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Abstract: A new three-dimensional (3D) boundary element method (BEM) strategy was developed
to solve fractional-order thermo-elastoplastic ultrasonic wave propagation problems based on the
meshless moving least squares (MLS) method. The temperature problem domain was divided into a
number of circular sub-domains. Each node was the center of the circular sub-domain surrounding it.
The Laplace transform method was used to solve the temperature problem. A unit test function was
used in the local weak-form formulation to generate the local boundary integral equations, and the
inverse Laplace transformation method was used to find the transient temperature solutions. Then,
the three-dimensional elastoplastic problems could be solved using the boundary element method
(BEM). Initial stress and strain formulations are adopted, and their distributions are interpolated
using boundary integral equations. The effects of the fractional-order parameter and anisotropy
are investigated. The proposed method’s validity and performance are demonstrated for a two-
dimensional problem with excellent agreement with other experimental and numerical results.

Keywords: boundary element method; stress sensitivity; fractional-order thermo-elastoplastic;
ultrasonic wave propagation problems; fiber-reinforced polymer composite materials

1. Introduction

All fiber-reinforced polymer (FRP) composite materials, which have significant poten-
tial for a wide range of infrastructure applications, contain thermosetting or thermoplastic
resins as well as glass and/or carbon fibers. The load-bearing component of the composite
is provided by the fiber network, while the resin aids in load transfer and fiber orientation.
The resin regulates the manufacturing process and processing variables. Resins also protect
the fabrics from environmental factors such as relative humidity-elevated temperatures
and chemical attacks.

Significant research has been conducted on the development of FRP composite ma-
terials and their novel applications. Many efforts have yielded materials with improved
structural properties. Because of their superior corrosion resistance, excellent thermome-
chanical properties, and high strength-to-weight ratio, FRP composite materials are being
promoted as twenty-first-century materials. In terms of their embodied energy, FRP com-
posite materials are also “greener” than traditional materials such as concrete and steel. The
use of FRP composite materials in civil and military infrastructure can improve innovation,
productivity, and performance while also providing longer service lives, resulting in lower
life-cycle costs. These efforts demonstrate that the use of innovative composite materials
and designs have significant potential to reduce infrastructure vulnerability.
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The BEM with internal collocation nodes has been used to solve thermo-elastoplastic
problems [1,2]. However, the BEM's advantage of ease of data preparation is lost in this sce-
nario. Therefore, several BEM strategies have been proposed. Nowak and Neves [3] devel-
oped the multiple-reciprocity boundary element method, which cannot be used to analyze
thermo-elastoplastic materials. The dual-reciprocity BEM was developed to solve thermo-
elastoplastic problems with an arbitrary heat source [4]. Eigenvalue analysis can be carried
out using the real-part boundary element approach [5,6]. The local boundary element
method was used by Sladek and Sladek [7] to solve elastoplastic problems without internal
cells. For elastoplastic difficulties, Ochiai and Kobayashi [8] presented the triple-reciprocity
BEM, which does not require internal cells. This method allows for a very accurate solution
to be produced using only fundamental low-order solutions and reduces the requirements
for data preparation. Ochiai [9] applied the triple-reciprocity BEM to solve 2D thermo-
elastoplastic problems with an arbitrary distributed heat source [10] and three-dimensional
elastoplastic problems with initial strain formulas [10]. Recently, Fahmy et al. [11-14] de-
veloped fractional BEM schemes to solve certain thermoelastic problems.

In this paper, a new BEM strategy is developed to solve three-dimensional thermo-
elastoplastic wave propagation problems with an arbitrary distributed heat source. Bound-
ary elements and arbitrary internal points are used in this strategy. For elastoplastic
analysis, the initial strain or stress distribution is interpolated using boundary integral
equations. Strong singularities in the calculation of stresses at internal sites become weak
using this method. The impacts of anisotropy and the fractional-order parameter are ex-
amined. The validity and performance of the suggested method for a two-dimensional
problem are demonstrated, showing excellent agreement with existing experimental and
numerical results.

2. BEM Implementation for the Temperature Field

The heat conduction equation of a nonhomogeneous anisotropic fiber-reinforced
polymer composite in the presence of the distributed heat source W!!*(g) can be expressed
as [15] ~

P()c()DFB(x £) = [kij(x)81(x 1)] ; + Q(x. 1), @

in which 1 R P
QUx 1) =~ Bwlils(g) (R0 gy = 0L a1 03
X0 Tl

where the parameters are defined in the Nomenclature Table at the end of this paper.
In the BEM formulation of 3D problems, the distributed heat source function W (g) is
interpolated using the following equations [16]:

VIWIE(g) = —wBS(g), )
VWS (g) = — % WEIPA(g,,), 3)
m=1

In 3D problems, the polyharmonic function with the volume distribution THA(p,q) is
introduced to achieve smooth interpolation and can be described as [17]

THA(p,g) = gm{ QfA- N+ A7 + ef A+ - a7} r>a, @

TVIA(p,q) = pabrm{ @fA -n(A+1Y —@fa+n(a-nY} r<a )

where r denotes the distance between observation point p and loading point 4.
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On the basis of Caputo’s finite difference technique, at (f + 1)At and fAT, the follow-
ing formula can be established [18]:

k
D%pf+1 4 Digf ~ Z Ws f (9f+1—](x> _ Gf_](x)) ©)
J=0
where B
AT) " - -
Wan = 13y 7 Wy = Wao (111 (-1 )

By employing Equation (6), the fractional nonlinear heat conduction Equation (1) is
transformed into the following equation [19]:

-

Wig0 71 (x) = 230, (x) = A, (000 (x) = W00/ (x) = A(x)0%; () =230 (x) = 1= Wa (677177 () =0/ (x)) + 1), (x, 1) + b (%) (8)

J=1

Let Q) be the analyzed domain of the considered problem and the initial condition be
0(x,t)],—o = 0(x,0) )

The MLS approximates u'(x) as u"(x) = pT(x)a(x) Vx € (), where
pl(x) = [p'(x), P*(x), ..., p"(x)], and a(x) is a vector of coefficients a/(x), (j = 1,2,...,m),
x = [x1,x,x3]". Thus, the following definitions can be deduced:

pT(x) = [1,x1,x2,x3), linear basis m = 4,

. . 10
pT(x) = [1, X1, X2, X3, x%, x%, x%, X1X2, X2X3, X3x1], quatratic basis m = 10. (10)

Now, by implementing the Laplace transformation to Equation (1), the following
equation is obtained:

[kij(x)8,i(x.5)] ; = p(x)c(x)s0(x,5) = —F(x,5), (11)
in which
F(x,5) = Q(x,5) 4+ 6(x,0) (12)
o) —R ,E](s) _
where Q(x,s) = %e 0" and J(s) = (s+]071)2’ s> T.

The local weak form of Equation (11) can be described as

/g [(klj(x)e,j(xrs))’l — 0(X)c(x)s0(x,s) + F(x,5) | 0" (x)dQ =0, x" € Q¢ (13)

in which 6*(x) and Q)] are the weight function and local sub-domain boundary, respectively.
Applying the Gauss theorem to Equation (13) yields

faog 7(x,s)0* (xldF - fng kij(x)0 j(x,5)07 (x)dQ2

— o PO)C(X)5B(% )" (X)d + [y F(x,)6" (x)d2 = 0, (14)
where B
q(x,8) = kij(x)0 j(x, 8)n;(x). (15)
and
w1 atxe Qg
)= {0 atx ¢ Qf (10
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Based on the fundamental solution of (8), the local weak form (14) yields the following
boundary integral representation:

| atxs)dr = [ pxe)stx, )i = — [ Fx,s)d 17)

s V4 s

The MLS is employed to compute the heat flux as
h - 2
7"(x,s) = kijn; Z ¢7j(x)9a(s). (18)
a=1

On the basis of [20], Equation (17) can be re-expressed as

n

X (quH" n"KP* (x)dl' — [, pcs4>”(x)d1") 6°(s)

a= (19)
— fr 7(x,s)dl — Ja, R(x,5)dQ),
Considering the following representations
ki1 ki ks g} .
kiz ka ko |, PUx) = |95|, n° = (nq,n2,n3). (20)
kiz ka3 ka3 P%

The inverse Laplace transform [21] has now been implemented to obtain the physical
quantities in time domain.

3. BEM Implementation for the Elastoplastic Field
Now, our purpose is to solve the following boundary integral equation [1,2]:

e (P)ig(P) = [ [u (2. Q)p(Q) ~ pi(P. Qi (@] dr + [ ol (P )i
+ J{T(Q)a“?“;ﬁp'@ Tu M p Q)} r(Q)
aat § (1)) [ i)

= r
M

_ulr(f-i'l)(P, Q) BWg’L(Q)] dr + A1 Zl Z/liT[g]A(P, qm)W[s]P(Qm)
m=

(21)

where c;j, sg j;((q), u;(Q), and p ]-(Q) are the free coefficient, initial strain rate, displacement
rate, and surface traction rate, respectively. However, r, I', and (2 are the distance between
the observation point and loading point, the boundary, and domain, respectively.

According to [22], Kelvin’s solution u[ ](p, q) and p;;(p,q) can be written as

M (p,q) = 1 TR SO S ,
i (pa) = Tor(d = v)Gr{(B 40)6;j 41,1}, 1 = Or/0x; (22)
1 or
pii(p,q) = S7(—0)Gr [(1—20)6; + 37,7 ] 5, (1= 20) (rin; —rini) o, (23)
Tlf]
The functions ‘Ti[jlk] (r.q), uiTm (r.q), w, and u, T34 (p,q) in Equation (21) can be

expressed as [1,16]

1
0t (P ) = m{(l —20) (5jz'7,k + it j — 5jkr,i> + 3r,ir,jr,k}, (24)
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my(2f — )rr¥f 2 (1+0)a

T[f] _ f+1) _ _
(o) = mol; ™ (pd) = == ™0 = () )
d ”z‘Tm@/EI) _ mp(2f —1)r¥ 3 ni+ (2f — 3)r; or (26)

on N 47t(2f)! ' “on]’
ul P (pq) = moT (p,g) ”
_ moA®r,;(105 r°+189 r*A2427 r2 A1— A®) A (27)
= 15360 12 P>

mor v ;(—r® +27 r* A% + 189 r2A* 4105 A°®

u] 0 (p,q) = =2 i 15360 ), r<A (28)

where « denotes the thermal expansion coefficient.
Based on the initial stress formulation, the domain integral in Equation (21) can be
written as [1]

M= / (P, ) (9)dCY, (29)
where
-1
eg,}c(p,q) = {(1 —20) (&-jr,k + Okt ) — Ouri+3r;r, rk} T6m(i— )G (30)
The following equations are used for initial stress interpolation [8,9]:
1 2
V201l () =~ (@), (31)
3]PA
VZO'I]k Z Ug]k m 4 (32)
The initial stress rate ('71[12.,15 (q) curvature can be expressed as
-[2Js 1] 8(75}(5((2) aTl(P,Q) - [2]S
copy (P) = rf TP, Q) —G— = = Trj(Q) pdl
(33)
M
+ ¥ TOAP, gu)o ™ (qm)
m=1
. . : .. [3]PA
in which M is the number of points ¢f;, (q)-
On the boundary, the initial stress rate (.T%;((P) can be written as
N 2 e i @i Q  attpg) 1]
CTrjk (p) = —le (=1 [ TV(P,Q)—5G— — = Uljk(Q) dr
" (34)

M A
— % TEAP, gu)o 15 (gm)-

For internal points, the following equation is obtained in the same manner as Equation (34)

Q) arin
S (p) = z fr{T[ﬂ p, Q)= - Qe %(Q) bar

f=1 (35)

M A
- LT 24 (p, qu)ory (@m)-

For performing the interpolation process, the following equations were employed [15]:

VLS () = e (9), (36)
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3]PA
vz‘SI]k Z ‘C’E];c qm (37)

where V2 = 92 /9x% + 9% /9y? + 02 /92,
From Equations (36) and (37), the following equation is established:

M
(115 .[3]PA
V‘%L @)=1) Egj;c (qm), (38)
m=1
In this method, each initial strain component 85 ]Jc (9)(j, k =1,2,3) is interpolated.

Using the Green’s second identity and Equation (37), the following result is obtained [8,9]:

PREe) i
) = | {T[l](P, Q@ _aring) s (Q)}dr

rl : (39)
+ L TIAP, gu)ery (gm)-

m=1

Now, using the Green’s theorem and Equations (36) and (37), the initial strain rate

SE;{(P) can be expressed as [7,8]

.[1]s

: 9 (Q) D :
N s e 10

+ [ TE(P, gu)é 5 (gm)

" 9Q) a1l @0
= L rf{TWP,Q) B — Ty <Q>}dr
M
- Z TEA(P, qm)SﬂPA(QM)

where
c_ { 0.5 on the smooth boundary

1 inthe domain
It is assumed that sg ;C (Q) is zero. For internal points, the following equation is obtained:

2:lf1s

_ )f fr{Tm (P/ Q) Ijgn(Q) (nP Q)‘C’Elj}k (Q) }dr

T4 (p, gy (qm).

e (p) = —

gl

T
I

(41)

3
Il

|
TR

when the boundary is divided into Ny constant elements and N; internal points, then

(2Np + N;) unknowns must be solved simultaneously.

The function (T].[,Q (p,q) is defined as

V2ol (p.q) = oill(p.9). (42)
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Using Equations (36), (37), and (42) and Green’s second identity, Equation (21) becomes
ci(P)iy(P) = [ 1 (P, Q1 (Q) = py(P, Qg (Q) T
2 a0l (pQ) . oe ]’ (Q)
- r (-1 f{,-, e.(Q) — ol (P, Q)= = LT

f=1 P
[S]A(

A
P, 0)é o ()

M
+ Z 1o
u.T[
o .m0 o)

2 LTI
+)r1le (1Y “r[ [3 e uu(e)

e, M ar A7 L AP, g WO,
m=1

(43)

(]

The Kelvin solutions u; i

and uiL]ﬂA can be expressed as [8,9]

]
A0 =V e 0T

YT 21— 0)G G (“44)

_plfH1]A
LS4 -1 Tl 14 9T '
ij 2(1—0)G G

Equation (44) can be expressed using Equations (39), (40), and (45) as follows [9]:

(45)

_1)2f-3
1[{] 87(12({ _ 21); G(2f)! [(4f -1- 4fv)5ij —(2f — 3)7’,1‘7”,]‘], (46)

P = e {0 (10510 + 189474 4274472 — A°)
+3r,7,(105r° + 63A%r* — 9A*2 4 AS) (47)

—36(1 — 0)5;jr* (35r* + 42422 +3A%) } r > A (A —9),
(314 -1 6 2,4 4,2 6
+6r 7 7% (—1* + 18A%r? + 63A%) (48)
—186;j(1 — v) (—r® +21A%* + 105A%? +35A%)} r < A

(]

The function ¢ jki( p,q) is described as follows:
1
V2l M p.g) =eli(p.0) (49)

The domain integral in (28) can be expressed as

2 oci (PQ) . s}, (Q)
1= —>:<—1>ff{ P o (Q) — e (P, Q) par

f;ll T (50)
k 3]RA
+ E SE?CZA(P qm) l[]I]c (qm)
Using Equation (46), sgg(p, q) is obtained as
8uim oulf)
eh(pa) = T+t o o
2f—1)(2f-3)
= Mﬁ[(zf —2f U)( ki + Okt )

(51]1’,]( (2f )1’ it rk]
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Furthermore, using Equations (47) and (48), the normal derivatives del] (p,q)/0n and

ijk
B4

Eijk (p,q) are obtained as

aﬁﬁf](prq) - _3)s2f-5
il = G e —{(2f = 5)[(2f — 1 - 2f0) (8jr + Gr)
—Siit g — 2f = 7)r,m, rk] gn (2f —5) (r/jr,kni + it nj + r,lr,]nk)
+(2f-1- va)( ki + 51k”]> - 5ijnk}r

[ 1A auW aum
1]k (P’ q) - Bxk + axi
= W [— (5]-1(7’,1‘ + 51-](1’,]‘ + (Si]‘r,k) (1057’6
+63A%r" —9A*? + A®) —rr i1 (105r° — 63A%r*
+27A%2 —5A6) +18(1 — 0) ((5]-kr,i + (sikr,j)
xr?(35rt + 14A%%2 — AY) ] r > A,

B4 4 2,2 4
g (P9) = moiioc [— (djkr,i+(5ikr,j+(5ijrrk> (—r* +18A%r2 + 63A%)

—41”1‘7‘]'1’,]{1’2(—7’2 + 9A2) + 9(1 — U) ((ijrli + (Sikr,j)
x (—r* +14A%r2 + 35A%) | r < A,

Using the stress—strain relationship, ‘Ti%f:j (p,q) is obtained as

[f] [f] [f]
If] . 290G Bu ou; E)uk.
‘Tia(f’f‘” = =50, ? !

_ —<2f473(>1(2fv I 2f = 1—2f0) (6r: + our)
—(1=2fv)éjjr)— (2f =5)r;7, it

[f] 8]A

E)xk axi

(52)

(53)

(54)

(55)

Moreover, the normal derivatives dc; ik (p,q)/0n and c; " (p,q) are given by [11]

o]
ik (Pa) _ —1)(2f— _
Wigelp. B3] 2f —5){ 2f — 1 2f0) (deri + bur)
—(1 — 2f0)5ijr,k — (Zf — 7)1’11’1’,]'7‘,](} P
—(2f = 5)(r,jrxni + 1 gnj + 11 i)
(Zf —1- va) ( ki + 5zkn]) ( — 2f?))5i]'7’lk} ,

[3]4 _
i (p) = m{l&)&,]rkr (3574 + 14 A%2 — A%)

— (8jeri -+ Gir =+ 0y ) (105 79 + 63 A% — 9 A% - A°)
—rir it (105 70 — 63 A%rt +27 A%? — 5 A°®)

+18(1 - v) (5jkr,l- + 5ikr,]-)r2 (3514 + 14 A2 — A4)} r>A,

3]A
b () = oty {900 a(—r* £ 14 A2 135 A%)

o
( ikt i+ Or i+ 51-]-1’/;() (—r* 418 A%r2 + 63 A*)
_4r,i7,jr,k72 (—1’2 +9 AZ) +9(1—-v) ((5]-kr/i + 51'1(1’,]‘)
x(—rt+14 A%? +35 AY)} r < A

(56)

(57)

(58)
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The internal stress is given by [22]
Gii(p) = g‘[—ak[}}(p,cz)pk(@)—ski,»<p,Q>uk<Q Jar+ [ ol e (@0
( Q)
~Gyi)(p +f Y P2 1(Q) — oM (p, Q) THQ )]dr
(59)

AL (1)

f=1 r

M
fO'.T[fJ'_l] (p, Q) anl(Q):| dr + A_l 21 Ui[]?]A(P, qm)w[:ﬂPA(qm),
m=

a1 (p,Q)
[/anpw[f](g)

ol

where dl[ilj]( ) represents the initial stress derived from the initial strain. Additionally,

Skij(p,q) and Uz[]lc]s (p,q) in Equation (36) can be expressed as [1,11]
Skij(prq) = 747‘[(18;0);*3 {3%’; {(1 — 20)(51']'1’,]( + v(&ikr i+ 5' 7’ ) — 57’ '7’ '1" k]
+30(nr jr e+ njr,ir i) + (1 —20) (Snkr 7 j + njdix + n;6; ) (60)
—(1 —4v)md55 },

1
Ul[Jk]l(plq) = m[?)(l 20)((51]7’](7”1 +(5le T’ ) +3v((slr rk
+0jkr,it + Oixt jT,s + (5jzr,ir,k> +(1—2v) ((51-;((51]- + (5]-,((511-) (61)
_(1 - 4’0)(51‘]‘(5kl —15 rl-r ir krl],

o (p,q) = 2Gmo| BT — 5Tl
2/
fc*”‘)éif}iz}[ (2f — )5 + (2f —3)r,m,],

aff,-?f(nq) _ Gmy(2f-1)r*f or
on 27t (2f)! [1’ ni + TN, (Zf )8;151']' (63)

+(2f — 5)7,1'7,]‘%},
oTBIA (4, 0) = zcmo[ia;Tg’“ — 6 TP

ij
_ GmpAS o
- 2272§0r3 [ dij (SZSr +567r* A2 + 2712 A% + A6) (64)

+3(1051° 4 63r1 A2 — 9r2 A + AS)rri] ¥ > A,

(62)

o (pg) = G5 (4r° — 8174 A% — 37812 A — 105A%) )
+3r2(—r* +18r2A2 + 63A%) 11| r < A,

The function Ui% (p,q) is defined as

V2ol (p.q) = olfi(p.9). (66)
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Using Green’s theory and Equation (66), Equation (59) can be written as
. 1 . .
() =[]0} (1 QP(Q) = Si(p, Qi (@) ] T

2 a0 (pQ) . aillls
—L Yy [ Mot (Q) ol (p, Q) P | ar
M A 1
+ L ol (poam)e™ am) 015 (p)

: Q) - . (67)
+] %T(Q) ~5 0 (p.Q) a%f’] ar
2 Tff+1]
M E ) laa”an(”’@w[ﬂ(@
f=1 r

() M
o, QT ar A7 E PP, ga)W O g,

Using Equation (55) and the relationship between displacement and stress, l[]fk]l (r.q)

is obtained as

,Bf;%(m): 57 U,Ef,llm(m)+G[0i[,§,j(p,q) fk’ll(m)}

5
- (227{(117)5)2{1732)&2”!<2fv{1+2(ff )0}6;i0 + (1 — 20

X [(2f = 1= 2f0) (6w + udje) + 2f = 5)(f = 1= fo) (prire  (68)
+0jxr it + O Tk + 5ikf,j7,1) — (1 =2fv){(2f -5)
X (5](11’,,‘1’,]' + (51']'1’,](7’,1) + 5,‘]‘5](1} 2f 5)(2f )1’ it it Kt l]

Similarly, 8(71[]“( q)/on and U[]k]l (p,q) are obtained as

af

Wi (P4 _ ({2fol1+2(f —2)0)6y0u + (1 - 20){ (2f =1~ 2f0) (68 + 6ue
+(2f )(f —-1- fU)( it il k + 0; ikt it 1 + 51'11’/]‘1’,;( + (Sikf’,]‘f’,l)

( — 2fv) [(Zf )((Skﬂ’, T + (51]1”;(1’,1) + (5,‘]'(5]{1}

—(2f =7)2f = 9)r,rjriry }) &L + (1 —20)

{ f—1-fo) [( lﬂk+5knl>rz

(G + Sun)r,j + (51‘1"1' T 5il”]‘)r'k + (‘ka”i + ‘Sik”f>r"}

—(1—2fv)[s lj(rlnk+rknl)+5kl(r ini +7n;)]

—2f =D {(ran g +rin)rir ;4 (rmi+rimg)rer] 1),

X

+

(69)
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3 3 3
T (P D) = 50imian (P )+ Gl (p.0) + i (1)

= WMOE;WZ&H{ZSWZ% (572 + A%)
+(1—20) [6;(35r* 4+ 14A%r% — A%)
+7,7,;(35r* — 14A%r% + 3A%) ]} + (1 —20)
x {18vr25;; 61 (35r* + 14A%r2 — A*)
+7 1 (357 — 14A%r2 + 3A%)]
— (801 + 8¢jérs + 801 ) (1057 + 634214 — 942 4- A°)

(70)
— 51‘]‘7”;(1’,1 + 5](]-7’,1‘7',1 + (Skir,jr,l
FOur it + Ot iy + 5ﬂr,kr,,») (10576 — 63A%r* 4-27A%2 — 5A°)
—rjr it ir 1 (—1057° + 189 A%r* — 135A%% + 35A9)
+9(1 — 0)1’2 |:2 (5,{1»5]'1 + (Sk]‘(sil) (351’4 + 14A21’2 — A4)
+ (5ki7’,j7’,l + Okt it + Ot Tk + Oyt it k
x (351 — 14A%r% + 3A%)])r > A,
l[]k]l (p, q) = m < 63025i]'(5k1 (—74 + 10A2T2 + 15A4)
+(1 - 20) {18086 (—r* + 14427 + 354%)
+2 (51(11’,,‘1",]‘ + 51‘]'1’/](1’/11’2 (77’2 + 7A2)}
- <5i]-5k1 + 6l + 5iz(5,-k) (=4 +18A%2 + 63A%) 1)
—4 ((5](17‘/,‘7’,]' + (5]'11’,1'1’,;( + §jkr,ir,l + (5ilr,jr,k + (5,‘;{7‘/]'7‘,1
+(5,-]-r,kr,1r2 (—r2 +942)
+8?‘,i7‘,j1’/k1",ﬂ’4 +9(1—0) [((5”{(5]’1 + (5i15jk> (77’4 +14A%12 4+ 35A4)
+2 <5jlr,i”,k =+ (5]-;(1’,,-1',1 + 5ilr,jr,k =+ 51‘](1‘,]‘1’,1)1’2 (—7‘2 + 7A2)] } >r <A,
According to [17], Equation (67) can be written in the following form:
. 1 . . . .
i) = [ [0} (p Q) = Sy (@) — (Qa) —a(p = Qa)T(Qa) T
a0 Q) | - . 1 aT
+1[ ]T{T(Q) - T(QA)} - ‘Tij[ ](P/ Q) anQ) dl
2 a0 (p,0)
+A7L g (-1)f f[]anwvu@
= ’ () M 72)
T[f+1 oW _ T[3]A PA
~o i, QPG ar a7t 8 TP e, W)
m=
2 ke (PQ) . +1 (0
+E D] [a e (@) - o (p, @ T2 ar

M .
+ L Uﬁlf(nqm)s[[i]sm(qm) it

8% (p,q) is calculated using Equation (51) and the displacement-stress relationship as

el(P0) = Es8iemi(P9) + G [85{34(?’ 7+ e (p0)]

2f-5
= % {( 2f =1-2fv) (5ikf5jl + 5i15jk)
+2f =5)(f —1- fo) ( T+ O it ) Oy i i+ (sikr,jr,l)
—(1 — Zfl)) [(Zf — 5)(5](17’/1'1’,]‘ + 5ij5kl] + (2f — 5)51']'T,k7”,1
—(2f =5)(2f = D)rrjrary}-

(73)
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asl.%l (p,q)/on and s?}f (p,q) are also obtained as

2elf]
i ( / ) — _ _ 2f—6
]ki;n : = 1)2(?((1 33,58})5” < (2f —1—-2f0) (5ik5jz + 5iz5jk>

+Q2f =7)(f = 1= fo)(ojr,ir i + Spriry + S jr i + 5ik7,jf,z)
—(1=2fv){(2f - )(5klr,1r] + 8ijr 1) + ijd } — (2f = 7)
X (2f =9Vt jr it 5 (74)
+(f-1- fv){ ( i+ 6j k”l)’ + (Sing + oy )1
+ (5]‘1711‘ + 51‘17’1]‘)7’,]( + (5jkni + 5ik7’1]‘)7’,1
-(1- ij(r g + 7 gy k(i +71in;
(1 —2f0){&;j(r i + rpny) + & (v jmi +7,m7) }
—@2f =) {(rme +rpmy)riri + (rmi +7img) e ),
BlA _ %G 3]A 314 (314
z]kl (p’q) - va) 51]£mkl m(p’Q) + G[ zkl] (p’q) ]kl i (p’q)}
715120(1 37 [180r26;j{ 61 (357* + 14A%r% — A*)
+rr (357 — 14A%r2 + 3A%) }
—(0ij0k1 + Oxjdri + 5ki51]-) (1057° + 63A2r* — 9A%r? + A°)
- (Sijl’,kr,] + (5kjr,l-r,l + (5kir,]-r,l 75)
+5kl7’,7'j + 51'17”1(1’/]‘ + 5]'11’,](7’/1‘2 (1051’6 — 63A%r* 4 27A%% — 5A6)
—rjr i i (—1057° + 189 A%r* — 135A%r% + 35A°)
+9(1 — 0)r{ 2(8id + 8jou ) (357* + 14427 — A%)
+ (5]“'1”,]'7’,] + (5kjr,l-r,l + (511'1’]'7’,]( + 51]'1’,1‘7”,]() (351”4
—14A%% + 3A%) } ] r > A,

E]l}cl (PI q) - m [9051]{(5;(1( rt + 14A242 + 35A4)

+argr (= +7A%) ) — <5ijf5kl + didj1 + 5il5jk>

X (—rt + 18A%r% + 63A%) — 4((5k1r,ir,j A+ 07 i O it
+0i7 i1 e + O + i jor 72 (=12 + 9AZ) + 8r jrjr g 1

+9(1 = ) { (8ud + 8udic ) (—r* + 14427 + 35A4) +2(8r
+Ojkr it + Gyt T + 5ikr,j7’,l>7’ (—7’ + 7A2) H r < A.

(76)

The first thermal load is Tg, the final thermal load is Ty, and the number of iterations
is N. Then, the incremental load is (Ty — Ts)/N.
The following iterative relationship is used to solve the current thermo-elastoplastic

problem:
oy ™! = o5 + Hdey, (77)

where U(’]‘, "1 H, and del are yield stress at k, yield stress at k 4 1, strain hardening, and
equivalent plastlc strain increment, respectively. Based on the von Mises yield criterion,
the stresses rate in Equation (72) yields the deviatoric stress tensor S;;, and the equivalent

stress 0, can be computed as

3
O = 551]51] (78)
where
0. —0p=0. (79)

The following Prandtl-Reuss equation is employed to calculate the plastic strain
increment dsfj as
dsf]. = Sij d)\, (80)
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where dA is a proportionality factor.

The plastic strain increment dsf . is calculated using Equation (80).
Equations (36) and (37) are used to interpolate the initial strain rate.

The displacement and traction rates are calculated by Equation (43).
Equation (80) is used to calculate the strain rate.

Equation (77) is used to calculate the initial strain rate until convergence.

4. Numerical Results and Discussion

The proposed BEM method is general because it can be used to deal with a wide range
of fractional thermo-elastoplastic problems affecting anisotropic fiber-reinforced polymer
composite materials. Additionally, it is simple because only the surface of the domain
needs to be discretized.

In our study computations, we employed a fiber-reinforced polymer composite with
the following properties:

Young’s modulus E = 210 GPa, Poisson’s ratio v = 0.3, thermal expansion « = 0.000011,
yield stress 0y = 250 Mpa, and strain hardening H = 0.05 E.

We considered the reinforcing parameters &, 8, and (7; — Jit).

The pure anisotropic fiber-reinforced behavior satisfies

Cijkrtir1 = [Aekij + 2Hirei; +E<ﬁk5m€km5zj +ﬁiﬁj€kk> +2(p, — ¥r) (ﬁiﬁkﬁkj +ﬁjﬁk€ki) + Baxamemaia], (i, j, k, m=1,2,3), (81)

where a = (a1, ap, a3), a% + a% + a%

Additionally, the isotropic behavior satisfies & = B = (i, — i) = 0.

As illustrated in Figure 1, the domain of the considered 3D problem includes
40 boundary nodes and 81 internal nodes. Additionally, we assumed that the wave
direction is parallel to the x-axis.

Figure 1. BEM modeling of the present problem.

Figure 2 shows the distribution of the stress oq; sensitivity along the xj—axis in
anisotropic fiber-reinforced polymer composites for various fractional-order values. It
is shown from this figure that the stress 011 sensitivity decreases and then increases along
the xj—axis. Additionally, it increases as the fractional-order parameter increases. This
figure demonstrates that the fractional-order parameter has a significant effect on stress
011 sensitivity in anisotropic FRP composites. The stress o7 sensitivity curves at the upper
(@ = 1.0) and lower (& = 0.1) values of the fractional parameter diverge from each other,
and they are close to each other at the interface values (x = 0.4 and & = 0.7).
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Figure 2. Distribution of the o7 sensitivity along x;—axis in anisotropic FRP composites for various
fractional-order values.

Figure 3 shows the distribution of the stress oy, sensitivity along the xj—axis in
anisotropic fiber-reinforced polymer composites for various fractional-order values. It
is shown from this figure that the stress o, sensitivity decreases and then increases and
then decreases again the along xj-axis. Additionally, it increases as the fractional-order
parameter increases. This figure demonstrates that the fractional-order parameter has a
significant effect on the stress oy, sensitivity in anisotropic FRP composites. The stress
oy sensitivity curves at the upper (¢ = 1.0) and lower (@ = 0.1) values of the fractional

parameter diverge from each other, and they are close to each other at the interface values
(& =04 and a = 0.7).
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Figure 3. Distribution of the oy, sensitivity along x;—axis in anisotropic FRP composites for various
fractional-order values.

Figure 4 illustrates the distribution of the stress 07, sensitivity along the xj—axis in
anisotropic fiber-reinforced polymer composites for various fractional-order values. It is
shown from this figure that the stress 0>, sensitivity decreases and then increases along the
xj—axis. Additionally, it increases as the fractional-order parameter increases. This figure
demonstrates that the fractional-order parameter has a significant effect on the stress 0y,
sensitivity in anisotropic FRP composites. The stress 0, sensitivity curves at the upper
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(@ = 1.0) and lower (@ = 0.1) values of the fractional parameter diverge from each other,
and they are close to each other at the interface values (¢ = 0.4 and & = 0.7).
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Figure 4. Distribution of the 0y, sensitivity along x;—axis in anisotropic FRP composites for various
fractional-order values.

Figure 5 illustrates the distribution of the stress 013 sensitivity along the xj—axis in
anisotropic fiber-reinforced polymer composites for various fractional-order values. It is
shown from this figure that the stress 013 sensitivity decreases and then increases along
the x;—axis. Additionally, it increases as the fractional-order parameter increases. This
figure demonstrates that the fractional-order parameter has a significant effect on stress
013 sensitivity in anisotropic FRP composites. The stress o3 sensitivity curves at the upper
(@ = 1.0) and lower (& = 0.1) values of the fractional parameter diverge from each other,
and they are close to each other at the interface values (¢ = 0.4 and & = 0.7).
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Figure 5. Distribution of the o3 sensitivity along x;—axis in anisotropic FRP composites for various
fractional-order values.

Figure 6 illustrates the distribution of the stress 0»3 sensitivity along the xj—axis in
anisotropic fiber-reinforced polymer composites for various fractional-order values. It
can be seen from this figure that the stress 0,3 sensitivity increases and then decreases as
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0,3 Sensitivity

033 Sensitivity

x1 increases for different fractional-order parameters. This figure demonstrates that the
fractional-order parameter has a significant effect on the stress o3 sensitivity in anisotropic
FRP composites. The stress 03 sensitivity curves at the upper (& = 1.0) and lower (& = 0.1)
values of the fractional parameter diverge from each other, and they are close to each other
at the interface values (¢ = 0.4 and & = 0.7).
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Figure 6. Distribution of the o3 sensitivity along x1—axis in anisotropic FRP composites for various
fractional-order values.

Figure 7 displays the distribution of stress 033 sensitivity along the x;—axis in anisotropic
fiber-reinforced polymer composites for various fractional-order values. The stress com-
ponent 033 increases and then decreases as x; increases. This figure demonstrates that the
fractional-order parameter has a significant effect on the stress o33 sensitivity in anisotropic
FRP composites. The stress 033 sensitivity curves at the upper (& = 1.0) and lower (& = 0.1)
values of the fractional parameter diverge from each other, and they are close to each other
at the interface values (& = 0.4 and & = 0.7).
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Figure 7. Distribution of the o33 sensitivity along x;—axis in anisotropic FRP composites for various
fractional-order values.

Figure 8 explains the distribution of the strain €1; sensitivity along the x;—axis, which,
in isotropic and anisotropic cases, begins with a negative value. It can be seen from this
figure that the distribution of the strain 17 sensitivity initially increases and then decreases
along the x;—axis. Additionally, ithasa = 0.7 > @ = 04 > a = 1.0 > a« = 0.1in
anisotropic cases but & = 0.4 > & = 0.7 > & = 1.0 > &« = 0.1 for isotropic cases. This figure
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£11 Sensitivity

&4, Sensitivity

demonstrates that the fractional-order parameter has a significant effect on the strain 1,
sensitivity in both isotropic and anisotropic cases. The strain e1; sensitivity curves at the
upper (& = 1.0) and lower (& = 0.1) values of the fractional parameter are also close to each
other, and we notice that they are closer in the isotropic case than in the anisotropic case. It
is demonstrated that the strain €77 sensitivity curves at the interface values diverge from
each other, as they are further away in the isotropic case than in the anisotropic case.
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Figure 8. Distribution of the £1; sensitivity along xj—axis in isotropic and anisotropic FRP composites
for various fractional-order values.

Figure 9 illustrates the distribution of the strain €1, sensitivity along the xj—axis in
the context of isotropic and anisotropic fiber-reinforced polymer composites for various
fractional-order values. It can be noticed from this figure that the strain €, sensitivity
increases as x7 increases at small x; values. Additionally,ithasa =04 >a =1.0 >«a =
0.1 > @ = 0.7 in anisotropic cases, butithasa®a = 0.7 >a =04 >a =10 >a = 0.1in
isotropic cases, which are close to the approximate values as x; tends to infinity. This figure
demonstrates that the fractional-order parameter has an important effect on the strain €1,
sensitivity in both isotropic and anisotropic cases. The strain €1 sensitivity curves at the
upper (& = 1.0) and lower (& = 0.1) values of the fractional parameter are congruent in both
cases. It is demonstrated that the strain €1, sensitivity curves at the interface values diverge
from each other, as they are further away in the anisotropic case than in the isotropic case.
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Figure 9. Distribution of the £1 sensitivity along xj—axis in isotropic and anisotropic FRP composites
for various fractional-order values.
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Figure 10 explains the distribution of the strain €5, sensitivity along the x;—axis, which
starts near zero at x; = 0 in the context of both isotropic and anisotropic cases. It is noticed
that distribution of the strain ey sensitivity first decreases then increases as x; increases at
small x; values. Additionally, ithas@ = 0.7 > & = 0.1 > & = 1.0 > & = 0.4 in isotropic
and anisotropic cases.

Isotropic
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Figure 10. Distribution of the €5, sensitivity along x;-axis in isotropic and anisotropic FRP composites
for various fractional-order values.

This figure demonstrates that the fractional-order parameter has a significant effect on
the strain ey sensitivity in both isotropic and anisotropic cases. The strain €3, sensitivity
curves at the upper (& = 1.0) and lower (& = 0.1) values of the fractional parameter are
also close to each other, and we notice that they are closer in the anisotropic case than in
the isotropic case. It is demonstrated that the strain ey sensitivity curves at the interface
values diverge from each other, as they are further away in the anisotropic case than in the
isotropic case.

Figure 11 depicts the distribution of the strain ;3 sensitivity along the x;—-axis, which
starts from zero at x; = 0 in the context of isotropic and anisotropic cases. It noticed that
the strain €3 sensitivity is increases first and decreases and then increases again was x;
increases. Additionally, it has @ = 0.1 > @ = 1.0 > @ = 0.4 > a = 0.7 for isotropic
casesand & = 0.7 > &« = 0.1 > & = 1.0 > & = 0.4 for anisotropic cases. This figure
demonstrates that the fractional-order parameter has a significant effect on the strain £13
sensitivity in both isotropic and anisotropic cases. The strain &3 sensitivity curves at the
upper (¥ = 1.0) and lower (& = 0.1) values of the fractional parameter are also close to each
other, and we notice that they are closer in the anisotropic case than in the isotropic case. It
is demonstrated that the strain €3 sensitivity curves at the interface values diverge from
each other, as they are further away in the anisotropic case than in the isotropic case.
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Figure 11. Distribution of the 13 sensitivity along x;—axis in isotropic and anisotropic FRP composites
for various fractional-order values.

Figure 12 explains the distribution of the strain e53 sensitivity along the x;—axis, which
starts near zero at x; = 0 in the context of isotropic and anisotropic fiber-reinforced
polymer composites for various fractional-order values. It can be seen from this figure that
the distribution of strain €3 sensitivity initially increases and then decreasing along the
x1—axis. Additionally, ithasa = 0.7 >« = 0.4 > @ = 1.0 > « = 0.1 in isotropic cases but
«=04>a=10>a=0.1>a=0.7in anisotropic cases. This figure demonstrates that
the fractional-order parameter has a significant effect on the strain &3 sensitivity in both
isotropic and anisotropic cases. The strain €33 sensitivity curves at the upper (¢ = 1.0) and
lower (& = 0.1) values of the fractional parameter are also close to each other, and we notice
that they are closer in the anisotropic case than in the isotropic case. It is demonstrated that
the strain e53 sensitivity curves at the interface values diverge from each other, as they are
further away in the anisotropic case than in the isotropic case.
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Figure 12. Distribution of the ¢33 sensitivity along x;—axis in isotropic and anisotropic FRP composites
for various fractional-order values.

Figure 13 depicts the distribution of strain €33, which starts from zero at x; = 0 in the
context of isotropic and anisotropic cases. It noticed that the distribution decreases and
then increases as x; increases at small x; values. Additionally, it hasa = 0.1 > & = 1.0 >
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& = 0.4 > & = 0.7 in both isotropic and anisotropic cases. This figure demonstrates that
the fractional-order parameter has a significant effect on the strain e»3 sensitivity in both
isotropic and anisotropic cases. The strain €3 sensitivity curves at the upper (¢ = 1.0) and
lower (& = 0.1) values of the fractional parameter are also close to each other, and we notice
that they are closer in the anisotropic case than in the isotropic case. It is demonstrated that
the strain €53 sensitivity curves at the interface values diverge from each other, as they are
further away in the anisotropic case than in the isotropic case.

T T T e =~ T T T

Isotropic il e

a=0.1|
a=04
a=0.7]| _
a=1.0
Saapfr” I ! ! ! ! ]
0.1 0.2 03 04 0.5 0.6 0.7 0.8

X1

Figure 13. Distribution of the 33 sensitivity along x;—axis in isotropic and anisotropic FRP composites
for various fractional-order values.

There are no published results that demonstrate the validity and accuracy of the
current BEM method strategy. On the other hand, some studies can be thought of as special
cases in the context of this current general study. The special case distributions 011, 015, and
09, for the considered BEM combined the finite element method /normal mode method
(FEM-NMM) of An et al. [23] and the experimental technique (Exp.) of Solodov et al. [24]
and are shown in Figures 14-16 for fractional-order (# = 0.4) anisotropic fiber-reinforced
polymer composites. These results show that the BEM findings are in excellent agreement
with those of FEM-NMM [23] and Exp. [24]. As a result, the validity of the proposed
technique was confirmed.
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Figure 14. Distribution of the thermal stress wave 077 along xj—axis in the special case of anisotropic
FRP composites for BEM, FEM-NMM, and Exp.
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Figure 15. Distribution of the thermal stress wave o, along xj—axis in the special case of anisotropic
FRP composites for BEM, FEM-NMM, and Exp.
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Figure 16. Distribution of the thermal stress wave 0, along xj—axis in the special case of anisotropic
FRP composites for BEM, FEM-NMM, and Exp.

5. Conclusions

®

The following findings can be drawn from the present paper:

Advanced BEM was applied to solve fractional-order thermo-elastoplastic ultra-
sonic wave propagation problems affecting anisotropic fiber-reinforced polymer
composite materials

The Laplace transform was used to eliminate the time variable from the governing equations.
The unit step test function was used to derive the local boundary integral equations.
The MLS scheme was developed to treat the domain integrals and approximate
physical quantities.

The numerical data demonstrate the current MLS approach’s accuracy, feasibility,
effectiveness, and convergence.

The inverse Laplace transformation method was then used to find the transient
temperature solutions.

The current technique’s main advantage is its generality and simplicity.

The initial stress and strain distributions are interpolated using boundary integral equations.
Numerical results show that the fractional-order parameter and anisotropy have sig-
nificant effects on the thermoelastic behavior of fiber-reinforced polymer composites.
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10. The numerical results show that the proposed strategy outperforms previous experi-
mental and numerical methods.

11. The findings presented in this paper may be of interest to researchers in material
science, mathematical physics, and geothermal engineering as well as those working
on the development of anisotropic fiber-reinforced polymer composite materials.
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Nomenclature

&jj Strain

A & ur  Elastic parameters
p(x) Mass density
f(x,t)  Temperature field

0ij Mechanical stress tensor

T Laser pulse time characteristic
<ij MLS shape functions

« Thermal expansion

w Fractional-order parameter
c(x) Specific heat

Cijkl Constant elastic moduli

E; Young’s moduli

G Shear moduli

J(7) Non-Gaussian temporal profile
Jo Total energy intensity

kij Thermal conductivity tensor
n; Unit normal vector

Q(x,t) Heat source intensity

R Irradiated surface absorptivity
v Poisson’s ratios

References

1. Telles, J.C.F. The Boundary Element Method Applied to Inelastic Problems; Springer: Berlin, Germany, 1983.

2. Brebbia, C.A.; Telles, ].C.E.,; Wrobel, L.C. Boundary Element Techniques-Theory and Applications in Engineering; Springer: Berlin,
Germany, 1984; pp. 252-266.

3. Nowak, AJ.; Neves, A.C. The Multiple Reciprocity Boundary Element Method; Computational Mechanics Publication: Southampton,
UK, 1994.

4. Partridge, PW.; Brebbia, C.A.; Wrobel, L.C. The Dual Reciprocity Boundary Element Method; Computational Mechanics Publications:
Southampton, UK, 1992; pp. 223-253.

5. Yeih, W.; Chen, J.; Chen, K.; Wong, F. A study on the multiple reciprocity method and complex-valued formulation for the
Helmbholtz equation. Adv. Eng. Softw. 1998, 29, 1-6. [CrossRef]

6. Chen, ].T,; Lee, ].W.; Cheng, Y.C. On the spurious eigensolutions for the real-part boundary element method. Eng. Anal. Bound.
Elem. 2009, 33, 342-355. [CrossRef]

7. Sladek, J.; Sladek, V. Stress analysis by local boundary integral equations. In Boundary Elements and Other Mesh Reduction Methods,
XXIX; Brebbia, C., Ed.; WIT: Southampton, UK, 2007; pp. 3-12.


http://doi.org/10.1016/S0965-9978(97)00054-9
http://doi.org/10.1016/j.enganabound.2008.07.003

Polymers 2022, 14, 2883 23 of 23

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Ochiai, Y.; Kobayashi, T. Initial stress formulation for elastoplastic analysis by improved multiple-reciprocity boundary element
method. Eng. Anal. Bound. Elem. 1999, 23, 167-173. [CrossRef]

Ochiai, Y. Meshless thermo-elastoplastic analysis by triple-reciprocity boundary element method. Int. J. Numer. Methods Eng.
2010, 81, 1609-1634. [CrossRef]

Ochiai, Y.; Tujita, H. Three-dimensional elastoplastic analysis by triple-reciprocity boundary-element method. Trans. Jpn. Soc.
Mech. Eng. Ser. A 2007, 73, 145-150. [CrossRef]

Fahmy, M.A.; Alsulami, M.O. Boundary Element and Sensitivity Analysis of Anisotropic Thermoelastic Metal and Alloy Discs
with Holes. Materials 2022, 15, 1828. [CrossRef] [PubMed]

Fahmy, M.A. A new boundary element algorithm for a general solution of nonlinear space-time fractional dual-phase-lag bio-heat
transfer problems during electromagnetic radiation. Case Stud. Therm. Eng. 2021, 25, 100918. [CrossRef]

Fahmy, M.A. A New BEM for Fractional Nonlinear Generalized Porothermoelastic Wave Propagation Problems. Comput. Mater.
Contin. 2021, 68, 59-76. [CrossRef]

Fahmy, M.A.; Almehmadi, M.M.; Al Subhi, EM.; Sohail, A. Fractional boundary element solution of three-temperature thermo-
electric problems. Sci. Rep. 2022, 12, 6760. [CrossRef] [PubMed]

Fahmy, M.A. Boundary element modeling of fractional nonlinear generalized photothermal stress wave propagation problems in
FG anisotropic smart semiconductors. Eng. Anal. Bound. Elem. 2021, 134, 665-679. [CrossRef]

Ochiai, Y.; Sladek, V. Numerical treatment of domain integrals without internal cells in three-dimensional BIEM formulations.
Comput. Modeling Eng. Sci. 2004, 6, 525-536.

Ochiai, Y. Three-dimensional thermo-elastoplastic analysis by triple-reciprocity boundary element method. Eng. Anal. Bound.
Elements 2011, 35, 478-488. [CrossRef]

Fahmy, M.A. 3D boundary element model for ultrasonic wave propagation fractional order boundary value problems of
functionally graded anisotropic fiber-reinforced plates. Fractal Fract. 2022, 6, 247. [CrossRef]

Sladek, J.; Sladek, V.; Mang, H.A. Meshless formulations for simply supported and clamped plate problems. Int. J. Numer. Methods
Eng. 2002, 55, 359-375. [CrossRef]

Sladek, J.; Sladek, V.; Wen, PH.; Zhang, C. Modelling of plates and shallow shells by meshless local integral equation method. In
Boundary Element Methods in Engineering and Sciences, 1st ed.; Aliabadi, M.H., Wen, PH., Eds.; Imperial College Press: London,
UK, 2010; Volume 4, pp. 197-238.

Horvath, I; Talyigas, Z.; Telek, M. An Optimal Inverse Laplace Transform Method Without Positive and Negative Overshoot—An
Integral Based Interpretation. Electron. Notes Theor. Comput. Sci. 2018, 337, 87-104. [CrossRef]

Ochiai, Y. Three-dimensional steady thermal stress analysis by triple-reciprocity boundary element method. Int. J. Numer. Methods
Eng. 2005, 63, 1741-1756. [CrossRef]

An, B.; Zhang, C.; Shang, D.; Xiao, Y.; Khan, I.U. A Combined Finite Element Method with Normal Mode for the Elastic Structural
Acoustic Radiation in Shallow Water. J. Theor. Comput. Acoust. 2020, 28, 2050004. [CrossRef]

Solodov, L.; Bernhardt, Y.; Littner, L.; Kreutzbruck, M. Ultrasonic Anisotropy in Composites: Effects and Applications. J. Compos.
Sci. 2022, 6, 93. [CrossRef]


http://doi.org/10.1016/S0955-7997(98)00066-6
http://doi.org/10.1002/nme.2743
http://doi.org/10.1299/kikaia.73.145
http://doi.org/10.3390/ma15051828
http://www.ncbi.nlm.nih.gov/pubmed/35269059
http://doi.org/10.1016/j.csite.2021.100918
http://doi.org/10.32604/cmc.2021.015115
http://doi.org/10.1038/s41598-022-10639-5
http://www.ncbi.nlm.nih.gov/pubmed/35474097
http://doi.org/10.1016/j.enganabound.2021.11.009
http://doi.org/10.1016/j.enganabound.2010.08.018
http://doi.org/10.3390/fractalfract6050247
http://doi.org/10.1002/nme.503
http://doi.org/10.1016/j.entcs.2018.03.035
http://doi.org/10.1002/nme.1335
http://doi.org/10.1142/S2591728520500048
http://doi.org/10.3390/jcs6030093

	Introduction 
	BEM Implementation for the Temperature Field 
	BEM Implementation for the Elastoplastic Field 
	Numerical Results and Discussion 
	Conclusions 
	References

