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Abstract

Powder X-ray diffraction measurements were carried out on various samples to characterize
their thermal expansion over a wide temperature range (93–1373 K). Using an effective
interatomic potential model, we present a method to empirically estimate the Grüneisen
parameter, as well as cubic and quartic anharmonic contributions to the lattice potential.
This method is further tested on materials for which thermal expansion data are readily
available. For most of the materials surveyed, the Grüneisen parameter values match those
reported in the literature, obtained using traditional techniques. Thus, this work presents a
novel and convenient Grüneisen parameter estimation method that uses measurements of
only one physical property, thermal expansion.

Keywords: Grüneisen parameter; thermal expansion; lattice anharmonicity; X-ray diffraction

1. Introduction
Lattice anharmonicity is crucial for understanding many physical properties of solids,

such as thermal expansion and thermal conductivity. A purely harmonic crystal would
exhibit no thermal expansion and infinite lattice thermal conductivity at absolute zero
temperature [1]. Therefore, a good understanding of the lattice anharmonicity of various
materials is important not only to explain their thermodynamic and thermal transport
properties but also to predict and understand their functional applications.

For example, good thermoelectric materials have low lattice thermal conductivity and
high electrical conductivity. Since lowering the electronic thermal conductivity inevitably
reduces electrical conductivity, materials with intrinsically low lattice thermal conductivity
are desirable for thermoelectric applications. Since anharmonicity lowers lattice thermal
conductivity, highly anharmonic materials are very good candidates for thermoelectric
materials. Thus, finding a quick way to estimate the lattice anharmonicity in various
materials would be very useful for thermoelectric materials research [2].

Moreover, lattice anharmonicity is important in explaining anomalous thermal trans-
port properties, such as the thermal Hall effect [3–7]. Four-phonon interactions were
suggested to be responsible for the observed thermal Hall effect in SrTiO3 [3], which could
directly arise from quartic anharmonicity in interatomic interactions [6]. Therefore, under-
standing and estimating anharmonicity may be the key to unraveling the mystery behind
the phonon thermal Hall effect as well.

However, quantifying the anharmonic lattice potential is non-trivial and computation-
ally expensive. Traditionally, the dimensionless Grüneisen parameter γ is considered a
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measure of ‘overall’ anharmonicity in a material. In quasi-harmonic approximation, its
value at room temperature (T = 298 K), γ0, is given as

γ0 =
αVVmBT

CV
, (1)

where αV is the volumetric thermal expansion coefficient, Vm is the molar volume, BT is
the isothermal bulk modulus, and CV is the isochoric molar specific heat capacity, with
all values being at room temperature. This thermodynamic quantity is often estimated
using first-principles approaches that compute mode-resolved Grüneisen parameters from
phonon frequencies [8–10]. A recent study also demonstrated that the Grüneisen param-
eter can be extracted semi-empirically using the bond valence method [11,12]. On the
other hand, purely empirical determination of the Grüneisen parameter typically relies
on Equation (1), which requires measurements of four separate physical quantities of
a material.

Due to the experimental complexity of measuring multiple physical properties, several
alternative approaches have been explored to estimate the Grüneisen parameter [13].
One of them is to measure the transverse (vt) and longitudinal (vl) sound speeds of the
material, and then determine the Grüneisen parameter using the relation to Poisson’s ratio
(νp) [14–16]:

γ0 =
3
2

(
1 + νp

2 − 3 νp

)
, (2)

where νp = (1 − 2 (vt/vl)
2)/(2 − 2 (vt/vl)

2). The measurement of transverse and
longitudinal sound speeds requires a single crystal sample, which is usually significantly
more difficult to prepare than a powder sample. Using a powder sample results in a larger
error bar for Poisson’s ratio [16], making it difficult to determine the Grüneisen parameter
with high accuracy.

Another method to obtain information about anharmonic lattice potential is the cumu-
lant analysis of extended X-ray absorption fine structure (EXAFS) spectra. The anharmonic
contribution to thermal vibration of average atomic position can be captured by fitting
the phase difference and amplitude ratio, which provide cubic and quartic anharmonicity,
respectively [17–20]. The Grüneisen parameter can also be estimated directly from the
EXAFS spectra [21,22], but this technique is not widely used, due to the complexity of data
analysis and processing.

Alternatively, since thermal expansion is purely an anharmonic effect, anharmonicity
could be modelled based on thermal expansion data, as illustrated in the dilatometry
study [23]. We extend this idea further by developing a method to estimate the Grüneisen
parameter based on thermal expansion data obtained with powder X-ray diffraction, an
easily accessible experimental tool. We develop an effective potential model in the next
section, similar to that employed in Ref. [23]. By fitting this model to thermal expansion
data, both the Grüneisen parameter and interatomic effective potential coefficients can
be estimated. An experimental test of this method has been carried out for 60 different
materials, using both existing and new data. We demonstrate that this method of estimating
the Grüneisen parameter works well for most materials tested, with only a few exceptions.
We also discuss possible reasons for the discrepancy.

This thermal expansion method for estimating the Grüneisen parameter would be
particularly useful when measurements are performed under extreme conditions, such as
high temperature and high pressure, where measuring multiple properties to determine
the Grüneisen parameter would be significantly more challenging.
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2. Experimental Section
All powder X-ray diffraction measurements were carried out on a Rigaku Smartlab®

X-ray diffractometer. Cu K-α X-ray radiation was used in the measurements, with the
powder samples mounted in the Bragg–Brentano reflection geometry. Anton-Paar DHS
and DCS temperature stages were used for heating and cooling from room temperature
(298 K), respectively. The samples were kept in a vacuum during the X-ray diffraction
measurements. Commercial powder samples were used in the measurements, except for
BiCuSeO, La2CuO4, and La1.85Sr0.15CuO4, which were prepared using typical solid-state
synthesis methods [24,25]. All powder samples were hand-ground in a mortar and pestle
before the powder XRD measurements. The loose powder samples were then placed in a
dish-type sample holder.

3. Anharmonicity Modelling
For simplicity, we consider a one-dimensional anharmonic potential of the form

ϕ = cx2 − gx3 − f x4. The significance of these terms is shown graphically in Figure 1. In
Figure 1a, a purely harmonic effective potential is considered. As temperature increases,
higher-energy states become thermally populated, but the mean atomic position within the
effective potential does not change, as indicated by the solid red dots. Cubic anharmonicity
introduces asymmetry in the lattice potential, and the mean atomic position shifts with
increasing energy state, indicating a linear thermal expansion, as shown by the red trend line
in panel (b). Furthermore, the addition of quartic anharmonicity to the effective potential
leads to non-linear thermal expansion, as shown in panel (c). Thus, linear thermal expansion
at low temperatures is a measure of the cubic anharmonicity, while the relative deviation of
this linear trend at high temperatures is proportional to the quartic anharmonicity.

Figure 1. A heuristic diagram illustrating the effect of anharmonicity on thermal expansion. (a) Purely
harmonic potential; (b) a cubic term added; (c) a quartic term added. For each panel, the positions
of the red dots represent the average interatomic distance ⟨x⟩T in Equation (3), and the progression
from the bottom rung to the top rung represents increasing temperature and the resulting thermal
energy. The purely harmonic effective potential shows no thermal expansion; the introduction of
cubic anharmonicity leads to linear thermal expansion; further, the addition of quartic anharmonicity
is needed to produce non-linear thermal expansion.

This qualitative discussion can be formalized using the semi-classical treatment of
thermal expansion developed by Mukherjee et al. [23] using the lattice potential ϕ given
above. The average thermal displacement in interatomic distance ⟨x⟩T is found to be
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⟨x⟩T =
3
4

g1arϵ[1 − Gϵ − Fϵ2], (3)

where G = 15
16 g2 − 8 f1, F = 35

16

(
15
4 g2 f1 + 3( f1)

2
)

, and the reduced effective potential

coefficients (g1, f1, g2) are g1 = g/c2ar, f1 = f /c2, and g2 = g2/c3. Here, ar is the lattice
constant at the reference temperature Tr. Detailed derivation can be found in Appendix A.

Since we are modelling thermal expansion over a wide temperature range, it is im-
portant to note that anharmonic deviations are more significant at higher temperatures.
Thus, we focus on the high-temperature region and assume ϵ ≈ kBT. Note that ⟨x⟩T is
proportional to g/c2, meaning that cubic anharmonicity is required for non-zero thermal
displacement as shown in Figure 1. In addition, both G and F depend strongly on f , which
indicates that quartic anharmonicity is mostly responsible for the deviation in T-linear
behaviour of ⟨x⟩T .

Relative thermal expansion (∆a/ar) with respect to a reference temperature can be
written as

∆a
ar

=
⟨x⟩T − ⟨x⟩Tr

ar
= b1

[
(T − Tr)− b2(T2 − T2

r )− b3(T3 − T3
r )
]
, (4)

which can be used to fit thermal expansion data. The fitting parameters, b1, b2, and b3,
can then be used to estimate the anharmonic effective potential coefficients c, f , and g (see
Appendix B). Furthermore, the effective model discussed above can be directly connected
to the average Grüneisen parameter at room temperature, γ0. Using the Mie–Grüneisen
equations of state, γ0 is calculated in terms of the effective potential [22,26–29]:

γ0 = − a0

6

[
ϕ′′′(u)
ϕ′′(u)

]
=

a0

6

[
3g + 12 f u

c − 3gu − 6 f u2

]
, (5)

where a0 and u = ⟨x⟩0 are the lattice constant and mean thermal displacement at room
temperature, respectively. Note that Equation (5) is derived under the assumption that
only nearest neighbours contribute to the effective potential, making this an inherently
short-range model. See Appendix C for the derivation of Equation (5).

We note that the present approach intentionally uses a minimal model that maps
the full three-dimensional lattice dynamics onto a one-dimensional effective coordinate
associated with the average change in interatomic separation. The key assumptions are
as follows:

• Isotropic averaging: We use the unit-cell volume (expressed as an equivalent cubic
edge length) to represent an average linear expansion, thereby targeting an average
Grüneisen parameter rather than direction-resolved values.

• Thermal averaging approximation: The model uses a high-temperature approximation
for thermal energy in the averaging procedure, prioritizing an accurate description at
high temperatures where anharmonic contributions are most pronounced.

• Short-range interaction limit: The Mie–Grüneisen relation used to obtain Equation (5)
is derived under an effective nearest-neighbour picture; thus, materials with sub-
stantial long-range interactions (e.g., highly polar lattices with large dielectric re-
sponse, strong electron–phonon coupling, soft-mode dominated dynamics) may show
systematic deviations.

Consequently, the method is expected to perform best for materials with moderate
anisotropy and predominantly short-to-intermediate range bonding, and it should be applied
with caution in systems exhibiting strong long-range electrostatics or pronounced anisotropy.
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4. Results
Experimentally, we measure thermal expansion using temperature-dependent powder

X-ray diffraction (XRD). These measurements yield the behaviour of lattice constants (and
unit cell volume) as a function of temperature. The relative thermal expansion can then be
calculated as (a(T)− ar)/ar, where a(T) is the lattice constant at temperature T, and ar is
the lattice constant at the lowest measured temperature Tr (typically 93 K in this study),
used as a reference for quantifying the thermal expansion. Here, a is simply the lattice
constant in the case of cubic lattices. In order to make this comparable for non-cubic lattices,
a is evaluated as 3

√
V, where V is the unit cell volume. This allows for direct comparison of

the relative thermal expansion of these materials with different lattice types.
The thermal expansion data from lattice constants is presented in Figure 2. The solid

lines are fits to Equation (4). The thermal expansion slope at low temperatures is found
to be large for NaBr, PbTe, and Bi2Te3. These materials would be expected to have large
relative cubic anharmonicities (g/c2). On the other hand, the relative deviation from the
low-temperature slope at higher temperatures is largest for NaBr and BiCuSeO, which
would correspondingly have larger relative quartic anharmonicities ( f /c2). It is also noted
that the lattice structure plays an important role in thermal expansion. Hexagonal and
cubic BN have the same B-N bond, but the different lattice structures lead to quite distinct
thermal expansion behaviour as shown in Figure 2. The copper oxide superconductors
(La2CuO4 and La1.85Sr0.15CuO4), on the other hand, are nearly iso-structural, and indeed
show similar relative thermal expansion behaviour regardless of doping.

The obtained thermal expansion coefficients (b1, b2, and b3) from these fits are then
used to estimate the coefficients of the effective potential (c, f , and g) using Equation (A3).
All these values are tabulated in Tables 1 and 2. The fits yield goodness-of-fit parameters,
and reduced χ2 close to 1 for all materials.

With so-obtained effective potential coefficients, the values of the average Grüneisen
parameter can be estimated, using Equation (5). That is, we determined the average
Grüneisen parameter based solely on the thermal expansion data. These values, for the
various materials measured, are also tabulated in Table 2. These Grüneisen parameter
values also agree with those found in the literature for most materials, also shown in the
last two columns of Table 2.

Table 1. Thermal expansion coefficients (b1, b2, and b3) as well as temperature range for thermal
expansion measurements, for all materials of interest.

Sample b1 (×10−6 K−1) b2 (K−1) b3 (K−2) Temp. Range (K)

BiCuSeO 6.8 (7) −1.0 (2) × 10−2 1.1 (3) × 10−5 93–1073
PbTe 12 (2) 3.6 (4) × 10−3 −6.5 (7) × 10−7 93–773

Bi2Te3 11 (3) 5.2 (6) × 10−3 −1.4 (3) × 10−6 93–673
NaBr 18 (3) 1.2 (2) × 10−3 1.8 (3) × 10−5 93–773

Si 3.6 (4) 2.0 (2) × 10−4 5.3 (6) × 10−9 93–1373
NiO 10.0 (9) −8.8 (9) × 10−3 8.3 (9) × 10−6 93–1373

hexagonal BN 7.0 (7) −7.7 (8) × 10−4 6.2 (7) × 10−8 93–1373
cubic BN 0.71 (9) −2.7 (4) × 10−6 9.5 (9) × 10−12 93–1373
La2CuO4 5.3 (5) 5.6 (4) × 10−4 1.5 (2) × 10−8 93–1273

La1.85Sr0.15CuO4 5.9 (6) 6.3 (6) × 10−4 2.5 (2) × 10−8 93–1273
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Table 2. Effective potential coefficients (c, g, f ), average Grüneisen parameter at room temperature,
γ0, as well as its reference values, for all materials of interest.

Sample c (eV Å−2) g (eV Å−3) f (eV Å−1) γ0 Ref. Value Source

BiCuSeO 0.80 (3) 0.26 (1) 9.3 (4) 1.49 (5) 1.5 (1) [16]
PbTe 1.4 (1) 2.2 (1) −9.6 (4) 2.00 (8) 2.1 (1) [30,31]

Bi2Te3 0.88 (4) 2.6 (2) −5.6 (3) 1.50 (5) 1.5 (1) [32]
NaBr 2.9 (1) 1.4 (1) 1.6 (1) 2.21 (9) 2.3 (1) [33]

Si 0.58 (5) 0.10 (5) 0.10 (5) 0.48 (3) 0.45 (5) [34]
NiO 0.61 (5) 0.24 (3) 4.8 (4) 1.86 (7) 1.8 (1) [35]

hexagonal BN 0.30 (5) 0.024 (6) 0.10 (1) 0.11 (1) 0.10 (5) [36]
cubic BN 13 (1) 6.4 (3) 1.0 (2) 0.92 (4) 0.95 (8) [36]
La2CuO4 1.6 (1) 1.0 (1) −1.8 (2) 1.69 (6) 3.8 [37]

La1.85Sr0.15CuO4 0.98 (7) 0.47 (5) −0.85 (7) 1.15 (4) 3.2 [37]
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Figure 2. Relative thermal expansion, experimentally determined from powder XRD as a function
of temperature for the materials of interest. The solid lines represent the anharmonic fits for non-
linear thermal expansion, Equation (4). These fits match the data well across the entire temperature
range. Note that the data and fits are offset along the y-direction for each material for visual clarity.
The horizontal and vertical dashed lines are reference lines indicating zero thermal expansion and
the base temperature, respectively.
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In Figure 3, the comparison of the Grüneisen parameter obtained using two different
methods is shown for various materials. The horizontal axis values are the Grüneisen
parameters extracted using only thermal expansion, using Equation (5). The vertical
axis values are from traditional measurements found in the literature, for example, using
Equation (1). The dashed black line represents the perfect match between the Grüneisen pa-
rameter extracted from this work and the values found in the literature. Of the 10 materials
measured in the current study, eight are found to lie on the dashed line, indicating that the
Grüneisen parameter agrees with the previous literature within the error bar. Only layered
copper oxides (La2CuO4 and La1.85Sr0.15CuO4) show significant deviations.
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La2CuO4

La1.85Sr0.15CuO4

Measurement in this work
From reference database
Measurement in this work
From reference database

Gruneisen parameter values

Figure 3. Comparison of Grüneisen parameters found in this work, using thermal expansion
(horizontal axis), against values found in the literature (vertical axis). The blue squares are materials
whose thermal expansion was measured by powder XRD in this study, while the red circles are those
extracted from existing data found in references [38–72]. The dashed black line is drawn to denote a
perfect match between the two. For the full list of materials and data, see Supplementary Materials.

In order to test the validity of this procedure beyond the materials studied here, we
gathered information on many additional materials from the literature. For structural data,
we use the thermal expansion coefficients for various materials compiled in Ref. [38]. Most
of these materials are common geological ceramics, including transition metal oxides, car-
bonates, sulphates, and silicates. Using the same procedure described above, the Grüneisen
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parameter of these materials was extracted from the thermal expansion data. These values
are compared with those reported in the literature. These results are also shown in Figure 3,
in red circles (see Supplementary Material for the data). Out of the 50 additional materials
examined, 44 are found to agree within the error bar. Notable outliers are discussed below.
These findings suggest that the thermal expansion model described in this work is a conve-
nient empirical method to estimate the Grüneisen parameter of most materials, with some
caveats to be discussed in the next section.

5. Discussion
Most materials (52 out of 60) studied in Figure 3 show fairly good agreement, within

error bars, between estimates of the Grüneisen parameter using thermal expansion in this
work, and values from the literature. This level of good agreement is somewhat surprising,
given the simplicity of the modelling and the variety of materials reported in Figure 3. Many
of the materials that show good agreement are not cubic, and some have a layered structure.
The notable exceptions are the cuprates HfO2, ZrO2, Co3O4, BaSO4, and α-Quartz.

It is worth noting that HfO2 (κ ∼ 26) [73], ZrO2 (κ ∼ 32) [74], Co3O4 (κ ∼ 11) [75],
and BaSO4 (κ ∼ 11) [76] exhibit unusually large dielectric constants [77]. These large
dielectric constants may indicate long-range interactions within the lattice constants [78]
and lattice [77]. For cuprates, too, it has been suggested that long-range interactions may
play a significant role in lattice dynamics [79]. Note again that the Mie–Grüneisen relation
used to obtain Equation (5) is derived under an effective nearest-neighbour picture, making
the procedure used to estimate the Grüneisen parameter in this work inherently a short-
range model. The short-range assumption could be relaxed by incorporating additional
coordination shells in an effective potential, so that Equation (5) is generalized beyond a
purely nearest-neighbour picture.

Despite using an isotropic, one-dimensional, simplified effective potential, the model
accurately estimates the Grüneisen parameter for most materials. For cubic materials with
approximately isotropic lattice properties, such one-dimensional modelling is perhaps
justified. However, the good agreement for a large number of anisotropic materials is
a surprising finding in this study. For non-cubic lattices, we use the unit-cell volume
to define an equivalent cubic edge length aeq = V1/3. This volumetric averaging is
consistent with the fact that the Grüneisen parameter is expressed in volume-dependent
quantities. In strongly anisotropic crystals, however, axis-dependent expansion and mode
anisotropy can introduce systematic error; in particular, compensating positive or negative
expansions along different axes may yield a small net change in volume even when some
phonon branches are highly anharmonic. We note that several anisotropic materials, such
as cuprates and α-quartz, exhibit large deviations, underscoring the shortcomings of the
isotropic effective model used here. For these cases, it may be possible to improve the
agreement by fitting the thermal expansion of individual lattice parameters to obtain
direction-resolved “effective Grüneisen” parameters.

In addition to providing a more straightforward method of determining the Grüneisen
parameter, the thermal expansion model also allows us to estimate the cubic and quartic
anharmonic contributions separately. While the Grüneisen parameter estimates the overall
combined anharmonicity in a material, this single parameter is unable to distinguish
between cubic and quartic anharmonicity. Knowledge of cubic and quartic anharmonic
contributions allows one to assess a material’s applicability for its anharmonic properties
in different temperature ranges, since cubic anharmonicity shows a significant impact at
lower temperatures, while effects of quartic anharmonicity are more pronounced at higher
temperatures, as shown in Figure 1.

https://doi.org/10.3390/cryst16020118
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To further illustrate this, we consider Bi2Te3 and BiCuSeO. Both have the same value
of the Grüneisen parameter, 1.5, as shown in Table 1. However, their thermal expansion
data show quite different behaviours, as shown in Figure 2. BiCuSeO exhibits a moderate
linear thermal expansion slope below 400 K, but deviates from this initial linear trend
at higher temperatures, indicating a significant quartic contribution. On the other hand,
Bi2Te3 shows overall larger linear thermal expansion due to the larger cubic anharmonicity
below 400 K with only a small deviation from this linear trend at high temperature. Thus,
while having the same overall Grüneisen parameter, Bi2Te3 and BiCuSeO have different
relative contributions from cubic and quartic anharmonic contributions. We note that the
thermoelectric figure-of-merit is enhanced across different temperature ranges in these
materials, presumably due to differences in cubic and quartic anharmonic contributions.
Bi2Te3 is used for thermoelectric applications at low temperatures, particularly below room
temperatures, where its figure-of-merit is quite high [80], while BiCuSeO exhibits a large
thermoelectric figure-of-merit at higher temperatures [16].

Finally, it is illuminating to compare our empirical study with the recent theoretical
work on a measure of anharmonicity. Knoop and coworkers used the standard deviation
(σA) of the distribution of anharmonic force components as a quantitative measure of
anharmonicity in a material and provided a survey of a large number of materials [81].
The anharmonicity metric (σA) is extracted from ab initio molecular dynamics calculations
and quantifies the magnitude of non-harmonic force components at a given temperature
and volume. In contrast, the Grüneisen parameter γ is a thermodynamic quantity that
captures the coupling between lattice vibrations and volume. As a result, γ and σA probes
are related but not identical aspects of anharmonicity. Unfortunately, we found that only
a small number of materials considered in our study are included in the list studied in
Ref. [81], making a direct comparison difficult. With this caveat in mind, in Figure 4, we
compare γ0 determined from the XRD thermal expansion data reported here with σA

MD
(T = 300 K) values from Ref. [81] for overlapping materials. While there is a clear positive
correlation (linear regression R ∼ 0.8), some outliers are notable. In particular, Knoop et al.
found that σA

MD of cubic BN is smaller than that of hexagonal BN [81], which is opposite to
the trend of γ0. It will be interesting to expand the comparison between these theoretical
and experimental estimates of lattice anharmonicity.

Figure 4. Comparison of experimentally determined γ0 with σA
MD (T = 300 K) from Ref. [81]. From

the smallest to the largest γ0, these are h-BN, Si, ZnS, c-BN, CaO, BeO, MnO, MgO, PbTe, NaBr, and
PbS. The dashed line is a linear regression fit.
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Appendix A. Thermal Average of Displacement
The statistical average of a thermodynamic quantity Q with thermal energy E would be [93]

⟨Q⟩ =

∫
Qe−βE∫
e−βE (A1)

where β = 1/(kBT).
Substituting Q = x and E = ϕ(x) = cx2 − gx3 − f x4 into this statistical average would

yield Equation (3) in the main text:

⟨x⟩T =
3
4

g1arϵ[1 − Gϵ − Fϵ2] (A2)

Note that the product g1ar = g/c2, meaning that the obtained ⟨x⟩T is independent of
a. Thus, it is simply quantified relative to the lattice constant a at a reference temperature
T. For convenience, we take ar and Tr to be the lowest experimental values and quantify
thermal expansion as the increase from these values.

Since we are modelling thermal expansion over a wide temperature range, it is im-
portant to note that anharmonic deviations are more significant at higher temperatures.
Thus, to capture these higher-temperature deviations, the model is geared towards higher-
temperature approximations, such as the energy term ϵ ≈ kBT for simplicity. As shown by
the fits, this simple model reproduces thermal expansion well across all temperatures.

Appendix B. Effective Potential Parameters
Fitting the thermal expansion data to Equation (4) in the main paper yields b1, b2, and

b3. Now, comparing to Equation (A2), we have

g1 =
4
3

b1

kB
, G =

b2

kB
, F =

b3

k2
B

f1 =
2

35
[
√

G2 + 4F − G], g2 =
16
15

[
16
√

G2 + 4F + 19G
35

]

https://doi.org/10.3390/cryst16020118
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which finally yields

c =
g2

(g1ar)2 , g = c2(g1ar), f = f1c2

Thus,

c =
3kB

5

16
√

b2
2 + 4b3 + 19b2

35b2
1a2

r



g =
12kB

25


(

16
√

b2
2 + 4b3 + 19b2

)2

1225b3
1a3

r



f =
18kB
875


(

16
√

b2
2 + 4b3 + 19b2

)2(√
b2

2 + 4b3 − b2

)
1225b4

1a4
r


(A3)

Appendix C. Grüneisen Parameter from Effective Potential
The Mie–Grun̈eisen equation of state relates thermal pressure, PT, with thermal energy, ET:

PT =
γET

V
(A4)

where V is the volume and γ is the Grüneisen parameter.
Considering atoms in a lattice, let an atom A be surrounded by n neighbouring atoms,

each at a distance An = an + un, where an is the time-averaged component and un is the
oscillatory component. Note that un allows for oscillations in all three dimensions. If the
effective force experienced by atom A due to all these n neighbours is denoted by Fn, then
the Cauchy stress tensor becomes

τ =
1

2V ∑
n

an⟨Fn(an + un)⟩ (A5)

Now, expanding the effective force up to a second-order approximation gives

Fn(an + un) ≈ Fn(an) + F′
n(an)un +

1
2

F′′
n (an)u2

n

Substituting this back gives

τ =
1

2V ∑
n

anFn(an) +
1

4V ∑
n

anF′′
n (an)⟨u2

n⟩,

since ⟨un⟩ = 0, the thermal oscillation component.
Now, with τ = τ0 + τT , PT = tr(τT) can be written as

PT =
1

4V ∑
n

anF′′
n (an)⟨u2

n⟩, (A6)

where
Fn = − ∂ϕn

∂xn
= − ϕ′

n

if we define a potential ϕn along a lattice direction (in one dimension) an + xn.
Next, we have the potential energy as

UT =
1
2 ∑

n
⟨ϕn(an + xn)− ϕn(an)⟩

https://doi.org/10.3390/cryst16020118
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Expanding this effective potential up to the second order gives

ϕn(an + xn) ≈ ϕn(an) + ϕ′
n(an).xn +

1
2

ϕ′′
n (an).x2

n

Substituting, this leads to

UT =
1
4 ∑

n
ϕ′′

n (an)⟨x2
n⟩.

By the equipartition theorem, or using the Virial theorem, the total energy would be

ET = 2UT =
1
2 ∑

n
ϕ′′

n (an)⟨x2
n⟩ (A7)

Here, we make the crucial assumption that the thermal oscillations are only mediated
by the first spherical coordination sphere. This allows us to replace the ∑n with the
coordination number M, and in 3 dimensions,

⟨u2
n⟩ =

1
3
⟨x2

n⟩.

Finally, substituting Equations (A6) and (A7) back in Equation (A4), we obtain
Equation (5) of the main text:

γ0 = − a
6

[
ϕ′′′(u)
ϕ′′(u)

]
(A8)
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