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Abstract: In this work, the viscoelastic behavior of high-density polyethylene (HDPE) and
polypropylene (PP) was studied through stress relaxation experiments conducted at differ-
ent strain levels. The main objective was to evaluate classical, fractional, and conformable
derivatives to analyze molecular mobility, using statistical methods to identify the most
accurate representation of the viscoelastic response. Besides the coefficient of determination
(R?), the average absolute deviation (AAD) and mean squared error (MSE) were used as
evaluation metrics, along with a multivariate analysis of variance (MANOVA) and the
response surface methodology (RSM) to optimize the correspondence between experimen-
tal data and model predictions. The findings demonstrate that the spring-pot, Fractional
Maxwell (FMM), Fractional Voigt-Kelvin (FVKM), and Kohlrausch-Williams-Watts (KWW)
models effectively describe stress relaxation under statistical criteria. However, a joint
analysis using RSM revealed that the choice of mathematical model significantly influences
the outcomes. The FVKM was identified as the most effective for HDPE, while the KWW
model best characterized PP. These results highlight the importance of optimization tools
in advancing the characterization of polymer viscoelasticity. The ability to select the most
accurate models for HDPE and PP under varying conditions can directly improve the
performance and durability of products in critical industrial sectors such as packaging,
automotive, and medical devices, where long-term mechanical behavior is crucial. By
offering a framework adaptable to other materials and modeling approaches, this work pro-
vides valuable insights for optimizing polymer processing, improving product design, and
enhancing the reliability of polymer-based components in a range of industrial applications.

Keywords: fractional calculus; stress relaxation; viscoelasticity; polypropylene; polyethylene

1. Introduction

Polyolefins are synthetic polymers that have an extensive market at an industrial
level. Today, many applications derived from the mechanical point of view are associ-
ated with those where structural, lightweight support and vibration-damping capacity are
required. Polypropylene (PP) and polyethylene (PE) are two polyolefins that represent
approximately 50% of global production and have a range of industrial applications, from
packaging to automotive and aeronautical components [1,2]. The mechanical properties
of PP and PE play an important role in the performance and suitability of their respective
applications. The design and development of new polymeric materials require the study
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of viscoelastic behavior and relaxation phenomena. To follow the dynamics of relaxation
phenomena, macroscopic properties such as mechanical, electrical, and thermal are moni-
tored in time (frequency) or temperature domains. The evolution of these properties gives
us information about specific molecular mobility and enhances our understanding of the
structure—property relationship for polymers. The most frequently used experimental
techniques for this purpose are dynamic mechanical analysis (DMA), dynamic electrical
analysis (DEA), thermally stimulated discharge currents (TSDCs), and nuclear magnetic
resonance (NMR) [3-6]. Although such techniques can provide valuable information about
relaxation phenomena, polymer dynamics are complex and possess memory effects, often
requiring the use of mathematical models to interpret experimental data.

From the rheological point of view, creep, stress relaxation, and DMA are the principal
tests used to study the molecular mobility of polymeric materials [7-9]. Thus, the analysis
of data obtained from rheological tests can be carried out through analogous mechanical
models based on springs and dashpots. Constitutive equations are obtained to describe
the stress—strain relationships, and differential equations of integer order can be used with
the classical models of Maxwell, Voigt-Kelvin, Zener, and Burgers [10-13]. This generates
significant deviations between theoretical predictions and experimental results, giving
rise to errors reflected in the design of products and components. An alternative is using
generalized models (parallel or series associations) to minimize the error, providing a
better description of experimental results. Although this approach is commonly used
in numerical simulation software, these programs can generate many parameters with
complex physical interpretation. For this purpose, the use of fractional derivatives is
justified as an innovative tool.

Fractional calculus is a powerful mathematical tool since it extends the integer order
of derivatives and integrals to arbitrary orders (fractions, irrational, and complex num-
bers) [14,15]. This tool provides a deeper description of materials behavior, particularly in
cases involving anomalous relaxation, time-dependent phenomena, and fractal structures.
The fractional derivative is considered a nonlocal operator and has advantages related to
describing complex systems with memory and hereditary properties. Several definitions
are proposed to describe physical systems, including Riemann-Liouville, Caputo, Weyl,
Griinwald-Letnikov, Caputo-Fabrizio, and Atangana—Baleanu [16-18]. However, due to
the lack of a clear physical and geometric interpretation of the fractional derivative, some
sectors of the scientific community do not accept it well enough.

Several authors have worked on this subject; for example, Podlubny developed an
approach suggesting a physical interpretation of fractional integration and fractional dif-
ferentiation based on the use of cosmic and individual times [19]. Moshrefi-Torbati and
Hammond have shown that the order of a fractional derivative represents the rate at which
some energy has been lost in a system, while the order of a fractional integral indicates
the amount of energy still present or preserved [20]. Du et al. demonstrated that the
physical meaning of fractional order can serve as an index of memory for describing mem-
ory phenomena [21]. More recently, Ruby and Mandal presented an interesting physical
interpretation of fractional derivatives in terms of fractional divergence [22]. Regarding
polymer viscoelasticity, Reyes-Melo et al. and Renteria-Baltiérrez et al. established a close
relationship between fractional order and molecular mobility for mechanical and electrical
relaxation phenomena [3,4,15,23-25].

There are several reports on modeling viscoelastic behavior in thermoplastics and
thermosets. However, choosing the optimal model remains a challenge as the accuracy of
predictions can vary significantly depending on deformation and temperature conditions.
To address this issue, the use of advanced statistical methods, such as multivariate analysis
of variance (MANOVA) and response surface methodology (RSM), has become increasingly
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widespread. For instance, Mameri et al. [26] optimized the preparation of HDPE specimens
using RSM, minimizing damage during machining and improving mechanical property
characterization. Their study highlighted significant differences in tensile properties be-
tween pipe layers, attributed to variations in crystallinity. Moreover, MANOVA has been
used to analyze the effects of multiple factors on the mechanical and viscoelastic properties
of polymers, helping identify the most influential parameters under varying conditions [27].
These techniques enable a more robust optimization of the correlation between experi-
mental data and model predictions, allowing the evaluation of model accuracy through
metrics like the coefficient of determination (R?), mean squared error (MSE), and average
absolute deviation (AAD) [28]. Furthermore, statistical analysis aids in identifying the most
suitable model for different operational conditions, which is crucial for tailoring polymer
performance to specific industrial applications [29]. Despite these advancements, there is
still limited consensus on the most effective methodology for characterizing materials such
as HDPE and PP across a broad range of conditions. This work aims to fill this gap by com-
paring several mathematical approaches and leveraging statistical tools to optimize model
selection, offering a more accurate and reliable characterization of polymer viscoelasticity.
In this sense, we evaluate the viscoelastic behavior of two commercial polyolefins, HDPE
and PP, through stress relaxation experiments under different strain steps. The principal ob-
jective is to compare three derivative definitions—classical, fractional, and conformable—to
analyze viscoelastic models and employ statistical analysis to describe the best viscoelastic
response. The following summarizes the rest of this paper: Section 2 introduces the clas-
sical and fractional viscoelastic models for modeling stress relaxation; Section 3 presents
the experimental methodology; Section 4 presents the results and discussions about the
modeling of stress relaxation; and finally, Section 5 reports the conclusions.

2. Fractional Viscoelastic Models

From a mechanical point of view, viscoelasticity represents an intermediate behavior
between an ideal elastic solid and a pure viscous liquid, manifested in materials such as
polymers, rubbers, fibers, tissues, and cells, among others [30-33]. Regarding polymer
behavior, this results in properties that are a function of time due to their complex structure
and morphology. The polymeric structure formed by long chains consists of a large number
of repetitive units where covalent bonds prevail. Due to predominant bonding and inter-
and intra-molecular interactions, structural conformations and rearrangements occur, man-
ifesting in different types of molecular mobility: local motions and rotations of chemical
groups, side groups and segmental motion, and chain slippage [4,34-36]. Polymers exhibit
a characteristic morphology, which typically results in semicrystalline or amorphous states.
A semicrystalline polymer consists of an intimate mixture of amorphous and crystalline
phases. The amorphous phase lacks long-range order and is far from thermodynamic equi-
librium, resulting in relaxation phenomena [24,37]. When these two phases are subjected to
a mechanical stimulus, they exhibit two different mechanical responses with a characteristic
relaxation time, producing complex viscoelastic behavior. This behavior can be analyzed
using mechanical tests such as creep, stress relaxation, and DMA.

The creep test involves monitoring the strain € over time ¢ when a constant stress
o acts on the material, while the stress relaxation test consists of monitoring the stress
o over time t when a constant strain € acts on the material. The compliance function
J(t) is used to analyze the response of the creep experiment, while the relaxation func-
tion E(t) is employed to study the stress relaxation response. Through hereditary inte-
grals, shown in Equations (1) and (2), the theory of linear viscoelasticity predicts that it
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is possible to establish a relationship between the functions J(t) and E(t), which are not
inversely proportional.

£ /
o(t) = /E(t— t') dfi(tt,)dt’ (1)
0
£ !
e(t) :/](t—t’) d(;gf)dt’ )
0

As previously mentioned, creep and stress relaxation tests are used to characterize
viscoelastic behavior in the time domain. However, in most cases, long-term measurements
are required to obtain a complete viscoelastic response. For this reason, the temperature
factor is introduced through the principle of time—temperature superposition, where it is
possible to obtain information on a broad spectrum of time (frequency) and temperature to
construct master curves [38—40]. A disadvantage of these techniques is the complexity of
separating the elastic component from the viscous component, which leads to the use of
analogous mechanical models based on springs and dashpots. An ideal elastic material is
described by a Hookean spring, as shown in Equation (3):

o(t) = EDPe(t) (©)

where E is the elastic modulus and DY¢(t) is a derivative of order zero. Conversely, an ideal
viscous material is described by a Newtonian dashpot, as shown in Equation (4):

o(t) = nDfe(t) (4)

In this equation, 7 is the viscosity of the material and D}e(t) is the shear rate (strain
time derivative). Equations (3) and (4) are linear and based on integer-order operators.
Consequently, combining these two constitutive elements should represent the viscoelastic
behavior of polymers. There is a common practice of combining springs and dashpots,
resulting in differential equations that tend to explain the intermediate rheological behavior
between an elastic solid and a viscous liquid. The Maxwell and Voigt-Kelvin models are
used to describe the viscoelastic response of polymeric materials as a first approximation.
The Maxwell model consists of a series arrangement of a spring and a dashpot, while the
Voigt-Kelvin model consists of a parallel arrangement of a spring and a dashpot. This is
based on the premise that both elements and properties manifest themselves on different
time scales. To represent an intermediate behavior between elasticity and viscosity, Scott-
Blair proposed the use of a new rheological element that interpolates between a solid and
liquid behavior, which Koeller later named a spring-pot, as shown in Figure 1 [41-43].

Several authors have shown that the differential equation governing the spring-pot
element (SP), as shown in Equation (5), can be physically obtained using hierarchical
combinations of springs and dashpots [44—46].

o(t) = ET*Dye(t) )

The relaxation time is defined as T = #/E, referring to the adjustment to new equi-
librium conditions in the polymer when an external variable is modified. Df¢(f) is the
fractional derivative under the Caputo definition, as shown in Equation (6).

relt) = gy | ek ©

n— ‘X)O (t o g)nthxfl
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:

o(t) = ET°De(t)  o(t) = ET'Dle(t)
a(t) = Ee(t) a(t) =nDte(t)

Figure 1. Spring-pot fractional element. When the fractional order a = 0 the behavior corresponds
to spring element (Hooke’s law), and when a = 1 the behavior corresponds to dashpot element
(Newton's law).

The Euler gamma function is represented by I'(x), a is the fractional order that takes
values between n — 1 < & < 1, § is an integration variable, and €" is the derivative of order
n. The Caputo derivative presents a power-law kernel. In this definition, the derivative of
a constant is zero (unlike the Riemann-Liouville case). When used in fractional differential
equations, the initial conditions correspond to what is physically measured, which is the
reason to be applied in physics and engineering. For a fractional order & = 0, the spring-pot
behaves like a Hookean material, and if « = 1, the element produces Newtonian behavior.
In this sense, to obtain fractional models for solid viscoelastic materials, one strategy in-
volves replacing the dashpot element with the spring-pot in classical models [37,47,48]. This
results in a fractional differential equation that can be solved for creep and stress relaxation
tests. To accomplish this, the Laplace transform must be applied to Equations (1) and (2),
resulting in Equations (7) and (8).

7(s) = s E(s)&(s) @)

&(s) = s J(s)a(s) (®)

This makes it possible to employ Laplace transforms to solve integer and fractional
differential equations and then obtain the representations of the creep and relaxation
functions. Figure 2 presents a scheme of the viscoelastic models used in this work [33,47,49].
The main models are spring-pot, Maxwell, and Voigt—Kelvin. These are presented according
to the derivative definition type: classical, fractional, and conformable. The solution from
differential equations (integer and fractional order) is also presented, but only for the
relaxation modulus E(t).
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Figure 2. Scheme of viscoelastic models used for the analysis of experimental data. Each viscoelastic
model is presented, with its respective differential equations, mechanical arrangements, and solutions
for the relaxation function E(t). I'(e) is the gamma function, §(¢) is the Dirac-delta function, and M,
is the Mittag-Leffler function of one parameter.

Regarding the conformable derivative, Khalil proposed this concept in 2014 as a
simple mathematical tool for solving fractional differential equations [50]. The conformable
derivative of order B is defined as follows, forallx > 0and 0 < § < 1.

flx+hx7F) — f(x)
h

DEf(x) = lim ©)
h—0
In Equation (9), the operator sz can be considered a generalization of the definition
established by traditional calculus for the first-order derivative of a function f(x), where
B = 1, and Equation (9) is transformed into Equation (10), which corresponds to the
definition of the first-order derivative, D1 f(x) = f'(x).

Dlf(x) = lim LT = f(@) (10)
h—0 h
In this sense, Puente-Cérdova et al. [51] proposed its application in the fractional
Maxwell model, obtaining a solution of type KWW (Kohlrausch-Williams—Watts) for the
relaxation modulus. More recently, Kachhia and Gosai [52] solved the fractional cases of
the Maxwell and Zener models for E(t), as well as the creep compliance function J(t) using
the conformable derivative approach.

3. Materials and Methods

The commercial polyolefins used in this work are polypropylene (PP) and high-density
polyethylene (HDPE), which were purchased from CYPMA, México. The samples were
manufactured with a dog-bone shape Type I (ASTM D638) through the injection molding
process. Structural characterization was carried out using Fourier transform infrared
spectroscopy (FTIR) to corroborate the polymer structure. The spectrum was measured
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in transmittance mode at wavenumbers from 400 to 4000 cm ™!

using a Perkin-Elmer
Spectrum 100 spectrometer.

For structural applications, it is important to know the thermal stability of polymeric
materials. In this sense, a thermogravimetric analysis (TGA) was carried out using SDT-
Q600 TA Instruments equipment, employing a temperature range from 293 to 1073 K at
a heating rate of 10 K/min and under a nitrogen atmosphere. Simultaneous differential
scanning calorimetry (DSC) measurement was performed to determine the fraction of the
crystalline phase. The dynamic mechanical analysis (DMA) was performed to measure
the viscoelastic behavior of PP and HDPE as a function of temperature, using the complex
elastic modulus E* = E’ +iE”. In this way, a Perkin Elmer DMA8000 was used in tension
mode, from a temperature range of 300 K to the flow temperature of each polymer at a
frequency of 1 Hz, and a heating rate of 2 K/min. The dimensions of the samples were
1mm x 3.5mm x 10 mm.

Stress relaxation experiments were performed using polymer samples Type I (ASTM
D638), using a Shimadzu AGS-X-10 kN universal testing machine. The accomplished
experiments had multi-steps strain € of 0.5, 1, 5, and 10%. The duration of each step was
1000 s, and three samples of PP and HDPE were used for each experiment.

Therefore, the data were adjusted using the curve-fitting toolbox from Matlab R2019a
software. The analyzed curves obtained from the fitting used three statistical evaluators:
R? (coefficient of determination), AAD (average absolute deviation), and MSE (mean
squared error).

, v (i - ]/fit)2

R2=1-— 11)
2
ri (?— yfit)
AAD:l% Yi—Yrit (12)
NIl v
1Y 2
MSE = N;(yi —]/fz‘t) (13)

where N is the number of data measured, y; is the experimental value, y;; is the value
predicted by the model, and ¥ is the average of the experimental data.

According to the statistical analysis, the tests were conducted using Minitab 19 statisti-
cal software, where the fits of six mathematical models were employed for analyzing both
polymers. A significance level of 5% was applied, utilizing both multivariate analysis of
variance (MANOVA) and the response surface methodology (RSM) to evaluate the perfor-
mance and suitability of the models. Additionally, the selection of MANOVA was justified
due to the significant correlation found among the three response variables, assessed using
Pearson’s correlation test. Also, the RSM was chosen as the optimization technique due to
the significant curvature observed in the regression results. This combination of methods
allowed for a more robust analysis and a better understanding of the interactions between
the studied variables.

4. Results and Discussion
4.1. Structural and Thermal Characterization

The FTIR analysis was conducted to confirm the polymer structures of the commercial
HDPE and PP samples used in this study. The spectra confirm well-known assignments
of the chemical groups present in these polymers, ensuring the reliability of the materials
analyzed. FTIR spectra are shown in Figure 3a,b, where the vibration modes of chemical
groups for HDPE and PP are identified. These spectra exhibit the characteristic absorption
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bands of polymer structures. Regarding HDPE, the positions found in the spectra are
assigned as follows: 2916 and 2848 cm ™! correspond to the asymmetric and symmetric
vibration of groups CHj, with relative intensities of 1.00 and 0.93, respectively. The bands
at 1473 and 1462 cm ! associated with CH, bending deformation exhibit relative intensities
of 0.35 and 0.43, respectively. Similarly, the bands at 730 and 719 cm™!, attributed to
CH,; rocking deformation, have relative intensities of 0.38 and 0.53. According to the
literature [53,54], these positions and relative intensities are consistent with the structure of
HDPE. Moreover, absorption bands for PP are identified as follows: CH3 groups are found
at 2951 cm ! for asymmetrical stretching, with a relative intensity of 0.57, while 2916 cm ™!
corresponds to the asymmetrical stretching of CHj, with a relative intensity of 1.00. The
symmetrical stretching vibration of CHj at 2849 cm ™! has a relative intensity of 0.66. The
bending vibration modes of CH at 1460 and 1376 cm ™! show relative intensities of 0.49
and 0.59, respectively. The band at 1167 cm !, attributed to C-C asymmetric stretching, has
a relative intensity of 0.09, while the bands at 998 and 973 cm~!, due to CHj3 asymmetric
rocking vibration, show intensities of 0.11 and 0.14, respectively. The bands at 841 and
808 cm ! are due to CH, rocking vibrations, with intensities of 0.11 and 0.10, respectively.
The bands at 2161 and 2026 cm !, observed in the spectrum of polypropylene (PP), are
attributed to additives or plasticizers typically present in commercial formulations. Similar
bands have been reported in the literature, highlighting their characteristic presence in
such materials without further discussion [55-57].
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Figure 3. Infrared spectrum for (a) HDPE and (b) PP.
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Weight [%]

The thermogravimetric analysis (TGA) and derivative thermogravimetric (DTG) re-
sults for HDPE and PP indicate a predominant single-stage degradation process, as ev-
idenced by the single peak observed in the DTG curves in Figure 4a,b. For HDPE, this
degradation occurs in the temperature range from 617 to 773 K, with a maximum peak at
731 K [58], while for PP, the degradation range spans from 493 to 780 K, with a maximum
peak at 644 K [59]. These thermal behaviors are associated with the breakdown of polymer
chains under high temperatures. While the single peak observed in the DTG suggests a
dominant degradation mechanism, it is important to note that real-world polymer systems,
particularly commercial-grade materials, often contain additives or other components that
may influence the thermal degradation process. Secondary degradation events may occur,
although they may not be clearly resolved in the DTG due to their relatively low intensity
or overlap with the main degradation peak.
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Figure 4. TGA /DTG results for (a) HDPE and (b) PP.

While the TGA and DTG results for HDPE and PP indicate a predominant single-stage
degradation process, the presence of additives or plasticizers, as suggested by the FTIR
analysis, could influence the thermal degradation behavior. These components may act to
stabilize or destabilize the polymer chains, potentially leading to secondary degradation
events or slight modifications to the degradation profile that may not be fully resolved in
the DTG curves. This highlights the complexity of commercial-grade polymer systems and
the interplay between the polymer matrix and its additives during thermal degradation.

DSC was used as a simultaneous technique with TGA to calculate the degree of
crystallinity for both polymers. The melting enthalpy of HDPE at 399 K was calculated
to be 227.3 J/g. Considering the ideal enthalpy for 100% crystalline HDPE reported to
be 293 J/g [60], the obtained crystallinity was ~77.5%. Some reports consider HDPE as
a polymer with a maximum crystallinity of 80%. In the case of PP, the melting enthalpy
at 428 K was calculated to be 41.6 J/g. The melting enthalpy for 100% crystalline PP is
reported as 207 ] /g [61], and a crystallinity of about ~20.1% was calculated. These results
confirm the semicrystalline nature of HDPE and PP, which significantly influences their
thermal and mechanical properties.

In Figure 5a,b, the DMA results for HDPE and PP are presented. For both polymers,
there is a specific mechanical response of storage modulus E” dependent on temperature.
Semicrystalline polymers typically present three relaxation phenomena (v, 3, and «) in the
temperature range of liquid Nj to the flow temperature (Tm). The y process occurs at low
temperatures and is generated in the amorphous phase, although it also has characteristics
associated with the crystalline phase. The 3 process in semicrystalline polymers is typically
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associated with the glass transition, which is directly related to the amorphous phase. This
has a notable difference in amorphous polymers (like PVC, PVB, or PMMA), where
relaxation is directly associated with the mechanical manifestation of the glass transition.
The « process manifests itself at high temperatures (typically above room temperature),
which represents a mechanical relaxation associated with the molecular mobility of the
crystalline phase [62,63]. Identifying the relaxation processes associated with specific
molecular motions will deepen our understanding of the structure—property relationships
in polymers and their impact on the performance of products and components in service.

0.8 0.35
109 | HDPE @ f= 1Hz, 2°C/min E' 10° 4 PP @ f= 1Hz, 2°C/min —o—E'
o Tans 707 ] 0.30
'a' —
o 8 06 a
- © -
iy 3 o5 u 0.25
8 -1 0.
L oo < E 020 &
> 8 ) S S . c
'8 % 0.4 = 'é I‘—‘
£ v
o ® 103 ) 20 0.15
g 10+ ¥ g :
1™ S =
S 802 S ’ 24 010
S = 0.
(7] o 2] E 3
01 ] g
é 40.05
106 T T T T T - 00 105 T T T T T T T T T T T T T
300 320 340 360 380 400 300 320 340 360 380 400 420 440
Temperature [K] Temperature [K]
(a) (b)

Figure 5. Storage modulus and Tan 5 for (a) HDPE and (b) PP.

In this context, the manifestations of mechanical relaxation phenomena have been
reported for HDPE and PP, with the obtained values showing consistency [62,64]. The y
and f processes are related to the molecular mobility of polymer chains in the amorphous
phase, while the o process is attributed to the movement of chains in the crystalline
phase. Regarding DMA results for HDPE and PP, this mechanical relaxation is observed
around 350 K. For both polymers, a decrease in elastic components with temperature is
observed, up to the flow temperature, representing a nonlinear dependency of the elastic
modulus. A maximum in tan ¢ is observed involving maximum energy dissipation (viscous
contribution) when the flow process begins.

4.2. Stress Relaxation

The stress relaxation experiment consists of applying a constant step strain for a certain
time under isothermal conditions. Figure 6a,b shows the results for stress relaxation tests in
HDPE and PP, normalized concerning the maximum value. A tendency for relative stress
to decrease is observed as strain increases. The behavior reflected at low strains is more
complex for HDPE compared to PP, which is related to its semicrystalline nature [65,60].
Under the same strain and time conditions of ¢ = 10% and t = 1000 s for HDPE, the initial
stress decreases by 40.7%, while for PP, there is a decrease of 35.7%. This means that there
is greater energy dissipation in the HDPE relaxation.

Also, in each case, the stress decreases as time passes. This behavior is because
polymer chains tend to increase their entropy, which was reduced when the material was
abruptly deformed. The decrease in stress over time is a macroscopic manifestation of the
transition from stretched or aligned polymer chains, with lower entropy, to a random coil
conformation, where entropy is maximized.
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Figure 6. Relative stress 0/ 0yx as a function of time for (a) HDPE and (b) PP.

4.3. Mathematical Modeling

The models used in this study are based on three definitions of derivatives (classical,
fractional, and conformable) and consist of two parameters (Maxwell), three parameters (SP,
FMM, FVKM, and KWW), and four parameters (parallel Maxwell, PM, with two Maxwell
elements). Some authors have proposed this last classical model to address the stress
relaxation of semicrystalline polymers [65]. The idea is that each Maxwell element is
destined for the amorphous and crystalline phases, respectively. Figures 7 and 8 show the
experimental relaxation curves for HDPE and PP. Each figure individually displays the
response of each viscoelastic model, facilitating visual comparison of the results. Tables 1-6
detail the parameters of the viscoelastic models (elastic modulus E, relaxation time 7, and
fractional order a) along with the statistical descriptors R?, AAD, and MSE.

In the literature, it is common to use the correlation coefficient RZ to determine the
most suitable model for representing the viscoelastic behavior of materials [29]. The models
evaluated in this study exhibit R? values ranging from 0.97 to 0.99, except for the classical
Maxwell model, whose values range between 0.67 and 0.82. For practical purposes, an R?
value greater than 0.9 is recommended, which suggests a good correspondence between ex-
perimental data and model predictions. Based on this criterion, the classical Maxwell model
is the least accurate in describing stress relaxation tests due to its integer-order differential
operator and the exponential function used as its analytical solution. However, adding a
finite number of Maxwell elements in parallel can improve the representation of viscoelastic
behavior, although this introduces parameters that lack clear physical interpretation.

Following the R? criterion, the FVKM and SP models provide the best fit to the
experimental data for HDPE, while for PP, the best-performing models are SP and FMM.
When considering AAD as the statistical criterion, aiming for a value as close to zero as
possible, the representative models for HDPE are FVKM and SP, while for PP, they are
SP and KWW. Regarding MSE, the ideal models for HDPE are FVKM and PM, while
for PP, they are KWW and FMM. Based on these results, it can be concluded that the SP,
FMM, FVKM, and KWW models (with three parameters) are suitable for representing
stress relaxation in polymeric materials. Specifically, the FMM model presents a solution
involving the Mittag—Leffler function, which generalizes the exponential function when
o = 1. This function exhibits two interesting asymptotic behaviors: at short times, it behaves
like a stretched exponential function (KWW function); at long times, it behaves like a power
law (FVKM solution) [49,67,68]. These characteristics explain the similarities observed
among these models.
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Figure 7. Mathematical modeling of relaxation modulus plots, comparison of HDPE for (a) spring-pot
model, (b) classical Maxwell model, (c) Fractional Maxwell model, (d) Fractional Voigt-Kelvin model,
(e) KWW model, and (f) parallel Maxwell model.
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Figure 8. Mathematical modeling of relaxation modulus plots, comparison of PP for (a) spring-pot
model, (b) classical Maxwell model, (c) Fractional Maxwell model, (d) Fractional Voigt-Kelvin model,
(e) KWW model, and (f) parallel Maxwell model.
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Table 1. Modeling parameters for HDPE and PP with spring-pot model.

Spring-Pot — E(t) = { E } ( ; )—ul

I(1-a) |\ T1
£ (%) E; (MPa) 71 (s) 0q R? AAD MSE
0.5 966.7 0.0964 0.0944 0.9821 1.0938 28.094
HDPE 1 796.5 0.0822 0.0874 0.9912 0.6301 8.3520
5 533.8 0.0605 0.1052 0.9953 0.5221 2.0940
10 4247 0.0040 0.0965 0.9791 0.6032 3.6810
0.5 464.5 346.80 0.0739 0.9972 0.2682 2.7908
PP 1 604.0 1.3120 0.0684 0.9987 0.2117 0.9027
5 292.7 5.8560 0.0834 0.9996 0.1249 0.1232
10 274.7 0.0860 0.0881 0.9960 0.1192 0.4106
Table 2. Modeling parameters for HDPE and PP with classical Maxwell model.
Classical Maxwell — E(t) = E, exp {— (-?tz)}
£ (%) E; (MPa) T (s) R? AAD MSE
0.5 480.2 3467 .4 0.7354 2.9496 420.449
HDPE 411.3 3785.0 0.7541 2.7007 236.404
5 2334 3101.7 0.7163 3.7321 128.638
10 153.0 3401.4 0.6708 3.4611 58.6790
0.5 495.0 4323.3 0.8214 2.1191 184.483
PP 436.6 4732.6 0.8102 1.9392 130.282
5 223.3 3844.7 0.7819 2.6075 58.1607
10 142.3 3636.4 0.7520 2.8389 30.6643
Table 3. Modeling parameters for HDPE and PP with Fractional Maxwell model.
Fractional Maxwell — E(t) = E; M, [— (%) M}
£ (%) E3(MPa) T3 (s) o3 R? AAD MSE
0.5 1225.7 8.2690 0.1499 0.9766 1.1838 37.079
HDPE 1116.6 2.6149 0.1325 0.9878 1.2579 29.173
775.52 0.5711 0.1498 0.9916 0.8218 3.9980
10 511.97 0.3456 0.141 0.9747 1.5241 8.0540
0.5 779.3 2838.6 0.1848 0.9993 0.1373 0.7072
PP 674.2 4435.7 0.1771 0.9974 0.1697 1.7351
5 553.1 8.6310 0.1365 0.9990 0.1940 0.2543

10 483.8 0.1694 0.1283 0.9956 0.5300 0.7575
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Table 4. Modeling parameters for HDPE and PP with Fractional Voigt-Kelvin model.
(%) "
Fractional Voigt-Kelvin — E(t) = E4 |1+ F(Ti—m,) ]
£ (%) E4 (MPa) T4 (8) 0y R? AAD MSE
0.5 195.0 1558.0 0.1697 0.985 1.0245 23.824
HDPE 141.7 16,860 0.1382 0.9924 0.6318 7.2060
5 93.38 1425.0 0.1894 0.9995 0.1981 0.2220
10 91.38 45.520 0.2825 0.9991 0.1977 0.1550
0.5 122.5 8.950 x 10° 0.1012 0.9950 0.3622 5.1947
PP 1 106.4 3.149 x 107 0.09257 0.9974 0.2808 1.7368
5 48.41 1.748 x 107 0.1105 0.9994 0.1380 0.1691
10 48.96 1.420 x 10* 0.1442 0.9994 0.1324 0.0791
Table 5. Modeling parameters for HDPE and PP with KWW model.
KWW — E(t) = Es exp {—}3 (;5)’1
£ (%) Es (M Pa) 75 () B R? AAD MSE
0.5 2716 2 x 10% 0.0533 0.9772 1.1788 36.285
HDPE 1792 6 x 102 0.0570 0.9869 0.6669 12.499
5 1699 5 x 102 0.0523 0.9901 0.8504 4.4620
10 1121 2 x 10% 0.0494 0.9710 1.0580 4.9670
0.5 1066 5 x 10 0.0905 0.9990 0.0661 0.1411
PP 1 938.2 1 x 10'® 0.0845 0.9989 0.1037 0.7714
5 836.1 4 x 109 0.0616 0.9986 0.2326 0.3608
10 474.9 5 x 1016 0.0719 0.9917 0.4917 1.0143
Table 6. Modeling parameters for HDPE and PP with parallel Maxwell model.
Parallel Maxwell — E(t) = Eg exp [— (%)} + E;7 exp {— (%)}
£ (%) E¢ (MPa) T6 (5) E; (MPa) 77 (s) R? AAD MSE
0.5 170.4 57.800 443.5 5941.77 0.9925 0.6702 11.927
HDPE 132.2 48.008 387.5 5733.90 0.9778 1.1073 20.888
89.71 69.930 209.8 6119.95 0.9900 0.7341 4.4390
10 67.27 48.100 140.8 5945.30 0.9836 0.9102 2.8690
0.5 102.8 86.206 463.2 7429.42 0.9951 0.3699 5.0922
PP 1 87.78 74.571 412.9 7710.10 0.9922 0.4117 5.2450
5 58.88 76.982 206.7 6821.30 0.9930 0.4929 1.8210
10 44.87 61.050 132.0 6116.20 0.9879 0.6854 1.4702

The results of the parameters E and 7 for the proposed models in the analysis show no
direct relationship between these parameters and the applied deformation level. However,
a trend is observed where E and 7 decrease as the deformation level increases, suggesting a
greater manifestation of the viscous component.
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For the fractional order, the classical Maxwell and Voigt-Kelvin models present a
value equal to 1. In contrast, for the SP, FMM, FVKM, and KWW models, the fractional
order only takes values between 0 and 1. Figure 9 shows a graph of the fractional order
as a function of the deformation level for HDPE and PP, respectively. It is observed that
the values are closer to 0, indicating the characteristic behavior of a viscoelastic solid.
However, there is not a notable relationship between the two parameters. In the case of
the FMM, the fractional order tends to increase with higher deformation levels, reflecting
increased energy dissipation. Conversely, for FVKM, the fractional order decreases as the
deformation level increases, indicating lower energy dissipation. The 5 value considered in
the KWW model is the lowest for both polymers.
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Figure 9. Fractional order comparison in models as a function of strain for (a) HDPE and (b) PP.

The literature does not provide a clear explanation for the differences in fractional
order values obtained. It is presumed that this could be due to the arrangement of the
constitutive elements in the models (series vs. parallel) and the type of derivative definition
used. This suggests that energy storage and dissipation manifest at different time scales,
leading to differences in fractional order values.

4.4. Statistical Analysis

The design and optimization of these results are related to analyzing the goodness of
fit metrics (R?, AAD, and MSE) for each model and validating the application of MANOVA
and RSM in the polymer relaxation plots. From the above, it will be possible to analyze the
impact of two main factors, specifically mathematical models and strain, on the three re-
sponse variables, as shown in Table 7. This approach includes both categorical factors
and continuous variables to establish its effectiveness, accuracy, and applicability in the
selection of adequate models and how to optimize the response [69].

The response variables R?, AAD, and MSE are considered representative of the fit
quality in each of the mathematical models evaluated for the two polymers (HDPE and
PP) separately. Given that the responses are significantly correlated, as confirmed by
the correlation analysis, MANOVA enables us to determine whether the use of different
mathematical models, along with varying levels of strain, significantly influences the fit
quality of the measurements, optimizing the responses when no significant curvatures are
observed in the analysis of variance (ANOVA) [70].



Polymers 2025, 17, 453 17 of 23
Table 7. Data set for the design of experiment.
Factor Natural Level Code Level Response Pearson Correlation
Variables
0.5% 1 HDPE
Strain 1% 2 R? AAD
5% 3 AAD —0.955 -
10% 4 MSE —0.736 0.692
Spring-pot 1 R2, AAD, MSE
Classical Maxwell 2 PP
Model Fractional Maxwell 3 R2 AAD
Fractional Voigt-Kelvin 4 AAD —0.985 -
KWW 5 MSE —0.748 0.717
Parallel Maxwell 6

Table 8 shows the results of MANOVA for HDPE where the Wilks’ lambda statistic
was 0.35309, indicating a significant multivariate effect of strain on the dependent variables,
with an approximate F-value of 1.885 and a p-value of 0.092. Although the p-value suggests
a trend towards significance, it does not reach the conventional threshold of 0.05, indicating
that the effect of “strain” may not be statistically significant. The Lawley-Hotelling statistics
yielded a value of 1.39451 (F = 1.808, p = 0.102), and Pillai’s trace was 0.80169 (F = 1.823,
p = 0.090), further suggesting that while there is some evidence of an effect, it does not
provide conclusive support for the significance of “strain”. In contrast, the MANOVA
results for the Model factor showed more compelling evidence of significance. The Wilks’
lambda statistic was extremely low at 0.00303, corresponding to a highly significant approx-
imate F-value of 17.353 (p < 0.0001). The Lawley—Hotelling trace statistic was 182.68714
(F =142.090, p < 0.0001), indicating a robust effect of the “model” factor on the dependent
variables. Similarly, Pillai’s trace (1.44117, F = 2.774, p = 0.004) and Roy’s largest root
(181.88317) confirm that the “model” significantly influences the response variables.

Table 8. MANOVA for HDPE.

MANOVA for Strain
DF
Criterion Test Stat Approx F p
Num Den
Wilks’ 0.35309 1.885 9 31 0.092
Lawley-Hotelling 1.39451 1.808 9 35 0.102
Pillai’s 0.80169 1.823 9 45 0.090
Roy’s 0.92097 - - - -
MANOVA for Model
DF
Criterion Test Stat Approx F p
Num Den
Wilks’ 0.00303 17.353 15 36 0.000
Lawley-Hotelling 182.68714 142.090 15 35 0.000
Pillai’s 1.44117 2.774 15 45 0.004
Roy’s 181.88317 - - - -

In the case of PP, Table 9 shows the MANOVA results for strain where the Wilks’
lambda statistic was 0.43090, yielding an approximate F-value of 1.460 (p = 0.207). This
suggests that there is no statistically significant multivariate effect of strain on the dependent
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variables, as the p-value exceeds the conventional threshold of 0.05. Additionally, the
Lawley—-Hotelling trace statistic was 1.04104 (F = 1.350, p = 0.248), and Pillai’s trace was
0.69341 (F = 1.503, p = 0.176), further supporting the conclusion that the “strain” factor
does not significantly influence the responses in this context. Roy’s largest root statistic of
0.63802 reinforces the lack of significant effects observed for “strain”.

Table 9. MANOVA for PP.

MANOVA for Strain
DF
Criterion Test Stat Approx F p
Num Den
Wilks’ 0.43090 1.460 9 31 0.207
Lawley-Hotelling 1.04104 1.350 9 35 0.248
Pillai’s 0.69341 1.503 9 45 0.176
Roy’s 0.63802
MANOVA for Model
DF
Criterion Test Stat Approx F p
Num Den
Wilks’ 0.00054 34.511 15 36 0.000
Lawley-Hotelling 1138.97153 885.867 15 35 0.000
Pillai’s 1.38408 2.570 15 45 0.007
Roy’s 1138.34612

Conversely, the MANOVA results for the “model” factor indicated a significant mul-
tivariate effect. The Wilks” lambda statistic was extremely low at 0.00054, resulting in
an approximate F-value of 34.511 (p < 0.0001). This strong evidence of significance sug-
gests that the model factor has a substantial impact on the dependent variables. The
Lawley-Hotelling trace statistic was 1138.97153 (F = 885.867, p < 0.0001), confirming the
robustness of the Model factor’s effect. Furthermore, Pillai’s trace statistic was 1.38408
(F =2.570, p = 0.007), indicating significant contributions of the “model” to the response
variables. Roy’s largest root statistic of 1138.34612 further substantiates the strong influence
of the “model” factor.

From the MANOVA results for both polymers, HDPE and PP, the strain does not show
a statistically significant effect on the response variables, while the model factor exhibits a
highly significant impact, suggesting that further investigation into its specific contributions
is warranted. In this case, the response surface methodology (RSM) was employed to further
explore the interaction effects between the factors on the response variables, facilitate the
optimization of complex processes by fitting a suitable model to the data, and provide
insights into the relationships among variables [71]. By analyzing the response surfaces,
we were able to visualize the effects of varying strain levels and mathematical models
on the quality measures. This approach is particularly useful for identifying the optimal
conditions and achieving the desired outcomes in polymer analysis [72]. The analysis
not only reveals potential peaks in response variables but also helps in understanding
the curvature of the response surfaces, which can guide decision making in polymer
selection and processing. Overall, RSM complements the insights gained from MANOVA,
allowing for a comprehensive evaluation of the factors influencing the performance of the
two polymers, as shown in Figure 10.
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Figure 10. Optimization plot from RSM: (a) HDPE and (b) PP.

In Figure 10a, the RSM reveals the optimization plot where the composite desirability
reached a score of 0.9825, indicating that the minimum MSE was achieved with a value of
0.00001, the AAD was minimized to 0.1783, and the R?> was maximized at 0.9987. These
results suggest that the mathematical model significantly influences the responses, guiding
us to the Fractional Voigt—Kelvin as the most effective model for characterizing HDPE. In
the analysis of the PP sample (Figure 10b), the R? value was recorded at 0.9996, the AAD
was minimized to 0.0697, and the MSE was calculated at 0.0620.

These results suggest that the adjustments made during the optimization process have
led to the KWW mathematical model, providing reliable insights into the phenomena being
studied. In both optimization plots, the desirability score is above 0.95, which suggests
that the mathematical model significantly impacts the responses, steering us toward an
effective characterization of the HDPE and PP using these conditions.

Fractional viscoelastic models have proven to be highly effective in predicting the
viscoelastic behavior of polymeric materials with fewer parameters compared to conven-
tional models. For instance, previous studies have demonstrated their ability to accurately
describe the mechanical response of complex materials, reinforcing their relevance in ad-
vanced material characterization [29]. The main challenge in applying both integer-order
and fractional-order viscoelastic models lies in accurately determining their parameters.
In this regard, the response surface methodology (RSM) has emerged as a powerful and
efficient approach for predicting rheological and mechanical characteristics across various
material systems. This technique has been successfully applied to optimize the relation-
ship between fractional model parameters in asphalt-based materials, demonstrating its
robustness in improving viscoelastic modeling. Moreover, its effectiveness extends be-
yond asphalt systems, as evidenced by its application in hydrogel formulations, where
the optimization of colloidal particle interactions significantly enhanced their viscoelastic
properties [73]. These findings underscore the potential of integrating fractional calculus
with statistical optimization techniques to enhance the predictive capabilities of viscoelastic
models in diverse polymeric systems. The high desirability scores obtained in this study
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further validate the effectiveness of these methodologies, reinforcing their applicability in
the precise characterization of HDPE and PP under varying conditions.

5. Conclusions

In this study, we evaluated the viscoelastic response of HDPE and PP through stress
relaxation tests at different strain levels. The primary objective was to compare three deriva-
tive definitions—classical, fractional, and conformable—and employ statistical analysis to
identify the most accurate viscoelastic models for these polymers. Our findings confirm
that fractional and conformable derivative models provide a more accurate representation
of the viscoelastic behavior of HDPE and PP compared to classical models.

The semi-crystalline structure of the studied polymers was confirmed through FTIR,
TGA, DSC, and DMA analyses, providing a solid foundation for understanding their
molecular behavior. Stress relaxation tests revealed that the viscous component becomes
more significant at higher strain levels, as evidenced by the decrease in elastic modulus
and relaxation time.

Among the models tested, the classical Maxwell model showed the lowest accuracy,
highlighting the limitations of traditional viscoelastic models in capturing the complex
behaviors of HDPE and PP. In contrast, fractional models performed better, with fractional
order values approaching 0, which indicated a viscoelastic solid-like behavior for both
polymers. Notably, the Fractional Maxwell (FMM) and Fractional Voigt-Kelvin (FVKM)
models demonstrated significant variation in fractional order with strain, underlining their
potential for accurately describing energy dissipation and molecular mobility.

The spring-pot, FMM, FVKM, and Kohlrausch-Williams-Watts (KWW) models pro-
vided the best fit to the experimental data according to statistical criteria. The FVKM was
found to be the most suitable for HDPE, while the KWW model performed best for PP.
Furthermore, the use of the response surface methodology (RSM) and multivariate analysis
of variance (MANOVA) validated the importance of selecting the appropriate mathematical
models for accurately representing the viscoelastic properties of these materials.

These results underscore the potential of fractional and conformable derivative models
to improve the understanding and prediction of viscoelastic behavior in polymers. By
fulfilling the study’s objective of identifying the most effective models for HDPE and
PP, our findings have notable implications for material design—particularly in industries
such as packaging, automotive, and medical devices, where the long-term mechanical
performance of polymers is critical. In future research, it will be important to extend
these methods to other polymer systems and further explore the physical interpretation
of fractional parameters, which could enhance their applicability in material design and
structural analysis.
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