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Abstract

The equilibrium shape of a crystal is a fundamental problem in materials science and
condensed matter physics. The Wulff construction, a cornerstone of crystal morphology
prediction, is traditionally presented and utilized as a powerful geometric algorithm to de-
rive equilibrium shapes from anisotropic surface energy (n). While its application across
materials science is vast, the profound mathematical physics underpinning it, specifically
its intrinsic identity as a manifestation of the Legendre transform, is often relegated to a
passing remark. This work recenters the focus on this fundamental duality. We present
a comprehensive, step-by-step derivation of the Wulff shape from the variational prin-
ciple of surface energy minimization under a constant volume, employing the language
of support functions and differential geometry. We then rigorously demonstrate that the
equilibrium shape, defined by the support function /(n), and the surface energy density
v(n) are conjugate variables linked by a Legendre transformation; the Wulff shape W is
precisely the zero-sublevel set of the dual function 7*(x) = sup,[x - n — y(n)]. This per-
spective elevates the Wulff construction from a mere graphical tool to a canonical example
of convex duality in thermodynamic systems, connecting it to deeper principles in convex
analysis and statistical mechanics. To bridge theory and computation, we provide a robust
computational algorithm implemented in pseudocode capable of generating Wulff shapes
for two-dimensional (2D) crystals with arbitrary N-fold symmetry. Finally, we discuss
the relevance and extensions of the classical theory in contemporary research, including
non-equilibrium growth, nanoscale effects, and the coupling of crystal shapes with elastic
membrane environments.

Keywords: Wulff construction; Legendre transform; variational principle; crystal morphology;
surface energy minimization

1. Introduction

The equilibrium shape of a crystal, namely the manifestation of anisotropic interfa-
cial tensions at thermodynamic equilibrium, has captivated scientists since the seminal
work of Gibbs and Wulff. Wulff’s original construction gives a practical way to predict
shapes [1], but working through its geometry often obscures why this particular algorithm
solves the variational problem. Here, we find a deeper geometric structure. Given the
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orientation-dependent surface free energy (n), where n € S9! is the outward normal
unit, the equilibrium shape }V is the convex set defined by the intersection of half-spaces:

w= {xeRY:x-n<(n)}. (1)

ncSd—1

This construction is the visual solution to the Gibbs—Curie-Wulff variational principle,
which states that the equilibrium shape minimizes the total surface energy Eg,f =
S 7(n) dS for a fixed enclosed volume V.

The utility of the Wulff construction as an application tool is undeniable and forms the
focus of a vast body of research [2-11]. It is the standard method for predicting nanoparticle
morphologies from first-principle surface energy calculations [12,13] for analyzing the
equilibrium shape of thin films and supported clusters via the Wulff-Kaishew theorem [6]
and for interpreting experimental observations from techniques like low-energy electron
microscopy (LEEM) [3]. This applied focus is perfectly natural and has driven significant
progress in materials design. Recent comprehensive reviews on crystal morphology pre-
diction models and regulating strategies further underscore the central role of the Wulff
construction in modern materials design [14].

However, this widespread application-centric narrative has, perhaps inadvertently,
obscured a deeper and more elegant mathematical reality. As noted in several theoretical
works, “the equilibrium shape function is the Legendre transform of y(n) and vice versa” [3,15].
This statement points to a fundamental duality that transcends the specific geometric
algorithm of drawing perpendicular planes. The Wulff shape is not merely the output of
a minimization procedure; it is the geometric realization of the convex conjugate of the
surface energy function. The support function &(n) = maxye)y x - n of the equilibrium
crystal and the surface energy 7 (n) are conjugate variables in the sense of Legendre-Fenchel
transformation. This duality, while acknowledged, is frequently presented as a curious
mathematical footnote rather than the central organizing principle it truly is. Its detailed
exposition, from first variational principles to the explicit identification of the Legendre
pair, is often abbreviated or omitted in favor of the more intuitive geometric construction.
This gap in pedagogical and conceptual clarity is what the present work aims to address.

Our primary objective is a systematic and detailed exposition that re-establishes
the Legendre transform as the foundational core of the Wulff construction. We aim to
demonstrate that the variational derivation naturally and inevitably leads to this duality.
The journey from the energy functional Eg,[h] to the proportionality condition #(n) &« y(n)
is, in essence, the process of constructing the Legendre transform. This perspective unifies
the Wulff problem with a broad landscape of convex analysis and thermodynamic potential
theory, offering a more powerful lens through which to view not only equilibrium shapes
but also potential generalizations, such as elastic solid-phase membrane domains in fluid
vesicles [16,17] and elastic monolayer domains in the air-water interface [18], which both
involve interfacial interactions. Moreover, we have found that charged elastic solid crystals
can trigger the exotic intrinsic phase transition [19,20], and the active Janus particles
can arrange more complicated crystalline shapes [21]. All the recent findings urge us
to find a deeper and new understanding of the traditional theoretical tool known as the
Waulff construction.

The structure of this paper is as follows. In Section 2, we lay the geometric groundwork
by introducing the support function parameterization of convex bodies. We then carefully
derive expressions for the surface area and volume in terms of the support function (n)
and its curvature-related derivatives. The constrained variational problem is set up and
solved in detail, leading to the Wulff proportionality condition. Section 3 is the conceptual
heart of the paper. We review the definition of the Legendre transform for positively
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homogeneous functions and prove that the Wulff set V is exactly the zero-sublevel set of
the transform *(x). We trace the path from the variational solution to this identification,
highlighting the role of convex duality. The algorithm in Section 4 is a natural application
and implementation of the preceding theory. It transforms the abstract mathematical
derivations (variational principles and Legendre transforms) into concrete computational
steps, allowing us to visualize and verify the Wulff shape numerically. Section 5 discusses
the implications of this viewpoint, connecting it to concepts in statistical mechanics (surface
tension and large deviations) and hinting at extensions beyond the classical equilibrium
setting. We conclude and provide perspective in Section 6.

2. Variational Derivation: From Energy Minimization to the
Wulff Condition

2.1. Geometry of Convex Bodies and the Support Function

Let £ C R? be a compact convex body containing the origin in its interior. Its shape
can be completely described by the support function /i : $9~1 — R, defined as

h(n) = hx(n) = max x - n. ()
xek
Geometrically, #(n) is the signed distance from the origin to the supporting hyperplane of
K with the outward normal unit n. The boundary 9/ is given by the set of points x such
that x - n = h(n) for the appropriate n.
For a smooth, strictly convex body, the mapping between a boundary point x and its
unique outer normal n is one-to-one. In this case, we can parameterize the boundary with
n € 971, The position vector x(n) of the point with the normal n satisfies

x(n) = h(n)n+ Vgh(n), 3)

where Vs denotes the gradient on the unit sphere S%~1. This follows from the fact that x
must be the point maximizing x - n for the given n, and the tangential component arises
from the derivative of this condition.

2.2. Surface Area and Volume in Terms of h(n)

To express the total surface energy as a functional of k, we need the surface area
element dS on dK in terms of 1 and its derivatives. The relevant quantity is the Hessian of
h on the sphere. Let g;; be the standard metric on $9~1 (e.g., in spherical coordinates). We
define the second fundamental form tensor as follows:

hij = ViVih + hgij, )

where V; denotes the covariant derivative on $¢~1. For a convex body, h;; is a positive-
definite symmetric tensor. Its determinant is related to the Gaussian curvature K(n) of the
surface at the point with the normal n.

A fundamental result from convex geometry states that the surface area measured on
oK induced by the spherical map is

ds = | /det(h;j) dQ, (5)

where dQ) is the standard volume element (solid angle) on $%~1. This can be understood by
considering the Jacobian of the map from the spherical parameter domain to the surface.
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The volume V of the convex body can also be expressed elegantly in terms of the
support function. Using the divergence theorem or a direct geometric decomposition into
cones from the origin, one obtains

1 17
V=7 h(n)dS = » h(n),/det(h;j) dQ. (6)

Ford = 2, if we parameterize via 6 withn = (cos 6,sin ), then hl] reduces to the scalar hgg +

h, and v/det = h + hgg. Thus, dS = (h+ hgg)df and V = 5 f h(h + hgg)d6, consistent
with the known formulas.

2.3. The Variational Problem and Euler—Lagrange Equation

The total surface energy for a shape with a support function % is

Euurl] = [, 7()ds = [ v(n)\/det(ny) a0 7)

The equilibrium shape at a fixed volume Vj is the minimizer of Eg, subject to the
constraint V[h] = V. We introduce a Lagrange multiplier A and consider the functional

FiH = Bl = AVIE = ) = [, |7() = Gt | fdet(h) a2 + 2%, @)

We seek the first variation 6 F = 0 for arbitrary variations 6/ (n) that preserve convexity.

The variation of , /det(h;;) is a standard result in differential geometry:

5\/det( i) \/det i) (K~ )iishy, )

where (h~1)# is the inverse tensor of hij and 6h;j = V;V;(6h) + (6h)gi.
Therefore, the variation of F is

gd—1

OF = { [v(n) - ;‘h]é(x/@) - géh\/@}dﬂ
=/ {[ - h]@(hl)“(vivj((?h) + giioh) — zéh\/@}dn. (10)

Let HY = +/det (h~1). Note that (h_l)ijgij = Tr(h~'), which is related to the mean
curvature. By integrating the term with V;V;(6h) with parts twice over the closed manifold
$%=1 (where boundary terms vanish) and using the symmetry of H', we can shift the
derivatives onto H'/

/{7—2 }H’JV V(h) dO = <[’y ;‘h] Hi'V, (5h)>d0
/v ({7 % }H”)Vi(éh)dﬂ
/ (V, ( [ ) h} H”) > ShdQ. (11)
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The first term after the first equality is a total divergence and integrates to zero.
The final expression is obtained by integrating via parts once more. When combining all
terms, the variation becomes

OF = /SH {vivj ( {7 — ;\h} Hl’f> + {7 - ;\h} Hg; — ;\\/d?t}éh dQ. (12)

For 6 F = 0 to hold for all smooth 6k, the integrand must vanish pointwise. This yields

a complex Euler-Lagrange partial differential equation. However, there is a celebrated

special solution that satisfies a much simpler condition: the quantity in brackets before H'/
is constant; that is, we have

A

y(n) — Eh(n) = constant. (13)

Indeed, if this holds, then the derivatives in the first term vanish, and the remaining

terms combine to give zero when the constant is chosen appropriately (often zero by

redefining the origin or the multiplier). The constant can be absorbed into a redefinition of A

or by observing that translating the shape adds the term t- n to 1(n). This t-dependent linear

term can be eliminated by redefining the origin (i.e., choosing the coordinate system such

that t = 0) or absorbed into the Lagrange multiplier in the variational formulation when

combined with the volume constraint. The key point is that the shape itself is invariant

under translation, and the proportionality /(n) o (n) is determined up to such a linear

term, which is fixed by the condition that the origin is chosen appropriately (e.g., at the

center of mass). Thus, the equilibrium condition reduces to the **Wulff proportionality**:

h(n) = L y(n). (1)

The Lagrange multiplier A is determined by substituting this relation into the volume
constraint V[h] = Vp. Since both V and Eg,¢ are homogeneous functionals, one finds
A = dEg,u¢/Vo. Crucially, the shape itself is determined by the proportionality between
h and <y and not the absolute scale. Therefore, the equilibrium shape W is the set of
points satisfying

x-n<y(n) foralln, (15)
which is exactly the classical Wulff construction of Equation (1). This completes the varia-
tional derivation. A detailed step-by-step algebraic derivation of this variational principle in
two dimensions, including the handling of boundary terms and the explicit Euler-Lagrange
equation, is presented in Appendix A. The variational calculus presented here for the classi-
cal Wulff problem aligns with the rigorous treatment of the first variation for more general
functional Wulff shapes in modern convex geometry [22].

3. The Legendre Duality Underlying the Wulff Construction
3.1. Legendre—Fenchel Transform for Homogeneous Functions

Consider a continuous function ¢ : §%~1 — R*. We can extend it to a positively
homogeneous function with a degree of one on all of R? \ {0} by defining

I(p) = |p|7<|;>, for p # 0. (16)

This I satisfies T'(tp) = |t|T(p) fort € R.
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The Legendre-Fenchel transform (or convex conjugate) of I is defined as follows:

I*(x) = sup {x-p—T(p)}- (17)
peRd

Due to the homogeneity of I', the supremum can be restricted to vectors p of a unit length.
Let p = rn with7 > 0and n € $¢~1. Then, we have

I"(x) = sup {r(x-n)—ry(n)}
r>0,nes4-1
= sup {Sup[r(x-n—v(n))]}- (18)
nesd-1 | r>0

For a fixed n, the inner supremum over 7 is

0 ifx-n—vy(n) <0,
sup[r(x-n—1(n))] = , x)
>0 +oo ifx-n—(n)>0.

Therefore, the overall supremum is finite (and equal to zero) if and only if x- n < 7(n)
for every n € S9~1. If this condition is violated for even one n, then the supremum is +co.
Consequently, we have the elegant characterization

0 ifx € W,
r*<x>—v*<x>—{+w xw (19)

where W is precisely the Wulff set defined in Equation (1). This is a powerful result, as the
convex conjugate of the homogeneous surface energy function is the indicator function
of the Wulff shape. The profound connection between anisotropic surface tension and
equilibrium shape via convex duality has been recognized in the statistical physics literature
for decades [23].

3.2. Equivalence of the Variational Solution and the Legendre Condition

We now connect this transform to the variational solution h(n) = %’y(n). The support
function h(n) of the Wulff shape W is, by definition, (n) = maxyecyy x - n. Since W = {x:
x-m < y(m) Vm}, we can write

h(n) = m)?x{x ‘n : x-m < y(m)Vm}. (20)

which is a linear program. Its dual problem (in the sense of convex optimization) is to
minimize ), y(m)u(m) over measures y, subject to }_,, my(m) = nand u > 0. For a
smooth 7, the optimal measure concentrates on a single m, and the solution is given by
the condition that n is proportional to the subgradient of 7y at m, leading back to the
proportionality of / and .

More directly, the very definition of the Legendre transform provides an alternative
formula for the support function. Since W = {x : v*(x) < 0}, and 7* is the conjugate of T,
we have under the biconjugation theorem (for convex I')

I'(p) = SU£{X P} =hw(p), (21)
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where the last equality holds because the supremum over W of a linear function defines
the support function. However, I'(p) = |p|v(p/|p|). For a unit vector n, this gives

v(n) = sup x-n = hyy(n). (22)
xeW

which is the **inverse Wulff construction**, where the surface energy < (n) is the support
function of the Wulff shape V. This is the complete duality: o and the indicator function of
W are Legendre conjugates. In the context of the variational problem with a fixed volume,
the scaling factor % appears, but it does not alter the essential duality between the functional
forms of h and vy. The variational principle selects the specific scaled version of ¥V whose
volume is Vp, but the shape’s proportionality to the 7y plot is a direct consequence of this
deep duality.

Thus, the Wulff construction is not merely an algorithm; it is the geometric embod-
iment of the statement, “The surface tension oy and the equilibrium shape W are convex
conjugates.” This reframes the Gibbs—Curie-Wulff theorem as a fundamental duality
principle in the thermodynamics of interfaces.

4. Computational Implementation

The variational derivation and Legendre duality established in Sections 2 and 3 provide
the theoretical foundation for the Wulff construction. While the proportionality #(n) o y(n)
gives the equilibrium condition, and the Legendre transform y*(x) identifies the Wulff
shape as its zero-sublevel set, these theoretical results naturally lead to a concrete geometric
algorithm for computing the shape.

The core idea is straightforward, since the Wulff shape W is defined as the intersection
of half-spaces in Equation (1). We can approximate WV by discretizing the set of normal
directions n and computing the intersection of the corresponding half-planes (in 2D) or
half-spaces (in 3D). This algorithm is essentially a numerical realization of the geomet-
ric construction that Wulff originally proposed, but we now understand it as the direct
consequence of the variational principle and the Legendre duality as follows:

1.  From Variational Principle to Half-Space Representation: The variational derivation
leads to the condition that the support function /(n) is proportional to (n). Since
the support function i(n) gives the signed distance from the origin to the supporting
hyperplane with the normal n, the inequality x - n < y(n) (with an appropriate scaling
factor) defines the half-space containing the origin bounded by that hyperplane.
The intersection of all such half-spaces is exactly the set of points x that satisfy x - n <
v(n) for all n, which under Equation (15) is the equilibrium shape.

2. From Legendre Duality to Indicator Function: The Legendre transform *(x) is zero
precisely when x - n < 7(n) for all n and is infinite otherwise. Thus, computing the
Waulff shape as the intersection of half-spaces is equivalent to finding the region where
7*(x) = 0. The discrete algorithm approximates this region with a polygon (in 2D) or
polyhedron (in 3D).

3. Computational Realization: In practice, we discretize the continuous set of directions
n into a finite set {n;}. For each n;, we construct the half-space x - n; < y(n;).
The intersection of these half-spaces is a convex polytope that approximates WW.
As the discretization becomes finer, the polytope converges to the true Wulff shape.

Thus, the computational algorithm is a direct implementation of the theoretical results.
It bridges the abstract mathematical duality with concrete shape prediction, allowing us to
visualize how the anisotropy in y(n) translates into the faceted morphology of the crystal.
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4.1. Algorithm for Arbitrary N-Fold Symmetry

We present a computational algorithm that computes the Wulff shape for a 2D crystal
with arbitrary N-fold symmetry. The surface energy function is assumed to be of the form

v(0) =1+ €ecos(N(6—¢)),

where N is the symmetry order, € controls the anisotropy, and ¢ is a phase shift (rotation).
The algorithm can be easily adapted for other functional forms.
The core idea is to compute the Wulff shape as the intersection of half-planes:

W = ﬂ {(X,y)GRZ:xcoseersinGgfy(())}_
6el0,2m)

In practice, we discretize € into a finite set {6) } and compute the convex polygon defined
by the inequalities.

We plotted the Wulff construction for two-dimensional crystals with arbitrary N-fold
symmetry as shown in Figure 1 through the following steps. First, the surface energy (),
which represents the interfacial energy of the crystal in different directions, is defined as a
function in polar coordinates as y(6) = 1 + e cos[n(0 — ¢)], where n is the symmetry order
and € controls the anisotropy strength. The program uses PolarPlot to draw this function
in polar coordinates, resulting in a closed blue curve. The distance from each point on the
curve to the origin represents the surface energy in that direction. Second, the supporting
lines are lines perpendicular to each direction whose distance from the origin is exactly
equal to the surface energy in that direction, given by the equation x cos + ysin6 = y(0).
The program selects a set of discrete directions (spaced by 71/(2n)), computes a point
(the foot of the perpendicular) and a direction vector for each line, and draws them as
gray, semi-transparent lines. These lines collectively “support” the crystal shape. Finally,
the crystal shape is the region of points satisfying all the supporting line inequalities
(xcos® +ysinf < (6)), i.e., the intersection of all the half-planes bounded by these lines.
The program discretizes a large number of angles (300 in this work) to construct half-plane
constraints, uses a region intersection algorithm to compute the polygonal boundary of
the intersection, and connects the vertices into a closed red polygon. These three graphical
elements are overlaid to visually demonstrate how the surface energy, via the constraints
of the supporting lines, determines the equilibrium shape of the crystal. The complete
computational procedure is summarized in Algorithm 1.
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Figure 1. The computed and plotted Wulff shapes for a 2D crystal with different N-fold symmetry:
(a) three-fold symmetry, (b) four-fold symmetry, (c) five-fold symmetry, (d) six-fold symmetry,
(e) seven-fold symmetry, and (f) eight-fold symmetry.

4.2. Pseudocode for Wulff Construction

Algorithm 1 Wulff construction for 2D crystals with N-fold symmetry.

Require: Symmetry order N, anisotropy €, phase ¢, number of discrete points M
Ensure: Vertices of the Wulff shape polygon
1: Define surface energy function: y(6) =1+ ecos(N(6 — ¢))
: Initialize an empty list of half-plane constraints
: fori=0to M —1do
91' =2mi/M
a; = cos(6;)
b; = sin(6;)
ci = 7(0;)
Add constraint: a;x + b;y < ¢; to the list
: end for
: Define region R as the intersection of all half-planes
: Compute the boundary of R as a convex polygon
: Extract vertices of the polygon
: return vertices

O P NG @D

[
XN = O

4.3. Visualization Steps

To visualize the construction, we outline the key steps in Algorithm 2. It takes the
vertices produced by Algorithm 1 as input and generates the plots of the surface energy
profile, supporting lines, and the final Wulff shape.
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Algorithm 2 Visualization of Wulff construction.

Require: Vertices from Algorithm 1, N, €, ¢

Ensure: Plot of ¢ plot, supporting lines, and Wulff shape
1: Create polar plot of () for 6 € [0,27) (blue curve)
2: For a sparse set of angles (e.g., every 71/(2N)), draw the line x cos 6 + ysin6 = (6)
(gray, semi-transparent)

: Plot the polygon defined by the vertices (red, closed)

: Add symmetry direction arrows and labels

5. Combine all plots with appropriate labels and legends

W

5. Discussion

Viewing the Wulff construction through the lens of Legendre duality demystifies its
structure and connects it to broader concepts.

5.1. Connection to Statistical Mechanics and Large Deviations

In statistical mechanics, the Wulff shape emerges as the deterministic equilibrium
profile in the macroscopic limit of lattice spin systems like the Ising model below the critical
temperature [4,24-26]. The surface tension T(n) plays the role of y(n). The large deviation
principle for the phase boundary states that the probability of observing a droplet with
a shape close to W is exponentially favored. The rate function is precisely the surface
energy functional, and its minimization yields the Wulff shape. The Legendre transform
structure is inherent in this large deviation formalism, linking microscopic fluctuations
to the macroscopic convex duality [27]. Early exact solutions for equilibrium shapes in
two-dimensional lattice models, such as the work by Rottman and Wortis [28], provided
crucial microscopic validation of the Wulff construction and laid the groundwork for the
rigorous large deviation theory that followed.

5.2. The Cahn—Hoffman ¢ Vector and Gradient Flows

A related formulation uses the Cahn—-Hoffman ¢ vector defined such that y(n) =
¢(n) - n. The ¢ plot (the radial plot of the vector ¢(n)) is exactly the polar plot of the duality
of v in a different gauge. The equilibrium shape is given by the inner envelope (convex
hull) of the ¢ plot, which is another geometric realization of the same Legendre duality. This
framework is particularly useful for studying dynamics, as gradient flows of the surface
energy often involve the chemical potential # = ., where x, is the anisotropic curvature
derived from y and its derivatives.

The Cahn-Hoffman ¢-vector not only encodes the surface stress but also directly
relates to the growth kinetics in anisotropic systems. In kinetic growth models, the ¢
plot’s convex hull can be interpreted as the limiting shape under surface attachment-
limited kinetics, bridging the equilibrium thermodynamics and non-equilibrium growth
morphology [29-31]. This connection becomes particularly evident in the context of the
kinetic Wulff construction, where the growth velocity v(n) often inherits the directional
dependence of the surface stress via the mobility tensor. Thus, the ¢ vector serves as a
unifying geometric object that links static equilibrium shapes, dynamic growth fronts,
and even the response to external fields or substrate interactions [32-34]. Beyond kinetics,
the interplay between anisotropic surface energy and elastic strain represents another major
frontier for extending Wulff’s theory. Studies on epitaxially strained films have formulated
generalized Wulff-type problems incorporating elastic energy [35], providing a foundation
for the coupled solid membrane systems discussed in the outlook below.
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5.3. Beyond Equilibrium: Kinetics and Geometry

While the classical theory addresses equilibrium, the Legendre duality perspective
may offer insights into kinetic shapes. In growth models where the normal velocity v(n) is
a function of the orientation, the asymptotic shape (for a constant driving force) is given
by a construction similar to Wulff’s but with y(n) replaced by v(n) [5]. This “kinetic
Waulff shape” can also be understood via a Hopf-Lax formula, which is a time-dependent
generalization of the Legendre transform used to solve Hamilton—Jacobi equations. Thus,
the geometric duality provides a bridge between equilibrium thermodynamics and non-
equilibrium growth kinetics. This bridge is exemplified in studies of post-synthesis thermal
evolution, where faceted metal nanocrystals, initially synthesized in nonequilibrium shapes,
undergo surface-diffusion-mediated reshaping towards the equilibrium Wulff shape—a
process critical for the stability of their functional properties and amenable to simulation
by stochastic atomistic models [36]. Extensions beyond the classical paradigm also include
size-dependent Wulff shapes in alloy nanoparticles, where finite-size and compositional
effects modify the equilibrium morphology [37]. At the molecular scale, the prediction of
crystal morphology bridges with computational chemistry, where the mapping of molecular
conformational landscapes to stable crystal structures [38] informs the effective anisotropy
of surface energies, which then serve as input for macroscopic Wulff constructions.

6. Conclusions and Perspective

We have provided a detailed exposition that re-establishes the Legendre transform as
the mathematical cornerstone of the Wulff construction. By meticulously deriving the equi-
librium shape from the variational principle and then explicitly identifying the Wulff shape
W as the zero-sublevel set of the convex conjugate y*(x), we have clarified the profound
duality between the surface energy function (n) and the equilibrium crystal shape.

This work shifted the emphasis from the Wulff construction as a graphical algorithm
for materials applications to its fundamental role as a canonical example of convex duality
in physical systems. It unifies concepts from differential geometry, calculus of variations,
the Legendre-Fenchel transform, and statistical mechanics (large deviations). Recognizing
this foundation is not merely an academic exercise; it provides a more robust and general
framework for understanding existing theories and for formulating new ones that venture
beyond the classical equilibrium paradigm, such as in kinetic growth or the behavior of
active materials.

While the classical Wulff construction addresses isolated crystals in a vacuum or
homogeneous medium, many modern applications involve crystals embedded in soft
environments, such as lipid membranes [39] or other 2D fluid sheets [16]. In these sys-
tems, the equilibrium shape of a solid domain is not only determined by its own edge
energy (the 1D analog of surface energy) but also by elastic interactions mediated by the
surrounding fluid membrane. Recent studies have explored how rigid planar inclusions
(such as 2D colloidal plates) can adopt nontrivial shapes and arrangements due to long-
range elastic deformations of the membrane [16,17]. These works reveal that the effective
interactions between domains can lead to switchable positioning, shape transformations,
and the self-assembly of complex patterns (e.g., flower-shaped crystals) on planar monolay-
ers [18], curved vesicles [17], as well as entropy-driven 2D separated microdomains [40,41].
A promising application for precise intracellular drug delivery by designing an appropriate
shape of organ-conformal, kirigami-structured bioelectronic patch [42] is an important
interdisciplinary area of considerable interest.

The theoretical framework developed in the present work—centered on the vari-
ational principle and Legendre duality—provides a natural foundation for extending
the Wulff construction to such coupled systems. By incorporating the elastic energy
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of the membrane into the total free energy functional, one can formulate a generalized
Waulff problem that simultaneously minimizes the edge energy of the solid domain
and the bending energy of the surrounding fluid membrane. The resulting equilibrium
shapes are expected to deviate from the classical Wulff shape, exhibiting boundary- or
curvature-driven faceting or buckling, as observed in recent experiments [17,18]. More-
over, the Legendre transform perspective offers a powerful tool for dualizing the coupled
problem, potentially revealing new convexity relations between the solid shape and the
membrane curvature field.

Thus, the present study not only clarifies the mathematical roots of the classical
Waulff construction but also paves the way for future theoretical investigations of solid-
membrane composite systems. By combining the geometric language of support functions
with the elasticity theory of fluid membranes, one may develop predictive models for
designing 2D functional materials, biosensors, and programmable vesicles with controlled
solid inclusions.
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Appendix A. Detailed Algebraic Derivation for the Variational Principle

For completeness, we provide the detailed algebraic steps for the 2D variational derivation.
We start with the perimeter energy and area:

27 1 27
E:/ 7(0)ds, A:—/ 1(6) ds.
0 2 Jo

The arc length element is ds = /(dx)? + (dy)?. For a curve given in terms of the
support function, the parametric representation is

x(0) = h(0)cosO — h'(0)sind, y(0) = h(0)sind + h'(0) coso.
Then,

x'(0) = —(h+K")sino,
v (0) = (h+h")cosb.

Thus, we have
ds = \/(x)2+ (y/)2d6 = |h + K| do.

For a convex curve, h + K" > 0 (since it equals the radius of curvature). Thus, ds =
(h+h'")de.
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Therefore, we have

27 27t
E:/ 1(0) (1 + 1) do 2/ 8)(h + h"")de.
JO

Now, we form the Lagrangian with the multiplier A:

- 2 " A "
J—/O [7(h+h )~ Sh(h+ )}d9+/\A0.

We integrate by parts the terms with h”:

27 2 27
/ YH'd9 = [yh)2" - / o+ d6.
0 JO

Assuming periodic boundary conditions (1 and its derivatives are periodic), the boundary

term vanishes, and thus
27 27
/ 6 = — / ' d6.
0 0

Similarly, we have

2 " 127 m "2 2 "2
/ hh'do = ') —/ (h)dez—/o (H')2d6.
0 0

Thus, it follows that

27
J = / {vh — %hz — 90+ 2(}1’)2} do + A Ag.
0

Now, let us treat this as a functional of & and //'. The Euler-Lagrange equation is
a(ay o
dae \ on’ oh

L(hW) = yh — %hz —Y'h + %(h’)z.

with

We then compute the partial derivatives:

oL oL,
S =AM 5=y AN

d (oL

Plugging this into the Euler-Lagrange equation yields

Then, we have

(=" +A") = (y—Ah) =0 = A(h+h')=v+4".

which is the equilibrium condition. Notice that i + 1" = 1/x, where « is the curvature. Also

¥ + " is related to the curvature of the y-plot. In fact, if we parameterize the vy plot with
(7(6) cos 8,v(0) sin6), then its curvature is k, = (7 + ")/ (7? + (7')?)%/%. The condition
becomes:

/\_ "
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For a circle, 7 is constant, and thus 4" = 0, and & + k"’ is constant, which gives a circle.
For the anisotropic <, the relationship is more complex. However, the Wulff construction
bypasses this differential equation by directly giving the shape as the envelope of lines.

We can also derive the proportionality / o <y from this equation if we assume that i
and 7y are proportional, i.e., i = ¢. Then, h"" = ¢, and the equation becomes

Ac(y+7")=v+9" = (Ac=1)(v+7") =0

Thus, either v + " = 0 (which is a special case) or Ac = 1. Therefore, c = 1/A. The con-
stant A is determined by the area constraint. This shows that 1 = (1/A)7 is a solution
provided that y + " is not exactly zero. However, this is not the most general solution
because the differential equation is a second-order equation and requires two boundary
conditions. The proportionality solution is the one that corresponds to the global minimizer
of energy under the area constraint.

In summary, the detailed derivation confirms that the Wulff construction arises from
a variational principle and is intimately connected to the Legendre transform. The rela-
tionship between the anisotropic curvature (y + ") appearing in the 2D Euler-Lagrange
equation and the microscopic interface width has been explored in the context of lattice
models [43], highlighting the multi-faceted interpretations of the quantities derived from
7(0). The computational implementation provides a practical tool for exploring crystal
shapes, and the theory remains relevant as a foundation for modern extensions.
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