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Abstract

Angle-resolved photoemission spectroscopy (ARPES) clearly resolves surface-localized
(SL) states, yet conventional density functional theory (DFT) band structures from slab
calculations do not readily distinguish weakly confined SL states on surfaces such as Al(001),
as traditional layer-threshold criteria fail for surfaces with long surface-state decay lengths.
We establish a dual-criterion scheme using the surface ratio R and the localization integral
L weighted by the inelastic mean free path (IMFP) to quantitatively distinguish SL states:
R quantifies the surface-projected charge fraction, while L incorporates the photoelectron
IMFP to mimic ARPES surface sensitivity, both evaluated within a fully converged 81-layer
Al(001) slab that eliminates artificial inter-surface coupling. Band structures color-coded
by R and L intuitively highlight SL states as bright yellow-white bands against red bulk
backgrounds. Our calculations show that continuum SL features arise from multi-band
hybridization (sharp surface resonances). Notably, R and L alone cannot separate absolute
surface states from resonances. All DFT calculations were performed using the PBEsol
exchange-correlation functional within the GGA framework, the PAW formalism, and an
81-layer Al(001) slab model. This work reveals the electronic nature of surface features
on Al(001) and provides a quantitative SL-state identification tool that is conceptually
transferable to other crystalline surfaces.

Keywords: surface-localized states; dual-criterion system; Al(001); ARPES; DFT; IMFP

1. Introduction
Surface-localized (SL) electronic states are eigenstates spatially confined near the sur-

face due to the abrupt termination of the crystalline periodic potential. Their wavefunctions
decay exponentially (or quasi-exponentially) along the surface normal and are predomi-
nantly concentrated within the outermost few atomic layers. The accurate identification of
SL states is essential for understanding a wide range of surface-related phenomena, from
photoemission spectroscopy to topological electronic states [1–6]. Angle-resolved photoe-
mission spectroscopy (ARPES) is arguably the most powerful experimental technique for
identifying such SL states on crystalline surfaces, such as those of topological insulators,
superconductors, two-dimensional materials, and metals [7–20]. SL states typically appear
as distinct, well-resolved spectral peaks in ARPES and can thus be readily separated from
the featureless bulk continuum, regardless of whether they lie within absolute band gaps
or symmetry gaps in the projected bulk shadow region [7–14,21–25].

Crystals 2026, 16, 530 https://doi.org/10.3390/cryst16080530

https://crossmark.crossref.org/dialog?doi=10.3390/cryst16080530&domain=pdf&date_stamp=2026-08-13
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/crystals
https://www.mdpi.com
https://orcid.org/0000-0002-3945-0995
https://orcid.org/0000-0002-9363-8374
https://doi.org/10.3390/cryst16080530


Crystals 2026, 16, 530 2 of 15

Meanwhile, density functional theory (DFT) has been extensively applied to in-
vestigate the electronic, magnetic, thermoelectric, and structural properties of a wide
range of bulk materials, including Heusler alloys [26,27] and rare-earth intermetallic com-
pounds [28]. In parallel, ab initio molecular dynamics (AIMD) simulations have provided
complementary insights into surface-related atomistic processes in Al-containing systems
at finite temperatures [29]. These diverse DFT-based approaches have greatly advanced
our understanding of materials properties from bulk thermodynamics to surface chem-
istry [30–35]. However, when it comes to the specific task of identifying surface-localized
electronic states from slab band structures, conventional slab-based DFT band structures
suffer from a fundamental limitation: surface and bulk eigenstates are densely interwoven
across the entire energy-momentum space, with no intrinsic criterion to automatically
identify SL-state features. Early theoretical studies have proposed various criteria for
identifying SL states in slab model calculations, primarily based on the spatial localization
of wavefunction probability density, charge density, or amplitude within the outermost
two atomic layers. For instance, Kern and Hafner required over 70% intensity within the
first two layers of diamond (110) [36], while Gay et al. imposed an 80% probability-density
threshold for Cu(100) [37]. Takeuchi et al. and Bullett adopted a more moderate 50%
amplitude criterion for Au(100) and W(001), respectively [38,39]. However, these estab-
lished criteria were primarily tailored for strongly or moderately confined surface states
with a clear energy gap separating them from bulk states. Their applicability becomes
questionable for surface states with weaker confinement. A prototypical case is Al(001),
whose surface states display weak localization and an exceptionally long decay depth
compared to other fcc metal surfaces [40,41]. For instance, the Al(001) surface state at the Γ
point has a decay depth of ~12 Å, which is five times that of the Cu(100) surface state at
the Γ point [41]. Furthermore, Al(001) surface states feature a much lower fraction of their
probability density localized within the outermost two atomic layers—falling well below
even the most lenient 50% threshold. Consequently, the quantitative layer-localization
criteria confined to the topmost two or three atomic layers from earlier studies become
inapplicable. For example, the surface state residing in the narrow sp band gap along the
Γ − X path was not identified by two earlier studies [42,43].

This inconsistency across localization criteria—both in the number of layers sampled
and the required localization percentage—leads to ambiguous identification of SL states,
depending on the chosen definition. This ambiguity also hinders direct and quantitative
alignment between first-principles band structures and experimental ARPES dispersions,
making it difficult to reliably reproduce or predict the SL-state features measured in pho-
toemission experiments.

Given these challenges, there is a clear need for a robust and precise identification
methodology for SL states. Taking the Al(001) surface as a prototypical metal surface
model, this work develops a complete DFT-based identification scheme. Our goal is to
reproduce the clear, ARPES-like discrimination of SL states from bulk bands in computed
band structures.

2. Materials and Methods
All first-principles calculations were performed using the Quantum ESPRESSO soft-

ware package (Version: 7.5) [44,45], based on DFT and the plane-wave pseudopotential
method. The revised Perdew-Burke-Ernzerhof for solids (PBEsol) exchange-correlation
functional within the generalized gradient approximation (GGA) was adopted to describe
electron-electron interactions [46]. The projector augmented-wave (PAW) formalism, ob-
tained from the Standard Solid-State Pseudopotential (SSSP) library optimized for precision
(version 1.3.0) [47,48], was used for electron-ion interactions, with Al 3s and 3p electrons
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treated as valence electrons. We selected the PBEsol functional because it delivers more
accurate lattice parameters for bulk solids than PBE, yielding an equilibrium lattice con-
stant in close agreement with experiment—critical for reliable surface electronic structure
predictions [49]. The PAW method with a plane-wave basis, using the SSSP library, is a well-
benchmarked and widely used approach that provides high accuracy for both total energies
and wavefunctions while being computationally efficient for large supercells [47,48].

An 81-layer Al(001) slab model was adopted in this work, whose convergence was
verified by the negligible energy splitting (<1.0 meV at the Γ point) between the two surface
states originating from the top and bottom surfaces of the slab. The slab was constructed
based on the bulk aluminum crystal structure (optimized lattice constant: 4.02 Å, ob-
tained from structural optimization of bulk aluminum, consistent with experimental lattice
data) [49], with a 15-Å vacuum region added on both sides to eliminate artificial inter-slab
electronic coupling. The central 59 atomic layers were fixed during structural relaxation to
mimic the bulk aluminum lattice geometry, while the outermost 11 layers on both sides
of the slab were symmetrically relaxed until the residual force on each relaxed atom was
less than 0.01 eV/Å. Only the outermost 11 atomic layers were relaxed, since Sferco et al.
verified that the 12th layer and beyond exhibit negligible lattice relaxation. These inner
layers were therefore fixed at their bulk positions without loss of accuracy for surface
property calculations [50].

Systematic convergence tests were carried out on slabs with 31, 41, 51, 61, 71, and
81 atomic layers. The surface-state energy splitting at the Γ point was used as the con-
vergence metric. Slabs thinner than 61 layers exhibit energy splitting exceeding 10 meV,
while the 81-layer slab suppresses this splitting below 1.0 meV. Full convergence data are
compiled in Supplementary Table S1, confirming that the 81-layer slab provides adequate
thickness for surface electronic structure simulations.

The self-consistent field (SCF) convergence threshold was set to 1 × 10−8 eV. A plane-
wave cutoff energy of 450 eV and a charge density cutoff energy of 1800 eV were employed,
combined with a 22 × 22 × 1 Monkhorst-Pack k-point grid for Brillouin zone sampling.
Marzari-Vanderbilt cold smearing with a broadening of 0.001 eV and a local Thomas−Fermi
mixing mode were used to accelerate total energy convergence [51]. The vacuum region
thickness, plane-wave cutoff energy, charge density cutoff energy, k-point sampling for Bril-
louin zone integration, and smearing width were all determined via systematic convergence
tests, with a total energy convergence criterion of 1 meV/atom.

Notably, for the 81-layer Al(001) slab model employed in our calculations, the surface-
state energy splitting at the Γ point originating from inter-surface coupling is fully con-
verged, with a splitting magnitude below 1.0 meV. Thinner slabs (5–30 layers) show in-
adequate convergence, as the long decay length of the surface states leads to significant
wavefunction overlap between the two surfaces. This electronic coupling causes non-
negligible energy splitting and distorts the wavefunction decay behavior. The 81-layer slab
satisfies convergence requirements for both surface wavefunction decay depth and inter-
surface decoupling, ensuring that calculated wavefunction distributions reflect intrinsic
Al(001) surface electronic properties free from slab-thickness-induced artificial effects.

Orbital-projected band analysis was performed using the projwfc.x post-processing
tool of Quantum ESPRESSO to decompose the electronic states into contributions from
orthogonalized atomic orbitals (e.g., pz, and px/py). This decomposition reveals the orbital
character responsible for the localization asymmetry observed across distinct surface states.

The wavefunction probability density distribution
∣∣∣ψ(z)|2 (z-axis perpendicular to

the slab surface plane) was extracted using the pp.x post-processing module embedded in
Quantum ESPRESSO, and quantitatively processed by customized Python 3.12.3 scripts.
Specifically, pp.x outputs three-dimensional (3D) charge density data in the standard cube
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file format; homemade Python codes parsed cube files, reconstructed density arrays, and
integrated 3D charge density over in-plane x and y directions to obtain one-dimensional
density profiles along the z direction.

Atomic structure manipulations were carried out using the Atomic Simulation En-
vironment (version 3.25.0) [52]. All band and profile figures were plotted using Veusz
(version 4.1) [53].

3. Results
3.1. Wavefunction Probability Density Distribution of SL and Bulk States

Figure 1a shows the band structure of the 81-layer Al(001) slab along the M − Γ − X
high-symmetry line in the two-dimensional Brillouin zone, with energy referenced to the
Fermi level (EF = 0 eV). The well-documented Γ surface state band (S1), with its minimum
located at approximately −2.8 eV at the Γ point, resides within the large projected bulk
band gap and can be identified straightforwardly. The X surface state band (S2) reaches
its minimum of approximately −4.6 eV at the X point, confined within the narrow sp-
derived band gap and lying close to the lower edge of the gap. A parabolic feature in the
region marked W1 (enclosed by a red closed arc-shaped outline) has a band minimum of
−0.82 eV and comprises connected band segments, exhibiting free-electron dispersion. By
contrast, the regions labeled W2 (enclosed by a green box) and W3 (enclosed by a blue box)
do not exhibit distinguishable SL-state bands in conventional band plots. Nevertheless,
high-resolution ARPES measurements revealed continuous bright features within these
three regions, which match typical surface-state spectroscopic characteristics [24,25]. This
discrepancy highlights the limitation of conventional DFT band analysis: surface-derived
features overlapped with projected bulk states cannot be recognized intuitively, unlike
clear ARPES spectral signals.

Figure 1. (a) Band structure of the 81-layer Al(001) slab along the M− Γ−X high-symmetry line in the
two-dimensional Brillouin zone. Energy is referenced to the Fermi level (EF = 0 eV). (b) Out-of-plane
wavefunction probability density profiles of representative states A–G labeled in panel (a). The fitted
decay depth (ℓ) of states A and B, the surface ratio (R) and the localization integral (L) of all these
states are appended beside the corresponding curves. Only density profiles of the upper slab half
are plotted for clarity, owing to the centrosymmetric wavefunction distribution of the symmetric
slab model.
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As demonstrated in subsequent sections, the features within the W1–W3 regions—
though overlapped and obscured by bulk states in raw band plots—can be reliably identi-
fied as SL states via the proposed dual-criterion system.

Figure 1b presents out-of-plane wavefunction probability density profiles of several
representative states (A–G) marked in Figure 1a. Here, z = 0 Å corresponds to the topmost
slab surface, and z = 80.37 Å marks the slab’s central mirror plane. The symmetric Al(001)
slab possesses central inversion symmetry along the z-axis, leading to a centrosymmetric
wavefunction probability density distribution relative to the slab center. For visualization
clarity, only the density profiles of the upper half of the slab are shown.

State A exhibits a dominant density peak at ~0.8 Å, decaying steeply to ~0.01% of the
maximum amplitude at ~5.0 Å outside the top surface in vacuum. By comparison, state B
reaches its primary density peak at ~0.8 Å inside the outermost surface layer. Both states
show gradual amplitude attenuation propagating toward inner bulk layers, featuring the
characteristic long decay depth of Al(001) SL states, which validates the necessity of a thick
slab to eliminate bilateral surface electronic interference.

State C shows irregular successive density oscillations along the z direction with
decreasing peak amplitude. Such non-monotonic decay originates from electronic hy-
bridization between surface-originated states and bulk Bloch states. Even so, state C is
highly surface-localized, owing to its very high density near the surface and negligible
density in the bulk.

States D and E share similar surface-peaked density profiles to the typical SL state A,
while the peak height of state E decays monotonically until ~20 Å. This indicates bulk-state
mixing effects.

In stark contrast to SL states, bulk states F and G exhibit two distinct density profiles.
State F displays sharp, comb-like peaks with a periodically modulated envelope throughout
the slab. State G exhibits wider-spaced, cosine-like undulations with no obvious envelope
modulation. Neither state presents enhanced charge density near the surface, confirming
intrinsic bulk electronic characteristics.

The peak-height envelopes of the surface states A and B were fitted to exponential
decay functions: nenvelope = a0e−

z
ℓ , where ℓ is the decay depth and a0 is the maximum

surface probability density. The fitted decay depth is 10.4 Å for state A (at Γ) and 23.5 Å for
state B (at X). The decay depth of state A is slightly smaller than the 12 Å value reported by
Knebl [41]; this discrepancy likely arises from differences in slab geometries. The 81-layer
slab adopted in this work has a 59-layer bulk core and fully relaxed bilateral outer layers,
achieving complete inter-surface decoupling. The thinner 25-layer slab used in previous
work fails to realize full decoupling, resulting in an overestimated surface decay depth.

3.2. Dual-Criterion System for Surface State Identification

A dual-criterion system based on out-of-plane wavefunction probability density dis-
tribution was established to distinguish SL states from bulk states, defined as follows:

3.2.1. Surface Ratio Criterion

The surface ratio criterion (R) is defined as the ratio of integrated wavefunction
probability density within the defined surface region to the total integrated density over
the entire slab. The surface region covers the outermost n atomic layers plus a 5-Å vacuum
region above the surface. The value of n is determined by the maximum fitted decay depth
of surface states at high-symmetry points. For Al(001), we set n = 12, which corresponds to
approximately 23.5 Å, the decay depth of surface state B at the X point.
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The calculation formula for R is:

R =

∫
surface region

∣∣∣ψ(z)|2dz∫
entire slab

∣∣∣ψ(z)|2dz
. (1)

3.2.2. Localization Integral Criterion

The second criterion is the localization integral criterion (L), defined as:

L =
∫

|ψ(z)|2e−
z
λ dz , (2)

where z = 0 at the top surface and λ is the inelastic mean free path (IMFP) of electrons
in aluminum. Here, λ = 3.17 Å is taken from the NIST Electron Inelastic Mean Free Path
Database (Version 1.2) [54]. This IMFP value corresponds to a photoelectron kinetic energy
of approximately 50 eV, matching the effective probe energy of the ARPES experiments by
Liang et al. [24]. The exponential weight e−

z
λ enhances the contribution of the surface region

while suppressing the bulk contribution, consistent with the surface-sensitive detection
mechanism of ARPES.

Considering the centrosymmetric wavefunction probability density of the symmetric
slab, only density data of the upper slab half were calculated to improve computational
efficiency. The 5-Å outer vacuum region is included in the integration, because of the
density distribution behavior of the Γ surface state (state A) shown in the previous section.
Omitting this low-amplitude density tail would drastically underestimate the intrinsic
localization strength of SL states.

3.3. Identification of SL States Using the Dual-Criterion System

The R and L values of all states on the computed Al(001) band structure were sys-
tematically calculated, and statistical value distributions are presented as histograms in
Figure 2a,b, respectively. The R and L values of representative states A–G are marked in
Figure 1b. Notably, SL states located either inside absolute band gaps (R = 0.91, L = 0.85 for
state A) or within the projected bulk continuum (R = 0.88, L = 0.81 for state D) possess far
higher R and L values than typical bulk states (R = 0.31, L = 0.18 for state G).

Figure 2. Statistical histograms of the calculated (a) surface ratio R and (b) localization integral L. The
vertical count axis is broken to improve visualization of low-count bins.

As shown in Figure 2a, most states cluster at R = 0.0–0.5, forming a dominant bulk-
state population, while a minor high-value subset spanning 0.6–1.0 corresponds exclusively
to SL states. Similarly, in Figure 2b, bulk states concentrate at L = 0–0.25, whereas SL states
form an isolated high-L-value cluster ranging from 0.65 to 0.90. This distinct numerical
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gap enables unambiguous binary discrimination between SL states and bulk states via the
dual-threshold criterion.

The band structures color-coded by the R and L values are presented in Figure 3a,b,
respectively. It is evident that the red bands represent bulk states with low R and L
values, whereas the yellow bands correspond to SL states with high R and L values.
Since the majority of states appear in red, the minority yellow states stand out clearly,
achieving ARPES-equivalent intuitive identification effects and enabling straightforward
identification of the SL-state features.

Figure 3. Band structures color-coded by (a) the surface ratio R and (b) the localization integral L
with a heatmap scale ranging from 0.0 (black) to 1.0 (white). In both panels, high numerical values
(yellow-white coloration) denote SL states, while low values (red) denote bulk states against a black
background. Energy is referenced to the Fermi level (EF = 0).

The highlighted S1–S5 SL states in Figure 3a,b exhibit striking similarity in both
position and shape to previous high-resolution ARPES spectra and earlier theoretical calcu-
lations [24,55,56]. Notably, the correspondence between our calculated SL-state features
and the ARPES bands reported by Liang et al. is summarized as follows: our S2 and S3

dispersions align perfectly with their experimental S2 and S3 signals, respectively, whereas
our S4 and S1 collectively correspond to the long continuous segment of their S1 feature,
spanning from around the middle of M − Γ through Γ to the avoided-crossing region
around the middle of Γ − X. Beyond this crossing, our S5 resembles the remaining segment
of their S1 feature [24].

A comparison of the minimum energy positions below the Fermi level and the effective
masses of the S1, S2, and S3 features with previous experimental and calculated values is
summarized in Table 1. The small discrepancy arises from the combined error ranges of
DFT calculations and ARPES experiments, as well as the limited slab thickness in other
theoretical studies.

Table 1. Comparison of the SL-state features (S1–S3) of Al(001) with previous experiments and other
theoretical calculations. Emin stands for the minimum energy position below the Fermi level. meff is
the effective mass. me is the rest mass of a free electron.

SL States Parameters This Paper Previous
Experiments

Other
Calculations

S1

Emin 2.77 eV 2.75 eV [25,57]
2.80 eV [24]

2.67 eV [55]
2.81 eV [58]

meff 1.07 me
1.03 me [59],
1.07 me [24]

1.09 me [41]
1.11 me [42]
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Table 1. Cont.

SL States Parameters This Paper Previous
Experiments

Other
Calculations

S2
Emin 4.61 eV 4.55 eV [57]

4.62 eV [24]
4.55 eV [42]
4.63 eV [58]

meff 0.36 me 0.35 me [24] N.A.

S3
Emin 0.82 eV 0.82 eV [24] N.A.

meff 0.57 me 0.52 me [24] N.A.
Notes: N.A. = not available.

4. Discussion
4.1. Classification of SL States: Absolute, Relative, and Resonances

Based on energy position, the SL states identified by our dual-criterion system fall into
two categories: those inside projected band gaps and those within the projected bulk con-
tinuum. Three classification schemes have been proposed in the literature. Heinrichsmeier
and many other researchers distinguished intrinsic surface states (inside band gaps) from
surface resonances (inside bulk continuum) solely by energy position [25,42,60]. Wachutka
defined relative surface states as symmetry-protected bound states within the continuum,
where hybridization is forbidden—distinct from absolute surface states that reside in ab-
solute band gaps [56]. Hummel and Bross adopted a practical classification based on
numerical sharpness, categorizing continuum hybridized states as surface resonances and
grading them by sharpness [55].

Our analysis reveals a fundamental difference between gap states and continuum
states. Within the absolute band gaps, a single continuous band (e.g., S1) maintains domi-
nant surface character throughout the k∥ range of the gaps. By contrast, within the projected
bulk continuum (e.g., S3), no single band sustains dominant surface character across multi-
ple k∥ points; instead, this character shifts between different bands at different k∥ values—a
behavior we term the “band-to-band relay” phenomenon. This phenomenon originates
from inevitable hybridization between surface-originated wavefunctions and bulk Bloch
states, which disperses surface character over multiple hybrid states and prevents the
formation of single continuous surface bands. Consequently, these continuum-distributed
SL features should be categorized as sharp surface resonances rather than ideal relative
surface states.

To our knowledge, previous theoretical studies of Al(001) surface electronic properties
did not report this “band-to-band relay” phenomenon. In a finite-thickness slab, the
quantization of kz generates a set of discrete hybridized bands at each sampled k∥ point. As
the slab thickness increases, the number of these hybridized bands grows and their envelope
progressively approaches the smooth dispersion observed in ARPES, as demonstrated
by our 41-layer versus 81-layer comparison (Figure S3). This densification reflects the
scaling ∆E ∝ 1/Lz along the out-of-plane direction, which governs the spacing of the
discretized kz levels. In the ideal semi-infinite crystal limit, Lz → ∞, these levels would fully
coalesce into a continuous bulk envelope, explaining why ARPES measurements showed a
single, continuous bright feature in the projected bulk continuum, whereas finite-slab DFT
calculations resolve a discrete multi-band structure.

Based on the above physical insights, we classify the SL states into absolute surface
states (single, continuous bands confined within the projected band gap) and sharp surface
resonances (SL states inside the bulk continuum arising from hybridization between surface-
derived and bulk Bloch states).
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4.2. Quantitative Characteristics of R and L

We calculated the average values of R and L (denoted as R and L, respectively) for SL
state features S1–S5 to quantify the two localization criteria. Their values show clear trends
closely correlated with the intrinsic physical properties of each state.

As a typical absolute surface state in a wide band gap, S1 exhibits negligible bulk
penetration and yields high R (0.91) and L (0.81). In contrast to S1, which resides near the
gap center, S2 lies close to the band edge of a narrow gap. This proximity enhances its bulk
leakage, reducing R to 0.70 and L to 0.46. This reduced localization is consistent with the
much weaker ARPES signal of S2 relative to S1 observed by Liang et al. [24].

Notably, the sharp surface resonance S3 exhibits strong surface confinement within
the bulk continuum, with R = 0.92 and L = 0.81—nearly equivalent to S1—proving that
spatial localization magnitude cannot reliably differentiate absolute surface states from
sharp surface resonances merely via R and L thresholds. The slightly higher localization of
S3 compared with S1 may appear counterintuitive at first glance, as S1 is an absolute surface
state confined within a band gap while S3 is a resonance embedded in the bulk continuum.
This behavior can be understood by noting that the resonance state involves hybridization
between surface-originated wavefunctions and bulk Bloch states. In the case of S3, this
hybridization leads to constructive interference in the surface region and enhances the
local wavefunction amplitude at the surface. The R and L criteria, which integrate the
wavefunction density over the surface region, thus reflect this enhanced surface charge,
resulting in values comparable to or even slightly higher than those of the gap state S1.

The paired resonances S4 and S5 show asymmetric localization: S4 (R = 0.87, L = 0.70)
has marginally higher values than S5 (R = 0.85, L = 0.69), indicative of weaker bulk
hybridization, which may originate from symmetry protection or directional differences in
the local bulk density of states. The larger R and L values of S3 relative to S5 are consistent
with Hummel and Bross’s theoretical conclusion that S3 presents a sharper profile than
S5 [55]. Orbital-projection analysis reveals that S4 exhibits a higher pz orbital contribution
(~46%) compared with S5 (~39%), while the in-plane px/py orbital weights display the
inverse trend. The enhanced pz component strengthens the wavefunction confinement
along the surface normal, suppressing in-plane hybridization with bulk states and resulting
in stronger surface localization. This is consistent with the slightly higher R and L values of
S4 relative to S5, providing a concrete orbital basis for the observed asymmetry.

To assess the sensitivity of the L criterion to the choice of λ, we performed addi-
tional calculations using λ = 4.5 Å, 10.0 Å, and 50.0 Å, alongside the NIST value of 3.17 Å
employed in our main analysis. These values cover the typical kinetic energy range of
photoelectrons in ARPES experiments (approximately 5–100 eV), with 4.5 Å, 3.17 Å, 10.0 Å,
and 50.0 Å corresponding roughly to 100 eV (or 25 eV), 50 eV, 16 eV (or 363 eV), and
5 eV, respectively [61]. As shown in Supplementary Figure S1, although the bulk-state
population shifts toward higher L values with increasing λ—consistent with the bulk bands
becoming brighter in the color-coded band structures (Supplementary Figure S2)—the SL
states consistently form a distinct high-value cluster around L ≈ 0.9, while bulk states
remain confined to the lower-value region. Consequently, the threshold of L ≈ 0.7 for
distinguishing SL states from bulk bands remains essentially unchanged across the tested λ

range. This robustness confirms that the L criterion provides a stable and physically mean-
ingful discrimination of SL states over typical ARPES probe depths. It is also worth noting
that no explicit threshold needs to be specified when plotting the color-coded band struc-
tures; the SL states stand out clearly under the full heatmap scale (Figures 3 and S2), owing
to the natural separation between the high-L SL cluster and the low-L bulk population
(Figures 2 and S1).
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4.3. Physical Nature of the Dual-Criterion System

The dual-criterion system is rooted in the intrinsic spatial characteristics of SL states
that arise from broken translational symmetry at the surface. The surface ratio R quantifies
the charge proportion confined within the full surface decay region, serving as a direct
measure of the degree of localization: higher R values indicate stronger confinement
and greater distinction from bulk states. The localization integral L incorporates IMFP-
based exponential weighting, which naturally aligns with the surface-sensitive detection
mechanism of ARPES. Either R or L alone can distinguish SL states from bulk states,
but together they provide complementary decay information that enables mutual cross-
verification and enhances the reliability of SL-state identification.

4.4. Advantages of the Dual-Criterion System over Traditional Methods

Our approach offers three key advantages. First, unlike gap-inspection or wavefunc-
tion matching techniques, our dual-criterion system provides automated and quantitative
SL-state identification without requiring prior knowledge of band gaps or numerically
delicate operations. Second, it enables the identification and quantitative characterization
of the “band-to-band relay” mechanism underlying continuum surface resonances. Third,
the IMFP-weighted L criterion directly links the calculation to ARPES surface sensitivity,
enabling a more direct connection between computed and experimental features. Together,
these advances establish our scheme as a conceptually transferable identification tool rather
than a system-specific prescription.

The proposed dual-criterion framework overcomes the limitations of traditional meth-
ods, especially for weakly localized SL states. For instance, the criterion proposed by Gay
et al. [37] requires 80% probability density within the outermost two atomic layers and
works well for surfaces with strongly localized states like Cu(100) but fails for Al(001),
whose maximum two-layer surface charge fraction only reaches 48%. Restricting integra-
tion to the top two layers leads to indistinguishable localization values between Al(001)
surface states and bulk states. By contrast, our system defines the surface region as the
largest decay depth of the absolute surface state, quantifies it via the surface ratio R, and
introduces the IMFP-weighted localization integral L as a complementary global measure
of intrinsic localization. Together, these two criteria enable reliable identification of weakly
localized SL states. For new surfaces containing SL states, the largest decay depth is initially
unknown and can be determined iteratively: starting from a reasonable initial guess, one
identifies candidate SL states, extracts their decay depths, and refines the surface region
accordingly, with convergence achieved when the change in the R values of all candidate
SL states between two successive iterations falls below a specified tolerance (e.g., 1%).
The choice of the convergence tolerance is based on the statistical distribution of R values
(Figure 2a), where the SL and bulk populations are separated by a clear gap of approxi-
mately 0.1 in absolute R value—with bulk states clustering below R ≈ 0.5 and SL states
above R ≈ 0.6. A tolerance of 1% (i.e., 0.01) is thus an order of magnitude smaller than
this gap, ensuring stable convergence without risk of misclassification while maintaining
computational efficiency.

The self-consistent iterative procedure described above is summarized as pseudocode
provided in Algorithm S1 (Supplementary Information). This step-by-step implementation
is intended to facilitate the application of our dual-criterion system to new material systems.

Notably, although we employ an exponential fit to extract the decay depth ℓ for Al(001)
because the profiles are well described by this form (Section 3.1), the iterative procedure
itself does not prescribe a specific extraction method. For systems with non-exponential or
irregular decay, ℓ can be read directly from the numerical wavefunction envelope (e.g., the
1/e decay distance) without fitting. Moreover, n can be expressed in spatial distance (Å)
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rather than in terms of the number of atomic layers, naturally accommodating complex or
non-layered structures. Furthermore, the localization integral L provides an independent
cross-validation: its IMFP-based exponential weight is applied globally and does not
depend on n, ensuring robustness even when the decay profile deviates from a simple
exponential form. This flexibility ensures that the dual-criterion system can, in principle,
be applied to other surface systems, beyond the specific case of Al(001).

Unlike the mathematically intricate wavefunction matching techniques, which involve
complex band structures and numerically delicate matrix operations [55,56,62,63], our
dual-criterion system provides a straightforward post-processing alternative. Operating on
standard DFT slab calculations, it computes two scalar indicators from the wavefunction
probability density: the surface ratio R and the IMFP-weighted localization integral L.
This approach avoids numerical instability, works with any standard DFT code, and
directly connects to ARPES through the IMFP weighting. Together, the two indicators
offer complementary validation, enabling reliable and practical identification of weakly
localized surface states.

It is also worth noting that the dual-criterion framework is not specific to Al(001). The
definitions of R and L depend only on the wavefunction probability density and the IMFP.
The former is obtained from standard DFT slab calculations, while the latter is available
from established databases (e.g., the NIST Electron Inelastic Mean Free Path Database).
The choice of Al(001) as the test case is motivated by its challenging nature—its surface
states exhibit exceptionally long decay depths and weak localization, representing a worst-
case scenario for traditional layer-threshold criteria. The demonstration of the method
on this demanding system thus provides an encouraging indication of its applicability
to other surfaces where SL states are more strongly confined, such as noble metal (111)
surfaces, topological insulators, and two-dimensional materials. The method is therefore
proposed as a conceptually transferable framework for SL-state identification rather than a
system-specific recipe.

4.5. Limitations and Future Work

Although spin–orbit coupling (SOC) is negligible for Al, our dual-criterion system
is based entirely on the real-space wavefunction density and is therefore independent of
spin. In principle, it can be extended to heavy-element systems (e.g., topological insulators,
heavy metal surfaces) by simply including SOC in the DFT calculation. Nevertheless, all
quantitative validations in this study are limited to the Al(001) surface, and two limitations
of the present work merit discussion.

First, our DFT analysis does not incorporate ARPES selection-rule effects, such as
photon polarization and dipole matrix elements. These factors strongly modulate pho-
toemission intensities and can significantly alter the relative visibility of surface and bulk
features, which precludes us from making a direct quantitative comparison between our cal-
culated band structure and experimental ARPES intensities. Second, our current framework
lacks the capability to systematically classify state types based on symmetry mismatch—
specifically, to distinguish absolute surface states, symmetry-protected relative surface
states, and hybridized surface resonances.

The present work focuses solely on wavefunction-localization-based state classifica-
tion; extensions discussed below are beyond its current scope. The above-mentioned limita-
tions suggest two clear directions for future work. First, subsequent work could introduce
photoemission matrix-element simulations to account for polarization and dipole selection
rules, enabling a more rigorous quantitative comparison with ARPES spectral weight distri-
butions. Second, future work may develop a symmetry-based classification algorithm that
determines the nature of each eigenstate directly from its irreducible representation, thereby
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providing a fully symmetry-driven criterion to separate surface-localized states from bulk-
propagating counterparts. Future work will also involve extensive validation of the pro-
posed framework on a broad range of surfaces and low-dimensional systems—including
noble-metal surfaces, topological insulator surfaces, and two-dimensional materials—to
systematically characterize its full range of applicability and intrinsic limitations.

5. Conclusions
We propose a dual-criterion scheme (surface ratio R and IMFP-weighted localization

integral L) to identify surface-localized (SL) states in Al(001). Applied to a fully converged
81-layer Al(001) slab, the method reveals that SL states exhibit R > 0.7 and L > 0.65, forming
a clear numerical gap from bulk states (R < 0.5, L < 0.25). Five SL features are successfully
identified, including the S1 absolute surface state with a decay depth of 10.4 Å at Γ and
the S3 sharp resonance with a surface ratio R of 0.92. Band structures color-coded by R
and L enable ARPES-like visual separation of SL and bulk states, with dispersions that
agree well with experimental data. Continuum SL features arise as sharp resonances via a
band-to-band relay mechanism, distinct from gap-confined absolute states.

The dual-criterion system provides a conceptually transferable framework for SL-state
identification, as R and L depend only on the wavefunction density and the IMFP. The
method can thus in principle be applied to other surfaces, offering a useful post-processing
tool for DFT-based SL-state identification.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/cryst16080530/s1. Figure S1: Statistical histograms of the local-
ization integral L calculated for IMFPs of (a) 3.17 Å, (b) 4.5 Å, (c) 10.0 Å, and (d) 50.0 Å; Figure S2:
Band structures color-coded by the localization integral L obtained for four different inelastic mean
free path (IMFP) values: (a) 3.17 Å, (b) 4.5 Å, (c) 10.0 Å, and (d) 50.0 Å; Figure S3: Band structures
color-coded by the surface ratio R for (a) the 41-layer and (b) the 81-layer Al(001) slabs; Algorithm S1:
Iterative determination of the surface-region parameter n; Table S1: Convergence of the surface-state
energy splitting at the Γ point with respect to the number of atomic layers in the Al(001) slab.
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