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Abstract

To address the problem of low-frequency broadband vibration and noise encountered in
engineering, a method for expanding the low-frequency band gap of locally resonant acous-
tic metamaterials is proposed based on the multi-mode coupling effect. A computational
method for the band gap characteristics of second-order multi-mode acoustic metamaterials
has been derived. By incorporating the vibrational modes obtained from band structure
calculations, a systematic investigation of the formation mechanisms of multiple band
gaps was conducted, revealing that the emergence of these multiple band gaps stems from
the coupled resonance between elastic waves and distinct vibrational modes of the local
resonator units. Furthermore, the influence of design parameter variations on the bandgap
was investigated, and the strategy of realizing low-frequency multi-order bandgaps by
increasing the order of local resonance units was examined. Finally, vibration tests were
conducted on the second-, third-, and fourth-order multi-mode coupled acoustic meta-
materials. The results demonstrated that these materials exhibit an expanded vibration
band gap within the low-frequency range, and the measured frequency response aligns
closely with the theoretical calculations. This type of acoustic metamaterial offers viable
applicability for controlling low-frequency broadband vibrations.

Keywords: acoustic metamaterials; multi-mode coupling; low-frequency; vibration
reduction; band gap

1. Introduction

Low-frequency vibrations and noise, characterized by their long propagation distances
and strong penetration capabilities, have become significant challenges in both industrial
and civilian sectors [1,2]. In industrial manufacturing, these low-frequency oscillations
not only cause fatigue-related degradation and reduced precision of mechanical structures
but also increase energy consumption and the risk of equipment failures. Similarly, in
transportation, particularly automobiles, low-frequency noise inside the cabin significantly
degrades the vehicle’s Noise, Vibration, and Harshness (NVH) performance, potentially
inducing adverse physiological effects in occupants [3-6].

In practical engineering applications, suppression of low-frequency vibration and
noise predominantly depends on passive control methods, which fundamentally utilize
the intrinsic properties of materials and structures to block or absorb vibrational energy.
However, effective low-frequency sound insulation requires bulky and heavy structures,
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rendering them impractical in space- and weight-constrained environments such as trans-
portation vehicles and precision instruments [7-10]. Furthermore, due to the long wave-
lengths of low-frequency vibrations, conventional sound-absorbing materials and dampers
demonstrate limited effectiveness in energy dissipation and fail to adequately address
broadband low-frequency noise challenges [11,12]. Therefore, there is an urgent need to
develop an innovative solution capable of mitigating broadband low-frequency vibration
and noise.

The rapid advancement of acoustic metamaterials in recent years has introduced
novel methods for controlling low-frequency vibrations and noise via subwavelength-scale
structures. These configurations demonstrate significant elastic wave bandgaps and guided
wave characteristics, making them highly promising for vibration attenuation and noise re-
duction applications. Thin-film and thin-plate structures are considered the most promising
candidates for engineering implementation. After years of development, acoustic metama-
terials have theoretically enabled lightweight control of low-frequency acoustic vibrations
and have been experimentally validated, thereby enhancing their feasibility for practical en-
gineering applications and broader adoption [13-18]. Based on the analogous propagation
characteristics of sound waves in media to those of light waves, the concept of phononic
crystals originated from photonic crystals [19,20]. Simultaneously, the study of acoustic
wave transmission properties in phononic crystals has greatly benefited from insights
into optical wave propagation phenomena in photonic crystals. According to Brillouin
theory [21], when elastic waves propagate through periodically arranged units, distinct
dispersion relations arise. Like photonic crystals, phononic crystals can modulate elastic
(acoustic) waves within their structures through meticulous design and optimization of
structural parameters. The concept of phononic crystals was first introduced by Kushwaha
in 1993, utilizing the plane wave expansion method to elucidate the band characteristics
along the shear direction of the structure [22]. Prior to 2000, research on phononic crystals
primarily focused on their Bragg scattering properties. The ability of Bragg phononic
crystals to manipulate elastic waves was strongly dependent on their structural thickness,
often requiring the lattice dimensions to be on the same order of magnitude as the elastic
wave wavelength to achieve effective wave control [23-25]. In 2000, Liu et al. introduced
the concept of locally resonant phononic crystals, consisting of high-density lead spheres
embedded in viscoelastic silicone rubber to form local resonance units [26]. Experimen-
tal analyses demonstrated that the elastic wave bandgap frequencies of these phononic
crystals exceeded the limitations imposed by Bragg bandgaps, with lattice dimensions
significantly smaller than the elastic wave wavelengths. The emergence of locally resonant
phononic crystals therefore heralded the potential to manipulate long-wavelength waves
using compact structures. Shen et al. developed a mathematical model for locally reso-
nant phononic crystals, revealing that the effective mass density of the structure becomes
negative as the phononic crystal approaches local resonance [27]. Wang et al., through
detailed analysis of the vibrational characteristics and low-frequency bandgap properties
of phononic crystals, proposed applying the lumped mass method to calculate the bandgap
structures of locally resonant phononic crystals [28,29]. Some researchers have successfully
controlled the bandgap width of phononic crystals by carefully adjusting their structural
parameters [30-32]. Xiao et al. investigated the interaction between Bragg bandgaps and
locally resonant bandgaps in rod or beam structures [33,34]. They analyzed the governing
patterns of elastic wave bandgap properties and variations in local resonance frequencies,
revealing the coexistence of two bandgap mechanisms within these structures. Through
the coupling of these bandgaps, they achieved the formation of ultra-broad bandgaps.

Acoustic metamaterials demonstrate exceptional low-frequency acoustic performance
and, through careful design, have successfully addressed the challenge of singular low-
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frequency peaks [35-37]. However, when tackling broadband low-frequency noise, acoustic
metamaterials with single structural configurations fail to provide satisfactory results,
highlighting the need to develop novel broadband noise attenuation acoustic metamaterials.

In this study, to address broadband low-frequency vibration and noise, a method
predicated on multi-mode coupling effects has been proposed to expand the low-frequency
bandgaps of locally resonant acoustic metamaterials. The rest of this paper is organized as
follows. Section 2 presents the fundamental mechanism of bandgap formation in multi-
mode coupling acoustic metamaterials. In Section 3, the influence of the design parameters
and order increase on the bandgap is investigated. Section 4 shows the application in
low-frequency vibration reduction with multi-mode acoustic metamaterials. Finally, the
paper concludes with a summary presented in Section 5.

2. Formation of Band Gaps via Multi-Mode Coupling Effect

To investigate the bandgap characteristics of multi-mode acoustic metamaterials, a
series of multi-mode cascaded locally resonant acoustic metamaterials plates were designed,
as illustrated in Figure 1. Each locally resonant unit possesses a similar shape, albeit with

different structural geometric dimensions.

(a) Two-order (b) Three-order (c) Four-order

Figure 1. Multi-mode acoustic metamaterials.

The finite element software COMSOL (version 6.2) was employed to model acoustic
metamaterials and determine the band characteristics of infinitely periodic acoustic meta-
material plates, thereby elucidating the dispersion relationship between frequency and
wave vector k. By analyzing the correlation between the band structure and characteris-
tic modes, the formation mechanism of bandgaps in multi-mode acoustic metamaterials
was revealed.

The governing equation describing the propagation of elastic waves in an isotropic,
homogeneous medium is presented as Equation (1).

pii = pF + (A + u)V(V - u) + uVu (1)

where u is displacement, F is the applied force, p is density, A and y are the Lamé constants
and V is the Nabla operator.

The proposed multi-mode coupled acoustic metamaterial model demonstrates infinite
periodicity along the x—y plane.

According to the Bloch theorem, the bandgap calculation can be performed using a
single unit cell [38]. Under the periodic boundary conditions of the original unit cell, the
displacement must satisfy:

U(r, 1) = el (1) @

u(r + R) = Uy(r)e™ 3)
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where k is the Bloch wave vector confined within the first Brillouin zone, Ui(r) is the
amplitude modulation function,  is the lattice vector, w is the angular frequency of the
wave, R is the position vector and ¢ is time.

Applying the periodic boundary conditions to the governing equation yields the
characteristic equation:

(K - sz) U=0 )

where K is the stiffness matrix of the cell, M is the mass matrix, U is the displacement matrix.

By traversing the wave vector (k) along the boundary of the irreducible Brillouin
zone, one can obtain the band structure diagram; the irreducible Brillouin zone is depicted
in Figure 2.

—ma

—rla

Figure 2. Irreducible Brillouin region.

To comprehensively examine the band characteristics of multi-mode coupled acoustic
metamaterials, the two-order multi-mode acoustic metamaterial is selected as the computa-
tional model, with its structural parameters delineated in Figure 3.

A Y

Y

'.__.'D.
oJ* |

Figure 3. Structural parameters of two-order acoustic metamaterials.

A4

Upon specifying the unit cell dimension (1) as 65 mm and the frame width (f) as
7.5 mm, the widths of the first-order cantilever beams (C;) and (D7) are 1 mm and 3 mm,
respectively, the first-order resonator possesses a width (b;) of 15 mm and a length (e;) of
30 mm. Correspondingly, the widths of the second-order cantilever beams, (C;) and (D),
measure 1 mm and 2 mm respectively, while the second-order resonator exhibits a width
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(b2) of 10 mm and a length (ez) of 20 mm, the band structure characteristics of the acoustic
metamaterial can be determined. The band structure of the acoustic metamaterial was
computed using COMSOL, with the results illustrated in Figure 4. As evident from the
band diagram in Figure 4, the metamaterial exhibits two distinct band gaps under 800 Hz,
spanning frequency ranges of 32.5-53.7 Hz and 212.8-289.8 Hz, respectively, resulting in a
total band gap width of 98.2 Hz.
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Figure 4. Band structure of two-order acoustic metamaterial.

Figure 4 distinctly reveals a series of nearly flat bands, including bands A and F along
the X-M segment, as well as flat bands E and G, indicating that the structure possesses
nearly identical intrinsic frequencies across different orientations. Each curve in the band
diagram represents a specific vibration mode in the acoustic metamaterials, that is, the
dispersion relationship of phonons. The vibration modes at the boundaries of each band
gap are illustrated in Figure 5A E-G demonstrate that the vibrational displacements are
predominantly localized within the resonant units, while the displacements of the matrix
framework remain negligible. Consequently, the vibrational energy is fully confined
within the interior of the structure, characterizing these modes as quintessential localized
resonance phenomena.

S S

Figure 5. Local resonance modes of unit cell (Ag—G correspond to the different vibration modes for
the band structure in Figure 4).
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When the frequency of elastic waves propagating through the matrix framework
approaches one of the natural frequencies of the resonant units, vibrations are transmitted
from the matrix framework to the resonant units, thereby exciting the corresponding
localized resonance modes. Simultaneously, the internal resonant units exert a reactive
force on the matrix framework, coupling the elastic waves within the framework with this
opposing force. Under such coupling, vibrations are suppressed. When the frequency
of the elastic waves precisely matches the natural frequency of the resonant units, the
reactive force generated by the resonators counterbalances the elastic wave excitation,
thereby intensifying the coupling effect. As a result, the vibrations of the matrix framework
are nearly completely neutralized by the reactive force, rendering it effectively immobile.
Consequently, the resonant units obstruct the propagation of elastic waves within the
matrix plate, giving rise to a band gap. As depicted in Figure 5A, the mode corresponding
to the onset frequency of the first band gap reveals that displacement within the matrix
framework is almost negligible. The resonant units are excited by the antisymmetric Lamb
wave vibrating along the z-axis, causing them to oscillate in the same direction. The
coupling between the resonant units and the antisymmetric Lamb wave thus opens the first
bending wave band gap. The stronger the coupling, the wider the band gap; conversely,
weaker coupling results in a narrower gap. Comparing the cutoff frequency mode at
point B of the first band gap with the onset mode at point A, it is evident that, unlike the
stationary matrix framework at mode A, the framework exhibits motion along the z-axis in
mode B. Since the matrix framework is no longer static, the bending wave—specifically,
the antisymmetric Lamb wave—can propagate through it unimpeded. Therefore, the first
bending wave band gap terminates at point B. A similar analysis applies to the onset mode
C and cutoff mode D of the second band gap. Modes E and G manifest as flat pass bands
within the band structure diagram. These flat bands correspond to vibrational modes that
traverse the entire Brillouin zone unimpeded and thus exert no influence on the formation
or characteristics of the band gaps. Consequently, they lie outside the scope of the modes
under consideration.

Therefore, the designed multi-mode coupled localized resonance acoustic metamate-
rial can induce resonances that generate band gaps in the low-frequency range. The width
of these band gaps depends on the resonant units, the elastic wave modes in the plate, and
the degree of their coupling. Stronger coupling of bending waves results in wider band
gaps; conversely, weaker coupling leads to narrower band gaps.

3. Analysis of Influencing Factors and Order Increase
3.1. Analysis of Influencing Factors

To promote the application of multi-mode coupling acoustic metamaterials in low-
frequency broadband vibration attenuation, the effect of unit cell structural design parame-
ters on the band gap characteristics of the acoustic metamaterial plate is investigated. The
structural parameters of the multi-mode acoustic metamaterial plate primarily include plate
thickness, cantilever beam width and length, and oscillator mass. By adjusting these design
parameters and applying them to band gap calculation formulas, the influence of parameter
variations on the band gap characteristics of the multi-mode acoustic metamaterial plate
is analyzed. By altering the structural parameters, band gaps were calculated, and their
variations are illustrated in Figures 6-10.
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Figure 6. Bandgap variation by changing the structure thickness.

60 /.//./
g 40
»»»»» A
< 1 - B
S SRR S -
g . x
g‘ 20 % — == Koo — = K= m = Xc= =T
E - -+ - Bandgap starting frequency
—=— Bandgap cut-off frequency
- %~ Bandgap width
0 L N L .
2 25 3 35 4
Width of the first-order beam (mm)
(a) The first band gap

350

300

ST ]
S
o O

Frequency (Hz)
g g

tn
L= -1

- -+ - Bandgap starting frequency
—=—Bandgap cut-off frequency
- x- Bandgap width

2 25 3 35 4
Width of the first-order beam (mm)

(b) The second band gap

Figure 7. Bandgap variation by changing the width of the first-order cantilever beam.
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Figure 8. Bandgap variation by changing the width of the second-order cantilever beam.
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As shown in Figure 6, the band gaps are highly sensitive to changes in plate thickness.
As the thickness increases, both the starting and cutoff frequencies of the first- and second-
order band gaps shift to higher frequencies, with the cutoff frequencies being more sensitive
to thickness variations. Consequently, the widths of these band gaps progressively increase,
accompanied by an upward shift in their frequency ranges.

As illustrated in Figure 7, increasing the width of the first-order cantilever beam shifts
both the starting and cutoff frequencies of the first-order band gap to higher frequencies,
with the cutoff frequency being more sensitive to width changes, resulting in a slight
increase in the band gap width. In contrast, the starting frequency, cutoff frequency, and
position of the second-order band gap remain unchanged, with no variation in its width
or location.

Figure 8 reveals that as the width of the second-order cantilever beam increases, the
starting and cutoff frequencies of the first-order band gap remain nearly unchanged, with
its width and position remaining relatively stable. In contrast, the starting and cutoff
frequencies of the second-order band gap shift to higher frequencies, with the cutoff
frequency more sensitive to width changes, causing a slight increase in the band gap width.

Figure 9 illustrates that as the first-order oscillator mass increases, both the starting
and cutoff frequencies of the first-order band gap shift to lower frequencies, while its width
remains unchanged. Similarly, the starting and cutoff frequencies of the second-order band
gap also move to lower frequencies; however, the starting frequency is more sensitive to
oscillator mass variations, resulting in an increased band gap width and a corresponding
shift of the band gap position toward lower frequencies.

As illustrated in Figure 10, as the mass of the second-order oscillator increases, both
the starting and cutoff frequencies of the first-order band gap shift to lower frequencies,
accompanied by a decrease in band gap width. Similarly, the starting and cutoff frequencies
of the second-order band gap also move to lower frequencies, while its band gap width
remains unchanged.

3.2. Effects of Locally Resonant Unit Order Increase

Besides the geometric parameters of acoustic metamaterials, the order of locally
resonant units in multi-mode coupling acoustic metamaterials also significantly affects
their band gap characteristics. As the order increases, the coupled vibrations of the locally
resonant units become more complex, and the types of vibration modes increase. Based
on the structures shown in Figure 1b,c, their band structures are respectively calculated,
as presented in Figures 11 and 12. Each curve in the band structure represents a specific
vibration mode in the acoustic metamaterials and different band gaps are marked with
areas of different colors.
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Figure 12. Band structure of four-order multi-mode acoustic metamaterial.

As illustrated in Figure 11, the three-order multi-mode acoustic metamaterial ex-
hibits band gaps spanning 15.2-27.7 Hz, 98.5-151 Hz, and 270-322.5 Hz, with a total band
gap width of 117.5 Hz. Figure 12 shows that the four-order multi-mode acoustic meta-
material has band gaps ranging from 21.5-37 Hz, 110.5-133.1 Hz, 215.2-285.8 Hz, and
308.8-337.7 Hz, with a total band gap width of 137.6 Hz. These results indicate that as the
order of the multi-mode acoustic superstructure increases, both the number of band gaps
and the total band gap width increase accordingly.

4. Validation of Vibration Reduction with Acoustic Metamaterials

To validate the low-frequency broadband vibration attenuation capabilities of the
multi-mode coupling acoustic metamaterial, it was applied to a steel plate measuring
380 mm in length, 80 mm in width, and 1 mm in thickness. Vibration transfer function
tests were conducted under excitation by an actuator. These tests involved two-order,
three-order and four-order multi-mode coupling acoustic metamaterials, with the physical
specimens shown in Figure 13.
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B

. Four-order

Two-order

Figure 13. Experimental specimens of multi-mode acoustic metamaterials.

Five identical multi-mode coupling acoustic metamaterial unit cells were arranged on
the steel plate structure. An actuator applied excitation perpendicular to the plate surface
at one end, while an accelerometer was attached at the opposite end to measure vibration
response signals normal to the plate surface. The plate was suspended by elastic cords to
simulate free boundary conditions. The detailed experimental setup is shown in Figure 14.

Data acquisition systems

Accelerometer

Figure 14. Experimental setup.

A broadband white noise signal ranging from 0 to 400 Hz was used to excite the
steel plate through an actuator powered by a power amplifier. The force applied by the
actuator was measured with a force sensor, while vibration acceleration at the plate’s
distal end was recorded by an accelerometer. Finally, the vibration frequency response
function of the test specimen was calculated, as shown in Figures 15-17. The horizontal
axis is the vibration frequency response function, and g is the unit of vibration acceleration,

where 1g ~ 9.8 m/s?.
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Figure 15. Comparison between simulated and experimental results of the two-order
acoustic metamaterial.
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Simulated results Experimental results
I

400 400

— — -Original
“With acoustic

300 300

[

=3

S
Frequency (Hz)

Frequency (Hz)
¥
S
(=}
T T

100 -f 100

1

I I

| |

1 I

\ \

. . - 0
r X M r 20 10 0 -10 -20 -30 -40 -50
‘Wave vector Frequency response function (g/N)

Figure 17. Comparison between simulated and experimental results of the four-order
acoustic metamaterial.

It is illustrated in Figures 15-17 that, for the two-order, the three-order, and four-order
multi-mode coupling acoustic metamaterials, the attenuation regions observed in exper-
imentally measured vibration frequency response functions closely match the bandgap
frequencies predicted by simulations. This effectively validates the presence of multiple
low-frequency bandgaps in the multi-mode acoustic metamaterials, thereby achieving
broadband vibration attenuation at low frequencies. Moreover, with increasing order of
the locally resonant units, both the number of bandgaps and the overall bandgap width in
the multi-mode coupling acoustic metamaterials increase correspondingly.

5. Conclusions

To address the challenge of low-frequency broadband vibration and noise in engineer-
ing applications, a multi-mode coupling acoustic metamaterial is proposed. This study
elucidates the mechanism by which the coupling effects of multi-order locally resonant
units extend the low-frequency bandgaps of acoustic metamaterials and experimentally val-
idates the broadband low-frequency vibration attenuation characteristics of the multi-mode
coupling acoustic metamaterial. The principal conclusions are as follows:

(1) The bandgaps of multi-mode coupling acoustic metamaterials are calculated using

the finite element method. Analysis of various vibrational modes within the band
structure reveals that the bandgap formation mechanism arises from the coupling
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between the acoustic metamaterial and flexural waves in the substrate plate; notably,
stronger coupling interactions lead to wider bandgaps.

(2) Theinfluence of structural design parameters on the bandgaps of multi-mode coupling
acoustic metamaterials was investigated. To achieve broader bandgaps, increasing
the mass of the oscillators or enlarging the width of the cantilever beams can be
considered; however, the latter tends to shift the bandgap toward higher frequencies.
To promote the convergence of two bandgaps within the low-frequency domain, it is
necessary to reduce the width of either the first- or second-order cantilever beams or,
alternatively, increase the mass of the first- or second-order oscillators.

(3) As the order of the multi-mode acoustic superstructure increases, both the number of
band gaps and the total band gap width increase accordingly.

(4) The attenuation regions observed in experimentally measured vibration frequency
response functions closely match the bandgap frequencies predicted by simulations.
This effectively validates the presence of multiple low-frequency bandgaps in the
multi-mode acoustic metamaterials, thereby achieving broadband vibration attenua-
tion at low frequencies.

In this study, the multi-mode coupling effect is utilized to increase both the number
and total width of band gaps in acoustic metamaterials. This approach offers potential
solutions to low-frequency vibration and noise problems encountered in engineering
applications, such as low-frequency NVH (Noise, Vibration, and Harshness) issues in
automobiles, which often consist of multiple dominant frequency bands. By carefully
designing multi-mode coupling acoustic metamaterials, effective control of low-frequency
vibrations and noise across multiple frequency bands can be achieved. However, achieving
a continuous low-frequency broadband bandgap remains challenging, particularly under
constraints on structural weight, and thus warrants further investigation.
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