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Abstract: For the last three decades, bistable composite laminates have gained publicity because of
their outstanding features, including having two stable shapes and the ability to change these states.
A common challenge regarding the analysis of these structures is the high computational cost of
existing analytical methods to estimate their natural frequencies. In the current paper, a new meth-
odology combining the Finite Element Method (FEM) and Multi-Objective Genetic Programming
(MOGP) is proposed for the analysis of bistable composite structures, leading to some analytical
relations derived to obtain the modal parameters of the shells. To achieve this aim, the data ex-
tracted from FEM, consisting of the ratio of the length to width (a/b) and the thickness (t) of the
laminate, is split into Train and Validation, and Test, subsets. The former is used in MOGP, and
four formulas are proposed for the prediction of the free vibration parameters of bistable laminates.
The formulas are checked against the Test subset, and the statistical indices are calculated. An ex-
cellent performance is observed for all GP formulas, which indicates the reliability and accuracy of
the predictions of these models. Parametric studies and sensitivity analyses are conducted to inter-
pret the trend of input parameters in the GP models and the level of sensitivity of each natural
frequency formula to the input parameters. These explicit mathematical expressions can be ex-
tended to the other bistable laminates to obtain their natural frequencies on the basis of their geo-
metrical dimensions. The results are validated against the experimental data and verified against
FEM outcomes.

Keywords: bistable; composite; vibration; FEM; genetic programming; sensitivity

1. Introduction

Bistable composite laminates can be designed to render two stable static configura-
tions that are suitable candidates for deployable and aero structures, including booms [1],
airfoils [2], winglet and wing [3], and trailing edge [4], as well as energy-harvesting de-
vices [5-7] and other morphing structures [8-12].

In 1981, Hyer [13] found that an unsymmetric composite laminate could have two
cylindrical stable shapes besides its statically unstable saddle shape. Indeed, after the
manufacturing process, a cross-ply bistable laminate exhibits two cylindrical stable posi-
tions, as illustrated in Figure 1.
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Figure 1. Two stable equilibria shapes of a cross-ply bistable composite plate, (a) the first stable (b)
the second stable configuration.

Due to the fact that the transverse and longitudinal thermal expansion coefficients of
the laminate mismatch, the thermal residual stresses are created during the fabrication
process, resulting in the making of a nonlinear geometry feature and the emergence of
two stable shapes [14]. Hyer proposed an analytical model, based on the principle of min-
imum energy and the Rayleigh-Ritz method, by taking into account this geometrical non-
linearity [15,16]. Ren and Majidi [17] obtained the cured shape of different cross-ply com-
posite shells, investigating the effect of the thickness, size, and stacking sequence on the
predicted shapes through utilizing the suggested method by Hyer [13]. Mattioni et al. [18]
presented a methodology to provide a numerical prediction of the nonlinear responses of
bistable and multistable laminates under cool-down and snap-through conditions utiliz-
ing finite element analyses. Betts et al. [19] investigated the stable configurations of angle-
ply bistable plates using an analytical method, and the results were justified comparing
the surface profiles obtained by experimental tests. According to Saberi et al. [20], besides
the stacking sequences, the material properties, geometrical features, and environmental
conditions have a noticeable impact on the nonlinear behaviors of bistable structures. Sa-
beri et al. [21] estimated the probability of five types of bistable composite laminates using
the principle of minimum energy, applying the Rayleigh-Ritz method with the subset
simulation technique, which is an efficient approach to predict small failure probabilities.
They considered the material properties, environmental conditions, and geometry char-
acterizations as input parameters, treated simultaneously to determine the sensitivity of
the bistable region. The reliability-based sensitivity analysis showed that for bistable lam-
inates subject to humidity, the coefficient of thermal and moisture expansions has the
greatest impact on the bistability probability. However, for bistable laminates without
moisture, the thickness became the most important factor. Brampton et al. [22] studied the
influence of geometrical uncertainties, environmental conditions, and material properties
on the major curvature of bistable composite shell. The sensitivity of the cured shape to
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each variable was obtained by considering a +5% change in the variable using the Ray-
leigh-Ritz method. Chali et al. [23] studied the impact of moisture and temperature on the
bistable antisymmetric composite shell, presenting a new model to control the curvatures
of a bistable shell by adjusting the temperature or moisture. Fazli et al. [24] investigated
the bistability of the hexagonal laminates and the compound symmetric trapezoidal with
two varied lay ups, studying the influences of the size of the lamina and stacking sequence
on the out-of-plane displacement. Deshpande et al. [25] examined, numerically and
experimentally, the transient process between two stable shapes of a bistable laminate
during snap-through and approved that transient deformation depends on the location of
the applied force. Phatak et al. [26] defined a relationship between the behavioral and
geometrical dimensions of bistable laminates, which can predict their curvature and snap-
through force. It was shown that the force is a function of the thickness and the side length.
Nicassio [27] presented a novel analytical method based on Timoshenko and Ashwell’s
theories in order to obtain the stable configurations of bistable plates. He verified the
results with experimental and FE methods results. Pietro et al. [28] introduced a
computational framework based on advanced one-dimensional finite elements to analyze
bistable beam structures and predict the in-plane stress field with acceptable accuracy.
Kuang et al. [29] analyzed the multi-stability of composite shells using a new numerical
framework that can compute the nonlinear equilibrium paths and assess the stability of
the equilibrium structure. Zhang et al. [30] designed the multistable composite structures,
made by connecting some bistable laminates, and obtained their stable configurations.
Most of the papers about the bistable composite laminates focus on the static
behavior, and few authors have investigated the vibration and dynamic responses.
Diaconu et al. [31] studied the dynamic transition between stable states for a bistable
composite plate through Hamilton’s principle and the Rayleigh-Ritz method. Arrieta et
al. [32] experimentally and theoretically investigated the cross-well dynamic response of
a bistable composite laminate. Wu and Viquerat [33] optimized the natural frequency of
the bistable composite slit tubes with cantilevered conditions with respect to the size and
stacking sequences using Matlab’s standard optimization functions and finite elements.
Wau et al. [34] presented a novel analytical model founded on Hamilton’s principle and
Riley Ritz methods to predict the nonlinear dynamic behavior of the bistable composite
laminate. Emam [35] studied the free vibration response of cross-ply bistable composite
laminates through a simplified Rayleigh—Ritz model as well as the effect of geometrical
size of laminate on the fundamental natural frequency, whose results indicated the natural
frequency declines if the laminate length rises. Wu et al. [36] investigated the nonlinear
vibration behaviors of the cross-ply bistable composite shallow shell under centre
foundation excitation by finite elements and experimental methods. They found that the
desired shell varies from the single-well periodic to single-well chaotic vibrations through
the period-doubling bifurcation because of the growth of the amplitudes for the centre
base excitations. Andrew and Inman [37] developed a model to study the nonlinear
vibration response of a bistable laminate combined with a central macro fibre composite
and studied the full range of nonlinear behaviors such as chaotic, limit cycle, and
subharmonic oscillations. Brunetti et al. [38] investigated, experimentally and
theoretically, the nonlinear dynamic response of a cantilever bistable shell. Liu et al. [39]
observed the metastable chaos of a square bistable shell under foundation excitation and
found that the zero equilibrium point is unstable once the parametric excitation increases
from a specific critical value. Dong et al. [40] studied the global and local dynamic
response of a bistable asymmetric laminated shell under the base excitation by changing
temperature, detuning parameters, and base excitation amplitude. They showed that for
large amplitude, the shell vibrates between the two stable configurations, which is
dominated by the global dynamics. Most of the aforementioned papers investigated the
dynamic response and obtained just the first natural frequency of bistable laminates since
determining other natural frequencies using the analytical method is challenging.
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Recently, Saberi et al. [41] developed an analytical equation using deep learning and the
FEM to estimate the modal parameters of rectangular bistable composite plates.

The current study presents new mathematical expressions using Multi-Objective
Genetic Programming (MOGP) to predict the first four natural frequencies of bistable
composite laminates through their geometrical sizes. To determine these analytical terms,
at the first step, the appropriate signals are collected from the vibration of the laminate
through FEM as well as using the experimental results. Afterwards, the data are divided
into two separate categories: the train and validation group; and the test group. The for-
mer is employed by the genetic programming (GP) algorithm in a recursive process,
whereas the latter is utilized to check the performance of the predictions. Four formulas
are obtained for each natural frequency of the bistable laminates based on their geomet-
rical parameters. The high accuracy of the formulae is verified after examining the corre-
lation of coefficients and mean relative error of the models for both datasets. The obtained
expressions help to state the output (natural frequencies) based on the inputs (length,
width, and thickness of laminate) using explicit nonlinear mathematical relationships. In
addition, the sensitivity of the natural frequencies with respect to these parameters is in-
vestigated.

2. Theoretical Formulation of a Bistable Laminate

To estimate the stable positions, the strain terms of Von Karman should be consid-
ered. The total number of strains is expressed in Equation (1)

Exx % K x
{gyy} =1€%y e+ 24Ky 1)
Exy ony Koxy

where (i,j = x,y) sol.]. is the strain vector in the mid-plane and «°; is the curvature in
the mid-plane, which are defined according to Equation (2).
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In Equations (1) and (2), Uy, Vy, and W, indicate the in-plane and out-of-plane dis-
placements in the x, y, and z and directions, at the mid-plane of plate. The displacement
fields are considered as:

i=1 j=1
m n
Vo(ry) = ) ) byatG-Dy)
i=1 j=1
m n
Woloy) = D) cyx2i-y20-D ©
i=1 j=1

where a;;(t), b;;(t), and c(t) are unknown coefficients that illustrate the generalized co-
ordinates, and their quantity is equal to 3 X m x n. R(t) = {a,- i bij, ¢ j}T is the vector of
the unknown coefficients. It should be mentioned that m and n are the degrees of freedom.
These forms can satisfy the boundary conditions of the laminate, which is supposed to fix
in the middle point and be free at the edges. Regarding the Kirchhoff hypothesis, the dis-
placement in each point of plate is defined by Equation (4).
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Hamilton’s principle is employed to derive the desired dynamic equations of the bi-
stable laminate. The stationary action functional is obtained by integrating the Lagrangian
functional between two time instants (t; and t,). Hamilton’s principle states that a dy-
namic system seeks motion within a path where the action functional is stationary. This
stationary point is given by:

) f(T(t) —1(t))dt =0 )

where I(t) is the total potential energy and T'(t) is the kinetic energy.
The total potential energy of a composite laminate, ignoring any mid-plane offset
[42,43], is described in Equation (6).

Ly/2 Ly/2 .
= [ [ Gl [ B[ [eharay ©
~Ly/2 —Lyx/2

where L, and L, are the dimensions of the the plate and A, B, and D are, respectively,
the in-plane, coupling, and bending stiffness matrices. N* and M" are the thermal stress
and moment resultants, respectively. The kinetic energy of a composite laminate, ignoring
again any mid-plane offset, is defined as:

Dy My 2
aV ow
o3 [ ol e e @] o
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where L,, L), and h are the lengths and thickness of the laminate and p is the density.
Then, by substituting the Equations (6) and (7) into Equation (5) and integrating, the
dynamic equations of motion are stated as:

MR+D(R)+K(R)=0 ®)

where M is the mass matrix that is obtained by integrating and D(R) is the damping
matrix expressed as:

D(R) = aMR )

where a is the coefficient of the mass proportional damping [41].
K(R) is the nonlinear stiffness function that is determined by Equation (10).

221 01 9211
da;j?  0a;;0b;; 0a;;dc;;
oI 921 0% 921
K(R) = 3R dby;0a; abijz db0c; (10)
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The equilibrium configuration of the plate will stable if this Jacobian matrix (K (R))
of the potential energy is positive definite.
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3. Numerical and Experimental Methods

A parametric finite element is used to extract the natural frequencies for different
geometries and laminate configurations. The resulting data are then used as the input of
the GP algorithm. In order to perform the finite element analyses, the ABAQUS software
package is employed. The studied bistable composite plate has a stacking sequence [0/90]
and 200 mm x 140 mm side length. The material properties of this laminate are presented
in Table 1.

Table 1. The properties of (0/90) laminate [41].

E;[GPa] Ey; [GPa] G,,[GPa] Vi @14[1/°C]  a,,[1/°C] tpiy[mm] AT[C]

147 10.71 6.98 03 5.03x1077 2.65%x107° 0.225 160

After designing the desired plate and applying the material properties, the simulated
laminate is depicted in Figure 2.

ly-2

t=0.000225,

t=0.000225

1
Figure 2. The schematic of the simulated laminate, comprising two plies.

The simulated laminate is discretized using linear quadrilateral elements with re-
duced integration and hourglass control (54R), and the converged mesh consists of 1189
nodes and 1120 elements to represent the plate geometry. To determine the stable config-
urations, the “Static-General” step should be selected since simulating the curing process
is possible in this step. Meanwhile, because of the geometric nonlinearity, “Nlgeom” is
chosen for the static analysis. What is more, to reach reliable and robust results, it is
needed to use a damping factor of 107 for automatic stabilization [31,44,45].

To simulate the curing process, the temperature variation should be defined using
the “Predefined Field” so that at the initial step the temperature is 180 °C and for other
steps is equal to room temperature (20 °C).

Since the studied bistable plate is rectangular, the determination of the first stable
shape does not need the primary imperfection but should be applied to obtain the second
stable state, in order to apply the conditions of the manufacturing process. To achieve this
aim, two “Static-General” steps are defined, and then the imperfection is introduced in
the first step by applying 4-minute vertical forces (for this case, each force is about 0.02 N)
to the corners, removed in the second step (regarding Figure 3). Indeed, these initial forces
simulate imperfections in materials and manufacturing conditions through manufactur-
ing process.
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YLX

Figure 3. The laminate with the clamped center, and four vertical forces in the corners.

After modelling the stable shapes, the vibrational response in these states ought to
extract. First, the “Dynamic Implicit” step is selected. To simulate the free vibration be-
haviour in this step, a very small force, as the initial actuation, is initially applied to the
plate, resulting in a transverse displacement. Then, the small force is removed such that
the proper transverse displacement response of the laminate can extracted from some ran-
dom points defined on the laminate. To determine a dynamic response with high accu-
racy, the time step in this step should be small. The points used to apply the forces and
receive response are shown in Figure 4.

(a) (b)

Figure 4. The random points chosen to apply load (a) and to extract the dynamic response of the
bistable plate (b).

In order to obtain the natural frequencies of the plate in each stable state, after simu-
lating the static stable configurations, the “Frequency” step is considered for investigating
the free vibration parameters by using the “Lanczos” eignsolver. The sable configurations
of a cross-ply [0/90] bistable composite are illustrated in Figure 5. In the case of boundary
conditions, during “Static-General” steps the middle point of the plate is clamped ("’En-
caster” boundary condition) (according Figure 3), but for the “Frequency”” step, in order
to remove rotational rigid body modes, the three translational degrees-of-freedom are
constrained (“Pinned” boundary condition).
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15t stable shape

(a)

2nd gtable shape

(b)

Figure 5. Stable shapes of a cross-ply (0/90) bistable composite, (a) the first stable (b) the second
stable shape.

For the experimental identification of the natural frequencies, at first, the centre of
the plate is fixed via a steel rod that is joined to the plate using a bolt that provides a point
clamp at the centre. A proper sensor is attached in varied points of two stable configura-
tions of laminate, and this accelerometer is linked to the data acquisition hardware that is
connecting to a computer. Then, to simulate the primary force, a low actuation is applied
to some random points of the laminate using a plastic impact hammer. Lastly, the signals
associated with the transverse displacement of the plate are extracted by a special set-up
for the modal test. The experimental test set-up is depicted in Figure 6.
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(b)

Figure 6. Experimental method to collect the desired signal from the vibrational response of a bista-
ble composite plate: (a) the used set up, (b) the two stable shapes of the bistable laminate, and (c) an
appropriate sensor in different points of the laminate.

4. Genetic Programming Methodology

Genetic programming (GP), first introduced by Koza [46], is a powerful algorithm
for predicting meaningful relationships between input and output variables [47-50]. GP
follows the Darwinian principle of survival and reproduction in a population and in ge-
netic crossover operations. For a problem including constant quantities and variables as
terminals, a random composition of the algebraic and logical functions as the population
of the first generation is prepared. A new offspring of the initial generation is generated
through mutation and crossover, also known as recombination, based on the genetic in-
formation of the parents. The recombination results in the increase of the variation of pop-
ulation, generating new individuals. Fitness values are checked for every generation, and
those who have the highest fitness values have more chance of remaining in the next-
generation population. This process is in the form of a tree in which the root node is the
starting point, nodes of the tree are the genes containing functions and/or terminals, and
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branches are the connectors of these functions and terminals. A new language was devel-
oped by Karma [51] for reading the chromosomes’ information, consisting of letters used
to represent the variables and constants in the form of K-expressions in a computer pro-
gram. A multi-gene model consists of some genes that can be presented in the form of
distinctive trees, where each one corresponds to a symbolic mathematical expression. A
weighted linear combination links these expressions and generates a formula as:

n
§Cew,) = wo+ D wiGi(r,%) ()
i=1

where 1 stands for the number of genes, and x and r are the input and the vector of un-
known parameters in each gene, respectively, in a vector of outputs, G. wi is the weight of
ith gene and wois the bias term. What makes MOGP a reliable tool for developing formu-
lations for a set of data is its relatively higher efficiency and capability in modelling non-
linear complex problems [52]. MOGP can optimize the complexity development and the
goodness of fit to restrict the model from over-expansion and over complexity.

In this study, the output dataset from the FE analysis is introduced to the MOGP
toolbox [53] and the initial population. In this algorithm, in every generation of the popu-
lation, the top 50% of the population regarding the accuracy and complexity survive to
the next population. More information on the details of this algorithm can be found in
Searson [53].

The inputs of the model comprise two parameters, the a/b length-to-width geometric
ratio and the thickness t. The output parameters are the first four natural frequencies of
the laminate. These parameters are introduced to the MOGP algorithm, and through run-
ning evolutionary algorithms on the generated populations as described before, an appro-
priate and optimum set of model parameters for the present problem is found. Table 2
illustrates the model parameters of the MOGP models. The complexity of the models is
determined by the maximum number of genes and the depth of the trees.

Table 2. The optimum parameters of the MOGP models of this study.

Parameter Setting
Functions + = %, /, exp, Ln, power, add3, mult3 '
Population size 10,000
Number of generations 15,000
Maximum number of genes 2
Maximum tree depth 2
Training set 0.75
Validation set 0.15
Crossover events 0.85
High-level crossover 0.20
Low-level crossover 0.80
Sub-tree mutation 0.90

Tadd3(a,b,c) =a+b + ¢, mult3(a,b,c)=axbxc.

5. Results
5.1. Determining the Natural Frequencies

To achieve the natural frequency using the theoretical method, Equation (8) can be
solved through Runge-Kutta method, in which the results will be the time response of the
laminate (R vector). To extract this dynamic response, first, four equal concentrated forces
of 1.10 N are initially applied at each corner of the plate, and then these forces are elimi-
nated. It should be noticed that in order to capture the linear vibration behaviour of the
bistable laminate without jumping into the other stable shape, the applied corner forces
must stay below the levels corresponding to the snap-through. In the experimental
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method, the natural frequency is obtained from the peak of the frequency response func-
tion that is calculated from the cross-power spectrum density between the frequency-do-
main response of the accelerometer and impact hammer, and the power spectrum density
of the frequency-domain response of the impact hammer. These frequency-domain re-
sponses are obtained using a Fast Fourier Transform (FFT) applied to the time-domain
response of the impact hammer and accelerometer. Regarding the bistable composite plate
with the properties proposed in Table 1, the natural frequency determined by the analyt-
ical method is equal to 35.47 Hz, which is in good agreement with the natural frequency
determined experimentally that is 34.56 Hz.

Table 3 and Figure 7 present the first four natural frequencies and their associated
modes predicted with the finite element model, respectively.

Table 3. The first four natural frequencies obtained by the FEA.

Natural Frequency (Hz) 1st 2nd 3rd 4th
FEA 33.81 6391 130.22 143.19

2nd Mode 3rd Mode

Figure 7. Associated mode shapes with the first four natural frequencies around the first stable con-
figuration.

To increase the accuracy of the results, we should consider more terms (high-order
terms) in Equation (3), leading to the substantial enhancement of the computational cost.
In addition, solving Equation (8) to receive a dynamic response is time-consuming be-
cause to gain acceptable precision, the time step should be sufficiently small. Therefore,
four formulas are offered to estimate these parameters with acceptable accuracy and with-
out any complexity.

5.2. Mathematical Expressions

Two input parameters, including x1=a/b and x2= ¢, contribute to the generation of the
GP population and training-validation process. Several runs are conducted, and according
to the explanations of Section 4, four GP models with the highest performance are achieved
for the natural frequencies of the composite laminates that are presented in Table 4.

Table 4. The predicted formulas for the first four natural frequencies (NF) by MOGP algorithm.

NF Formula

NF1 187.5x,%" " — 3510x,2x,351 x (1.911x,2)%" X exp(x, — 5.51x,) — 3.302
NF2 516.8 — 503.7 X (0.5091x, 2797 x,)054872, ™1 xx, ™17

NF3 704.2x,145X0.5467"1) o 1 469-1.809%:° 4 27 13

NF4 450.6x, X (x1x,2) 70223721 x 1,039%%2 x 4,331(0-0413)™ _ 40 43

xq=afb,xy=t

The GP models need to be evaluated using well-known criteria such as the Frank and
Todeschini [54] model acceptability criterion. The ratio of the number of data points to the
number of input parameters should be greater than five. For the GP models of this study,
this ratio is 157 and fulfils the acceptability of the model. Another criterion by Smith [55]
says that the error value (the Mean Relative Error in this study) must be at a minimum
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value regarding the acceptable errors of prediction in this problem, i.e., less than 2.15 per-
cent, while the correlation of coefficients has to be higher than 0.8. The formulation of R?
and MRE are as follows:

n
§Cew,) = wo+ ) WiGi(r, %) (12)
i=1
1 F—-G
MRE = —Z |— (13)
n F

where F and G are the finite element outputs and the predicted values by GP model, re-
spectively; F and G are the average values of FE and GP data points, respectively; and
n is the number of data points.

For the GP models, the correlation of coefficients (R?) and Mean Relative Error (MRE)
are herein calculated for the Training and Validation, and the Test, subsets. Table 5 pre-
sents the calculated R? and MRE for the proposed formulae. As per this table, it is seen
that the R? values are higher than 97 percent for the Train and Validation and over 96
percent for the Test data. Since the Test data had not been seen by the GP algorithm, and
because the R? and MRE values of the Train and Validation set are very close to the Test
data, the models are able to predict the natural frequencies accurately and they do not
overfit in the training process.

Table 5. The statistical indices for the Training and Validation, and the Test, subsets in the GP formulas.

Model Train and Validation (75%, 15% Data) Test (10% Data)
R2 (%) MRE (%) R2? (%) MRE (%)

NF1 97.31 2.23 96.79 2.86

NF2 99.07 1.82 97.12 2.10

NF3 98.80 1.65 98.24 2.04

NF4 98.95 1.41 98.42 1.89

To have a better understanding of the models” performance, Figure 8 presents the
scatter diagrams of the GP models’ predictions versus the finite element data. According
to these figures, a high correlation can be observed, and the data points are very close to
the line of best fit.

200

: °

[ ]
L )
+ 150 +
L 2 L
[ g
3 S
L L ..g L
T y T EIOO 1 .
i % o 5]
L ° L
1 .’ 50 +
L e I
o [ ]
’ — —t OIII
0 50 100 150 200 0 50 100 150 200

Finite Element Finite Element

(@) (b)



Polymers 2022, 14, 1559

13 of 19

GP Predictions

400

300

200

100

1000

GP Predictions

GP Predictions

(o]
[=3
(=}

(=)
(=
S

~
(=]
(=]

[\
(=
(=]

1000

800

200 300 400

Finite Element
(c)
I ¢
0 400 600 800 1000
Finite Element
(e)
: R
i [J
- o
0 400 600 800

Finite Element

(8)

1000

400

200

GP Predictions

100

1000

800

GP Predictions

1000

- N (e
[ [ (=3
S S (=}

GP Predictions

(3]
(=]
S

0 100 200 300 400
Finite Element
(d)
(]
X °
- s
i [ ]
0 200 400 600 800 1000
Finite Element
€3]
_ .
I .
. S
0 200 400 600 800 1000

Finite Element

(h)

Figure 8. Comparison of the FE outputs with the predictions GP models for the natural frequencies:
NF1 train and validation (a) and test (b) data; NF2 train and validation (c) and test (d) data; NF3
train and validation (e) and test (f) data; and NF4 train and validation (g) and test (h) data.

For the external validation of the proposed formulas, it is required that at least the
slope of one of the regression lines in Figure 5 (k and k’), which pass through the origin
(0,0), be in the following range [56]:
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0.85 <k, k' <1.15 (14)
wherein
! 1
k= ﬁz FxG (15)
! 1 1
K = EZ FXG (16)

where F and G are the finite element models’ outputs and the predicted values by GP
formulas, respectively. The calculated values for the validation criteria are presented in
Table 6.

Table 6. The external validation results for the GP formulas.

Model 3 kK’
NF1 0.993 1.002
NF2 0.997 1.002
NF3 0.999 0.998
NF4 1.000 0.999

5.3. Parametric Study and Sensitivity Analysis

Since the GP models are generally developed based on the best fit of the mathemati-
cal expressions on the data and not based on the physics of the problem, in order to pre-
sent a clearer illustration of the relationships between the input parameters and the out-
puts, parametric studies are conducted on the four GP models. With regards to Figure 9,
increasing the thickness, ¢, of the bistable composite laminate raises the natural frequen-
cies. By considering Equations (6)—(8), increasing the thickness of the laminate can en-
hance the natural frequencies. However, increasing a/b leads to a reduction of the last three
natural frequencies. In the case of the first natural frequency, rising a/b results in a rapid
decrease of this natural frequency down to the critical length-to-width ratio. After that,
increasing a/b causes a growth in this parameter, which forms a parabola. It should be
mentioned that bistable laminates do not have two stable shapes for ratios that are equal
to or less than the critical ratio, and the natural frequency in this point is zero [20,35].
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Figure 9. Results of the parametric studies on the inputs and output of the GP models. (a) the ef-
fect of a/b variation on NF1 (b) the effect of t variation on NF1 (c) the effect of a/b variation on NF2
(d) the effect of t variation on NF2 (e) the effect of a/b variation on NF3 (f) the effect of ¢ variation
on NF3 (g) the effect of a/b variation on NF4 (h) the effect of t variation on NF4.

In addition to the parametric studies that shed more light on the trend of the inputs
and the output parameters with relevant physical interpretations, to find the level of con-
tribution of the inputs (i.e., a/b and t), the percentage of the sensitivity of each model is
calculated using the following formula [57]:

D; = NFmax(xi) - NFmin(xi) (17)
s=2 o 18
) (%) (18)

wherein NFma(xi) and NFumin(xi) are the maximum and minimum output values when the
ith parameter is substituted in the GP formulas, while the average value of the other pa-
rameter is used. The results of the sensitivity analysis are presented in Table 7. According
to the table, the natural frequencies of bistable laminates are more sensitive to the thick-
ness rather than the length ratio. This is an advantage that makes it possible to design
bistable structures with a desired vibration response by setting the thickness. It is seen
that the contributions of the parameters in NF1 and NF4 are approximately similar,
wherein the sensitivity of these two models to a/b is about one-fourth of ¢, which indicates
the significantly higher contribution of the thickness in these modes. Nevertheless, differ-
ent results can be seen for the sensitivity analysis of the second and third natural frequen-
cies. Although these natural frequencies are more sensitive to the a/b compared to NF1
and NF4, thickness still plays a more vital role.

Table 7. Results of the sensitivity analysis (Si) of the GP formulas.

Model S(a/b)% S(t)%
NF1 25.7 74.3
NEF2 41.6 58.4
NEF3 45.1 54.9
NF4 22.8 77.2

6. Conclusions

In the present research, the free vibration behaviour of the bistable laminates was
investigated through the experiments and finite element analysis. Using the data acquired
from the FE models, four new formulas were proposed using Multi-Objective Genetic
Programming (MOGP) to predict the first four natural frequencies of bistable laminates
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just by considering their dimensions, leading to the tackling of the challenge to estimate
these variables by means of closed-form nonlinear analytical expressions. The GP model-
ling started with splitting data to Training and Validation, and Test, data sets. The models
were generated on the Training data and validated in each step of the population genera-
tion. Once the most efficient models (the highest correlation of coefficients and lowest
error) were obtained, their accuracy was examined for predicting the natural frequencies
of the Test dataset. After the justification of the GP mathematical formulas by FEM and
the experiment’s test results, the ability of the GP formulas in predicting the desired pa-
rameters with high accuracy is notable. By analyzing the sensitivity of natural frequencies
to input parameters, it can be seen that raising the thickness increases the natural frequen-
cies, while growth of length sides’ ratio leads to general dwindling of the natural frequen-
cies. As future work, this approach can be employed to obtain analytical equations for
different responses of multistable or other complex structures.
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