them valuable in
regenerative medicine.

Comparisons of Von Mises stress revealed that B-lattices redistribute stress differently
than standard lattices, suggesting applications in impact resistance and energy absorption.
While B- and S-diamond lattices show similar mechanical behavior under compressive
loads, B-gyroid lattices demonstrate enhanced flexibility and energy absorption, contrasting
with the stiffness of S-gyroid lattices, which is advantageous for load-bearing applications.

The findings also reveal key differences in lattice structures like IWP and BCC. The
IWP’s low density make it ideal for aerospace and automotive industries, while the BCC’s
high density provides robustness for environments demanding durability. The power
law fit for both B- and S-lattices ensures accurate predictions, aiding in material opti-
mization. While this work offers significant insights into the mechanical properties of
B-lattices, future research should address nonlinear material behavior and large displace-
ment effects to improve simulation accuracy and expand their applicability in advanced
engineering applications.

While this study provides valuable insights into B-lattice mechanical performance,
further exploration is needed to understand the effects of geometric perturbations, non-
uniform cell distributions, and functional material gradients on stress localization. Cur-
rently, no parametric models predict these influences, and numerical simulations, though
useful, require fine mesh refinement and nonlinear constitutive modeling, making them
computationally demanding. Experimental techniques with Digital Image Correlation
(DIC), help capture strain and stress distributions but are limited to exposed surfaces.
Future research should integrate experimental, mathematical modeling and computational
approaches to develop predictive models that account for both non-uniform lattice struc-
tures and material property gradients. Additionally, future studies should explore the
effects of oblique loading conditions, the role of symmetry in anisotropic deformation,
and geometric modifications at lattice–cell boundaries to mitigate localized stress concen-
trations and enhance mechanical performance. The introduction of functional material
gradients, such as spatially varying Young’s modulus or Poisson’s ratio, could provide
tailored mechanical responses and optimize structural efficiency. Investigating the impact
of manufacturing imperfections, including layer misalignments and voids, is also crucial for
understanding real-world performance deviations. Lastly, incorporating advanced material
models, such as plasticity and hyperelasticity, will improve the accuracy of predictions in
high-strain rate conditions and large deformation scenarios. These future research direc-
tions will be instrumental in refining the design and optimization of B-lattices, expanding
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their applicability to multi-functional engineering structures, impact-resistant components,
and functionally graded materials.
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