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Abstract: Random walks (RWs) have been important in statistical physics and can describe the
statistical properties of various processes in physical, chemical, and biological systems. In this
study, we have proposed a self-interacting random walk model in a continuous three-dimensional
space, where the walker and its previous visits interact according to a realistic Lennard-Jones (LJ)
potential uLJ(r) = ε

[
(r0/r)12 − 2(r0/r)6

]
. It is revealed that the model shows a novel globule-to-

helix transition in addition to the well-known coil-to-globule collapse in its trajectory when the
temperature decreases. The dependence of the structural transitions on the equilibrium distance r0

of the LJ potential and the temperature T were extensively investigated. The system showed many
different structural properties, including globule–coil, helix–globule–coil, and line–coil transitions
depending on the equilibrium distance r0 when the temperature T increases from low to high. We
also obtained a correlation form of kBTc = λε for the relationship between the transition temperature
Tc and the well depth ε, which is consistent with our numerical simulations. The implications of the
random walk model on protein folding are also discussed. The present model provides a new way
towards understanding the mechanism of helix formation in polymers like proteins.
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1. Introduction

The random walk (RW) is a powerful model in physics and can describe the statistical
properties of various processes in physical, chemical, and biological systems [1–10]. A pure
random walk can be used to describe the physical Brownian motion and diffusion like
the random movement of molecules/particles in liquids and gases, where the walker has
no interaction with its visited sites during the random movement. Other models with
interactions have also been presented to extend the categories of random walks. Self-
avoiding walk (SAW) with repulsive interactions is used to describe the scale behavior of
polymers in dilute solution [11], where each visited site represents a monomer of a polymer
and therefore the walker cannot move to its previously visited sites. Self-attracting walk
(SATW) with attracting interactions can be used to describe the structural properties of
polymers in solutions [12,13]. The SATW has been shown to reveal a swelling–collapse
transition at the “Θ point” T = Θ, a well-known phenomenon in polymer physics [14,15].
Another type of interacting walk is the active random walk model, in which the walker
can change the potential of the landscape, and in turn, the changed potential will affect
the behavior of the walker in the landscape afterwards [16]. In addition to the models
in regular space, random walks that interact with restricted space like networks have
also been extensively studied to understand the nonlinear behaviors like search and virus
spreading [17]. All of these RW models have played an important role in modeling and
understanding the complex phenomena in the nature [1].

Random walk models have also been an important method used for understanding the
conformational changes like the coil–helix transition of polymers in a solution [14], which has
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been an active research area of interest for the past several decades owing to its applications
related to many biological phenomena like RNA and protein folding [18–26]. Proteins are
polymers consisting of twenty amino acid types. It has been shown that the folding reaction
of the polypeptide chain undergoes a collapse transition, from a coil-like conformation to
a globule-like conformation. that precedes or occurs with the final rearrangements of the
protein chain to form the native structure [18]. Although tremendous progress has been
made theoretically and experimentally, the mechanism of protein folding is still not fully
understood [19].

As a simple model, the random walk has been a valuable tool in investigating the
statistical properties of polymers in solutions [14]. However, although existing random
walk models can simulate the chain collapse of coil–globule transition of polymers [12],
none are able to model the coil–helix transition—an important mechanism in protein
folding for helix-included proteins. Given the importance of random walks in polymer
physics, a random walk model that is able to simulate the coil–helix transition will offer not
only a valuable tool in understanding the mechanism of helix formation in protein folding
but also a new statistical approach to the physics of polymers in general. Here, we have
proposed a self-interacting random walk approach to model the conformational transition
of a polymer chain. The general model, which only involves a realistic Lennard-Jones
interaction between monomers, for the first time shows the coil–globule–helix transitions
in random walks with the temperature decreasing. The present finding indicates that an
appropriate van der Waals interaction is enough for the formation of helical structures and
is expected to have a far-reaching implication in protein folding.

2. Materials and Method
2.1. Self-Interacting Walks

The self-interacting random walk (SIRW) was performed in a continuous three-
dimensional space, in which the trajectory may represent a possible conformation of
a polymer or polypeptide with the visited sites corresponding to the monomers or amino
acids [11]. Without loss of generality, the walker starts from an initial point at R0 = (0, 0, 0)
which is the first visited position. At each step, the walker will randomly make a move-
ment with a step distance of d0. Specifically, the movement of the walker is performed by
randomly choosing a position among a large number (15,212 here) of uniformly distributed
points on the surface of a sphere with a radius of d0 centered on the current position. The
probability Pn→n+1 of the walker moving from the n-th position to the (n + 1)-th position de-
pends on the total potential energies of the walker at the two positions, which is expressed
as [11,27],

Pn→n+1 ∝ e−(
Un+1−Un

kBT ) (1)

where kB is the Boltzmann constant and T is the temperature of the system. The Un is the
total potential energy of the walker at the n-th position that depends on the previously n −
1 visited sites as

Un =
n−1

∑
k=0

uk,n(r) (2)

where uk,n(r) is the interaction potential between the walker at the n-th position and a
previously visited position. Here, only the van der Waals force was considered. To model a
realistic interaction, we have used a Lennard-Jones (LJ) potential for uk,n(r) in the present
random walk model as follows [28],

uLJ(r) = ε

[( r0

r

)12
− 2
( r0

r

)6
]

(3)

where r0 is the equilibrium distance at which the LJ interaction potential has a minimum
value, ε is the depth of the potential well, and r is the distance between the i-th and j-th
positions. An example of the LJ potential is shown in Figure 1.
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Figure 1. A graph of the Lennard Jones potential function, where the function has a minimum
potential of −ε at the intermolecular equilibrium distance r0.

Without loss of generality, the step distance d0 of each movement is set to the unit of
the distance and the Boltzmann kB is set to 1 in the present study.

2.2. Numerical Simulations

According to Equations (1) and (3), our self-interacting walk model includes three
parameters: the temperature T, the well depth of the LJ potential ε, and the intermolecular
equilibrium distance r0. Thus, given a set of temperature T, well depth ε, and intermolecular
equilibrium distance r0, the visited positions by the self-interacting walker will form a
certain of structural pattern after N steps of movements, which would be related the
folding behavior of a polymer like a protein. To investigate the structural properties of
self-interacting walks, we have systematically conducted extensive numerical simulations
of the self-interacting walk by changing the three parameters in the following ranges,

r0 ∈ [1.0, 2.5]
T ∈ [0.001, 100]

ε ∈ [0.5, 5.0]
(4)

We have limited the maximum number of moving steps to 50 in each simulation of
our model, which is long enough to form a well-defined structure like helix in proteins.
Namely, a total of 51 visited positions were considered in the system. It should be noted
that each simulation run will walk an independent trajectory, though all random walk
simulations are physically equivalent for the same set of parameters. As such, the image
of the trajectory for any simulation run may be used as a representative for the random
walks with the same set of parameters. Without loss of generality, the last run was selected
for visualization in this study where the image was presented using the UCSF Chimera
program [29].

2.3. Evaluation Metrics

Two metrics are used to measure the structural properties of self-interacting walks.
One is the root-mean-square radius of gyration Rg. The radius of gyration Rg is a commonly
used parameter to characterize the overall compactness of a chain conformation and is
defined as

R2
g =

1
N ∑

i

(
Ri −R

)2 (5)

where Ri is the i-th visited position and R stands for the average of all visited positions.
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The other metric is the helix fraction H, which is used to measure the helical property
of the trajectory by the self-interacting walk and can be defined as

H =
nh
N

(6)

where nh is the number of the visited positions forming helical structures on a trajectory of
N visited positions. If all K continuous connections of visited positions turn in the same
direction (i.e., left or right) compared to the previous connections and the sum of the K
angles between the current and previous connections is greater than 2π, the involved K
visited positions should form a turn of helix. Namely, the helix has K visited positions per
helical turn and can be defined as the size of the helix. The helix fraction H has a value
ranging from 0.0 for a random coil to 1.0 for a perfect helix. The helix size K could be
various numbers for the helical structures in real systems like proteins. Thus, in the present
study, we have chosen K to be 10 in order to take into account some fluctuations in our
numerical simulations.

Due to the nature of random walks, the data acquired will show fluctuations in each
simulation run. Therefore, we performed 1000 independent random walk simulations and
calculated the statistical averages 〈Rg〉 and 〈H〉 for the radius of gyration and helix fraction
of the system in order to remove the fluctuations.

3. Results and Discussion
3.1. Structural Properties at Low Temperature

We first investigated the dependence of the structural properties of our self-interacting
walks on the intermolecular equilibrium distance r0 of the LJ potential. To focus on
the effect of the moving step distance, we have set the well depth ε to be 1.0. Then, we
investigated the structural properties of our self-interacting walks with the intermolecular
equilibrium distance r0 ranging from 1.0 to 2.5 at a low temperature of T = 0.01.

Figure 2 shows the structures of our self-interacting walks with different intermolecular
equilibrium distances. It can be seen from the figure that the self-interacting walks show
interesting structural properties when the moving step distance varies, where the structures
can be grouped into three broad categories: compact globule, ordered helix, and extended
coil. The formation of such structures can be understood as follows. When the system has a
very low temperature of T = 0.01, according to Equation (1), the movement will be mainly
determined by the interaction energy of the walker. Therefore, when the step distance d is
not large, e.g., r0 = 1.2, the walker will be attracted by its previously visited positions. As
such, the walker will move towards the neighboring sites of its previously visited positions
and form a collapsed or compact globule structure. However, at some equilibrium distances
like r0 = 1.5, the walker will have the most favorable interaction energy when its visited
positions satisfy a special helical geometry. As such, the self-interacting walks will lead
to a helical structure at low temperatures. When the equilibrium distance is larger than
the two step distances, e.g., r0 = 2.1, the walker will try to move away its two previously
visited positions so as to achieve the best potential energy. As such, the walker will form
an extended trajectory.

3.2. Implications in Protein Folding

The present self-interacting walks will have a valuable implication on understanding
the structures of proteins because proteins also include three basic structures of compact
globule, helix, and random coil in the folded structure. In other words, the formation of the
helix structure in proteins may be due to the appropriate interaction distance between the
amino acids in the polypeptide. This is indeed the case in experimentally observed protein
structures. The statistically average distance (i.e., equilibrium distance r0) between two
“nonbonded” Cα atoms is about 1.5 times the Cα-Cα “bond” distance (i.e., step distance
d0) in real proteins, which is consistent with the finding of r0 = 1.5d0 for a helical structure
in our self-interacting walks.
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In addition, there are three different sizes of helical structures in real protein structures,
the 310 helix (i + 3 → i hydrogen bonding), the α-helix (i + 4 → i hydrogen bonding),
and the π-helix (i + 5→ i hydrogen bonding), where the middle-size α-helix is the most
common one [30]. Figure 3 shows the helix fraction H of the structures as a function of the
intermolecular equilibrium distance r0 at the temperature T = 0.01 and well depth ε = 1.0.
The y-axis represents the helix parameter and the x axis represents the equilibrium distance
r0. By observation, we can see that there are three different types of structures: the globule,
the helix, and the string. There are three peaks reaching 1.0, meaning there are three
formations of stable helices at r0 = 1.52, 1.69, and 1.82, respectively, which corresponds
exactly to the number of helix types in realistic proteins. The fourth peak does not reach
1.0, so it is not a stable helix. Each type of helix has a different size, which can be expressed
by the number of steps it takes per helical turn. The size of the helices from left to right are
four (steps per helical turn), five (steps per helical turn), and five (steps per helical turn).
The data are qualitatively consistent with the actual sizes of protein helices being the 310
helix with 3.0 amino acid residues per helical turn, the α-helix with 3.6 amino acid residues
per helical turn, and the π-helix with 4.1 amino acid residues per helical turn. As seen in
the graph, the intervals of how long the helices are stable are also different from each other.
The helix being second in size has the longest range of r0, which is also consistent with
the experimental finding that the α-helix being second in size is the most common type of
protein helix.

3.3. Comparison with Other Models

Similar coil–helix–globule transitions have also been observed in polymer systems with
an increase in self-attractive interactions [31,32] like self-attractive semiflexible ring chains [32].
Specifically, the semiflexible ring polymer chain consists of N effective monomers, where
neighboring monomers are connected by the finitely extendable nonlinear elastic potential [32].
The interactions between nonbonded monomers are described by the standard Lennard-Jones
potential. In addition, the stiffness of semiflexible polymers is modeled by angle-dependent
bending potential between adjacent bonds. An off-lattice Monte Carlo simulation is used to
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investigate the conformations of the self-attractive semiflexible ring polymer [32]. Depending
on the bending energy and the self-attractive interaction between monomers, the system can
show a coil–helix–globule transition. It is also revealed that the transition is attributed to
the competition of the configurational entropy, the bending energy, and the self-attractive
interaction [32].
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Although both the semiflexible polymer chains and our present self-interacting walks
can exhibit a coil–helix–globule transition, our self-interacting walks do not contain a
bending potential between adjacent sites compared with the semiflexible chains. It suggests
that the bending potential between adjacent monomers may not be a necessary energy term
for a coil–helix–globule transition in polymers. Namely, a coil–helix–globule transition
can be driven by the competition of the configurational entropy and the self-attractive
interaction only, as shown in our self-interacting walks. This finding will be valuable for
understanding protein folding.

3.4. Impact of the Temperature T
3.4.1. Globule–Coil Transition

We further investigated the impact of the temperature T on the structure properties of
self-interacting walks by fixing the well depth ε = 1.0 and the equilibrium distance r0 = 1.0.
In such cases, the self-interacting walk model does not yield a helical trajectory from low
temperature of T = 0.001 to high temperature of T = 100.0, as indicated by the near-zero
helix fraction of 〈H〉 in Figure 4. Nevertheless, the model shows a structure transition
from the compact globule to the random coil when the temperature increases (Figure 4 and
Supplementary Figure S1).



Polymers 2023, 15, 3688 7 of 12

Polymers 2023, 15, x FOR PEER REVIEW 7 of 13 
 

 

1.0. In such cases, the self-interacting walk model does not yield a helical trajectory from 
low temperature of T = 0.001 to high temperature of T = 100.0, as indicated by the near-
zero helix fraction of 〈𝐻〉 in Figure 4. Nevertheless, the model shows a structure transition 
from the compact globule to the random coil when the temperature increases (Figure 4 
and Supplementary Figure S1). 

 
Figure 4. Average helix fraction 〈𝐻〉 of the trajectories as a function of the temperature when the 
intermolecular equilibrium distance 𝑟଴ = 1.0 when and the well depth ε = 1.0, where several typical 
trajectories are shown for the corresponding equilibrium distances. 

Figure 5 shows the average root-mean-square radius of gyration 〈𝑅௚〉 of the trajec-
tory generated by the model as a function of temperature T. It can be seen that the radius 
of gyration 〈𝑅௚〉 increases from 6.25 to 14.39, indicating a phase transition of the model 
from compact globule to random coil. By calculation of the average energy of the two 
phases, we can find that the energy difference of the two states equals ~1.0, which corre-
sponds to the value of kBT when the phase transition occurs. Before the transition occurs, 
the interaction potential dominates the movement of the walker, attracting the walker in-
wards towards the previously visited positions, causing the trajectory to form a ball-like 
globule expanding outwards slowly. The transition occurs because the kinetic energy of 
the walker affected by the temperature exceeds the LJ interaction potential with the pre-
vious positions, causing the probability of each step to become near equal, which makes 
the model pure random walk. Therefore, the trajectory becomes a random coil and ex-
pands faster than a globule structure, causing the root-mean- square radius of the trajec-
tory to be bigger (Figure 5). 

Figure 4. Average helix fraction 〈H〉 of the trajectories as a function of the temperature when the
intermolecular equilibrium distance r0 = 1.0 when and the well depth ε = 1.0, where several typical
trajectories are shown for the corresponding equilibrium distances.

Figure 5 shows the average root-mean-square radius of gyration 〈Rg〉 of the trajectory
generated by the model as a function of temperature T. It can be seen that the radius of
gyration 〈Rg〉 increases from 6.25 to 14.39, indicating a phase transition of the model from
compact globule to random coil. By calculation of the average energy of the two phases, we
can find that the energy difference of the two states equals ~1.0, which corresponds to the
value of kBT when the phase transition occurs. Before the transition occurs, the interaction
potential dominates the movement of the walker, attracting the walker inwards towards the
previously visited positions, causing the trajectory to form a ball-like globule expanding
outwards slowly. The transition occurs because the kinetic energy of the walker affected by
the temperature exceeds the LJ interaction potential with the previous positions, causing
the probability of each step to become near equal, which makes the model pure random
walk. Therefore, the trajectory becomes a random coil and expands faster than a globule
structure, causing the root-mean- square radius of the trajectory to be bigger (Figure 5).

3.4.2. Helix–Globule–Coil Transition

We further investigated the impact of the temperature T on the structure properties of
self-interacting walks by fixing the well depth ε = 1.0 and the intermolecular equilibrium
distance at r0 = 1.52 because such a distance can yield a good helix at low temperature.
Then, we systematically investigated the structures formed by self-interacting walks at the
temperature T ranging from 0.001 to 100.0, where the structure properties are characterized
by two parameters, average radius of gyration Rg and helix fraction H.

Figure 6 shows the average helix fraction 〈H〉 of the trajectories as a function of the
temperature T when the intermolecular equilibrium distance r0 = 1.52 and the well depth ε
= 1.0. It can be seen from the figure that the trajectory of the model can form a perfect helical
structure with 〈H〉 ≈ 1.0 at low temperature, then turn into compact globule structure
and then random coil structure both of which do not possess any helical features as the
temperature increases.
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Figure 7 shows the average root-mean-square radius of gyration 〈Rg〉 of the trajectory
generated by our model as a function of temperature T when the equilibrium distance
r0 = 1.52. It can be seen from the figure that the average radius of gyration 〈Rg〉 shows a
reentrant shape with the temperature decreasing, indicating two phase transitions of the
system during the process. One transition occurs around T = 1.25 where 〈Rg〉 reduces
rapidly from about 16 to around 9 for the system of size N = 51. The 〈Rg〉 stays around
the value for a range of temperatures until a second transition happens at temperature
T ≈ 0.05 where the 〈Rg〉 jumps from around 9 up to above 20. A dramatic change of
the radius of gyration 〈Rg〉 is an indication of a phase transition in the system. The
corresponding transitions can also be confirmed by the structural change of the trajectories
at different temperatures shown (Supplementary Figure S2).

The temperature-dependent behavior of the system can be understood as follows. The
first transition around T = 1.25 corresponds to the coil-globule collapse of the trajectory at
the Θ point, a well-known transition in polymer physics [14] and random walk models [12].
Namely, at high temperatures, the system is dominated by the thermal fluctuation, and the
trajectory has a random coil-like structure. With the temperature decreasing, the system
will tend to be determined by the attractive interaction, and the trajectory will form a
compact conformation. At the transition point T ≈ 1.25, a chain collapse occurs where
the conformation changes from a coil-like phase to a globule-like phase, and the trajectory
shows an intermediate conformation (Figure 7).

The second transition around T ≈ 0.05 is novel and has not been observed in previous
random walk models. The globule–helix transition can be understood by considering a
short random walk as an example. At low temperatures, one expects that the trajectory
might adopt two different conformations: helix and globule, given their compact structures.
For short trajectories, the number of contacts between visited positions in a helical state is
expected to be comparable to that in a globule state because the structures for both states are
similarly compact at low temperatures, as indicated by their comparable radii of gyration
(Figure 7). Moreover, compared to the globule phase, the visited positions in the helix state
are much more ordered and therefore can form more pairs of favorable interactions between
each other. As a result, the ordered helix state has a more favorable potential energy than
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the disordered globule phase, explaining the physics of the globule-to-helix transition in
our model. In other words, the helix is an optimal conformation for the trajectory of the
random walk that interacts via an appropriate isotropic interaction with a minimum.
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3.5. Diagram of Phase Transition

To further investigate the structural transition behavior of globule–helix–coil, we
have systematically studied the self-interacting walks with ε ranging from 0.5 to 5.0 and
T ranging from 0.001 to 100.0 by fixing the equilibrium distance r0 = 1.52. The structural
properties of the trajectories easily can be tracked by their average radius of gyrations 〈Rg〉
and helix fraction 〈H〉. Figure 8 plots a schematic phase diagram of the system in the T − ε
space. It can be seen from the figure that the space is divided into three regions where the
upper region corresponds to the random-coil phase, the lower region corresponds to the
helical phase, and a globule phase is in between.
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The diagram can be understood as follows. Following the thermodynamics theory
in random walks, the transition of the trajectory is determined by the balance of two
competing factors: the potential energy due to attractive interactions and the thermal
fluctuation. In the present model, the potential energy due to the attractive interaction can
be characterized by the potential well depth ε, and that due to the thermal fluctuation can
be quantified in terms of kBT. Therefore, the transition temperatures Tc as a function of ε
may be assumed to have a form as

kBTc ≈ λε (7)

where λ is an empirical parameter depending only on the conformational change between
two phases.

For the coil-to-globule collapse that corresponds to the first transition here, the system
changes from a random coil state where the walker can move freely with an effective
interaction potential of zero to a compact state where the effective interaction is expected
to be on the order of the potential well depth ε. Considering that the walker can interact
with more than one previous visit during the random walk, the parameter λ is expected to
be >1.0. As shown in Figure 8, Equation (7) is consistent with the simulation results when
λ = 1.25. For the globule-to-helix transition, the thermal fluctuation effect will approach
zero at low temperatures. However, the potential energy for the walker is more favorable
in an ordered helix state than in a disordered globule state, as discussed above. Since the
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globule–helix transition is expected to be the same from the conformational change point of
view for different potential well depths, λ is expected to have the same value for different ε.
As shown in Figure 8, this is indeed the case and when λ = 0.05, Equation (7) is in excellent
consistency with the transition temperatures obtained by our simulations.

3.6. Structure Transitions at Other Equilibrium Distances

Furthermore, we have also investigated the structures of the trajectories at other
equilibrium distances of the LJ potentials, including r0 = 1.69, 1.82, and 2.25. Similar to the
case for r0 = 1.52 (Supplementary Figure S2), the models also exhibit a helix–globule–coil
transition for the cases of r0 = 1.69 (Supplementary Figure S3) and r0 = 1.82 (Supplementary
Figure S4). However, for the case of r0 = 2.25 (Supplementary Figure S5), the model only
exhibits an extended-string–random-coil transition, as expected.

4. Conclusions

To conclude, we have presented a novel self-interacting random walk model, in
which the interaction between the walker and its previous visits is described by a realistic
van der Waals interaction using a Lennard-Jones potential. Among existing random
walks, our model shows a new globule–helix transition in addition to the well-known
coil-globule collapse when the temperature decreases. The dependence of the transitions
on the temperature T and the well depth of the potential ε were investigated, and the
relationship between the transition temperature Tc and the well depth of the potential
ε was derived. The present model might provide a method towards understanding the
physics and mechanism of protein folding because the thermodynamic behavior of the
system was found to be consistent with the folding transition in the hydrophobic collapse
model of protein folding.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/10
.3390/polym15183688/s1, Figure S1: Structures of the typical trajectories by self-interacting walks
at different temperatures T when the equilibrium distance r0 = 1.00 and the well depth ε = 1.0;
Figure S2: Structures of the typical trajectories by self-interacting walks at different temperatures
T when the equilibrium distance r0 = 1.52 and the well depth ε = 1.0; Figure S3: Structures of the
typical trajectories by self-interacting walks at different temperatures T when the equilibrium distance
r0 = 1.69 and the well depth ε = 1.0; Figure S4: Structures of the typical trajectories by self-interacting
walks at different temperatures T when the equilibrium distance r0 = 1.82 and the well depth ε = 1.0;
Figure S5: Structures of the typical trajectories by self-interacting walks at different temperatures T
when the equilibrium distance r0 = 2.25 and the well depth ε = 1.0.
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3. Łopuszański, K.; Miękisz, J. Random walks with asymmetric time delays. Phys. Rev. E 2022, 105, 064131. [CrossRef] [PubMed]
4. Xiao, B.; Wang, W.; Zhang, X.; Long, G.; Fan, J.; Chen, H.; Deng, L. A novel fractal solution for permeability and Kozeny-Carman

constant of fibrous porous media made up of solid particles and porous fibers. Powder Technol. 2019, 349, 92–98. [CrossRef]

https://www.mdpi.com/article/10.3390/polym15183688/s1
https://www.mdpi.com/article/10.3390/polym15183688/s1
https://doi.org/10.1103/RevModPhys.85.135
https://doi.org/10.1103/PhysRevE.105.064131
https://www.ncbi.nlm.nih.gov/pubmed/35854515
https://doi.org/10.1016/j.powtec.2019.03.028


Polymers 2023, 15, 3688 12 of 12

5. Xiao, B.; Zhu, H.; Chen, F.; Long, G.; Li, Y. A fractal analytical model for Kozeny-Carman constant and permeability of roughened
porous media composed of particles and converging-diverging capillaries. Powder Technol. 2023, 420, 118256. [CrossRef]

6. Herranz, M.; Benito, J.; Foteinopoulou, K.; Karayiannis, N.C.; Laso, M. Polymorph Stability and Free Energy of Crystallization of
Freely-Jointed Polymers of Hard Spheres. Polymers 2023, 15, 1335. [CrossRef] [PubMed]

7. Huang, S.S.; Hsieh, Y.H.; Chen, C.N. Exact Enumeration Approach to Estimate the Theta Temperature of Interacting Self-Avoiding
Walks on the Simple Cubic Lattice. Polymers 2022, 14, 4536. [CrossRef] [PubMed]

8. Régnier, L.; Bénichou, O.; Krapivsky, P.L. Range-Controlled Random Walks. Phys. Rev. Lett. 2023, 130, 227101. [CrossRef]
9. Ivanova, A.S.; Polotsky, A.A. Random copolymer adsorption onto a periodic heterogeneous surface: A partially directed walk

model. Phys. Rev. E 2022, 106, 034501. [CrossRef]
10. Huang, S.-Y.; Zou, X.-W.; Jin, Z.-Z. Directed random walks in continuous space. Phys. Rev. E 2002, 65, 052105. [CrossRef]
11. Madras, N.; Slade, G. The Self-Avoiding Walk; Springer Science & Business Media: Berlin/Heidelberg, Germany, 2013.
12. Ordemann, A.; Berkolaiko, G.; Havlin, S.; Bunde, A. Swelling-collapse transition of self-attracting walks. Phys. Rev. E 2000, 61, R1005.

[CrossRef]
13. Tan, Z.J.; Zou, X.W.; Zhang, W.; Huang, S.Y.; Jin, Z.Z. Self-Attracting Walk on Non-Uniform Substrates. Mod. Phys. Lett. B 2002,

16, 449–457. [CrossRef]
14. De Gennes, P.-G.; Gennes, P.-G. Scaling Concepts in Polymer Physics; Cornell University Press: Ithaca, NY, USA, 1979.
15. Ordemann, A.; Tomer, E.; Berkolaiko, G.; Havlin, S.; Bunde, A. Structural properties of self-attracting walks. Phys. Rev. E 2001, 64, 046117.

[CrossRef]
16. Tan, Z.J.; Zou, X.W.; Huang, S.Y.; Zhang, W.; Jin, Z.Z. Random walk with memory enhancement and decay. Phys. Rev. E 2002, 65, 041101.

[CrossRef] [PubMed]
17. Perra, N.; Baronchelli, A.; Mocanu, D.; Gonçalves, B.; Pastor-Satorras, R.; Vespignani, A. Random walks and search in time-varying

networks. Phys. Rev. Lett. 2012, 109, 238701. [CrossRef] [PubMed]
18. Haran, G. How, when and why proteins collapse: The relation to folding. Curr. Opin. Struct. Biol. 2012, 22, 14–20. [CrossRef]

[PubMed]
19. Dill, K.A.; MacCallum, J.L. The protein-folding problem, 50 years on. Science 2012, 338, 1042–1046. [CrossRef] [PubMed]
20. Wang, X.; Yu, S.; Lou, E.; Tan, Y.L.; Tan, Z.J. RNA 3D Structure Prediction: Progress and Perspective. Molecules 2023, 28, 5532.

[CrossRef] [PubMed]
21. Wang, X.; Tan, Y.L.; Yu, S.; Shi, Y.Z.; Tan, Z.J. Predicting 3D structures and stabilities for complex RNA pseudoknots in ion

solutions. Biophys. J. 2023, 122, 1503–1516. [CrossRef]
22. Tian, F.J.; Zhang, C.; Zhou, E.; Dong, H.L.; Tan, Z.J.; Zhang, X.H.; Dai, L. Universality in RNA and DNA deformations induced by

salt, temperature change, stretching force, and protein binding. Proc. Natl. Acad. Sci. USA 2023, 120, e2218425120. [CrossRef]
23. Tan, Y.L.; Wang, X.; Yu, S.; Zhang, B.; Tan, Z.J. cgRNASP: Coarse-grained statistical potentials with residue separation for RNA

structure evaluation. NAR Genom. Bioinform. 2023, 5, lqad016. [CrossRef]
24. Tan, Y.L.; Wang, X.; Shi, Y.Z.; Zhang, W.; Tan, Z.J. rsRNASP: A residue-separation-based statistical potential for RNA 3D structure

evaluation. Biophys. J. 2022, 121, 142–156. [CrossRef] [PubMed]
25. Tan, Z.J.; Chen, S.J. RNA helix stability in mixed Na+/Mg2+ solution. Biophys. J. 2007, 92, 3615–3632. [CrossRef] [PubMed]
26. Tan, Z.J.; Chen, S.J. Nucleic acid helix stability: Effects of salt concentration, cation valence and size, and chain length. Biophys. J.

2006, 90, 1175–1190. [CrossRef] [PubMed]
27. Huang, S.Y.; Zou, X.W.; Zhang, W.B.; Jin, Z.Z. Random walks on a (2 + 1)-dimensional deformable medium. Phys. Rev. Lett. 2002,

88, 056102. [CrossRef] [PubMed]
28. Lennard-Jones, J.E. Cohesion. Proc. Phys. Soc. (1926–1948) 1931, 43, 461. [CrossRef]
29. Pettersen, E.F.; Goddard, T.D.; Huang, C.C.; Couch, G.S.; Greenblatt, D.M.; Meng, E.C.; Ferrin, T.E. UCSF Chimera—A visualiza-

tion system for exploratory research and analysis. J. Comput. Chem. 2004, 25, 1605–1612. [CrossRef] [PubMed]
30. Barlow, D.; Thornton, J. Helix geometry in proteins. J. Mol. Biol. 1988, 201, 601–619. [CrossRef] [PubMed]
31. Varshney, V.; Carri, G.A. Coupling between Helix-Coil and Coil-Globule Transitions in Helical Polymers. Phys. Rev. Lett. 2005, 95, 168304.

[CrossRef]
32. Yang, Z.; Deng, Z.; Zhang, L. Coil-helix-globule transition for self-attractive semiflexible ring chains. Polymer 2017, 110, 105–113.

[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1016/j.powtec.2023.118256
https://doi.org/10.3390/polym15061335
https://www.ncbi.nlm.nih.gov/pubmed/36987117
https://doi.org/10.3390/polym14214536
https://www.ncbi.nlm.nih.gov/pubmed/36365528
https://doi.org/10.1103/PhysRevLett.130.227101
https://doi.org/10.1103/PhysRevE.106.034501
https://doi.org/10.1103/PhysRevE.65.052105
https://doi.org/10.1103/PhysRevE.61.R1005
https://doi.org/10.1142/S0217984902003932
https://doi.org/10.1103/PhysRevE.64.046117
https://doi.org/10.1103/PhysRevE.65.041101
https://www.ncbi.nlm.nih.gov/pubmed/12005800
https://doi.org/10.1103/PhysRevLett.109.238701
https://www.ncbi.nlm.nih.gov/pubmed/23368274
https://doi.org/10.1016/j.sbi.2011.10.005
https://www.ncbi.nlm.nih.gov/pubmed/22104965
https://doi.org/10.1126/science.1219021
https://www.ncbi.nlm.nih.gov/pubmed/23180855
https://doi.org/10.3390/molecules28145532
https://www.ncbi.nlm.nih.gov/pubmed/37513407
https://doi.org/10.1016/j.bpj.2023.03.017
https://doi.org/10.1073/pnas.2218425120
https://doi.org/10.1093/nargab/lqad016
https://doi.org/10.1016/j.bpj.2021.11.016
https://www.ncbi.nlm.nih.gov/pubmed/34798137
https://doi.org/10.1529/biophysj.106.100388
https://www.ncbi.nlm.nih.gov/pubmed/17325014
https://doi.org/10.1529/biophysj.105.070904
https://www.ncbi.nlm.nih.gov/pubmed/16299077
https://doi.org/10.1103/PhysRevLett.88.056102
https://www.ncbi.nlm.nih.gov/pubmed/11863752
https://doi.org/10.1088/0959-5309/43/5/301
https://doi.org/10.1002/jcc.20084
https://www.ncbi.nlm.nih.gov/pubmed/15264254
https://doi.org/10.1016/0022-2836(88)90641-9
https://www.ncbi.nlm.nih.gov/pubmed/3418712
https://doi.org/10.1103/PhysRevLett.95.168304
https://doi.org/10.1016/j.polymer.2016.12.075

	Introduction 
	Materials and Method 
	Self-Interacting Walks 
	Numerical Simulations 
	Evaluation Metrics 

	Results and Discussion 
	Structural Properties at Low Temperature 
	Implications in Protein Folding 
	Comparison with Other Models 
	Impact of the Temperature T 
	Globule–Coil Transition 
	Helix–Globule–Coil Transition 

	Diagram of Phase Transition 
	Structure Transitions at Other Equilibrium Distances 

	Conclusions 
	References

