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Abstract: This is a study of the modelling and prediction of strain recovery in a polylactide. Strain
recovery near the glass transition temperature is the underlying mechanism for the shape memory
in an amorphous polymer. The investigation is aimed at modelling such shape memory behaviour.
A PLA-based copolymer is subjected to stress–strain, stress relaxation and strain recovery experiments
at large strain at 60 ◦C just below its glass transition temperature. The material is 13% crystalline.
Using published data on the mechanical properties of the crystals, finite element modelling was used
to determine the effect of the crystal phase on the overall mechanical behaviour of the material, which
was found to be significant. The finite element models were also used to relate the stress–strain
results to the yield stress of the amorphous phase. This yield stress was found to possess strain rate
dependence consistent with an Eyring process. Stress relaxation experiments were also interpreted in
terms of the Eyring process, and a two-process Eyring-based model was defined that was capable of
modelling strain recovery behaviour. This was essentially a model of the amorphous phase. It was
shown to be capable of useful predictions of strain recovery.
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1. Introduction

Polylactic acid (PLA) and related polymers and blends are a focus of increasing attention, arising
both from their potential for degradability within the natural carbon cycle for disposable products [1,2],
and from their bioresorbable properties for prosthetic implants [3–6]. In the latter category, there
are applications for ‘smart’ implants that make use of the polymer’s shape memory properties [7].
As a result, of the load bearing nature of many applications, both potential and realised, it has become
important to understand the mechanical behaviour of PLA. This is the motivation of this paper, for
which a fundamental study was made of the mechanical behaviour of PLA, with particular emphasis
on aspects relevant to shape memory and strain recovery.

The physical and mechanical properties of PLA materials have recently been reviewed by Farah
et al. [8] and Garlotta [9], the latter with more emphasis on crystalline properties. Bergström and
Hayman [10] have produced a review concentrating more on mechanical properties with relevance to
medical applications. PLA materials resemble most other thermoplastics in that they are mechanically
nonlinear, time-dependent and have varying levels of crystallinity. At elevated temperatures near
the glass transition of around 60 ◦C, they are capable of being deformed to large strains, acquiring
molecular orientation and hence shape memory properties. There have been two notable recent studies
of molecular orientation effects arising from biaxial deformations [11,12].

PLA materials are thermoplastics that can be processed using well-established conventional
methods including extrusion, injection moulding, injection stretch blow moulding, film or sheet casting
and thermoforming [2]. They have also been made into foams to produce superhydrophobic devices
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for oil–water separation [13]. Additionally, they are a leading polymer in additive manufacturing [14].
To induce shape memory properties into the material, a manufacturing process that creates high levels
of molecular orientation is required. Such a method is die drawing, originally developed to produce
polymer products with high stiffness and high strength properties [15–17]. This process has been
successfully applied to PLA-based polymers [18,19] providing a process with potential for shape
memory polymer production.

In addition to applications of the pure polymer, PLA has also been used as the principal
component of biocompatible blends and composites. Vasile et al. [20] have plasticized PLA with
polyethylene glycol (PEG) and used melt-mixing to combine it with biological materials including
chitosan in various combinations. The resulting materials showed useful levels of antioxidant and
antibacterial activity together with good biocompatibility, with potential for both biomedical and
packaging applications. PLA/PEG systems also have a role in the production of polymer-nanoparticles
hydrogels [21]. Well-dispersed graphene nanocomposites have been produced using poly(butylene
adipate-co-terephthalate) (PBAT) using a PEO/PLA/PBT system [22].

This study is motivated by growing developments in biocompatible shape memory polymers in
biomedical applications [23]. Recent examples of specific applications of shape memory PLA systems
range from in-vivo devices made from shape memory nanocomposites [24] to melt-blown nonwoven
fabrics with potential for load bearing implants, scaffolds and wound dressings [25]. The level of
crystallinity is in general an important factor associated with high stiffness and strength, and nucleation
techniques have been developed to enhance it in PLA systems [26]. However, in the biomedical
context, it has been established that the bioresorbability of poly l-lactide (PLLA) is too low due to
its high crystallinity [27], and so less crystalline forms are used. Such a material, a polylactide with
a relatively small (~13%) level of crystallinity, is the subject of the experimental study in this paper.
The objective is to develop a material model that predicts strain recovery after tensile extension, to
form the basis of a model of the shape memory effect. Shape memory is driven by the entropic stresses
in the amorphous phase of the polymer. To understand this mechanism on the basis of mechanical
experiments on the partially crystalline polymer, it is necessary to assess the effects of the crystalline
phase on the measurements. This we do by modelling in a way that shows a significant effect of
the crystal phase on the macroscopic elastic properties. Extension of the modelling and comparison
with stress–strain experiments allow us to isolate the yield behaviour of the amorphous material and
define its strain rate dependence. A constitutive model is then constructed that enables the stress
relaxation and recovery behaviour to be simulated and compared with experimental observations of
strain recovery. The experiments are a direct measure of shape memory effectiveness and thus an
appropriate means of evaluating the model. A testing temperature of 60 ◦C is chosen as, being slightly
below the glass transition temperature, it makes possible high levels of molecular orientation and also
enables subsequent strain recovery, replicating shape memory behavior.

The material modelling to assess the effects of the crystalline phase is based on the concept of
crystallites as inclusions within an amorphous matrix. This approach to the modelling of semicrystalline
polymer was pioneered by Halpin and Kardos [28], who made use of the Halpin–Tsai equations [29].
Halpin and Kardos used an approach that acknowledged the effect of the stiffness of crystals relative
to that of the amorphous phase. This gave better predictions than previous models, which had treated
crystals as merely sources of more crosslinking sites. Working with crystal volume fractions of up
to 30%, they used the Halpin–Tsai composite theory to produce successful models of the stiffness of
polyolefins. There is a potential objection to the modelling of crystallites as inclusions isolated from
each other, which Halpin and Kardos discussed; the existence of tie-molecules. Partly as a result of the
success of their modelling, they describe the contribution of tie-molecules as “at best, of only secondary
importance” [28]. It is clear that, at small material strains, tie-molecules will behave no differently than
other molecules in the amorphous phase. They will only have an effect of linking crystals to form
a network when they are highly extended at large strains, and we are using this form of modelling
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only up to a strain of 0.025. As a consequence of these arguments, we shall proceed with modelling the
material as isolated crystallites within an amorphous matrix.

2. Materials and Methods

The material is a copolymer of l-lactide and dl-Lactide in a 70:30 molar ratio. It was supplied in
the form of granules and processed using melt extrusion into hollow tube to be used as specimens for
mechanical testing.

Before processing the polymer, granules were dried overnight in a vacuum oven. A single-screw
Dr Collin extruder (Maienbeth, Germany) with a 16 mm diameter screw and the final heating zone
at 180 ◦C was used to extrude the tube material. Granules were supplied into the hopper, in which
nitrogen was circulated to minimise moisture. The extrudate was pulled through a cooling bath kept at
20 ◦C by means of a caterpillar. The tube was 3.2 mm in external diameter and 0.8 mm internal diameter.

DSC testing was performed on the extruded material using a TA Instruments (New Castle, DE,
USA) Discovery DSC Instrument operating at a heating rate of 10 ◦C/min. From these results the
crystallinity was calculated as 13.1% using the method of Kong and Hay [30], and the glass transition
temperature estimated as 64.3 ◦C. The melt temperature was 165 ◦C.

Molecular mass of the tube material was determined using gel permeation chromotography
(Waters Acquity Advanced Polymer Chromatography System, Milford, MA, USA). The values were
measured as Mw = 650, 000 Da and Mn = 370, 000 Da.

Mechanical tests were carried out in a fan oven at 60 ◦C using an Instron 5565 testing machine
(High Wycombe, UK). Tensile test specimens consisted of lengths of tube with gauge length 75 mm.
Specimens were stretched at a range of constant speeds to a strain of 1 (extension ratio 2). For all
experiments, tensile stretching was performed at 60 ◦C at constant speed with strain rates in the range
of 2.2 × 10−3–4.0 × 10−2 s−1. Tensile tests were of two kinds: stress relaxation, for which the extension
was held constant and the load monitored for a set time interval; and strain recovery, for which one
end of the specimen was released from the testing machine on attaining the set extension and strain
then allowed to recover under fixed load. For the latter tests, the specimen was released by means of
a spring-loaded pin and strain recovery was monitored using video extensometry through the oven
window. Images were captured using a PixeLINK model PL-D722MU-T video camera (Rochester, NY,
USA), and images were analysed using the Fiji image processing software package based on ImageJ
(Eliceiri, University of Wisconsin-Madison, Madison, WI, USA) [31].

Three-point bend tests were carried out on lengths of tube specimen loaded centrally on a span of
25 mm using the same testing machine, oven and temperature using. Testing speeds were such as to
provide strain rates close to those in the tensile tests.

3. Results

3.1. Small Strain Structural Modelling

3.1.1. Analytical Approach

The Mori-Tanaka model [32,33], based on the exact solution for an ellipsoidal inclusion within
a continuous medium, is a more rigorous approach to composite modelling than the semi-empirical
Halpin–Tsai method. The Mori–Tanaka composite is assumed to consist of regularly spaced ellipsoidal
inclusions. Each ellipsoid is a spheroid with two equal axes, axisymmetric at the third axis (the
symmetry axis). The inclusions are arranged with the symmetry axes aligned parallel to one another.
The aspect ratio a is the ratio of the length of the symmetry axis to that of the other two axes; thus,
both disc-like (a < 1) and rod-like (a > 1) geometries can be defined. Both matrix and inclusions are of
isotropic elastic material. We have adopted the approach to the Mori–Tanaka theory established for
ellipsoidal inclusions [34,35].
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The amorphous and crystal phases are assigned elastic moduli Ea and Ec respectively, with
corresponding Poisson’s ratios νa and νc. As a result of the alignment of the ellipsoids, the composite
as a whole is orthotropic, with modulus along the direction of the ellipsoids’ symmetry axes E‖ given by

E‖
Ea

=
A

A +φ(A1 + 2νaA2)
(1)

and the modulus normal to it by

E⊥
Ea

=
2A

2A +φ(−2νaA3 + (1− νa)A4 + (1 + νa)A3A)
(2)

Here φ is the volume fraction of inclusions and A, A1, A2, A3, and A4 are functions of Eschelby’s
tensor, the elastic constants of both phases, and φ [34,35].

As discussed further in Section 3.3.1 below, normal moduli of the α-phase PLLA crystals have been
measured using X-ray techniques [36]. Strains in the crystals are deduced from the change in lattice
spacing as measured by X-ray diffraction when the material is subject to a known stress. For the a, b
and c axes of the orthorhombic crystal, the Young’s moduli are respectively 3.2, 2.8 and 14 GPa, where
the chain axis is along c. In a lamellar crystal structure, the chain axis is normal to the plane. In terms of
the Mori–Tanaka model, such a structure would be best approximated by disc-like ellipsoids, with the
symmetry axis of each ellipsoid identified with the chain axis, which also corresponds to the direction
of the largest modulus. However, the theory is limited to isotropic ellipsoids and so we shall explore
the extremes Ecrystal = 3 and Ecrystal = 14 GPa modulus in isotropic ellipsoids. In Figure 1, we present
predictions of moduli in terms of the ratios of Equations (1) and (2) for disc-like inclusions over a range
of aspect ratios a < 1. Here we assume that the amorphous modulus Ea = 0.5 GPa, consistent with the
modulus of the bulk material in 3.2.1 below. We take the volume ratio to be φ = 0.13 as measured for
our material by DSC, and Poisson’s ratios of 0.4 for both materials.
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Figure 1. Mori–Tanaka Modulus predictions for (a) Ecrystal = 14 GPa and (b) Ecrystal = 3 GPa.

It is clear that the crystals can have a significant effect on the modulus at this concentration. This
is consistent with the dynamic mechanical measurements of Tábi et al. [37]. However, in this model
the alignment of the ellipsoids ensures that the modulus increase is accompanied by an unrealistic
level of anisotropy as defined by E‖ and E⊥. The choice of modulus also has significant effects. This
suggests that the issue should be pursued further using a model in which the inclusions are elastically
anisotropic and randomly aligned.

3.1.2. Numerical Approach

For a more realistic method, we have created three-dimensional finite element models of the
partially crystalline structure. Solid orthorhombic regions representing the crystallites are embedded
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within a cube of material representing the amorphous polymer, to give a representative volume element
(RVE). Model crystallites of identical size and shape are added to the structure at random positions
and at random orientations about one of the global axes, and are ensured to be non-intersecting using
an acceptance–rejection algorithm [38]. Thus, the orientation of each crystallite is semi-random, in that
one set of edges is parallel to the 3 axes but otherwise the shape is angled randomly in the 1–2 plane; see
Figure 2. Orthotropic elastic properties based on X-ray measurements on PLA crystals [36] are assigned
to the model crystallites. To simulate an infinite body and avoid unrealistic deformations at the RVE
boundaries, periodic displacement boundary conditions are applied at the cube surfaces. The overall
stress response is evaluated using the ABAQUS finite element package (ABAQUS 6.14-2, Dassault
Systèmes, Johnston, RI, USA). Small-strain elastic properties of the composite solid are derived using
the stress responses to appropriate boundary conditions applied to the models averaged over repeated
realisations. Uniaxial yield properties are also explored at larger strains using the same RVEs with
elastic–plastic matrix properties. This enables the overall yield response of the composite solid to be
quantitatively related to the yield point of the matrix.
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Figure 2. Orientation of model crystallite with respect to global 1, 2, 3 axes coincident with the RVE
cube axes. The a crystallite axes are all parallel to the 3 axis and the each crystallite rotates about the
a axis in the 1–2 plane to the angle θ. The c axis is the (stiff) chain axis. The crystallite is assumed to be
transversely isotropic in the ab plane. Left: view along the 3 axes. Right: general view.

Periodic boundary conditions are enabled by designing the RVE mesh so that there are matching
node positions on opposite boundary faces. For an RVE of side length L, for boundary faces normal to
the 1 direction X1 = 0 and X1 = L the nodal positions are such that for every node at (0, X2, X3) there
is a corresponding node at (L, X2, X3) and vice versa. Similar conditions apply for the pairs of faces
X2 = 0, X2 = L and X3 = 0, X3 = L.

To evaluate elastic properties, normal moduli are calculated by deforming the RVE along each
global direction in turn while restraining boundary planes parallel to this direction of deformation.
For an extension ∆L along 1, the displacements u1 at the boundary planes normal to 1 are related by

u1(L, X2, X3) − u1(0, X2, X3) = ∆L (3)

for each pair of corresponding nodes. Plane strain type restraints in the 2 and 3 directions are defined by

u2(X1, L, X3) − u2(X1, 0, X3) = u3(X1, X2, L) − u3(X1, X2, 0) = 0 (4)
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The systems of Equations of (3) and (4) are programmed into ABAQUS. Analogous systems are
created for plane strain deformations of the same magnitude along 2 and 3. Each randomly generated
realisation of the model is subject to the same three deformations along 1, 2 and 3. The macroscopic
stress responses σ1, σ2 and σ3 calculated in the analysis then define a stiffness matrix C for each
realisation of the RVE. For the macroscopic strain given by ε = ∆L/L, Hooke’s Law gives for the 1, 2
and 3 directions, respectively,

σ1 = c11ε, σ2 = c12ε, σ3 = c13ε

σ1 = c12ε, σ2 = c22ε, σ3 = c23ε

σ1 = c13ε, σ2 = c23ε, σ3 = c33ε

(5)

thus defining the components cij of C. The stiffness matrix C is inverted to give a compliance matrix
S, the diagonal terms of which give the moduli E1, E2 and E3 along global directions 1, 2 and 3,
respectively.

For a given set of conditions, several RVEs are generated and solved to give a set of modulus
values, allowing a mean and standard deviations to be obtained. A specified crystal volume fraction
ϕ corresponds to a total number N of inclusions. To represent the stochastic nature of the material,
the number of inclusions n in each realisation is derived from the expected value N on the basis of
a Poisson distribution, such that the probability of n inclusions is given by

pn =
Nn

n!
e−N (6)

where the average of n tends to N over a large number of realisations.
The yield properties of the composite system have been explored using uniaxial deformations

of selected RVEs. Here the inclusions retain their elastic properties, but the matrix is assumed to be
elastic-plastic with a simple von Mises yield criterion. This takes the form

2σY =
(
(σI − σII)

2 + (σII − σIII)
2 + (σIII − σI)

2
)1/2

(7)

for uniaxial yield stress σY and principal stresses σI, σII and σIII. This enables us to explore the yield
behaviour of the RVE and how it relates to the underlying yield property of the amorphous polymer.

3.2. Experimental

3.2.1. Stress–strain Results

A full set of stress–strain curves is shown in Figure 3. Each curve is an average of three results. The
degree of reproducibility can be gauged from the yield stresses, for which the coefficient of variation is
7% or less, and the stresses at the end of loading, for which the coefficient of variation is 4% or less.
There is recognisable yielding and strain hardening at all rates, and a marked strain rate dependence
of stress, the latter also noted by Söntjens et al. [39] for a similar material. Zhou et al. [40] produced
stress–strain curves of PLA over a range of temperatures at a strain rate of 0.0013 s−1. At 60 ◦C they
report stresses higher than those at the lowest rate in Figure 3, consistent with their PLA material
being of higher crystallinity. The initial linear response was detectable and measurable up to very low
strain (0.1–0.2%). Since the strain was calculated from the Instron crosshead movement, its accuracy
was considered to be insufficient to give reliable Young’s modulus values. Therefore, the tests were
supplemented with three-point bend tests as described above, for which larger crosshead motions are
required to achieve the strains within the linear range. From these measurements the modulus was
found to be 0.53 GPa.
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3.2.2. Stress Relaxation

Initial loading was as described in Section 3.2.1 above, with the strain held constant for 1000–1400 s.
Stress relaxation curves for the range of strain rates are shown in Figure 4. Each curve is an average of
three results. For each set of three results, the coefficient of variation is less than 4% at the start of stress
relaxation and has increased to be less than 7% by the end of the experiments.
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There is little data on stress relaxation of PLA in the literature. Guedes et al. [41] report stress
relaxation on a PLA-PCL (polycaprolactone) blend at room temperature and at strains up to 0.16, and
were able to model the results using linear viscoelasticity. Duscunceli et al. [42] have studied stress
relaxation of PLA at small strains and up to 50 ◦C. For conditions closer to those of this study, Sweeney
et al. [43] report stress relaxation for a PLA-CaCO3 composite at a strain of 3.0 in the temperature range
60–70 ◦C, with initial loading at an average strain rate of 0.036 s−1. For these results at 60 ◦C, the stress
at 1000 s has dropped from its initial value by 63%; this compares with the loading rate of 0.04 s−1 in
Figure 4 in which the stress drops by 72% at 1000 s. On this basis, the stress relaxation behaviours are
roughly equivalent.

3.2.3. Strain Recovery under Load

Initial loading was as described in Section 2 above, with a level of fixed load applied using a 5.9 N
weight, corresponding to an engineering stress of 0.89 MPa. Images were captured at 1 s time intervals.
Results are shown in Figure 5. Each curve is an average of three tests for which the coefficient of
variation of the strain at 1400 s is 6% or less. Recovery levels are similar to those reported for a PLA-PBS
blend when stretched to strains of 1.0, 2.0 and 2.5 [44].
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3.3. Numerical Analysis of Results

3.3.1. Effects of Inclusions

For this method of modelling, set out in 3.1.2 above, results are not affected by the absolute
size of inclusions. However, their aspect ratios can have significant effects. We acknowledge that in
practice crystal inclusions will possess a range of aspect ratios, whereas in the current modelling all
the inclusions are identical. We have varied the aspect ratio in order to explore its significance on the
overall stress–strain behaviour of the RVEs. A typical lamella crystal has a thickness d equal to the
chain length along the c direction (see Figure 2), and along the other directions normal to c, (i.e., a and
b), there are many chain folds, corresponding to lengths greater than d. We have assumed that the
dimensions normal to c are both equal to w. The aspect ratio is defined as d/w and we have adopted
three values, d/w = 0.34, 0.17 and 0.086.

Orthotropic elastic properties are assigned to each inclusion based on the X-ray derived moduli of
Lee et al. [36] for PLLA and PLDA crystals. Along the chain axis, they derived the value Ec = 14 GPa,
which we assign to the c direction of the inclusion. In the transverse directions a and b, they measured
3.2 and 2.8 GPa. Since these values are similar we have assumed the inclusions to be transversely
isotropic, with transverse modulus Et in the a–b plane given by Et = 3 GPa. Lee et al. found no
significant change in modulus in the temperature range 13–300 K, and with a melt temperature of
165 ◦C for our material, the room temperature moduli of Lee et al. are appropriate for our 60 ◦C tests.

For the transversely isotropic inclusions the compliance matrix [45] is given in local a–b–c axes
(see Figure 2) as

S =


saa sab sac

sab saa sac

sac sac scc

 (8)

for normal stresses and strains plus the shear compliance terms sabab, sbcbc which relate the shear
stresses and strains:

εab = sababσab

εbc = sbcbcσbc

εac = sbcbcσac

(9)

Since ab is an isotropic plane, we have the relation [45]

sabab = 2(saa − sab) (10)
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The diagonal terms of Equation (8) are defined by

saa = 1
Et

scc =
1

Ec

(11)

and the off-diagonal terms depend on the Poisson’s ratios νba,νac:

sab = −νbasaa = −νba
Et

sac = −νacscc = −
νac
Ec

(12)

We have generated values for sab and sac using Equations (12) on the assumption that νba = νac =

0.4. This then yields a value for sabab using Equation (10). No information is available for sbcbc. Two
values for it are used of the same order of magnitude as sabab, but they differ from each other by 50% to
investigate the effect of this variation on the RVE stress response.

The components of S generated in this way are

S =


0.333 −0.133 −0.029
−0.133 0.333 −0.029
−0.029 −0.029 0.071

(GPa)−1 (13)

for the normal stresses and strains and

sabab = 0.933 (GPa)−1

sbcbc = 1.0, 0.667 (GPa)−1 (14)

for the shear components.
For the ABAQUS analysis, stiffness components are required. These were obtained by inverting S

and taking reciprocals of sabab and sbcbc.
A typical realisation is shown in Figure 6.Polymers 2019, 11, x FOR PEER REVIEW 10 of 18 
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(a) Model view without inclusions (b) showing inclusions only.

First, the method was used to estimate the modulus at small strains of the amorphous phase.
Linear elastic analysis was used. Several realisations were implemented for each inclusion aspect
ratio, evaluating a stiffness matrix C for each run using Equations (5). The moduli E1 and E2 of the
RVEs were taken as representative of the effect of randomly oriented inclusions, in contrast with E3

which is in the direction along which the inclusions were perfectly aligned. For each inclusion, aspect
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ratio the average value of E1 and E2 was derived, initially by varying the amorphous modulus Ea on
a trial-and-error basis to attain an average modulus consistent with the observed value of 0.53 GPa.
As a result, we found that the value Ea = 0.36 GPa gave a set of averaged values as given in Table 1.

Table 1. Average values of E1 and E2 calculated from RVEs. Errors are standard deviations.

Aspect Ratio d/w N target Number
of Inclusions

Number of
Realisations sbcbc (GPa)−1 Mean Modulus

(GPa)

0.086 87 11 0.667 0.534 ± 0.017
0.086 87 12 1.0 0.523 ± 0.022
0.17 43 21 0.667 0.512 ± 0.035
0.34 22 21 0.667 0.507 ± 0.029

From these results we conclude that Ea = 0.36 GPa is an adequate estimate of the amorphous phase
modulus at the test temperature of 60 ◦C. The effect of the variation in sbcbc on the overall modulus is
within the range of error.

We have also used the RVE technique to explore the relationship between macroscopic stress–strain
behaviour of the partially crystalline material and the yielding of the amorphous phase. As is apparent
from Figure 3, deviation from linearity begins at low strains. For this analysis we have selected several
RVEs and subjected them to uniaxial extension, having replaced the elastic material model of the
amorphous phase with an elastic-plastic model governed by a von Mises criterion (Equation (7)) and
allowing nonlinear deformations. We assume that the crystallite inclusions remain elastic as defined
above. We assign values of uniaxial yield stress σY to the amorphous region of 1.0, 2.5, 5.0 and 10.0 MPa,
covering the range of stresses observed in Figure 3 for the various strain rates.

In Figure 7, we show RVE results for the four values of yield stress. The macroscopic stress can
be compared with the linear extrapolation of stress from low strains. For yield stresses 1.0, 2.5 and
5 MPa, there is a consistent relationship between the macroscopic stress, the yield stress and the linear
extrapolation. For a macroscopic uniaxial stress σRVE(ε) and linear extrapolation σlin(ε) = Eε, we can
calculate a proportional difference p between the two for a given strain:

p =
Eε − σRVE(ε)

σRVE(ε)
(15)

At the particular strain when σRVE(ε) = σY values of p are given in Table 2. In the range 1–5 MPa
yield stress, p is essentially constant. This phenomenon provides a means of detecting yield in the
amorphous phase from an experimental stress–strain curve: when the offset of the stress from the linear
extrapolation is at this constant value of p, the experimental stress is equal to the yield stress. In this
region of stress, p is on average 0.138. The deviations from linearity seen in Figure 3 occur within the
range of stress 1–5 MPa, so it is appropriate to use this value of p to calculate σY for the six strain rates
plotted there. The σY values thus derived are plotted against logarithm of strain rate in Figure 8. Except
for the lowest two strain rates, for which the stress–strain curves are essentially indistinguishable, the
yield stresses show a linear dependence on the logarithm of rate. This in contrast to the corresponding
plot for the maximum experimental stresses, which shows a distinct upward curvature.

Table 2. Values of offset factor p as a function of yield stress.

σY (MPa) p

1.0 0.140
2.5 0.134
5.0 0.139

10.0 0.156
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3.3.2. Modelling the Time-Dependent Yield of the Amorphous Phase

The linearity of response shown in Figure 8 suggests that yielding of the amorphous region is
governed by an Eyring process [45,46]. In its simplest form, for uniaxial conditions, this process takes
the form

.
εp = αsinh

( v
kT
σ

)
(16)
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where
.
εp is the plastic strain rate, α a temperature dependent factor, v the activation volume, k the

Boltzmann’s constant and T the absolute temperature. For convenience we write V = v
kT , where V is

the operational activation volume in units of reciprocal stress so that Equation (16) becomes

.
εp = αsinh(Vσ) (17)

To model yield, it is assumed that the Eyring process acts in series with an elastic element to
form a Maxwell-like model. Then, as total strain on this model is increased, stress increases until the
plastic strain rate, rising as a nonlinear function of stress, matches the applied strain rate and the elastic
element ceases to stretch. Then stress remains constant at a value dependent on the applied strain rate.
We may use Equation (17) to model yield by equating the applied strain rate with the plastic strain rate.
Also, the sinh function can be approximated with an exponential function on the assumption that the
argument of the sinh is large enough. Then Equation (17) becomes

.
εp =

1
2
α exp(VσY) (18)

and can be re-arranged as

σY =
1
V

ln
(

2
.
ε

α

)
(19)

so that the linear slope in Figure 8 can be interpreted. The slope in Figure 8 gives a value V =

0.454 MPa−1, corresponding to an activation volume v = 2.1 nm3. This can be compared with the value
0.72 nm3 obtained by Söntjens et al. [39] for combined results of PLLA, PDLLA and PLDLLA.

Additionally, the value of α can be obtained from the intercept of the fitted line in Figure 8 to give
the value α = 0.00752 s−1. This Eyring process is now fully defined.

The analysis so far has only covered the time-dependent behaviour at small strain. The stress
relaxation results provides data for large strain, and can be analysed in terms of the Eyring process.
Guiu and Pratt [47], again using the model of an Eyring process in series with a spring, showed that
the approximation Equation (18) leads to a form of stress relaxation curve for stress at time t after the
state of constant strain has been reached at time t = 0:

σ(t) − σ(0) =
1
V

ln
(
1 +

t
c

)
(20)

Here, c is a constant that involves the stiffness of the elastic element, which is assumed to be
linear elastic. For large strain Sweeney et al. [43] have generalised the model so that the elastic element
operates at large strain and is in the form of a Gaussian model. The Maxwell model is assumed
to be stretched at a constant extension ratio λ which is split multiplicatively into elastic and plastic
components λe and λp respectively, so that

λ = λeλp (21)

The plastic strain rate is identified as

.
εp =

.
λp

λp
(22)

Then, c is given by

c =
1

αVG
(
2λ2

e + λ
−1
e

) exp(−Vσ(0)) (23)

where G is the strength of the Gaussian process and the stress in uniaxial conditions is given by

σ = G
(
λ2

e − λ
−1
e

)
(24)
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There is an approximation involved in the derivation of Equation (23), in that the quantity
2λ2

e + λ
−1
e is assumed to be a constant; this means that the analysis is valid for slowly varying stress, and

makes the evaluation of α from the fitted value of c difficult to justify. We have generated optimised
fits of Equation (20) to the experimental stress relaxation curves of Figure 4 to give values of V and c.
The theory set out above applies to stress relaxation following instantaneous loading and so we base
the analysis on the highest strain rate of 0.04 s−1. The fitted and experimental curves are shown in
Figure 9. The fitted parameter values are V = 2.2 MPa−1 and c = 3.47 × 10−7 s−1.
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The Maxwell model comprising Gaussian and Eyring processes is to be used for the more general
case of loading and strain recovery. For this analysis we require the Eyring stress as a function of
plastic strain rate, which can be derived from Equation (17) as

σ =
1
V

ln


.
εp

α
+

√( .
εp

α

)2

+ 1

 (25)

This is in equilibrium with the Gaussian element, so we have

1
V

ln


.
εp

α
+

√( .
εp

α

)2

+ 1

−G
(
λ2

e − λ
−1
e

)
= 0 (26)

To solve this, we express it in terms of the plastic extension ratio λp which is related to the plastic
strain rate by Equation (22). Also we eliminate λe by using Equation (21), obtaining

1
V

ln

 1
α

.
λp

λp
+

√√√√ 1
α

.
λp

λp


2

+ 1

−G

( λλp

)2

−

(
λ

λp

)−1 = 0 (27)

where λ is the total extension ratio applied to the model. Equation (27) is solved numerically using
a time-incremental approach. At each increment, the value of λp is calculated and the stress is then
given by

σ = G

( λλp

)2

−

(
λ

λp

)−1 (28)
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To model the strain recovery experiments, two parallel Maxwell models are required (see Figure 10).
The two arms are denoted by using subscripts q and r and each generates a stress, respectively σq and
σr so that the total stress is given by

σtot = σq + σr (29)
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Each arm is defined by Equations (27) and (28), with parameters Vq, Vr,αq,αr, Gq, Gr as appropriate.
The total extension ratio λ is common to both arms. When λ is known, such as when the model is
being strained at a constant rate (as in the initial loading of a strain recovery experiment), the solution
is straightforward. When the total stress σtot is known (as in the recovery phase of the experiment),
Equations (27) to (29) are solved iteratively to produce the required stress.

The q arm of the model is associated with the Eyring process and stiffness identified in the analysis
of loading behaviour. The operational activation volume Vq was as obtained from the slope of the plot
in Figure 8. The fitted value of αq from the intercept in Figure 8 was found to give an unrealistically fast
strain recovery and has been lowered from 0.00745 to 0.004 s−1. The Gaussian parameter Gq is taken
from the initial modulus for the amorphous phase of Ea = 0.36 GPa. The small–strain behaviour of the
Gaussian mechanism ensures that Gq = Ea/3. The r arm has a much lower stiffness and is associated
with strain recovery; after the initial strain application, it remains in tension and causes recovery. Its
stiffness is estimated from the stress and strain at the end of the stress relaxation experiments and
assuming that they are related by a Gaussian model of strength Gr. The operational activation volume
Vr is taken from the stress relaxation fit of Figure 9. Due to the approximation involved in Equation
(23) mentioned above, αr cannot be evaluated from the fitted value of c and is varied by trial and error
to produce realistic predictions.

The parameters used are summarised in Table 3. The predictions of recovery are given in Figure 11.

Table 3. Values of parameters for the model of Figure 10.

Arm V (MPa)−1 α (s−1) G (MPa)

q 0.45 0.004 120

r 2.2 1.0 × 10−6 0.74
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4. Discussion

Elastic finite element modelling of the partially crystalline material shows that the crystal phase
has a significant effect on its stiffness and allows us to estimate the Young’s modulus of the amorphous
phase. The analysis has been extended to elastic–plastic behaviour of the amorphous phase, and
a method has been developed to identify its yield stress from stress–strain measurements of the material.
This method takes the form of an offset criterion, with the yield stress identified by the difference
between the applied stress and the stress extrapolated from the linear elastic region. The overall
stress in the model material continues to increase after the amorphous yield stress has been exceeded.
In Figure 12, we show the inhomogeneous stress field in the amorphous material for the case in which
the stress applied to the model is equal to the amorphous yield stress. In some regions the material has
yielded, whereas elsewhere the stress is lower due to shielding of the crystal phase. The method has
been used to define the strain–rate dependence of the amorphous yield stress, which is found to be
consistent with an Eyring process.
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We used the above analysis of yield and some stress relaxation data to help define the properties
of a two-Eyring process model. This is clearly a simplification in comparison with the real material,
which would be expected to include a spectrum of processes equivalent to many different Eyring
parameters. The two-arm model comprises the minimum number of arms required to model recovery,
when one arm is in tension and is the mechanism for recovery, while the other one resists the recovery
and is in compression. The model parameters have in two cases been adjusted to give realistic recovery
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behaviour. Comparison of Figures 5 and 11 shows that the level of recovery is approximately as
observed, and, in common with the observations, increases as the strain rate of the initial stretch is
increased. The effect of the initial strain rate is in practice greater than that predicted. The origin of
the effect of strain rate is that, during loading, the stiff (q) arm is extended and the time available for
the Eyring component to extend is less for higher strain rates. It therefore extends less and a greater
proportion of the strain in the arm q is in the elastic element; there is therefore more potential for the
model to recover. The other arm r does not contribute to the level of recovery as it resists recovery, being
in compression. The dependence of the strain recovery on the initial strain rate could be increased
by lowering the stiffness of the elastic part of the q arm, but this quantity is fixed by the observed
material stiffness during loading. Introducing a third arm with stiffness lower than the q arm could
remedy this problem; however, the extra parameters that would need to be specified would not be
directly measurable and the model would have to be fitted by trial and error. Thus, it appears that this
deficiency is a consequence of the model’s simplicity.

It should be noted that we have in effect made a material model of the amorphous phase only.
The finite element modelling has the effect of isolating the yield behaviour of the amorphous phase to
define the q arm, and the r arm is driven by entropic stress that is only a feature of the amorphous
phase. This should be an adequate approach for modelling strain recovery behaviour, while more
development would be needed to model levels of overall stress.
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