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Abstract

AlOs nanoparticles are widely dispersed in heat-transfer fluids to form nanofluids with a
tailored thermophysical response, because their addition modifies thermal conductivity,
viscosity, heat capacity, and consequently the transient thermal behaviour of the fluid—
solid system. In this study, the coupled effects of Al2Os nanoparticle loading and solid-
wall thickness on the transient response of a thick-walled microtube heated over a finite
length at low flow rate, as in heated microfluidic devices, are investigated by numerical
simulation. A finite-volume conjugate model with Navier slip is solved directly in the time
and frequency domains, with quantified grid and time-step uncertainty. For a wall with
ten times the volumetric heat capacity of water, raising the wall-to-radius ratio from 0.2
to 1.0 lengthens the 99% response time 17-fold, lowers the cut-off frequency 14-fold
and conducts 28% of the heat upstream of the heater; for glass and PDMS walls the re-
sponse time grows only 2-3-fold. This attenuation is capacitive and system-level; up to
o = 0.1 the trans-wall transfer function stays above 0.99. Loading up to 10 vol% short-
ens the response time by 5-17% at fixed Peclet number; at constant flow rate it raises the
heat transfer coefficient by 32% but, under the Maiga correlations, nearly triples the
pumping power.

Keywords: transient conjugate heat transfer; nanofluids; Al2Os-water nanofluid;
nanoparticles; thermophysical properties; wall thickness ratio; thermal response time;
frequency response

1. Introduction

Microfluidic devices increasingly carry their own thermal functions: lab-on-chip sys-
tems with integrated heaters, micro-reactors and sensor packages control the temperature
of small liquid volumes, and microfluidic channels are now also used for the thermal reg-
ulation of compact and flexible electronics [1]. In such devices, a resistive heater or a heat-
dissipating component is often bonded to a short length of a channel or tube wall, for
temperature control or for thermal flow sensing [2], and the liquid passes at flow rates of
the order of microlitres per minute. Since the heater does not touch the liquid, the heat
reaches the liquid through the wall, which stores part of the heat, conducts part of it along
the tube and delays the rest. Microchannel cooling goes back to the heat sinks of
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Tuckerman and Pease [3]; the present study concerns the low-flow end of this range,
where conduction in the wall is as important as convection to the liquid.

Nanofluids, colloids of a base liquid and metal-oxide nanoparticles such as ALOs,
CuO or TiOz, are a common means of raising the thermal conductivity of the liquid; alu-
mina-water nanofluids in particular have been widely studied for their chemical stability,
ease of dispersion and cost [4-9]. The enhancement is set by the dispersed particles them-
selves: their size [10,11] and shape [12], together with temperature [7], change the effective
conductivity and viscosity of the suspension. Continuum models see these particle char-
acteristics only through effective-property correlations, so the choice of correlation, and
the concentration range over which it was fitted to experiment, directly shapes the pre-
dicted thermal performance [13,14]. The addition of nanoparticles also raises the viscosity,
more steeply than the conductivity at moderate concentrations, so that the pumping
power and the viscous heating grow with loading [15]; in Al20s-water microchannel flow,
viscous dissipation has been found to reduce the heat-transfer gain of the nanofluid more
strongly as the Reynolds number rises [16].

At the microscale, the heat generated by viscous shear, characterised by the Brink-
man number (Br), can act as a volumetric heat source that alters the temperature field and
the Nusselt number [17-20], and it remains part of current analyses of fully developed
microchannel flow [21]; with nanofluids, the viscosity increase amplifies it [13]. Its im-
portance, however, depends on the dimensional operating point, which is therefore estab-
lished before Br is chosen (Section 2.4). Liquid flow in microtubes may in addition exhibit
apparent wall slip [22,23].

A further feature of microscale heat transfer is conjugation with the wall. In micro-
tubes, the wall thickness is often comparable to or larger than the fluid radius (d* =
d,,/R; ~ 1), so heat conducts within the wall in both radial and axial directions. The ex-
tended Graetz problem with wall conduction, and axial wall conduction more generally,
has been studied for both channels and tubes [24-27]. When axial conduction dominates,
the interfacial heat flux becomes skewed and the local Nusselt number non-uniform,
which can also bias the reduction of experimental data [28]. At low Reynolds numbers,
axial conduction carries heat upstream of the heated section; this back axial conduction
has been investigated experimentally in nanofluid-cooled microchannel heat sinks [29].
The resulting upstream preheating warms the entering fluid before it reaches the heated
section and modifies both the interface heat flux and the thermal development length. The
role of wall thickness and wall material in conjugate microchannel heat transfer has also
been examined for flow boiling [30].

Real devices frequently operate under transient conditions: heater start-up, pulsed
loads, and periodic duty cycles. The transient conjugate problem has been treated for fully
developed and developing pipe flows [31-33], including thick-walled pipes with two-di-
mensional wall conduction [34-37] and straight microchannels [38]. Under time-varying
loads, the thermal capacity of the wall becomes part of the dynamics; its influence on the
coupling between wall temperature and flow oscillations has been analysed for micro-
channel flow boiling [39]. Time-periodic forcing of nanofluid flows has mostly been stud-
ied through oscillatory flow conditions [40], and transient conjugation under a time-peri-
odic wall temperature has been analysed for thick-walled pipes and minipipes by Altun
et al. [41]. The response of a thick wall to a modulated heat input is also what an outer-
surface sensor sees: estimating the inner state from outer measurements is the classical
inverse heat-conduction problem [42], increasingly addressed with machine-learning sur-
rogates [43].

Despite this literature, the combined transient behaviour of a thick conjugate wall,
nanofluid properties, and wall slip under both step and harmonic heating has received
little attention, and three specific questions motivate this work. First, how strongly does
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the wall thickness, compared with the nanoparticle loading, control the transient lag, and
how does this depend on the wall material and the Peclet number? Second, parametric
studies commonly vary Pe, Br and ¢ independently, whereas in a loop operated at a
fixed flow rate these groups are coupled through the nanofluid properties; what are the
transient, heat-transfer and pumping consequences at such coupled operating points?
Third, how much of the attenuation of a modulated heater signal is due to the wall itself
(trans-wall filtering) and how much to the assembly as a whole (system-level filtering)?

To address these questions, this work presents a numerical investigation of transient
conjugate heat transfer of an Al20s-water nanofluid in a thick-walled microtube heated
over a finite length. The specific objectives are:

1. To quantify how the wall thickness ratio (d*) and the A:Os volume fraction (¢), act-
ing through the thermophysical properties of the mixture, affect the transient tem-
perature field and a solver-independent thermal response time (7,), and how these
effects depend on the wall material and Pe.

2. To analyse the upstream preheating by axial wall conduction and its consequences
for the interface heat flux and the Nusselt number.

3. To separate system-level and trans-wall thermal filtering by driving the outer surface
with a sinusoidal heat flux and computing the transfer functions directly in the fre-
quency domain.

4. Tosimulate the coupled operating points of a constant-flow-rate loop and to quantify
the pumping-power penalty.

Section 2 describes the configuration, the assumptions, the governing equations, and
the verified numerical method. Section 3 presents the results, and Section 4 summarises
the conclusions.

2. Mathematical Formulation
2.1. Physical Configuration, Target Application, Modelling Assumptions and Scope

We consider transient conjugate heat transfer in an infinitely long microtube in ax-
isymmetric cylindrical coordinates (x*,r*) (Figure 1; the symbols are listed in Appendix
A):

e  The fluid domain occupies 0 < r* < 1.0.

e  The solid wall occupies 1.0 < r* < 1.0 + d*, where d* = d,,/R; is the wall thickness
ratio (d,, the dimensional wall thickness, R; the inner radius; d,, is used to avoid
confusion with the diameter D;).

e  The outer wall (r* = 1.0 + d*) is heated over a localised section of dimensionless
length L' = 7.68 (x* € [0,L"]) by a uniform heat flux q"; the rest of the outer wall is
insulated.

e  Flow enters from upstream infinity (x* — —o0) and exits to downstream infinity (x* -
+00).

The configuration represents a heated section of a liquid-cooled microtube operating
at low flow rates, as encountered in microfluidic thermal management: lab-on-chip de-
vices with integrated heaters, micro-reactors and sensor packages, in which a resistive
heater or a heat-dissipating component is bonded to a short length of the tube wall. The
low Peclet number of the baseline (Pe =5, i.e.,, Rep = Pe/Pry; =~ 0.7 for the baseline
nanofluid) makes axial conduction in both the fluid and the wall significant, which is the
regime in which wall conjugation and its transient lag are most pronounced. Representa-
tive dimensional scales are given in Section 2.4 and Appendix B.

The model rests on the following assumptions:
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10.

11.

Laminar, incompressible, Newtonian flow. At the baseline, the Reynolds number
based on the inner diameter is Re, = Pe/Pry,r = 0.7 (Pr,y = 7.5 at ¢ = 0.02), far be-
low the laminar limit.

Hydrodynamically fully developed, steady flow. The velocity field is established
before the heating is switched on and is independent of x and t; only the tempera-
ture field is developing (thermal-entry, or extended Graetz, problem [26,35,36]).
Constant (temperature-independent) properties of the fluid and the wall, evaluated
at a single reference temperature. The momentum and energy equations are therefore
decoupled, and the energy equations are linear in temperature (used in Section 3.3).
Homogeneous single-phase nanofluid. The particles and the base fluid are in local
thermal and mechanical equilibrium, and the mixture is described by effective prop-
erties (Section 2.4), as in [13,15]; particle migration and two-component effects [5] are
outside the present scope.

Axisymmetry. The heating is uniform around the circumference, and there is no
swirl.

Negligible body forces. Gravity (buoyancy) and electromagnetic forces are ne-
glected (Section 2.2.1).

Viscous dissipation retained (Section 2.2.1).

Radiation neglected. With a linearised radiation coefficient of about 6 W/(m? K) at
300 K [44], a black outer surface 33 K above its surroundings, the warmest case of
Table A4, would lose about 0.02 W/cm?, i.e., 2% of the heater flux q" =1 W/cm2.
No internal heat generation in the wall.

Liquid wall slip of the Navier type (Section 2.2.1); no temperature jump at the wall,
and perfect thermal contact between the fluid and the wall (no interfacial thermal
resistance). The Kapitza length of water—solid interfaces, 3-12 nm [45], is at least
three orders of magnitude below the tube radii considered (25-100 pm).

Axial conduction retained in both the fluid and the wall, as required at low Pe
[25,26,36].

The infinite domain is truncated to [x;,, = —23.04, x;,, = 23.10], with unheated inlet

and outlet lengths large enough that the inlet and developed-outlet conditions at infinity
are asymptotically satisfied (Sections 2.3 and 2.6.1).

q'(t")=1+esin(wt™) on 0<x"<L”
(step case: €=0)

s L4 L)L L] ] e

solidwall (1<r®<1+d") d,=d"R;
interface: T, g continuous
nanofluid (0<r” <1) Ri(r'=1)
xt=-2304 S Reated length L~ X, =23.10
inlet: T" =0 outlet: aT "/ox™ =0

Figure 1. Schematic of the axisymmetric computational domain (not to scale): nanofluid core (0 <
r* < 1), solid wall (1 <r*<14d"), outer surface heated over 0 < x* < L* with ¢*(t") =1+

esin(wt*) (¢ = 0 for step cases) and insulated elsewhere; slip (Navier) velocity profile at the inlet.
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2.2. Governing Equations
2.2.1. Fluid Domain (0 < r* < 1.0)

Vector form. For an incompressible Newtonian fluid with constant properties, mass,
momentum, and energy conservation, see [5,13,46]

V-u=0, 1
u ;
aT
(OCy)ns <E tu- VT) =V (knfVT) + finy @, @3)

where P is the pressure, f, collects the body forces per unit volume and u,;®,, is the
rate of viscous dissipation, with @&, = 2 D: D and the rate-of-strain tensor D = 1/2 (Vu +
vu').

Body forces. The only body force that could act is gravity, f, = p,rg. Its hydrostatic
part is absorbed into the pressure; its thermal part (buoyancy, —p, (T — T;,)g in the
Boussinesq form) drives mixed convection only when the Richardson number Ri, =
Grp/Ref is not small, with Grp = |g| B (T, — Tp) Df /vi; based on the wall-to-bulk tem-
perature difference. For the representative scales of Section 2.4 (D; = 100 um, q¢" =1
W/em?, Ty, — T, = 0.4 K) and the expansion coefficient of water at the reference temper-
ature of Section 2.4 (f =2.07 x10™* K= at 20 °C [47]), Grp =7 x10™* and Rip =
1.5 x 1073. Because Re), is fixed by Pe while T;, — T, scales with q"D;, Ri, grows as
q"D{; buoyancy therefore remains negligible (Ri, < 0.024) for D; S 200 pm at ¢" <1
W/cm?, which bounds the applicability of the present forced-convection model. No elec-
tric or magnetic fields are applied, so electromagnetic forces are absent. Hence f), does
not enter the reduced equations.

Reduction. Under assumptions 1-5 of Section 2.1, the velocity is purely axial and
depends on r only, u = u(r) e,. Continuity is then satisfied identically, u - Vu = 0, and
the axial momentum equation reduces to

Unp d < du) dP
Mo (r =)= = 4
rar\ ar) ~ dx const, @
subject to symmetry, du/dr = 0 at r = 0, and the Navier slip condition at the wall [19,22—

24],
du
Ugiip = u(R;) = _bd_ ) b = AR;. (5)
Tlr=g;

Integrating twice and normalising with the mean velocity u,, gives the slip-cor-
rected Hagen—Poiseuille profile
u  2(1-17?+2})

u(r)y=—

Uy 1+44 ' ©)

which recovers the no-slip profile 2(1 —r*2) as 1 - 0; the normalisation (1 + 41) yields
a non-negative wall velocity u*(1) = 44/(1 + 44) for 2 > 0.

Slip model. Wall slip is included because liquid flow in microtubes can exhibit ap-
parent wall slip arising from surface effects rather than gas-like rarefaction [22,23], so a
Knudsen-number criterion does not apply here. With the slip length b = AR;, 1 = 0.01
corresponds to a slip length of one per cent of the tube radius, and the classical no-slip
profile is recovered continuously as 4 — 0. The effect of slip on heat transfer is small: at
A =0.01 the fully developed Nusselt number is only 2.1% above its no-slip value
(4.4565 against 48/11 = 4.3636). Because the dependence of the slip length on particle
loading remains an open question for nanoparticle-loaded liquids, the slip coefficient is
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held at 2 = 4, = 0.01 for all concentrations, which attributes no change in slip to the par-
ticles. Two concentration-dependent alternatives were tested as a sensitivity (Br =0, ¢ =
0.001-0.10, d* = 0.2 and 1.0). The first, A = A py s/, follows from Navier’s condition,
in which the wall shear stress is balanced by an interfacial friction x ug;;,, so that b = u/k,
if the friction coefficient k does not change with loading. The second, A = A (ttnr/ttpr)/
(Pnr/Pour), scales the slip length with the kinematic viscosity; it is the slip condition of two-
phase nanofluid models [48,49], also used in [43], in which the slip length is the kinematic
viscosity multiplied by a slip velocity factor that is taken to be independent of the loading.
At ¢ = 0.10, they raise 4 to 0.030 and 0.023 and the fully developed Nusselt number
by 3.8% and 2.5%, but change the concentration effect on the steady inner-wall temper-
ature and on the response time 759 (Section 3.1.3) by at most 0.3 percentage points.

For this unidirectional flow, the dissipation function contains a single term, ®, =
(du/dr)?, and the energy equation becomes

oo (9T 0T [T 10 aTy] duy? .
@ (5 +5) = o (37 735 ()| o () @

2 relative to radial

The axial conduction term is retained because it is of order Pe~
conduction and is not negligible at low Pe [25,26].

Non-dimensionalisation. Following the reference conjugate formulation [36], we in-

troduce
r x QAngt T —Ty, q"R;
f=—, x'= , tt= , Th= , ATy = )
" TR’ ¥ TRrPe R? ATyos AT ®)
2 2
2umR; Hnf Um Hnr Um
Pe = , = =— 9
QAnf kng ATyer q"R;

Throughout the paper, a superscript asterisk (*) denotes a dimensionless quantity.
The Peclet number is diameter-based, written with the inner radius for consistency with
the remaining scales, and the Brinkman number is defined with the constant-flux temper-
ature scale AT,., of the present non-dimensionalisation, consistent with the definition
used in the companion formulation [43]. Dividing the energy equation by k, ;AT,.f /R?,
the transient term becomes 0T*/dt"; the convective term becomes (R;uy,/ayf) (u”/
Pe) 0T*/ 0x™ = (u*/2) 0T/ 0x”, because the diameter-based Pe carries the factor 2; the
axial conduction term acquires the factor Pe™2 from the Graetz scaling of x; and the dis-
sipation term becomes Br ®* with ®* = (du*/dr*)?. The result is the dimensionless en-
ergy equation of the fluid,

1677
(1 +420)?

or* w(r")or* 1 #*T* 1 a ; aT*

= - Br - ®*, o*
at* 2 0x* Pe? 6x*2+r*6r* " 6r*>+ r

which is the formulation of [36] extended by the slip profile and the dissipation term of
[19,24]. The conjugate-solver lineage follows the thick-walled-pipe formulation of Bilir
and Ates [50] and the conjugate-microtube treatment of [24].

2.2.2. Solid Domain (1.0 < r* < 1.0 + d*)

In vector form, the wall obeys transient conduction without internal heat generation,
T
(pCp)s 5y =V - (ksVT), (11)

which, with the same scales as the fluid (so that both domains share T*, x*, r* and t*),
becomes
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orT* 1 9°T* 1 0 ,oT” a,
30 = s [per g T 0r*)]' ot = )
= an . (pcp)nf .@’ asf = & ( 2)
(pcp)bf knf Apr

Here a,,s appears because time is scaled with the fluid diffusivity [36].

2.3. Initial, Boundary and Interface Conditions

1.

Initial condition (¢t* = 0): Before the heating starts, the nanofluid already flows with
its fully developed velocity profile, and the fluid and the wall are at the uniform inlet
temperature, T* = 0 in both domains. At t* = 0 the uniform heat flux is suddenly
applied over the heated section of the outer wall and is held constant thereafter. Phys-
ically, this is the start-up of a heater on a tube that is in thermal equilibrium with the
coolant; it is the sudden-heating input of the reference conjugate study [36] and de-
fines the response times of Section 3.1.3.

Numerical inlet (x;, = —23.04; Figure 1): T* = 0 in the fluid and the wall. The cool-
ant arrives from an upstream reservoir at T,. The inlet is placed 23.04 axial units
upstream of the heated section so that the upstream preheating region created by
axial conduction in the wall (Section 3.1.2) decays before reaching it; Section 2.6.1
shows that moving it further upstream does not change the results.

Numerical outlet (x;,, = 23.10; Figure 1): dT*/ dx* = 0 in the fluid and the wall.
The outlet is 15.4 axial units downstream of the heated section, where the wall is
adiabatic, and the axial conductive flux is negligible compared with the convective
outflow; the condition only states that no heat is conducted across the outlet plane
[36].

Centreline (r* = 0): 9T/ dr* = 0. With axisymmetric heating, no heat crosses the
axis.

Fluid-solid interface (r*=1.0): Tf =T; and 9Tf/0r" = kyny 0T;/ 07", with
kwnr = ks/kyr. The first condition expresses perfect thermal contact; the second is
energy conservation across the interface: the heat conducted out of the wall equals
the heat conducted into the fluid. Because both domains share the temperature scale,
the physical continuity ky; dT;/ dr = kg 0T;/ dr reduces directly to this form
[26,35,36]. In the present model, wall slip affects only the velocity and is not accom-
panied by a temperature jump (assumption 10).

Outer wall (r* = 1.0 + d*): 0T/ 0r* = 1/kyys over the heated region 0 < x™ < L,
and 97"/ dr" = 0 elsewhere. The first condition is Fourier’s law for the prescribed
flux q" written in the fluid temperature scale; it models a heater or heat-dissipating
component of uniform output. The adiabatic remainder isolates the redistribution of
heat by wall conduction from external losses, so that the upstream and downstream
leakage fractions of Section 3.1.4 are entirely due to axial conduction in the wall.

For the frequency-response study of Section 3.3, the heated-region flux condition is

modulated in time as q*(t*) =1+ esin(wt*), i.e. condition 6 becomes 9T*/dr* =
q"(t")/kyns over the heated region.

2.4. Nanofluid Thermophysical Properties

The properties of the Al:Os-water nanofluid are evaluated with the Maiga et al. [13]

correlations:

k
k—”f = 142724 +497¢2, L _ 11734+ 12342, (13)

bf Upr
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(pcp)nf _

_ (PCp)yp Pns _
WCoos A=) +p—"—

Pp
PCvs”  Puy (= ¢be' (1)

The viscosity relation is a least-squares fit to measured Al:Os-water viscosities (see
the synthesis of Khanafer and Vafai [51]); the conductivity relation is compared with ef-
fective-medium theory below. The base fluid is water at room temperature (about 20 °C)
and the particles carry bulk alumina properties: p,r =998 kg/m® , (Colpy =
4186 J/(kg K), k,r = 0.595 W/(m K), p, = 3975 kg/mg, (Cp)p =765]/(kg K) and k, =
36 W/(m K) [44]. Only the ratios p,/ppr = 3.98 and (pCp),/(pCp)pr = 0.728 enter the
dimensionless model; k, does not, because the empirical conductivity correlation al-
ready contains the particle contribution. Since the volumetric heat capacity of alumina is
27% below that of water, loading lowers (pC,),s slightly (—=2.7% at ¢ = 0.10) while
raising knr by 32%; both raise the nanofluid diffusivity (a,f/a,; = 1.36 at ¢ = 0.10),
which is the particle-level origin of the Peclet shift of Section 3.4.

The steep quadratic viscosity term (123¢?) is the physically essential feature that dis-
tinguishes these correlations from dilute-limit models. A common simpler alternative
combines the linear conductivity fit kyr/k,r =1+ 7.47¢ with the Batchelor viscosity
14 2.5¢ + 6.2¢% [52], which extends the suspension-rheology results of Einstein [53] and
Brinkman [54]. The linear fit is commonly attributed to Pak and Cho [6]; it is consistent
with the y-Al:Os-water conductivity data they tabulate for ¢ = 0.013-0.043, and later
measurements at ¢ = 0.002-0.008 reproduced it within 1.8% [55]. It is, however, not
supported by classical effective-medium theory: for alumina particles (k,/kyf = 60), the
Maxwell estimate [56], which coincides with the Hamilton—Crosser model [57] for
spheres, gives k,¢/kyr = 1.316 at ¢ = 0.10, within 0.5% of the Maiga value (1.322),
whereas the linear fit gives 1.747. An international benchmark on colloidally stable
nanofluids likewise found measured conductivities in good agreement with effective-me-
dium theory, with no anomalous enhancement [58]. These dilute-limit models overstate
the conductivity gain and understate the viscosity penalty [6], and are experimentally jus-
tified only to ¢ < 0.06. The size-dependent empirical correlations of Corcione [59] were
also considered; for a representative particle diameter of 45 nm, however, their viscosity
ratio reaches 4.5 at ¢ = 0.10 (Maiga: 2.96) and diverges at ¢ = 0.13, just beyond the
present range; temperature-dependent enhancement [7] is outside the present single-ref-
erence-temperature scope. The concentration sweep in this study is restricted to ¢ €
[0.001,0.10].

Validity at the highest loadings. The property model is the main source of model
uncertainty at the highest concentrations, and its parts enter the results differently. The
conductivity relation lies within 0.5% of the Maxwell estimate at ¢ = 0.10 (above), so it
is not sensitive to extrapolation. The viscosity relation, whose quadratic term dominates
at ¢ = 0.10, is the most uncertain input; comparisons of existing Al.Os-water property
models with experiments show that the best-performing pair of viscosity and conductiv-
ity models changes with concentration even for ¢ < 0.04 [14]. With the concentration-
independent slip coefficient of Section 2.2.1, however, the viscosity does not enter the ther-
mal results at Br = 0; it affects only the pumping power (Section 3.4) and, because Br «
Uny, the dissipation term, which matters only in the high-dissipation limit (Section 3.6).
The temperature dependence of the properties is excluded by the moderate-heating win-
dow discussed below. The viscosity correlation and the pumping power of Section 3.4 also
presume Newtonian behaviour: well-dispersed Al2Os-water suspensions have been meas-
ured to be Newtonian up to 5 vol%, whereas aggregated ones become shear-thinning
[60]. Finally, the stability of the dispersion, which decides whether the particles remain
suspended in a real device [61], is not modelled; the results at the highest concentrations
are therefore model predictions for a stable, well-dispersed suspension.

https://doi.org/10.3390/cryst16110708
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Representative dimensional scales. The baseline groups are related to physical con-
ditions through w,, = Pe a,s/D;, AT,er = q"Ri/kys and Br = p,pus,/(q"R;) (Table A4,
Appendix B). For the baseline nanofluid (¢ = 0.02, Pr,; = 7.5), Pe = 5 corresponds to
Rep = 0.67 and to mean velocities of 3.8-15 mm/s in tubes of D; = 200-50 um, i.e., vol-
umetric flow rates of 1.8-7.1 uL/min; these channel radii and this Reynolds number lie
within the ranges typical of microfluidic devices [62]. With a heater flux of ¢" =1 W/cm?,
the reference temperature scale is 0.4-1.6 K and the Brinkman number is 1078-1079, so
viscous dissipation is negligible in this window; the main results are therefore computed
with Br = 0, and Br = 0.01 is treated separately as a high-dissipation limit (Section 3.6).
Because the model is linear, dimensional temperatures scale with q"”. The steady mean
inner-wall temperature rise over the heated section is AT, = 21q"R;/ky (d* = 0.2),
about 17 K for D; = 100 um and ¢q" =1 W/cm? Since the viscosity of water falls by
about 2% per kelvin near room temperature [63], the constant-property assumption re-
stricts the model to moderate heating, e.g., ¢" < 0.3 W/cm? at D; = 100 um for AT, = 5
K; within this window the dimensionless results hold for any q".

2.5. Analytical Operational Coupling

To bridge independent numerical sweeps and physical experiments, we note that in
a real loop the pump fixes the inlet velocity u, so varying ¢ shifts the active Pe and Br
through the fluid properties:

(pCp)nf(¢) ) kbf Br(¢) = Br ..unf(d)). (15)

(pCp)bf knf(d))’ Upr

The Brinkman shift is purely viscous: at fixed u and q" the k,; of the Brinkman
definition cancels against the k,r of the temperature scale AT, leaving Br =
tns Um/(q"R;) (Section 2.2.1), so the conductivity gain enters the operating point only

Pe(¢) = Peg -

through Pe.Here Pe, and Br, are the values for the pure base fluid (¢ = 0); with Pe, =
5, the constant-velocity trajectory passes Pe = 4.71 at the baseline loading ¢ = 0.02. Sec-
tion 3.4 reports simulations along these constant-velocity trajectories.

2.6. Numerical Method and Verification

Three complementary safeguards separate the physical conclusions of Section 3 from
numerical artefacts. First, all transient results are reported through threshold-based re-
sponse times 7, (Section 3.1.3) rather than the solver’s steady-state termination time: the
termination time is a by-product of the convergence tolerance and the adaptive time-step
policy, and is therefore neither physical nor reproducible across codes, whereas t; de-
pends only on the computed temperature history. Second, the error of the iterative inner
solver is quantified by a tolerance study and removed altogether by solving the identical
discrete equations directly (Section 2.6.2). Third, the discretisation error remaining in the
computed histories is quantified with grid-convergence-index (GCI) studies in time and
space (Section 2.6.3), so reported quantities carry a stated numerical uncertainty. Iterative,
temporal and spatial errors are thus assessed separately, as recommended for code and
solution verification [64,65].

2.6.1. Mesh and Discretisation

The domain is discretised on a uniform axisymmetric grid. Axially, Ax* = 0.06 over
[-23.04,23.10] (N, = 770 axial nodes in total; N, ;, = 384 inlet, N, , = 128 heated and
Ny out = 256 outlet control volumes, plus the inlet node and one outflow boundary cell).
Radially, the fluid domain is divided into N,y = 16 uniform cells (Ary = 0.0625). For the
solid wall, the number of radial cells N, is scaled with the wall thickness, N, =
round(8d*/0.2) (i.e, N,s=816,32,40 for d* = 0.2,0.4,0.8,1.0), which keeps the solid
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radial cell size Ary = d*/N, ¢ = 0.025 approximately constant across the sweep, so that
the radial resolution of the wall does not degrade with its thickness.

The equations are discretised with a vertex-centred finite-volume method on these
grids: every node carries a control volume bounded by the mid-planes to its neighbours,
and the interface nodes lie on the fluid—solid boundary r* = 1. Diffusive fluxes in both
directions use second-order central differences. The axial convection term is also discre-
tised with central differences (linear interpolation of the face temperatures, second order
on the uniform grid); the face mass flux of each control volume is the exact integral of the
slip velocity profile over its radial extent, | (u*/2)7*dr", so that the discrete flow rate
equals the analytical one. With Ax* = 0.06 the largest cell Peclet numberis Pe? Ax* u},q,/
2 =1.47 at Pe =5, below the bound of 2, so all neighbour coefficients are positive and
the central scheme is bounded without upwinding; for the sensitivity runs at Pe = 10 the
axial step is reduced to Ax* = 0.015, which keeps the same value. The control volume of
an interface node straddles the boundary: its fluid half [1 — Arf/2, 1] carries the fluid ca-
pacity, the convective flux of the slip profile and the viscous dissipation, and its solid half
[1, 1+ Ary /2] the wall capacity, each with its own conductivity; the radial fluxes on either
side use the conductivity of their own material, so the continuity conditions of Section 2.3
are satisfied by the control-volume balance itself, without an interfacial conductivity av-
erage. The nodes on the outer wall carry half control volumes, [1+d* —Ary'/2, 1+ d”];
their heat capacity, the conduction through their inner face and the applied flux are all
balanced over this half volume. The heater ends x* = 0 and x* = L* lie on nodes whose
control volumes are only half heated; these nodes receive half the flux, so that the heat
input equals the nominal value (1 + d*)L* on every grid. These interface, outer-wall, and
heater-end control volumes are sketched in Figure Al (Appendix C). Temporal integra-
tion is fully implicit (backward Euler, first order).

The discretised system is marched in time with a GPU-accelerated CUDA Jacobi re-
laxation solver (relaxation factor 1.0, i.e., unaccelerated Jacobi). Because the axisymmetric
problem is small (1.9-4.4 X 10* unknowns on the production grid, 3.0 X 10° on the fin-
est), the same discrete equations are also assembled into a sparse matrix and solved di-
rectly by sparse LU factorisation (SciPy/SuperLU [66,67]); the coefficient arrays, boundary
treatment and interface closure are identical in both routes. The direct solution differs
from the Jacobi solution only in the absence of inner-iteration error; it serves as the con-
verged reference of Section 2.6.2 and as the source of the results reported in Section 3. The
code and the data underlying all figures and tables are openly available [68].

Domain length. At the baseline, doubling the outlet length or moving the inlet from
Xin = —23.04 to —46.08 leaves the heated-section quantities of the thin wall (d* = 0.2)
unchanged to all reported digits; for the thick wall (d* = 1.0), which has the longest up-
stream preheating region, the inlet shift changes 759 by 0.04% and the steady inner-wall
temperature by 0.004%, and the outlet extension changes 759 by 0.13%. Cases with
longer preheating regions were run with a longer inlet section, chosen in the same way:
X, = —46.08 for the stainless-steel walls at d* = 0.4 and for the coupled operating points
at d* = 0.8 (Section 3.4), and x;, = —92.16 for Pe = 2.5 at d* = 1.0; a further doubling
changes the steady inner-wall temperature by less than 0.03%. The high-dissipation limit
is computed on the original domain, x;, = —11.52 (Section 3.6).

2.6.2. Time Stepping and Iterative Convergence

The initial time step is Atj; = 107%; whenever a step requires more than one inner
iteration, it is grown by the factor g = 1.01, so that At™ = At; + (g — 1) t*. At the times of
interest, the step size is therefore set by the growth factor rather than by Atj, and g —1
is the effective temporal-resolution parameter (Section 2.6.3). The transient is terminated
when a step converges in a single inner iteration.
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The Jacobi iteration stops when the maximum inter-iteration temperature change
falls below an absolute tolerance 6;;. With large time steps, the iteration matrix has a spec-
tral radius p; close to unity, so the error left after stopping is of order &;/(1 — p;) rather
than d;; it accumulates in the slowest (axial, downstream) mode and lags the transient. A
tolerance study at d* = 0.4 (§; = 1075,1077,1078, compared with the direct solution of
the identical discrete system; Table 1) shows this error decreasing linearly with &;. At
8;; = 107, the heated-section steady temperatures are affected only at the 1075 relative
level, but the outlet temperature is 0.6% low, the step-response time 759 is 1.5% too
long, and in time-periodic runs the lag appears as a spurious component at the forcing
frequency that does not scale with the forcing amplitude, reducing the inner-wall oscilla-
tion amplitude by 7.6%. At §; = 1078 the deviations fall to 0.01% (z4,) and 0.05% (am-
plitude). All quantities reported in Section 3 are therefore evaluated from the direct solu-
tion of the discrete equations, that is, in the limit where the iteration error vanishes en-
tirely, using the same time-step sequence for transients; the GPU solver at §; = 1078 re-
produces them to within 0.05%.

Table 1. Verification summary. Columns L1-L4 give the four levels of each study; the production
level is in bold. Iterative study: &;; = 107°/1077 /1078 and the direct solution (d* = 0.4, w = 0.02;
on the original domain xj,, = —11.52 of the GPU runs, so that both solvers treat an identical discrete
system). Temporal study: g —1 = 0.04/0.02/0.01/0.005 (d* =0.2). Spatial study: coarse/me-
dium/fine/x-fine grids (d* = 0.2 unless stated; response times and w, on three grids). p and Limit:
observed order and Richardson-extrapolated value from the three finest levels, or the exact or direct
value; osc.: oscillatory convergence. Up,oq: uncertainty of the production level, F;|Lproq —
Limit|/Ly,0q with F; = 1.25 [64,65], or, for oscillatory convergence, the difference between the pro-

duction and the finest level.

Study Quantity L1 L2 L3 L4 P Limit Uproa
Iterative Tog 371.74 366.89 36643 366.38 — 366.38 (direct) —

Iterative  |Heysl (@ = 0.02) 04399 0.4731 0.4758 0.4760 — 04760 (direct) -

Temporal 759 140.19 136.45 134.59 133.66 0.99 132.71 1.7%
Temporal 15 29.15 29.07 29.04 29.02 1.00 29.00 0.2%
Spatial T;, (steady) 20.371 20.748 20.720 20.792 osc. — 0.21%
Spatial T, (steady) 19.854 20.239 20.208 20.282 osc. — 0.21%
Spatial  Nugysq (solid side) 44145 4.4460 44539 44559 1.99 4'4ii656(§’)<a°t 0.30%
Spatial grﬁlyw)f a (fluid side; comparison ) 4 661 4572 4517 072 4.434 6.1%
Spatial C (solid side) 39742 3.9916 39963 39972 222 3.9975 (exact 4) 0.18%
Spatial energy closure, % (solid side) =~ —0.170 -0.045 -0.011 -0.003 1.96 0 (exact) —

Spatial T, @ t* =1.4377 0.5489 0.5500 0.5521 0.5521 osc. — 0.37%
Spatial T, d* = 0.2 13294 134.59 134.33 — osc. - 0.19%
Spatial Tge, d* = 1.0 22989 2324.3 2328.1 — 2.74 2328.8 0.24%
Spatial 103w, d*=0.2 30.28 29.87 29.96 — oscC. — 0.29%
Spatial 103w, d*=0.8 3.569 3.526  3.525 — 5.13 3.525 0.05%

2.6.3. Temporal and Spatial Independence (GCI)

Time step. Because At = Aty + (g — 1) t*, varying At alone does not refine the
step in the window of interest; the temporal study therefore varies the growth factor, g —
1 = 0.04,0.02,0.01,0.005 (refinement ratio r = 2), for d* = 0.2,0.4,0.8 and 1.0 (Pe =5,
Br =0, ¢ = 0.02), using Roache’s GCI [64] (F; = 1.25; reporting per [65]). The observed
order is p = 0.97-1.01, as expected for backward Euler. At the production setting g =
1.01 the uncertainty is 1.3-1.7% for 159 and 0.2% for tg,: absolute 759 values are
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biased high by the first-order scheme, whereas the ratio t59(d*)/799(0.2) changes by less
than 0.4% and the corresponding 73, ratio by less than 0.1%. Steady-state quantities do
not depend on the time-step policy.

Spatial mesh. A spatial refinement study was performed with four grids at ratio r =
2 (coarse/medium/fine/x-fine: N, = 8/16/32/64 with matched axial and solid refine-
ment; the medium grid is the production grid), holding the physical domain fixed (d* =
0.2, Br = 0). Table 1 reports, for each quantity, the numerical uncertainty of the produc-
tion grid, Upoq. Quantities derived from the interfacial flux converge at second order: the
fully developed Nusselt number converges with p = 1.99 to 4.4566, within 0.01% of
the analytic value 4.4565 obtained by quadrature of the fully developed energy equation
for the implemented velocity profile (Section 2.2.1), and the energy-closure error, the de-
viation of [ Q;, dx* from the applied input (1 + d*)L*, converges to zero with p = 1.96.
The steady heated-section temperatures converge in an oscillatory manner, the three finest
grids lying within a 0.35% band and the production grid 0.21% below the finest grid.
The response times and the cut-off frequency of Section 3.3 were evaluated on the coarse,
medium and fine grids for a thin and a thick wall: 759 converges with p = 2.74 at d” =
1.0 (Uproa = 0.24%) and differs by 0.19% between the production and the fine grid at
d*=10.2, and w, is grid-independent to 0.05% at d* = 0.8 and to 0.29% at d* = 0.2.
The production-grid uncertainty of every quantity reported in Section 3 is therefore at
most 0.3%, well below the temporal uncertainty of 7.

The interfacial flux Q;,, is evaluated on the solid side of the interface, with a second-
order one-sided difference in the purely conducting, finely resolved wall. A fluid-side
backward difference over the nodes adjacent to the interface converges to the same limit,
but only at first order and from above (Nu;,, rq: 4.771/4.661/4.572/4.517, p = 0.72), plac-
ing the production-grid value 5% high; it is used only for the comparison with the refer-
ence solution in Section 2.6.4. The energy-consistency ratio C = (dT,/dx")/Q;,, whose
theoretical value is 4 at Br = 0, converges to 3.9975 (p = 2.22). Table 1 summarises the
verification.

Absolute quantities are reported with these uncertainties in mind; the paper’s prin-
cipal conclusions rest on ratios and trends that are robust to them.

2.6.4. Validation Against a Reference Conjugate Solution

The conjugate core of the solver, namely two-dimensional transient wall conduction,
interface coupling, and axial conduction in both domains, is validated against the thick-
walled pipe solution of Ates, Darici, and Bilir [36], which solves the identical dimension-
less problem in the classical (macro-scale) limit. Setting A =0, Br =0 and ¢ =0 re-
duces the present formulation exactly to theirs (classical Poiseuille profile u* = 2(1 —r*2),
no dissipation, base-fluid properties), and the two studies share the Graetz-scaled axial
coordinate and the interface-to-outer-wall flux normalisation (Q;,, = qiw/qow)- For their
reference case (Pe = 5, d* = 0.1, ksr = 10, ayr = 1), the transient axial distribution of the
interfacial heat flux was compared at the six time levels of their Figure 2 (t* = 0.0719-
425.99). To avoid any circularity, the reference curves were digitised from the published
figure independently of the present solution (connected-curve tracking, 78-103 points
per curve). The present profiles were computed on four grids refined in all directions at
ratio 2 (N,,; = 8/16/32/64 with proportional wall and axial refinement) and are shown
in Figure 2 both with the solid-side flux and with the fluid-side gradient of Section 2.6.3.

The comparison has three parts. (i) At the earliest time (t* = 0.0719) and in the up-
stream preheating regions (x* < 0), which are the signature of axial wall conduction, the
profiles coincide with the reference (mean absolute deviation 0.0003 in Q;, with the
fluid-side gradient on the finest grid), confirming the axial and temporal scaling of the
formulation. (ii) At steady state the solid-side flux equals the exact fully developed value
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1+d" =1.10 over the heated section, and the reference agrees with it to within 1%
(mean deviation 0.010). (iii) At intermediate times the computed flux lies slightly above
the reference curve. An exact result clarifies this difference: downstream of the heating
onset the profile becomes axially uniform at intermediate times, so the applied heat is
shared between the fluid and the wall in proportion to their heat capacities,

1+d*
L+ (ksp/asp)[(1 +d*)? = 1]

Q;, = = 0.3548, (16)
independently of the discretisation and of the time scale. At t* = 5.31 the solid-side flux
reproduces this value on every grid (0.3608, 0.3565, 0.3554 and 0.3551), whereas the
fluid-side gradient approaches it from below at first order (0.3114, 0.3330, 0.3440 and
0.3495). The digitised reference plateau (0.338) lies within the range of the fluid-side val-
ues on 16-32 radial fluid cells, so the remaining difference in Figure 2 is consistent with
a fluid-side evaluation of the interface flux at moderate radial resolution. A pointwise
comparison exactly at the heating onset (x* = 0) is not meaningful, because the flux is
singular there; the comparison is therefore made on full profiles.

1.2 7 t* =425.995

CIololararmintatarasmial I=\ L. DS

0000

1.0 4

solid side
=== fluid side
O Ates etal. 2010

13.7796

0.8
« &
O 0.6 1
0.4 -
0.2 -

0.0 ~——eeege:

Figure 2. Validation against Ates et al. [36]: transient axial interface heat-flux profiles at the six time
levels of their Figure 2 (Pe =5, d* = 0.1, ksf = 10, agf = 1; 1 = Br = ¢ = 0 limit). Lines: present
solution on the finest grid of the all-direction refinement (N, = 64, Ax* = 0.015); solid: solid-side
interface flux; dashed: fluid-side gradient. Open symbols: reference curves digitised independently

of the present solution.

The slip term of Section 2.2.1 vanishes identically in the 4 = 0 limit used here, so this
comparison isolates the conjugate core; the micro-scale extensions are verified separately:
the fully developed Nusselt number converges to the analytic solution for the imple-
mented slip profile (Section 2.6.3), the nanofluid property ratios are unit-tested against the
Maiga correlations (Section 2.4), and the slip model is defined explicitly in Section 2.2.1.

2.7. Use of Generative Artificial Intelligence

Claude Code (Anthropic, version 2.1.207) and Google Antigravity IDE (Google, ver-
sion 2.5.5) were used to assist with the development of the analysis, verification and vis-
ualisation scripts and with the writing and language editing of the manuscript. The nu-
merical results were verified independently of these tools through the iterative, temporal
and spatial error studies and the validation of Sections 2.6.2-2.6.4. The solver, the
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verification and analysis scripts and the data underlying all figures and tables are openly
available on Zenodo [68], so that the results can be checked independently of these tools.
The author reviewed all code and text and takes full responsibility for the content.

3. Results and Discussion

The transient conjugate heat transfer of Al2Os-water nanofluid in the thick-walled
microtube is analysed for the independent and coupled influences of the wall thickness
ratio (d*) and nanoparticle volume fraction (¢). Unless stated otherwise, the baseline is
Pe=5, Br=0, ¢ =0.02, d* = 0.2 (Section 2.4). Sections 3.1-3.4 use the generic solid—-
fluid pair of the reference conjugate study [36], ksf = 10 and @, = 1, whose volumetric
heat capacity is ten times that of water; Section 3.5 repeats the main analyses for real wall
materials and for Pe = 2.5 and 10, and Section 3.6 treats viscous dissipation as a high-
dissipation limit (Br = 0.01).

3.1. Effect of Wall Thickness Ratio (d*)

The wall thickness ratio d* = d,,/R; sets both the radial thermal resistance and the
heat capacity of the solid. Per unit length, the wall of the generic pair holds
(kwng/wn)[(1 +d*)? — 1] = 4.4 times the heat capacity of the fluid core at d* = 0.2 and
30 times at d* = 1.0. The d* sweep (0.2-1.0) shows how these two properties shape the
transient.

3.1.1. Inner Interface vs. Outer Wall Temperature

Heat applied at the outer wall must cross the solid before reaching the interface, yet
the heated-section-averaged outer-wall (T;,,) and interface (T},) temperatures rise almost
together for every thickness (Figure 3a). Because the wall conducts much better than the
nanofluid (k. = 9.5), the radial drop across it is small: at steady state it is 0.022 (d* =
0.2) to 0.120 (d* = 1.0), that is, 0.11-0.27% of the inner-wall temperature, and it stays
below the one-dimensional conduction estimate (1 + d*)In(1 +d")/k,,, (0.023-0.146)
because part of the heat is conducted axially. Figure 3b resolves the development of this
drop on its own scale and shows two stages. In the first, the drop rises to a plateau at 49—
58% of its steady value, reached at t* = 0.1-0.35 and held until t* = 11-56 (longer for
thicker walls): the wall has reached its own radial conduction balance. In the second, the
drop rises with the slow heating of the whole assembly and reaches 99% of its steady
value at 94-104% of the inner-wall 73, (Table 2). Radial conduction across the wall is
therefore completed early and does not limit the response. At steady state, 77% (d* =
0.2) to 96% (d* = 1.0) of the heat stored in the tube resides in the wall: a thick wall delays
the interface response through its heat capacity rather than insulating it through its re-
sistance. This capacitive character, rather than a large outer-to-inner temperature differ-
ence, is what an external sensor must contend with (Sections 3.1.3 and 3.3).

Table 2. Thermal response times of the heated-section-averaged inner-wall temperature vs. d*
(Pe = 5,Br = 0,¢ = 0.02).

da’ Tso Tog Tos L2

0.2 29.0 77.7 95.6 134.6
0.4 65.0 192.4 244.9 366.2
0.8 188.1 661.9 878.3 1398.2
1.0 284.5 1070.3 1437.7 2324.3

Values are for the production time-step growth g = 1.01; their temporal uncertainty is 1.3-1.7%

for 759 and 0.2% for 75, and their spatial uncertainty below 0.3% (Section 2.6.3).
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Figure 3. (a). Transient development of the heated-section-averaged inner-wall (solid, blue) and
outer-wall (dashed, red) temperatures for d* = 0.2-1.0 (Pe =5, Br =0, ¢ = 0.02). The inner- and
outer-wall curves are indistinguishable at this scale; their difference is resolved on its own scale in
(b). (b). Difference between the two curves of (a): the radial temperature drop across the wall, AT,;, =
T, — Tiy, On its own scale (time axis identical to (a)). AT,, increases monotonically for every thick-
ness and never exceeds 0.12. The development is two-staged: a plateau at 49-58% of the steady
value between t* = 0.1-0.35 and t* = 11-56 (radial conduction balance of the wall), followed by
a second rise with the slow heating of the assembly, in which AT, reaches 99% of its steady value

at 94-104% of the inner wall 754 (Table 2).

3.1.2. Axial Conduction and Upstream Preheating

Axial conduction in the solid carries heat upstream of the heated zone (x* < 0),
warming the entering fluid before x* = 0. Thicker walls provide a larger axial cross-sec-
tion, so the preheating is stronger and extends further upstream, and the interface flux
over the heated section becomes non-uniform, peaking near its upstream end; in this be-
haviour, the wall acts as a thermal buffer. This effect is quantified in Section 3.1.4.

3.1.3. Thermal Response Time and Transient Lag

The transient lag is quantified with a solver-independent metric: 7 is the first time
the heated-section-averaged inner-wall temperature reaches p% of its steady value, lo-
cated by linear interpolation in time to remove the influence of the adaptive time-step
growth. Table 2 lists the 50/90/95/99% levels, and Figure 4a shows the resulting scaling.
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e Increasing d* from 0.2 to 1.0 raises 759 from 134.6 to 2324.3, a 17.3-fold in-
crease (1zo: 9.8-fold).

e Within the investigated range (0.2 < d* < 1.0) the response time follows the empiri-
cal power law 759 = 2135 (d*)*77 (least-squares fit in log-log coordinates, R* =
0.993): a five-fold increase in thickness lengthens 75 17.3-fold, between the linear
(5-fold) and quadratic (25-fold) scalings and closer to the latter. The near-quadratic
growth is not a sign of radial diffusion across the wall, which is completed at t* < 1
(Section 3.1.1); it is a property of the capacitive, axially conducting assembly, and
Section 3.5 shows that its strength depends strongly on the wall material.

e The inner- and outer-wall response times coincide to within 0.02% at the 99%
level, and under step heating the trans-wall lag (3, difference between the surfaces)
stays below 0.41 even at d* = 1.0: both surfaces follow the same slow heating of the
assembly, so under a step input the trans-wall lag is too small to be distinguished
from it. This motivates the frequency-domain characterisation of Section 3.3.

(a) (b)
142.5 -
140.0 -
103 -
'l_a 137.5 - monotonic 5.5% decrease, no optimum
€
= Lo 135.0 -
g K
5 132.5 4
2 102
g 130.0 -
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1 1 1 1 125.0 =, 1 1 1 1 1
0.2 0.4 08 1 0.00 0.02 0.04 0.06 0.08 0.10
d’ ¢

Figure 4. (a) Response times 75, and 759 vs. wall thickness ratio with power-law fits (log-log). (b)
Ty Vs. nanoparticle volume fraction at d* = 0.2 and fixed Pe:a monotonic 5.5% decrease with no

interior optimum (Section 3.2.2, which also gives d* = 1.0).

3.1.4. Interface Heat Flux and Nusselt Number

The interface heat flux Q;, = qiw/qow (positive into the fluid) and Nusselt number
Nuy, = 2Q;, /(T — Tp) describe how the wall redistributes the applied heating before it
reaches the fluid; both are evaluated with the solid-side flux operator (Section 2.6.3). Leak-
age fractions below are axial integrals of Q;,, over the indicated ranges, normalised by
the total interfacial heat input. T, is the mixing-cup bulk temperature, velocity-weighted
with the slip profile of Section 2.2.1. Table 3 summarises the steady results; Figure 5 shows
the steady axial flux distributions and Figure 6 the transient Nusselt development.

Table 3. Fully developed Nusselt number, axial heat-leakage fractions and energy-closure error vs.
d* (Pe =5,Br = 0,¢ = 0.02; production grid, solid-side flux operator). The analytic fully devel-
oped value is Nu;, rq = 4.4565 for every d* (Section 2.6.3).

Downstream Energy Clo-

d: Nuyy, g Upstream Leak (x* < 0) Leak (x* > L) sure

0.2 4.446 4.1% 0.21% —0.04%
0.4 4.446 9.1% 0.18% —0.04%
0.8 4.447 21.2% 0.14% —0.04%
1.0 4.448 27.7% 0.12% —0.05%
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Figure 5. Steady interface heat-flux distributions Q;,, (x*) for the d* sweep (Pe =5, Br =0, ¢ =
0.02; production grid, solid-side flux operator). Upstream preheating regions (x* < 0) grow with
wall thickness; the shaded band marks the nominal heated section, over which the flux of the thin-

nest wall equals the fully developed value 1+ d*.
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Figure 6. Mixed-mean transient Nusselt number Nuy, (t*) for the d* sweep (production grid,
solid-side flux operator; shown once the wall-to-bulk temperature difference exceeds 5% of its
steady value). All thicknesses approach the steady value from above (Section 3.1.4). The dashed line
marks the production-grid value 4.45, the dotted line the analytic value 4.46.

e  The fully developed Nusselt number does not depend on wall thickness. At Br =
0, the analytic fully developed value depends only on the velocity profile (4.4565 for
A = 0.01); the computed values (4.446—4.448, evaluated over 3 < x* < 5) lie 0.2%
below it, which is the production-grid error of Section 2.6.3. The conjugate wall
changes where and when heat enters the fluid, not the developed convective coeffi-
cient. Reported microchannel Nusselt numbers have departed from conventional
theory in both directions, with explanations ranging from viscous dissipation, prop-
erty variation and surface roughness to experimental uncertainty [18], and axial wall
conduction can bias their reduction from measurements [25,28]; in the present model,
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where these effects are either absent or resolved, the fully developed value follows
conventional theory for the implemented velocity profile.

e  Axial wall conduction redistributes a large fraction of the heat input. The heat en-
tering the fluid upstream of the heated section grows from 4.1% at d* = 0.2 to
27.7% at d* = 1.0, while the downstream share stays below 0.25%; at d* = 1.0
more than a quarter of the heat applied over the heated section therefore enters the
fluid before it. This fraction is a direct measure of the thermal-buffer role of the thick
wall. The upstream preheating regions decay within the computational domain (Sec-
tion 2.6.1), so the fractions are not truncated by the inlet.

e  The energy balance closes. The deviation of | Q;,, dx* from the applied input (1 +
d")L" is below 0.05% for every thickness.

e  The transient Nusselt number approaches its steady value from above for every
thickness (Figure 6). Early in the transient, the thermal boundary layer is thin and
Nu, is high (9.6 at the earliest evaluated time for d* = 0.2); it decays to the fully
developed value as the boundary layer grows, and thicker walls reach that value
later, in step with their longer response times.

3.2. Effect of Nanoparticle Volume Fraction (¢)

The ¢ sweep (0.001-0.10, at Pe =5, Br =0, d* = 0.2 and 1.0) isolates the effect of
concentration at fixed dimensionless groups; the physically coupled behaviour at a con-
stant flow rate is treated in Section 3.4. At fixed Pe and with the concentration-independ-
ent slip coefficient, ¢ enters the problem only through the wall-to-nanofluid ratios k.,
and @, . Between ¢ = 0.001 and 0.10 they fall by 24% and 26% as k, rises, while
the wall-to-fluid heat-capacity ratio Ky,r/ayns rises by 3%.

3.2.1. Interface Temperature and Heat Transfer Coefficient

Increasing ¢ from 0.001 to 0.10 lowers the steady inner-wall temperature in the
nanofluid scale by 1.7% at d* = 0.2 and by 4.7% at d* = 1.0. The convective structure
is unchanged: with a concentration-independent slip coefficient, the fully developed
Nusselt number does not depend on ¢ (4.446 on the production grid). The dimensional
heat transfer coefficient h = Nuy, ks/D; therefore rises in proportion to the conductivity,
by a factor of 1.32 at ¢ = 0.10; the gain comes entirely from the conductivity, not from
any change in the flow structure.

3.2.2. Effect on the Transient Response Time

Table 4 lists the response times over the ¢ sweep for a thin and a thick wall; Figure
4b shows the thin-wall trend.

Table 4. Thermal response times of the heated-section-averaged inner-wall temperature vs. ¢
(Pe = 5,Br = 0) for d* = 0.2 and 1.0.

d Tgo (0.2) 7oy (0.2) 7g5 (0.2) 759 (0.2) 75 (1.0) Too (1.0)
0.001 29.1 78.2 96.4 136.2 290.4 2410.0
0.02 29.0 77.7 95.6 134.6 284.5 23243
0.03 29.0 77.4 95.2 133.8 2815 2280.1
0.06 29.0 76.7 94.0 131.5 272.8 2152.6
0.08 289 76.3 93.4 130.1 267.5 20723
0.10 289 76.0 92.8 128.8 262.4 1996.1

e At fixed Pe, loading accelerates the response monotonically: weakly for the thin
wall and markedly for the thick wall. Between ¢ = 0.001 and 0.10, 75, falls by
5.5% at d*=0.2 and by 17.2% at d*=1.0 (75: 0.6% and 9.6%); there is no
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interior extremum in either case. The thick wall responds more strongly because its
transient is dominated by the wall (Section 3.1.1), whose coupling to the fluid changes
with ¢ through ks and a,,,s. These values are insensitive to the slip model (Sec-
tion 2.2.1).

e Thefixed-Pe sweep isolates the mathematical effect of concentration. Because t* =
ans t/R} contains the nanofluid diffusivity, which rises by 36% at ¢ = 0.10, the di-
mensional response at a fixed flow rate must be read from the coupled simulations
of Section 3.4 rather than from Table 4.

3.3. System-Level Thermal Filtering: Frequency Response

Section 3.1.3 showed that under a step change, the inner- and outer-wall response
times are nearly identical, so a step input cannot separate the filtering across the wall from
that of the assembly as a whole. To separate them, the outer-wall heat flux is modulated
sinusoidally about the steady state, q*(t*) = 1 + esin(wt*), and the amplitude and phase
of the resulting inner- and outer-wall temperature oscillations are determined. Two trans-
fer characteristics are distinguished: the system response, from the outer heat-flux input to
the inner-wall temperature, and the frans-wall response, from the outer-wall to the inner-
wall temperature.

Because the properties are temperature-independent, the discrete energy equations
are linear. Writing the semi-discrete system as M dT/dt* + KT = f + esin(wt”) f,, with
fq the heating part of the source, the periodic response is T(t*) = T, + Im[T ei“t’] with

(wM+KT=¢f,. (17)

This complex linear system is solved directly (Section 2.6.1) at any w. The time-do-
main alternative consists of integrating over several forcing cycles and demodulating the
final ones; compared with it, the present route removes three error sources: the inner-
iteration lag of Section 2.6.2, the temporal discretisation error (backward Euler with 40
steps per period replaces iw by (1 —e™™2t")/At*, which under-predicts the amplitude
by up to 4.4% and the phase lag by up to 4.8° over the present range), and the start-up
cycles. The frequency-domain solution was verified against direct time integration at d* =
0.4, w = 0.02 (eight cycles, € = 0.1, lock-in demodulation of the final four; domain of the
tolerance study of Section 2.6.2): with the same time step, the GPU solver at &, = 1078
gives an amplitude ratio of 0.4758 and a phase of —62.41°, against 0.4760 and —62.38°
from the frequency-domain solution with the backward-Euler symbol; the two agree to
within 0.05% and 0.03°. Linearity also makes the result independent of ¢.

The system response is normalised by the quasi-static response of the heating-driven
part of the field, |Hyys| = Ar,, /(€ ’fq), where Tq is the heated-section-averaged inner-wall
temperature produced by the heating alone (KT, = f,), so that |Hy,| > 1 as w - 0; at
Br =0, T, is the full steady temperature. The wall transfer function |H,,| = Ar, /Ar,,
isolates the filtering by the solid between its two surfaces.

Table 5 lists the system amplitude ratio and phase at five frequencies for four wall
thicknesses; Table 6 gives the cut-off frequencies (|Hys| = 1 /V2), and Figure 7 shows the
continuous Bode diagrams over 107* <w<3.

Table 5. System frequency response at the inner wall (frequency-domain solution; Pe =5, Br =0,
¢ = 0.02).

d Quantity w = 0.005 0.01 0.02 0.05 0.1

0.2 | Hoys| 0.989 0.957 0.845 0.460 0.208
0.2 phase (°) —10.3 —-20.4 —38.9 =73.7 —84.1
0.4 | Hoys | 0.929 0.774 0.495 0.194 0.096
0.4 phase (°) —23.9 —43.1 —66.3 —83.1 —85.8
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0.8 |Hsy5| 0.584 0.349 0.184 0.075 0.038
0.8 phase (°) —52.4 —68.4 —-78.9 —-84.9 —87.0
1.0 |Hsy5| 0.431 0.247 0.130 0.053 0.027
1.0 phase (°) —-60.0 —72.2 —80.2 —85.3 —87.5

Table 6. Cut-off frequency (|Hsys| = 1 //2), frequency of —45° phase, product with the step re-

sponse time (g9 extrapolated to g — 1), and wall transfer function at w = 1.

da’ W, ®_45° W Tyg [Hy|(w =1)
0.2 0.0299 0.0237 3.96 0.998
0.4 0.0121 0.0106 4.36 0.993
0.8 0.00353 0.00377 4.88 0.962
1.0 0.00218 0.00256 5.03 0.928
(a) (b)
1.00 -
0.95 -
& 0.90 -
<
= 3 0.85 -
T T o.80 -
£ 0754 — d* =02
o0l = 7202
065 — d*=1
(c) (d)
0~ 0 -
=20+ : -10
3 —40- § —20 1
£ 60 % —307
5 —80 - 8 407
[ (=9
by r=u -50 -
~100 -
= 60
-120 -
104 10 102 10 10° 104 10 102 100 10°
w

Figure 7. Frequency response computed in the frequency domain (continuous curves, 107* < w <
3; Pe=5, Br=0, ¢ =0.02): (a) system amplitude ratio |Hgy| with the 1/v/2 cut-off level

(dashed line), whose intersections with the curves (markers) give the cut-off frequencies we of Table

6, and single-pole reference curves (dotted); (b) wall transfer function |H,,|; (c) system phase with

the —45° level (dashed line), whose intersections give w-4° of Table 6; (d) wall phase lag A¢,,. The
shaded band marks the frequency range of Table 5 (0.005 < w <0.1). Below w = 0.1 the wall is radi-

ally quasi-static (|H,,| = 0.996): the attenuation in (a) is capacitive.

Four findings emerge:

e The assembly is a strong low-pass filter whose bandwidth is set by the wall thick-

ness. |Hy| falls monotonically with both w and d*; at d* =10, w =0.1 only
2.7% of the quasi-static amplitude survives. The cut-off follows .=
0.00238 (d*)™12 (R? = 0.99) over the studied range: doubling the wall thickness re-
duces the usable bandwidth about threefold. Near the cut-off, the response is close
to single-pole (dotted curves in Figure 7a; the —45° frequency lies between 0.79 w,
and 1.17 w,), and above it the amplitude rolls off at about —20 dB per decade. The
phase, however, does not saturate at —90°: at w = 1 it reaches —88° (d* = 0.2) to
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—100° (d* = 1.0), the additional lag coming from conduction across the wall, which
becomes visible in |H,,| at the same frequencies.

e The harmonic and step characterisations are consistently linked. The product
WcTg9 is 3.96, 4.36, 4.88 and 5.03 for d* = 0.2,0.4,0.8,1.0. It stays within 14% of
In(100) = 4.6, the value of an ideal single-pole system, so the cut-off and the response
time probe the same dominant thermal time scale by independent routes. Its system-
atic increase with d*, from 14% below to 9% above In(100), shows that the re-
sponse is not strictly single-pole; the product is therefore reported as an empirical
link, not an identity.

e In this frequency range the wall is radially quasi-static, not a trans-wall filter. For
w <01, |Hy| 20996 and |A¢,| < 2.8° (both extremes at d* = 1.0, w = 0.1): the
two wall faces oscillate essentially together. The attenuation above is therefore not a
diffusive amplitude loss between the outer and inner surfaces but a capacitive, sys-
tem-level effect: the wall loads the system as a thermal mass. This is consistent with
the small steady radial drop and the early radial balance of the wall (Section 3.1.1,
Figure 3b). Genuine trans-wall filtering sets in only at w ~ 1, some 30-460 times
¢, where |H,,| falls to 0.998, 0.993, 0.962 and 0.928 for d* = 0.2,0.4,0.8,1.0 (Ta-
ble 6).

e Implication for outer-wall sensing. An outer-surface measurement is amplitude-
faithful to the interface at these frequencies (|H,,| = 1), but the system suppresses all
spectral content above w., and w, shrinks rapidly with wall thickness. Fast interior
events thus leave an attenuated, phase-lagged, near-threshold signature on any ex-
ternal sensor, which is the physical basis for model-based (or learning-based) recon-
struction of the inner-wall state from outer-wall histories, the subject of a companion
study (cf. the hybrid numerical-machine-learning framework of [43]).

3.4. Coupled Operating Points at Constant Flow Rate

The sweeps of Sections 3.1 and 3.2 treat Pe, Br, ¢ and d* asindependent to isolate
their effects. In a loop operated at a constant flow rate (constant mean velocity u,,) and
heater flux, however, the nanofluid properties shift the active groups (Section 2.5); Table
7 gives this shift under the Maiga correlations. Increasing ¢ from 0.001 to 0.10 reduces
Pe by 26%, because the conductivity gain outweighs the slight heat-capacity drop, and
raises Br, which is purely viscous, 2.96-fold; the latter matters only in the high-dissipa-
tion limit of Section 3.6.

Table 7. Property scaling and active dimensionless-parameter shift vs. ¢ (constant velocity u,,

and flux q"; Pey and Bry refer to the pure base fluid).

) Kng/Kps Mg/ Bbs (PCo)ns/ (PCp) s Pe/Pe, Br/Br,
0.001 1.003 1.007 1.000 0.997 1.007
0.03 1.086 1.330 0.992 0.913 1.330
0.06 1.181 1.881 0.984 0.833 1.881
0.08 1.249 2.371 0.978 0.783 2.371
0.10 1.322 2.960 0.973 0.736 2.960

Simulations were performed at six concentrations along this constant-flow-rate tra-
jectory (Pe = 4.99 — 3.68, Br =0, d* = 0.2 and 1.0). The heated length was keptat L* =
7.68 as in the rest of the study, so the dimensional heater length, R; Pe L", scales with Pe.
Because t* and T* are scaled with nanofluid properties, the results are converted to
base-fluid scales (T* ks /kns, t* apr/ans) so that different concentrations are compared at
the same physical time and temperature (Table 8).
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Table 8. Coupled operating points at constant flow rate and heater flux, relative to ¢ = 0.001 (Br =

0; base-fluid scales; values in parentheses are d*). h, W and PEC are given for d* = 0.2; at d* =

1.0 they differ by at most 0.004. The 799 and T;, ratios refer to the fixed dimensionless heater

length L* = 7.68, i.e., to a dimensional heater length proportional to Pe (Section 3.4).

® Pe Tgg (0.2) 799 (1.0) Ty, (0.2) Ti, (1.0) h/h, w/w, PEC
0.02 471 0.976 1.001 0.955 0.960 1.054 1.186 0.995
0.03 457 0.964 1.002 0.932 0.940 1.083 1.320 0.987
0.06 416 0.931 1.005 0.867 0.880 1.178 1.867 0.957
0.08 3.92 0.913 1.007 0.827 0.842 1.246 2.354 0.937
0.10 3.68 0.896 1.009 0.789 0.806 1.318 2.938 0.921

Response time. In base-fluid time, the thin-wall response is about 10% fasterat ¢ =
0.10, whereas the thick-wall response is unchanged (+0.9%). The base-fluid-scale in-
ner-wall temperature falls to 0.79 (d* = 0.2) and 0.81 (d* = 1.0) of its ¢ = 0.001
value. Both ratios refer to the fixed dimensionless heater length L* = 7.68.

Heat transfer coefficient. Because Nuy,, ;4 does not change with ¢, h rises in pro-
portion to k,, by a factor of 1.32 at ¢ = 0.10; this ratio does not depend on the
heater length.

Pumping-power penalty. For the fully developed slip flow, the pressure gradient at
a constant flow rate is proportional to p, /(1 + 44) (Section 2.2.1), so with the con-
centration-independent slip coefficient the pumping power W rises with the viscos-
ity ratio, 2.94-fold at ¢ = 0.10. A Webb-type performance evaluation criterion [69],
here in the form PEC = (h/hg)/(W /W,)'/3, decreases monotonically with loading,
from 0.995 at ¢ = 0.02 to 0.92 at ¢ = 0.10: at a constant flow rate and under the
Maiga correlations, the conductivity gain does not compensate for the viscosity in-
crease by this criterion. The verdict depends on the criterion: with the friction-factor
ratio in place of W /W, the same ratio stays between 1.00 and 1.02, because the
denser nanofluid has a lower friction factor at the same velocity. The pumping-power
form is used here because, at a fixed flow rate, W is the power that the pump must
actually supply.

Comparison at equal physical devices. Because L* is fixed, Table 8 does not com-
pare physically identical devices: at ¢ = 0.10 the heater is 26% shorter (Pe = 3.68
instead of 4.99) and, at the same flux ", receives 26% less heat than at ¢ = 0.001.
The heat transfer coefficient, the pumping power and the PEC do not depend on the
heater length, so their ratios also hold for identical devices. The temperature and re-
sponse-time ratios do depend on it. By the energy balance, at the same q" and u,,
the bulk temperature rise over the heater is proportional to L/(0Cp)ns. At fixed L*
(L o< Pe < (pCp)ns/kny) it therefore scales as ky;/kyr (0.76 at ¢ = 0.10), which ex-
plains the fall of T;,, to 0.79-0.81, whereas for an equal physical heater it scales as
(PCpbr/(PCp)ns (1.03), and the conductivity gain then reduces only the wall-to-bulk
temperature difference. The lower wall temperature in Table 8 therefore reflects
mainly the smaller heat input of the shorter heater rather than better cooling of an
equal device. The shorter heater also shortens the transit time over the heated section,
so part of the faster thin-wall response may likewise stem from it. The 799 and Tj,
ratios of Table 8, and the 749 ratios of Section 3.6, thus describe the fixed-L* compar-
ison and should not be read as the gain of an equal physical device.

3.5. Sensitivity to Wall Material and Peclet Number

The results of Sections 3.1-3.4 are for the generic wall of the reference study [36],

whose volumetric heat capacity is ten times that of water; that of common wall materials

is 0.3-0.9 times that of water. The step and frequency analyses were therefore repeated
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for three wall materials used in microfluidic devices: borosilicate glass, stainless steel
(AISI 304) and PDMS, the standard material of soft-lithography devices [70]. Glass and
steel take their properties at 300 K from [44]; for PDMS (Sylgard 184), ks = 0.2 W/(m K)
and ps = 1030 kg/m? are taken from the manufacturer’s data sheet [71] and (C,)s = 1460
J/(kg K) from the Polymer Data Handbook [72]. In addition, the generic wall was run at
Pe = 2.5 and 10. All cases use Br =0 and ¢ = 0.02; for each, the inlet section was ex-
tended until the results were independent of it (Section 2.6.1). Table 9 and Figure 8 sum-
marise the results.

Table 9. Sensitivity of the thickness effect to the wall material and the Peclet number (Br =0, ¢ =
0.02; Pe =5 unless stated). (pCp)s/(0Cp)ps = ksp/asy; values in parentheses are d*; ratios are be-
tween d* = 1.0 and d* = 0.2; the leakage is the upstream share of the interfacial heat input at d* =
1.0.

Wall ks asy  (pCy)s/(PCp)ps T (0.2) Toe (1.0) To9 Ratio w, Ratio Leakage
generic 10 1 10 134.6 2324.3 17.3 13.7 27.7%
steel 25.0 27.8 0.90 50.1 578.9 11.6 9.9 53.4%
glass 2.35 5.29 0.44 21.6 68.8 3.2 2.7 6.8%
PDMS 0.336 0.934 0.36 19.3 41.8 2.2 2.0 1.5%
generic, Pe =25 10 1 10 301.5 7226.9 24.0 221 65.1%
generic, Pe =10 10 1 10 98.1 915.7 9.3 7.9 7.5%
(a) wall material (Pe =5) (b) Peclet number (generic wall)

—— generic (ksr= 10, asr=1) i— Pe=2.5 o

—@— stainless steel 304 —— Pe=5

—@— borosilicate glass —— Pe=10

—&— PDMS

10° - e
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Figure 8. Sensitivity of the step response time 754 to the wall thickness for (a) different wall mate-
rials at Pe = 5 and (b) different Peclet numbers for the generic wall (Br = 0, ¢ = 0.02).

o  The strength of the thickness effect depends strongly on the wall material. A five-
fold increase in thickness lengthens 79 17-fold for the generic wall, 12-fold for
stainless steel, 3-fold for glass and 2-fold for PDMS, and lowers w, correspond-
ingly. Walls of low heat capacity and low conductivity, such as glass and PDMS, re-
spond within t* = 20-70 at every thickness, and the dominance of wall thickness
found for the generic wall is obtained here only for walls whose heat capacity or
conductivity is high relative to the fluid. Stainless steel, whose heat capacity is close
to that of water but whose conductivity is 25 times higher, conducts more than half
of the heat upstream of the heater at d* = 1.0, and its response is correspondingly
slower than that of glass.

e  The thickness effect weakens with increasing Pe. The 15y ratio is 24, 17 and 9
for Pe = 2.5, 5 and 10, and the upstream leakage at d* = 1.0 falls from 65% to
7.5%, consistent with the reduced role of axial wall conduction at higher Pe [25].
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e  The conclusions on the role of the wall are therefore restricted to the simulated range
of wall materials and Pe.

3.6. High-Dissipation Limit (Br = 0.01)

To expose the effect of viscous dissipation, which becomes significant in high-shear
micro-geometries [20], the step analysis is repeated with Br = 0.01. This value lies far
outside the microfluidic window of Section 2.4: at Pe = 5 it corresponds to D; = 1 um
and q" ~ 14 W/cm? (Table A4), where AT, ~ 2.3 K and Rip, ~ 1071, so the constant-
property and forced-convection assumptions still hold, but the particle-to-channel size
ratio (tens of nanometres to 1 pm) strains the homogeneous single-phase description. The
case is therefore presented as a hypothetical upper bound of dissipation. Because the prob-
lem is linear, results for any intermediate Br follow from T* = Tg + Br T;, where Tj is
the field produced by unit Br. Viscous heating also occurs upstream of the heater and is
carried into it, so the results depend on where the inlet temperature is prescribed; they are
reported for the inlet position of the original formulation, x;, = —11.52 (doubling the up-
stream length lengthens 759 at d* = 0.2 from 179 to 309).

At Br = 0.01 the dissipation contributes 10% (d* = 0.2) to 5% (d* = 1.0) of the
steady heated-section inner-wall temperature (H, = T,/T = 0.902, 0.920, 0.944, 0.951
for d* = 0.2,0.4,0.8,1.0). On the same domain it lengthens 75, from 134.6, 366.4, 1385.5
and 2252.5 (Br =0) to 179.4, 414.4, 1415.1 and 2274.1, that is, by 33%, 13%, 2.1%
and 1.0%: the effect is largest for the thin wall, where the dissipation share is largest.
Along the constant-flow-rate trajectory of Section 3.4, Br rises with the viscosity from
0.0101 to 0.0296 (Br, = 0.01, same inlet position). At ¢ = 0.10 the base-fluid-scale tyq
is then 0.942 (d* = 0.2) and 0.949 (d* = 1.0) times its ¢ = 0.001 value, against 0.896
and 1.009 at Br, = 0 (Table 8), and the PEC falls to 0.89-0.90 instead of 0.92. The fre-
quency response referred to the heating-driven part T, (Section 3.3) does not depend on
Br, because the dissipation source is not modulated; referred to the total mean tempera-
ture, it would tend to Hy < 1 at low frequency. By linearity, at the Brinkman numbers of
the microfluidic window (1078-107°, Section 2.4) the dissipation contributes about 107>
or less of the wall temperature, which justifies Br = 0 for the main results.

4. Conclusions

Transient conjugate heat transfer of an Al>Os-water nanofluid in a thick-walled mi-
crotube heated over a finite length was investigated with a vertex-centred finite-volume
model, solved by a sparse direct method in the time and frequency domains. The grid and
time-step uncertainties of the quantities reported in Section 3 were quantified (below
0.3% and 1.3-1.7%, respectively), the iterative error was removed, and the conjugate core
was validated against a reference solution. Within the simulated range (Pe = 2.5-10, d* =
0.2-1.0, ¢ < 0.10, Br = 0 with a high-dissipation limit at Br = 0.01; the generic wall
ksr =10, agr = 1 and three real wall materials), the main conclusions are:

1. Wall thickness acts on the transient through the heat capacity of the wall, not its
resistance. For the generic wall, raising d* from 0.2 to 1.0 lengthens the 99% re-
sponse time 17.3-fold, empirically as (d*)'77, i.e., close to quadratic growth. The ra-
dial temperature drop across the wall stays below 0.3% of the wall temperature, ra-
dial conduction is completed at t* < 1, and 77-96% of the stored heat resides in the
wall.

2. The strength of the thickness effect depends on the wall material and on Pe. The
ratio of Ty between d* = 1.0 and 0.2 is 17 for the generic wall, 12 for stainless
steel, 3 for borosilicate glass and 2 for PDMS, and it falls from 24 to 9 as Pe rises
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from 2.5 to 10. The dominance of wall thickness is therefore found only for walls
whose heat capacity or conductivity is high relative to the fluid.

3. Axial wall conduction redistributes the heat input without changing the devel-
oped Nusselt number. The fully developed Nusselt number (4.45, within 0.2% of
the analytic value) is independent of d* and ¢, whereas the share of the heat enter-
ing the fluid upstream of the heater grows from 4% at d* = 0.2 to 28% at d* = 1.0
for the generic wall (53% for stainless steel; 65% at Pe = 2.5).

4. The thick-walled assembly is a capacitive, system-level low-pass filter. The cut-off
frequency falls from 0.0299 (d* = 0.2) to 0.00218 (d* =1.0), approximately as
(d*)™1%2, and w,T4e = 3.96-5.03 lies within 14% of the single-pole value In(100),
linking the harmonic and step characterisations. Up to w = 0.1 the two wall faces
oscillate together (|H,,| = 0.996, |A¢,,| < 2.8°); trans-wall filtering appears only at
frequencies 30-460 times w.. An outer-surface sensor is therefore amplitude-faith-
ful to the interface but cannot resolve inner-wall events faster than w,.

5. Nanoparticle loading acts mainly through the conductivity. At fixed Pe, loading
up to ¢ = 0.10 shortens 759 by 5.5% for the thin wall and by 17% for the thick
wall, with no optimum concentration. At a constant flow rate, it raises the heat trans-
fer coefficient 1.32-fold while the pumping power rises 2.94-fold, so the pumping-
power-based performance evaluation criterion falls monotonically to 0.92: under the
Maiga correlations and by this criterion, the conductivity gain does not compensate
for the viscosity increase (the friction-factor form stays near 1).

6. Viscous dissipation is negligible at microfluidic scales. In the microfluidic window
(Br = 1078-107°) it contributes about 107> or less of the wall temperature. In the
hypothetical high-dissipation limit Br = 0.01 it contributes 5-10% of the wall tem-
perature and lengthens 755 by up to 33% (thin wall); these results depend on where
the inlet temperature is prescribed.

Overall, for walls of high heat capacity or conductivity, wall thickness rather than
nanoparticle loading controls the transient response, and the outer wall, while a conven-
ient sensing surface, filters and lags the inner state in a frequency-dependent way that
must be accounted for in transient control. Natural extensions are property models that
resolve particle size, shape and temperature; other oxide nanoparticles whose crystalline
phase changes the particle properties (for example, anatase and rutile TiO2); experiments
on real wall materials; and data-driven reconstruction of the inner-wall state from outer-
wall measurements.
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CUDA Compute Unified Device Architecture

GCI Grid Convergence Index

GPU Graphics Processing Unit

LU Lower-Upper (triangular factorisation)
PDMS Polydimethylsiloxane

PEC Performance Evaluation Criterion
Appendix A

The symbols used in this paper are listed in Tables A1-A3; a superscript asterisk (¥)

denotes a dimensionless quantity.

Table Al. Roman symbols.

Symbol Description Unit
A Ay Oscillation amplitudes of the inner- and outer-wall tempera- -]
weoTow ture
b Navier slip length, b = AR; [m]
Br Brinkman number, u, u%/(q"R;) [—]
c Energy-consistency ratio, (dT,/dx™)/Q;, [-]
(o Specific heat capacity at constant pressure U/ (kg - K)]
d* Dimensionless wall thickness ratio, d,,/R; [-]
dy Physical wall thickness [m]
D; Inner diameter of the microtube, 2R; [m]
D Rate-of-strain tensor, 1/2 (Vu + Vu") [s7Y]
e, Axial unit vector [-]
[ fq Semi-discrete source vector and its heating part (Section 3.3) [-]
o Body force per unit volume [N/m3]
F Grid-convergence-index safety factor [-]
g Adaptive time-step growth factor (At* « g At*; g = 1.01) [-]
g Gravitational acceleration vector (|g| = 9.81 m/s”) [m/s?]
Gy Grashof number, |g| B (T, — Tp) D7 /vi, -]
h Heat transfer coefficient, h = Nu,, k,,r/D; [W/(m? - K)]
Dissipation-free fraction of the mean inner-wall temperature,
Ho . -]
q
System transfer function, Ay, /(e 'I_"q) (inner-wall amplitude
Hgys relative to the quasi-static response of the heating-driven [—]
field)
" Wall thermal transfer function (inner/outer amplitude ratio, -]
v [Hw| = ATiW/ATOW)
k Thermal conductivity [W/(m - K)]
kg, gy Koy ks Thermal conductivity of the base fluid, nanofluid, nanoparti- [W/(m - K)]

ks
kwnf
K
Lt
M
Nr,f/ Nr,s
Ny

Nx,in/ Nx,h/ Nx,out

Nul-W

cles and solid wall (ks /kys: Section 2.4)
Solid-wall-to-base-fluid conductivity ratio, kg/kp¢
Solid-wall-to-nanofluid conductivity ratio, ks/kys
Semi-discrete conduction matrix (Section 3.3)
Dimensionless heated section length (L* = 7.68)
Semi-discrete capacity matrix (Section 3.3)

Radial control-volume counts in the fluid and solid regions
Total number of axial nodes (770)

Axial control-volume counts in the inlet, heated and outlet
sections

Interface (inner-wall) Nusselt number, 2 Q;,, /(Ts, — T5)

— —_, o, —,—, ——
—_— — e e e e e
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P
Pe
Prnf

4

q

Qiw: Gow
q (t)
Qiw
r
r*

RZ
R;
Rep

T;
T*
Titw T;w' Tg

Observed order of convergence of a refinement study; also the

percentage level of T,

Pressure

Peclet number (diameter-based), 2 u,R;/ays
Prandtl number of the nanofluid, v,,/a,

Constant outer wall heat flux

Local heat flux at the fluid—solid interface and at the outer
wall

Dimensionless outer-flux modulation, 1 + esin(wt™)
Dimensionless interface heat flux, q;,,/qow

Radial coordinate

Dimensionless radial coordinate, r/R;

Coefficient of determination of a curve fit

Inner radius of the microtube

Reynolds number, u,,D; /vy

Richardson number, Grp/Re}

Time

Dimensionless time, a,; t/Rf

Temperature

Inlet temperature

Dimensionless temperature, (T — Tj,) knr/(q"R;)
Inner-wall, outer-wall, and bulk dimensionless temperature

—_—— —
2L

—_——
2L

— —

—_

—_——
YaJra g

7T Heated-section-averaged steady inner-wall temperature: total -]
r and heating-driven part
u Axial velocity [m/s]
u Velocity vector [m/s]
U Mean flow velocity [m/s]
Ugtip Wall slip velocity, ug;, = —b (0u/ 0r)yay [m/s]
u* Dimensionless velocity profile, u/u,, [-]
Uproa Numerical uncertainty of the production level (Table 1) [—]
" Pumping power at constant flow rate, o« p,r/(1 + 44) (Sec- [W]
tion 3.4)
x Axial coordinate [m]
x* Dimensionless axial coordinate (Graetz-scaled), x/(R; Pe) [-]
o Numerical inlet/outlet coordinates (baseline —23.04, 23.10; -]
e out extended inlets: Section 2.6.1)
Table A2. Greek symbols.
Symbol Description Unit
a Thermal diffusivity, k/(pC,) [m?/s]
Apf, Onf, Qs Thermal diffusivity of the base fluid, nanofluid and solid wall [m?2/s]
Qs Solid-wall-to-base-fluid diffusivity ratio, as/ay, [—]
Awnf Solid-wall-to-nanofluid diffusivity ratio, as/a,s (Section 2.2.2) [—]
B Volumetric thermal expansion coefficient of water [K™]
6 Absolute inner-iteration tolerance of the Jacobi solver [-]
ATyef Reference temperature scale, q"R;/k,f K]
AT, Steady mean inner-wall temperature rise over the heated section, T, AT,..¢ K]
! (Appendix B)
AT 7_I—1I*eated—sec’cion—averaged radial temperature drop across the wall, Tj,, — -]
w
Ag,, Phase lag of the inner-wall oscillation relative to the outer wall ]
€ Modulation amplitude of the outer heat flux, q*(t*) = 1 + esin(wt™) [-]
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nubf/ .unf
v
p
Pbrs Pnfr Pp
(pcp)bf/ (pcp)nf/
0Cp)yp
Py

g
¢
o*
@,
w

Interfacial friction coefficient of the Navier slip condition, b = u/k [Pa - s/m]
Dimensionless slip coefficient, b/R; (held at A, for all ¢; Section 2.2.1)
Base-fluid slip coefficient (4, = 0.01)

Dynamic viscosity

Dynamic viscosity of the base fluid and nanofluid (u,s/ppf: Section 2.4)
Kinematic viscosity, u/p

Density

Density of the base fluid, nanofluid and nanoparticles (p,: Section 2.4) [kg/m?3]
Volumetric heat capacity of the base fluid, nanofluid and nanoparticles
((pCp)ny: Section 2.4)

Spectral radius of the Jacobi iteration matrix

Thermal response time: first time the heated-section-averaged inner-wall
temperature reaches p% of its steady value (p = 50,90,95,99)
Nanoparticle volume fraction [—]
Dimensionless viscous dissipation function, (du*/dr*)? =]
Viscous dissipation function, 2 D: D [s7%]
Dimensionless angular forcing frequency (with respect to t*)
Cut-off frequency, |Hgys(wo)| =1 /N2

Frequency at which the system phase is —45°

Table A3. Subscripts.

Subscript

Description

bf

c

f

fd

h
in, out

it
iw, ow

nf

p

q

ref

s
slip
ss
sys

Base fluid (pure water)

Cut-off value

Fluid phase

Fully developed value

Heated section

Inlet and outlet

Inner iteration

Inner (interface) and outer wall

Nanofluid mixture

Nanoparticle phase (Al,O3)

Heating-driven part of the field (dissipation excluded)
Reference scale

Solid wall material

Wall slip

Steady state

System: outer heat flux to inner-wall temperature
Solid wall

Reference value: pure base fluid for Pey, Bry and 4y; ¢ = 0.001 for
hy and W, (Table 8); initial value for At}

Appendix B

Table A4. Representative dimensional scales of the baseline (Pe =5, d* = 0.2, ¢ = 0.02; water
properties at 20 °C; kyy = 0.629 W/(m K), p,r = 1.20 X 1073 Pa s, a,p = 1.51 x 1077 m?/s, B =
2.07 x 10™* K1 [47]). ATy, = T; AT,.; with Ty = 20.8; Rip isbased on the fully developed wall-to-

bulk temperature difference. The last row corresponds to the high-dissipation limit Br = 0.01.

Flow Rate
(uL/min)
1.78 1

D; (um) u,, (mm/s) q" W/em?) AT, (K) AT;, (K) Br Rip

50 15.1 0.40 8.3 1.1x 107 9.5 x 1075
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100 7.56 3.56 1 0.80 16.5 1.4 %1077 1.5%x 1073

100 7.56 3.56 0.3 0.24 5.0 4.6 x 1077 4.6x107*

200 3.78 7.13 1 1.59 33.1 1.7 x1078 24%x1072

1 756 0.036 13.7 0.11 2.3 1.0 x 1072 2x10710
Appendix C

heater-end node (x* = 0): half-heated
" control volume, receives half the flux

insulated outer-wall node: half control volume
r*=1+d*; ; T [1+d" =Ar/2, 1+d7]
Ar5*¢ solid-wall ’ interface node, solid half [1, 1+ Ar./2]:
. ° o ° . o s
rf=1 - - 1 wall capacity, wall conductivity
bl e interface node, fluid half [1 - Ar; /2, 11
nanofluid o ° ¢ ° ° ° fluid capacity, convective flux of the
Arf*$ : slip profile, viscous dissipation
—> ° ° ¢ ° ° °
flow i
< .
Ax x =0

Figure Al. Vertex-centred control volumes of the discretisation of Section 2.6.1 near the start of the
heated section (schematic, not to scale). Nodes lie on the grid-line intersections; each control volume
is bounded by the mid-planes to its neighbours. An interface node on r* =1 carries a fluid half,
[1— Arg/2, 1], with the fluid capacity, the convective flux of the slip profile and the viscous dissi-
pation, and a solid half, [1, 1 + Ary"/2], with the wall capacity; the radial fluxes on either side use
the conductivity of their own material. A node on the outer wall carries a half control volume, [1 +
d* — Ar{ /2, 1+ d*], over which its capacity, the conduction through its inner face and the applied
flux are balanced. The node at the heater end x* = 0 (and likewise at x* = L*) has a control volume
that is only half heated and receives half the flux.
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