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Abstract: We have carried out a numerical study of hydrodynamic processes in the hybrid-
aligned channel of a compressible liquid crystal (HACLC) under the effect of a temperature
gradient ∇T applied across a liquid crystal film. Calculations based on the classical Leslie–
Ericksen theory showed that under the effect of ∇T, the HACLC sample settles down to a
stationary flow regime with both horizontal u and vertical w components of velocity v, and
the direction and magnitude of v are strongly effected by the direction of ∇T. Calculations
also showed that the relaxation of the stress tensor components σij(z, t) (i, j = x, z) in the hybrid-
aligned compressible nematic microvolume is determined by the direction and magnitude of
the thermomechanical force.

Keywords: liquid crystals; microfluidics; hydrodynamics of anisotropic systems; thermo-
mechanical effect

PACS: 61.30.Cz; 64.70.Md

1. Introduction
A liquid drop of macrosized volume placed between two horizontal solid surfaces, if

heated from below, develops a buoyancy force due to the volume expansion of the fluid
near the bottom. For sufficiently strong heating, when heat is transported only by heat
conduction, the buoyancy force may overcome the viscous force and the liquid drop starts
moving in the horizontal plane. One such example is the Rayleigh–Benard instability in a
horizontal layer of anisotropic fluid heated from below. When the temperature gradient
increases, at a critical value, and the static thermal diffusion can no longer transfer the
thermal energy, then a macroscopic fluid flow occurs. This disturbance of mechanical
balance occurs due to a local difference in buoyancy caused by the inhomogeneous thermal
expansion of the fluid. As a result, dissipative roll patterns may occur in the horizontal
layer. When the gradient is further increased, the flow develops into a nonperiodic flow.
This dissipative system is characterized by complex interaction between the convective flow
and structural deformations and the flowing material is not necessarily a simple molecular
liquid but is often a complex fluid, such as the liquid crystal (LC) [1] or a living organism.
Understanding the dissipation processes in LC systems under the influence of the temper-
ature gradient is essential knowledge in material science and is of fundamental interest.
While much is known in LC systems about dissipation processes in LC systems under the
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influence of both electric and magnetic fields, relatively little is known about the effect of
these fields on the LC phases confined in a micro- or nanosized volume. The manipulation
of tiny amounts of molecular liquids in channels ranging in size from tens to hundreds
of micrometers has emerged as a separate field called microfluidics [2,3]. Microfluidics
has become a paradigm in various fields from chemical synthesis and biological analysis
to optics and information technology [4–6]. Central to the success of microfluidics is the
development of innovative methods for the manipulation of LC systems in microchannels.
Traditionally, an external electric field is used for controlling fluid motion [7–9]. On the
other hand, microvolumes of LC materials are extremely sensitive to both the temperature
gradient ∇T and boundary conditions, and, consequently, these factors, together with the
anchoring forces, can influence the nature of hydrodynamic flow v in micro- or nanosized
LC channels [10,11]. By the way, reducing the size of the channels to the nanoscale ensures
a close connection between the nematic and biological fluids [4,6,12].

Recently, the problem of the motion of an ultra-thin (a few microliters) incompressible
LC drop confined in the microsized volume between two horizontal and two lateral surfaces
and subjected to uniform heating from below and above has been considered [10,11]. It
has been shown that in the heat conduction regime the magnitude of the hydrodynamic
flow v excited by ∇T in the hybrid-aligned incompressible nematic (HAIN) channel, is
proportional v ∼ d

η σtm
zx to the tangential component of the thermomechanical stress tensor

σtm
zx , where d and η are the thickness and viscosity of LC material [10,11], respectively. The

direction of v is influenced both by the direction of the heat flux q = −T δR
δ∇T and the

character of the preferred anchoring of the director n̂ to the restricted surfaces [10,11]. Here,
R is the Rayleigh dissipation function of LC system.

In an attempt to make the next step towards the theoretical description of dissipation
processes in confined compressible LCs under the influence of ∇T, we performed a numer-
ical study of evolution not only of the stress tensor components of compressible fluid but
also the redistribution of the velocity fields. To calculate it, one must include the equation
of state and the equation for the velocity v, as well as consider the coupled director–velocity
equations in the framework of the well-established Leslie–Ericksen theory [13,14], as well
as the thermoconductivity equation for the temperature field T(r, t) [15].

It should be noted that the horizontal layer of a resting LC fluid, heated from below,
becomes unstable to convection due to the Rayleigh–Benard mechanism in the case when
the driving force is not large enough to create convection. In this case, instability occurs at
the value of R = Rc ∼ 1708, regardless of the liquid under consideration [16]. Considering
the size of an LC channel to be ∼ 10–20 µm, in our case R ≪ Rc; in the future, we will focus
primarily on the thermal conductivity mode as in HAIN and hybrid-aligned compressible
nematic (HACN) channels.

The outline of this paper is as follows: The system of hydrodynamic equations de-
scribing both director motion and fluid flow of a compressible LC phase confined between
two bounding surfaces, accounting for the heat conduction, caused by heating both from
below or above, is given in Section 2. Numerical results for the relaxation regimes, caused
by the vertical temperature gradient, describing orientational relaxation of the director,
velocity, and stress tensor components, are given in Section 3. Conclusions are summarized
in Section 4.

2. Formulation of the Balance Equations for Compressible Nematic Fluids
First of all, we would like to focus on describing the temperature T, density ρ,

velocity v, and director n̂ distributions that are produced in a two-dimensional (2D) micro-
sized compressible nematic (CN) channel under the effect of a temperature gradient ∇T.
Consider the 2D HACN volume, which is bounded by two infinitely long boundaries at a
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distance of d on a scale of the order of tens micrometers and is initially at rest. Assuming
that the temperature gradient ∇T changes only in the z direction, which coincides with
the direction of the unit vector k̂ directed from the lower substrate to the upper one, we
can assume that the components of the director n̂ = sin θ(z, t)î + cos θ(z, t)k̂, as well as
other physical quantities, depend only on the coordinate z and time t. Here θ denotes the
polar angle, i.e., the angle between the direction of the director n̂ and the unit vector k̂,
while the unit vector î is directed parallel to the lower substrate, and ĵ = k̂ × î, respectively.
If the HACN volume, with the homeotropic aligning of the director field n̂z=0 ∥ k̂ on
the lower, and planar n̂z=d ∥ î, on the upper bounding surfaces is heated from below or
above, due to the coupling between ∇T and ∇n̂ in this LC volume, the hydrodynamic flow
v(z, t) = vx(z, t)î + vz(z, t)k̂ = u(z, t)î + w(z, t)k̂ is exited.

The 2D hybrid alignment of the compressible nematic film confined between two solid
surfaces suggests that

θ(z)z=0 = 0, θ(z)z=d =
π

2
, (1)

and its initial orientation is perturbed to be tilted with respect to the interface, with

θ(z, t = 0) =
π

2d
z, (2)

and then allowed to relax to its equilibrium value θeq(z). In turn, the velocity on these
surfaces has satisfied the no-slip boundary condition

u(z)z=0 = 0, u(z)z=d = 0,

w(z)z=0 = 0, w(z)z=d = 0. (3)

Here, we consider two cases, firstly, when the upper surface is hotter than the lower
one, and the boundary condition for the temperature field must satisfy

Tz=d = Tup = T2, Tz=0 = Tlw = T1,

T2 > T1 (CASE I) (4)

and secondly, when the lower surface is hotter than the upper one, and the boundary
condition for the temperature field must satisfy

Tz=d = Tup = T2, Tz=0 = Tlw = T1,

T2 < T1 (CASE II), (5)

respectively. Thus, solid surfaces are kept at different temperatures, and the HACN film is
exposed to the temperature gradient ∇T directed parallel to the unit vector k̂.

Now, the reorientation of director field n̂ in the HACN film, confined between
two solid surfaces, under the effect of the temperature gradient ∇T, when the relaxation
regime is governed by viscous, elastic, and thermomechanical forces with accounting for
hydrodynamic flow v, can be obtained by solving a system consisting of mass, torque,
momentum, and entropy balance equations.

If we assume that the liquid is compressible, then the mass balance equation will take
the form

ρ,t +∇ · (ρv) = 0, (6)

where ρ,t = ∂ρ(z, t)/∂t. In turn, the torque balance equation gives us the equation for the
reorientation of the director field, which in our case will take the form

Tel + Tvis + Ttm = 0, (7)

where Tel =
δWel
δn̂ × n̂ is the elastic, Tvis =

δRvis

δn̂,t
× n̂ is the viscous, and Ttm = δRtm

δn̂,t
× n̂ is

the thermomechanical torques, respectively. Here, Wel is the elastic energy, while Rvis and
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Rtm are the viscous and thermomechanical contributions to the total Rayleigh dissipation
function. (For details, see Appendix A.)

The linear momentum equation for the velocity field v can be written as [10,11]

ρ
dv
dt

= ∇ · σ, (8)

where the material derivative is dv
dt = v,t + ww,z, while the stress tensor (ST)

σ = σel + σvis + σtm − PI is the sum of elastic, viscous, thermomechanical parts and pres-
sure and can be derived directly from the elastic contribution to energy and the Rayleigh
dissipation function as σel = − ∂Wel

∂∇n̂ · (∇n̂)T, σvis = δRvis

δ∇v , and σtm = δRtm

δ∇v , for the elastic,
viscous, and thermomechanical contributions, respectively. Here, w,z = ∂w(z, t)/∂z is the
partial derivative of vertical component velocity with respect to z.

The viscous contribution to the total pressure P is given by P = σv : I = σv
xx + σv

zz,
while the elastic contribution to P is equal to Pel = σel : I = σel

xx + σel
zz = −2WF, where

WF = 1
2
(
K1n2

z,z + K3n2
x,z

)
, respectively. Here, I is the unit tensor, and equations for the

tensor components σv
xx and σv

zz are given in Appendix A.
When the temperature gradient ∇T (∼ 1.0 [K/µm]) is set up, we expect that the

temperature field T(z, t) satisfies the heat conduction equation [10,11]

Cp(ρT),t = −qz,z, (9)

where Cp is the heat capacity, qz = −T δR
δT,z

is the heat flux in the HACN channel directed

parallel to the unit vector k̂, while qz,z = ∂qz/∂z, respectively. Taking into account that
n̂ = sin θ(z, t)î+ cos θ(z, t)k̂ and v(z, t) = vx(z, t)î+ vz(z, t)k̂ = u(z, t)î+ w(z, t)k̂, the last
equation can be rewritten in the form as

Cp(ρT),t = λ⊥
[

T,z

(
λ cos2 θ + sin2 θ

)]
,z
+

ξ

[
θ,zT

(
θ,t(

1
2
+ sin2 θ)− u,z sin2 θ(1 +

1
2

sin2 θ)

)]
,z
− ξ

4
[Tw,zθ,z sin 2θ],z, (10)

where λ = λ∥/λ⊥ and ξ ∼ 10−12 J/mK is the thermomechanical constant [10,11]. Note that
the density ρ, pressure P, and the temperature T of the liquid crystal system are connected by
an equation of state, which in our case takes the form of a·“Boussinesq approximation” [17]

ρ = ρ0(1 − α(T − T1)), (11)

where α = 1
ρ

(
∂ρ
∂T

)
P

is the volume expansion coefficient and ρ0 is the mass density of the
LC phase.

In the case of the 2D compressible LC phase, the balance equations of dimensionless
mass, torque, momentum, and entropy can be written inthe following forms. First of all,
the condition of dimensionless compressibility (6) can be rewritten as

−χ,ø − χ,zw − (χ − χ1)w,z +
1
δ1

w,z = 0, (12)

where χ(z, τ) = T(z, τ)/TNI is the dimensionless temperature, TNI is the nematic–isotropic
transition temperature, χ1 = T1/TNI, τ = (K10/γ10d2)t is the dimensionless time,

δ1 = TNIα is the parameter of the LC system, while z = z/d and w = γ10d2

K10
w are the

dimensionless distance away from the lower solid surface, and the vertical dimensionless
component of velocity, respectively. Note that the overbars in the space variable z and the
velocity component w have been eliminated. (For details, see Appendix A).

In turn, the dimensionless torque balance Equation (7) can be written as

γ1(χ)θ,ø = A(θ)u,z + (G(θ)θ,z),z −
1
2
G,θ(θ)θ

2
,z − δ2χ,zθ,z

(
1
2
+ sin2 θ

)
, (13)
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where γ1(χ) = γ1(χ)/γ10 is the dimensionless rotational viscosity coefficient (RVC),
u,z = ∂u(z, τ)/∂z, A(θ) = A(θ)/γ10 = 1

2 (γ1(χ)− γ2(χ) cos 2θ)/γ10, G(θ) = (K1(χ)

sin2 θ + K3(χ) cos2 θ)/K10, G,θ(θ) is the derivative of G(θ) with respect to θ, and
δ2 = ξTNI/K10 is the parameter of the system, respectively. Here, ξ ∼ 10−12 J/mK is
the thermomechanical constant [10,11], and the overbar in RVC γ1(χ) has been eliminated.
(For details, see Appendix A).

In the case of compressible fluid, the dimensionless momentum balance Equation (8)
reduces to

δ3[(1 − δ1(χ − χ1))u],ø =[
h(θ)u,z −A(θ)θ,ø − δ2χ,zθ,z sin2 θ

(
1 +

1
2

sin2 θ

)
+

β0
6

w,z sin 2θ

]
,z

, (14)

and
δ3[(1 − δ1(χ − χ1))w],ø =[

β0
6

(
u,z sin 2θ +

2
3

w,z

)
− δ2

4
χ,zθ,z sin 2θ − 1

2
G(θ)θ2

,z

]
,z

, (15)

respectively. Here, δ3 = ρ0K10/γ2
10 is an additional parameter of the LC system. (For

details, see Appendix A).
We also expect that the dimensionless temperature field χ(z, τ) satisfies the heat

conduction equation [10,11]

δ4[(1 − δ5(χ − χ1))χ],ø =
[
χ,z

(
λ cos2 θ + sin2 θ

)]
,z
+

δ5

[
χθ,z

(
θ,ø(

1
2
+ sin2 θ)− u,z sin2 θ(1 +

1
2

sin2 θ)

)
− 1

4
w,z sin 2θ

]
,z

, (16)

where δ4 = ρ0CpK10/(γ10λ⊥) and δ5 = TNIK10ξ/(γ10λ⊥d2) are two extra parameters of the
LC system. Note that the overbars in the space variable z in the last four Equations (13)–(16)
have also been eliminated. (For details, see Appendix A).

Now, the reorientation of the director in the LC film confined between two solid
surfaces, when the relaxation regime is governed by the viscous, elastic, and thermome-
chanical forces, and with accounting for the flow, can be obtained by solving the system
of the nonlinear partial differential Equations (12)–(16), with the appropriate boundary
conditions for the polar angle θ

θ(z)z=0 = 0, θ(z)z=1 =
π

2
, (17)

with the no-slip boundary condition for both velocities

u(z)z=0 = 0, u(z)z=1 = 0,

w(z)z=0 = 0, w(z)z=1 = 0, (18)

and with the initial condition for the angle θ written in the form

θ(z, τ = 0) =
π

2
z. (19)

Below, two cases are considered: first, when the upper surface is hotter than the lower
one, and the boundary condition for the temperature field must satisfy

χz=1 = χup = χ2, χz=0 = χlw = χ1,

χ2 > χ1 (CASE I), (20)
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and, second, when the lower surface is hotter than the upper one, and the boundary
condition for the temperature field must satisfy

χz=1 = χup = χ2, χz=0 = χlw = χ1,

χ1 > χ2 (CASE II), (21)

respectively.
For the case of 4 − n − pentyl − 4′ − cyanobiphenyl (5CB), at a temperature corre-

sponding to the nematic phase, the values of the material constants are borrowed from the
Ref. [10]. Thus, the mass density is ∼ 103 kg/m3, TNI(5CB) ∼ 307 K, and the highest values
for elastic constants are K10 ∼ 13 pN, K30 ∼ 19 pN, and γ10 ∼ 0.077 Pa s, the specific heat
Cp ∼ 103 J/kgK, and the thermal conductivity coefficients λ∥ ∼ 0.24 and λ⊥ ∼ 0.13 W/mK,
respectively. The value of the thermomechanical constant ξ is equal to ∼ 10−12 J/m K,
while the volume expansion coefficient α is equal to ∼ 10−3 K−1, respectively. Thus, the
set of parameters values, which are involved in Equations (12)–(16) are δ1 ∼ 0.3, δ2 ∼ 24,
δ3 ∼ 2 × 10−6, δ4 ∼ 6 × 10−4, and δ5 ∼ 2 × 10−9, respectively. Using the fact that δ3 ≪ 1,
the momentum balance Equations (14) and (15) can be considerably simplified as veloci-
ties following adiabatically the motion of the director. Thus, the whole left-hand side of
Equations (14) and (15) can be neglected, reducing it to

σzx = h(θ)u,z −A(θ)θ,ø − δ2χ,zθ,z sin2 θ

(
1 +

1
2

sin2 θ

)
+

β0
6

w,z sin 2θ = C1(τ), (22)

and

σzz =
β0
6

(
u,z sin 2θ +

2
3

w,z

)
− δ2

4
χ,zθ,z sin 2θ − 1

2
G(θ)θ2

,z = C2(τ), (23)

respectively, where the functions C1(τ) and C2(τ) does not depends on z and will be fixed
by the boundary conditions. Equation (16) also can be considerably simplified, because
both parameters δ4, δ5 ≪ 1, and the whole left-hand side of Equation (16), as well as the
second term, can be neglected so that Equation (16) takes the form[

χ,z

(
λ cos2 θ + sin2 θ

)]
,z
= 0. (24)

The last equation has a solution

χ(z, τ) =
∆χ

I

∫ z

0

(
λ cos2 θ + sin2 θ

)−1
dz + χi, (25)

where I =
∫ 1

0

(
λ cos2 θ + sin2 θ

)−1dz, ∆χ = χ2 − χ1, and χi = Ti/TNI, respectively.
Now, let us consider the rest stress tensor components σxz and σxx, respectively. Having

obtained σzx (see, Equation (22)), and using the relation σzx(τ) − σxz(τ) = ∂R(τ)/∂θ,τ ,
one can calculate the dimensionless stress tensor component σxz, which takes the form

σxz(τ) = σzx(τ)− (G(θ)θ,z),z +
1
2
Gθ(θ)θ

2
,z. (26)

In the case of planar geometry, the dimensionless pressure P(z, τ) = d2

K10
P(z, t) in the

HACN channel is given by

P(z, τ) = σvis
zz (z, τ) = σvis

xx (z, τ), (27)

whereas the full form of σxx is given by

σxx(z, τ) = σvis
xx (z, τ) + σel

xx(z, τ) = P(z, τ), (28)
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which takes into account that σel
xx = 0. Here, σvis = δRvis

δ∇v and σel = − ∂Wel
∂∇n̂ · (∇n̂)T are the

viscous and elastic contributions to the full stress tensor σ, respectively.

3. Orientational Relaxation of Velocity and Stress Tensor Components in
the HACN Channel

The relaxation of director n̂ to its equilibrium orientation n̂eq, which is described by
the polar angle θ(z, τ), from the initial condition θ(z, τ = 0) = π

2 z to θeq, for both cases I
and II, is shown in Figure 1a and 1b, respectively.
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Figure 1. Temperature dependence of polar angle θ(χ, τi (i = 1, . . . , 5)), both for cases I (a) and II (b),
and for the number of dimensionless times τi = τ0i, (i = 1, . . . , 5), whose values increase from curve
(1) to curve (5). In case (a) (case I), the values of the temperature on both bounding surfaces are
χz=0 = χ1, χz=1 = χ1 + ∆χ, while in case (b) (case II), these values are χz=0 = χ1 + ∆χ, χz=1.0 = χ1,
respectively. Here, χ1 = 0.97, ∆χ = 0.0162 and τ0 = 0.1.

This was obtained by solving nonlinear partial differential Equations (13), (22), (23)
and (25), together with the boundary conditions (17), (18), (20), and (21), as well as with
the initial condition (19) by the numerical relaxation method [18]. In the calculations, the
relaxation criterion ϵ = |(θ(m+1)(z, τ)− θ(m)(z, τ))/θ(m+1)(z, τ)| was chosen to be equal
to 10−4, and the numerical procedure was then carried out until a prescribed accuracy was
achieved. Here, m is the iteration number and τR is the relaxation time.

In case I, as shown in Figure 1a, the initial convex profile of θ(χ, τ1) is converted into a
set of concave profiles θ(χ, τi (i = 2, . . . , 5)), while in case II, as is shown in Figure 1b, the
set of profiles θ(χ, τi (i = 1, . . . , 5)) is described by convex curves. Later, this difference in
the behavior of θ(χ, τi (i = 1, . . . , 5)) profiles will be reflected in the different behavior of
the velocity profiles, because we will be dealing with a different behavior of ∇n̂.

The horizontal component of velocity vx(z, τi (i = 1, . . . , 5)) ≡ u(z, τi (i = 1, . . . , 5)) as
a function of the dimensionless distance z counted from the lower cooler χz=0 = χ1 to the
upper warmer χz=1 = χ1 + ∆χ (case I) bounding surface, for the number of dimensionless
times τi = τ0i, (i = 1, . . . , 5), the values of which increase from the curve (1) to the
curve (5), is shown in Figure 2a, while the same dependencies for case II are shown in
Figure 2b, respectively.

In case I, when the LC sample is heated from above with the dimensionless
temperature difference ∆χ = 0.0162 (∼ 5 K), the profiles of the horizontal com-
ponent u(z, τi (i = 1, . . . , 5)) of velocity are characterized by monotonic decreasing of
u(z, τi (i = 1, . . . , 5)) with changing τ, before getting the equilibrium distribution ueq(z)
across the LC channel. This distribution is characterized by the local maximum near the
cooler lower boundary u(z = 0.27, τ5) = ueq(z = 0.27) = 1.94 (35.5 µm/s), and the
horizontal component of velocity is directed in the negative direction. In case II, the evo-
lution of velocity profiles is more complicated. In this case, as shown in Figure 2b, the
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initially concave profile of u(z, τ1), with the horizontal velocity component directed in
the negative direction is transformed into a set of convex profiles u(z, τi (i = 2, . . . , 5)),
with the horizontal component of the velocity directed in the positive direction. This
distribution is characterized by the local maximum near the center of the LC sample
u(z = 0.52, τ5) = ueq(z = 0.52) = 0.36 (6.6 µm/s), and the horizontal component of the ve-
locity is directed in the positive direction. A simple comparison of the maximum values of
ueq(z = 0.27) = 1.94 (35.5 µm/s), in case I, and ueq(z = 0.52) = 0.36 (6.6 µm/s), in case II,
shows that in the first case, this value is almost 5 times greater than in the second case.

0.0 0.2 0.4 0.6 0.8 1.0

-4

-3

-2

-1

0

u(
z,

i(i
=1

,..
.,5

))

z

 

 2
 3
 4
 5

(a)
1

2

3
4

5

CASE I

0.0 0.2 0.4 0.6 0.8 1.0

-0.4

-0.2

0.0

0.2

0.4

u(
z,

i(i
=1

,..
.,5

))

z

 1
 2
 3
 4
 5

1

2

3
4-5(b)

CASE II

Figure 2. (a) The horizontal component of velocity u(z, τi) (i = 1, . . . , 5) as a function of the
dimensionless distance z counted from the lower cooler χz=0 = χ1 to the upper warmer χz=1 =

χ1 + ∆χ (case I) bounding surface, for the number of dimensionless times τi = τ0i, (i = 1, . . . , 5),
whose values increase from curve (1) to curve (5). Here χ1 = 0.97, ∆χ = 0.0162 and τ0 = 0.1.
(b) Same as in (a), but for case II.

In turn, the vertical component of velocity vz(z, τi (i = 1, . . . , 5)) ≡ w(z, τi (i =

1, . . . , 5)) as a function of the dimensionless distance z counted from the lower cooler
χz=0 = χ1 to the upper warmer χz=1 = χ1 + ∆χ (case I) bounding surface, for the number
of dimensionless times τi = τ0i, (i = 1, . . . , 5), the values of which increase from the curve
(1) to the curve (5), are shown in Figure 3a, while the same dependencies, for case II are
shown in Figure 3b, respectively.
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Figure 3. The vertical component of velocity w(z, τi) (i = 1, . . . , 5) as a function of the dimensionless
distance z counted from the lower cooler χz=0 = χ1 to the upper warmer χz=1.0 = χ1 + ∆χ (case I)
bounding surface, for the number of dimensionless times τi = τ0i, (i = 1, . . . , 5), whose values
increase from curve (1) to curve (5). Here χ1 = 0.97, ∆χ = 0.0162 and τ0 = 0.1. (b) Same as in (a), but
for case II.

In case I, when the LC sample is heated from above with the dimensionless
temperature difference ∆χ = 0.0162 (∼5K), the profiles of the vertical component
w(z, τi (i = 1, . . . , 5)) of velocity are characterized by monotonic decreasing of
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w(z, τi (i = 1, . . . , 5)) with changing τ, before getting the equilibrium distribution weq(z)
across the LC channel. This distribution is characterized by the local maximum near the
cooler lower boundary w(z = 0.3, τ5) = weq(z = 0.3) = 0.01 (0.2 µm/s), and the vertical
component of velocity is directed in the positive direction. In case II, the evolution of
velocity profiles is also characterized by monotonic decreasing of w(z, τi (i = 1, . . . , 5))
with changing τ, before getting the equilibrium distribution weq(z) across the LC channel.
In this case, as shown in Figure 3b, the set of convex profiles, the vertical component of
velocity w(z, τ1) is directed in the positive direction. This distribution is characterized by
the local maximum near the center of the LC sample w(z = 0.46, τ5) = weq(z = 0.46) =
0.0009 (0.016 µm/s), and the vertical component of the velocity is directed in the positive
direction. A simple comparison of the maximum values of weq(z = 0.3) = 0.01 (0.2 m/s),
in case I, and w(z = 0.46, τ5) = weq(z = 0.46) = 0.0009 (0.016 m/s), in case II, shows that
in the first case, this value is almost an order of magnitude greater than in the second case.

Finally, the evolution of w − u diagram for the case of lower cooler (χz=0 = χ1)
and upper hotter (χz=1 = χ1 + ∆χ) bounding surfaces (case I), and for the number of
dimensionless times τi = τ0i, (i = 1, . . . , 5), whose values increase from curve (1) to
curve (5), is shown in Figure 4a.
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Figure 4. (a) Evolution of w − u diagram for the case of lower cooler (χz=0 = χ1) and upper
hotter (χz=1 = χ1 + ∆χ) bounding surfaces (case I), and for the number of dimensionless times τi =

τ0i, (i = 1, . . . , 5), whose values increase from curve (1) to curve (5). Here, χ1 = 0.97, ∆χ = 0.0162
and τ0 = 0.1, respectively. (b) Same as in (a), but for case II.

Here, χ1 = 0.97, ∆χ = 0.0162 and τ0 = 0.1, respectively. This behavior is characterized
by a monotonic decrease in the absolute values of both velocity components u and w,
with the vertical component of the velocity directed in the positive direction, while the
horizontal component is directed in the negative direction. When the LC sample is heated
from below (case II), the evolution of w − u diagram for the number of dimensionless times
τi = τ0i, (i = 1, . . . , 5), whose values increase from curve (1) to curve (5), is shown in
Figure 4b. In this case, the evolution of w − u diagram is more complicated. During the
first time period, up to τ1 = 0.1, the horizontal component of the velocity u(τ1) changed
direction from negative to positive, while during the subsequent time interval τ5 − τ1 = 0.4,
the evolution of w− u diagram is characterized by a monotonous increase in the values of u,
and by simultaneously increasing the value of w.

It should be noted that in cases I and II, hydrodynamic flows of different magnitude
and direction are formed in the LC channel under the influence of the same temperature
gradient ∇χ.

The evolution of dimensionless shear stress tensor (ST) component
σxz(z, τi) (i = 1, . . . , 5) as the function of the dimensionless distance z counted from the
lower cooler χz=0 = χ1 to the upper warmer χz=1 = χ1 + ∆χ (case I) bounding surface,
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during the first 5 dimensionless time terms τi = τ0i, (i = 1, . . . , 5), whose values increase
from curve (1) to curve (5), is shown in Figure 5a.
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Figure 5. (a) Relaxation of dimensionless shear ST component σxz(z, τi) (i = 1, . . . , 5) as the
function of the dimensionless distance z counted from the lower cooler χz=0 = χ1 to the upper
warmer χz=1 = χ1 + ∆χ (case I) bounding surface, during the first 5 dimensionless time terms
τi = τ0i, (i = 1, . . . , 5), whose values increase from curve (1) to curve (5). Here, χ1 = 0.97, ∆χ = 0.0162
and τ0 = 0.01. (b) Same as in Figure 5a, but during the last 5 dimensionless time terms τi = τ0i, (i =
1, . . . , 5), where τ0 = 0.1.

Here, χ1 = 0.97, ∆χ = 0.0162 and τ0 = 0.01. During the first 5 time terms
τi = τ0i, (i = 1, . . . , 5), the maximum absolute value of |σxz(z, τ)| decreases rapidly with
|σxz(z, τ1)| ∼ 100 to |σxz(z, τ5)| ∼ 20, by about five times less, and this maximum is lo-
cated near the lower cooler bounding surface. One of the features of this relaxation is
that the values of the shear ST tensor σxz(z, τ) are negative during the first 5 time terms
τi = τ0i, (i = 1, . . . , 5). During the last 5 time terms, τi = τ0i, (i = 1, . . . , 5) (see Figure 5b),
where τ0 = 0.1, the value of σxz(z, τ1) decreases rapidly near the lower bounding surface
from σxz(z ∼ 0, τ1) ∼ −1.5 to σxz(z ∼ 0, τ1) ∼ 0.25 with further oscillation across the
thickness of the HACN channel. The equilibrium distribution of σxz(z, τ5) ≡ σxz(z, τeq)

is characterized by a monotonous increase in σxz(z, τ) from −1.5 on the lower bounding
surface to 1.8 on the upper hotter bounding surface.

In turn, the evolution of dimensionless normal ST component σxx(z, τi) (i = 1, . . . , 5)
as the function of the dimensionless distance z, during the first 5 dimensionless time terms
τi = τ0i, (i = 1, . . . , 5), whose values increase from curve (1) to curve (5), is shown in
Figure 6a.

As in the case of shear ST, during the first 5 time terms τi = τ0i, (i = 1, . . . , 5), the maximum
absolute value of |σxx(z, τ)| decreases rapidly with |σxx(z, τ1)| ∼ 135 to |σxx(z, τ5)| ∼ 20, about
more than 6 times less, and this maximum is located near the lower cooler bounding surface.
One of the features of this relaxation is that the values of the normal ST tensor σxx(z, τ) are
negative during the first 5 time terms τi = τ0i, (i = 1, . . . , 5), over most of the channel thickness,
while in the area close to the lower restricted surface, these values are positive. During the last
5 time terms, τi = τ0i, (i = 1, . . . , 5) (see Figure 6b), where τ0 = 0.1, the value of σxx(z, τ1) is
characterized by a monotonous increase from the negative σxx(z ∼ 0, τ1) ∼ −2.0, near the lower
surface, to σxx(z ∼ 1.0, τ5) ∼ 4.0, near the upper surface, respectively.

The relaxation of the rest ST components σzx(τ) and σzz(τ) to their equilibrium values
σ

eq
zx(τ) and σ

eq
zz(τ), during the last 5 time terms, τi = τ0i, (i = 1, . . . , 5), where τ0 = 0.1, and

described by Equations (22) and (23), are shown in Figure 7a and 7b, respectively.
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Figure 6. Same as in Figure 5a, but for the dimensionless normal ST component
σxx(z, τi) (i = 1, . . . , 5) as the function of the dimensionless distance z and time τi.
(a) For the first 5 dimensionless time terms τi = τ0i, (i = 1, . . . , 5), with τ0 = 0.01, while (b) is
for the last 5 dimensionless time terms τi = τ0i, (i = 1, . . . , 5), where τ0 = 0.1, respectively.
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Figure 7. Same as in Figure 5a, but for the dimensionless ST components σzx(τi) (i = 1, . . . , 5)
(a) and σzz(τi) (i = 1, . . . , 5) (b) as the function of the dimensionless distance z and time τi,
respectively. In both cases (a,b), the results are given for the last 5 dimensionless time terms
τi = τ0i, (i = 1, . . . , 5), with τ0 = 0.1.

Taking into account that both ST components σzx(τ) = C1(τ) and σzz(τ) = C2(τ) do
not depend on z, they have been fixed by the boundary conditions. Both the equilibrium
distributions of σzx(τ5) ≡ σzx(τeq) = −1.2 and σzz(τ5) ≡ σzz(τeq) ∼ −2.8 are characterized
by negative values. The above distributions of the ST components show that in the HACN
channel, under the effect of the temperature gradient ∇χ, directed from cooler lower
to hotter upper bounding surfaces, a complex, mainly horizontal flow is excited in the
negative direction (see Figure 3a).

In case II, when the LC sample is heated from below with the dimensionless tempera-
ture difference ∆χ = 0.0162 (∼ 5 K), the evolution of dimensionless shear ST component
σxz(z, τi) (i = 1, . . . , 5) as the function of the dimensionless distance z counted from the
lower hotter χz=0 = χ1 + ∆χ to the upper cooler χz=1 = χ1 bounding surface, during the
first 5 dimensionless time terms τi = τ0i, (i = 1, . . . , 5), whose values increase from curve
(1) to curve (5), is shown in Figure 8a.

Here, χ1 = 0.97, ∆χ = 0.0162 and τ0 = 0.01. During the first 5 time terms
τi = τ0i, (i = 1, . . . , 5) , the maximum absolute value of |σxz(z, τ)| decreases rapidly with
|σxz(z, τ1)| ∼ 15 to |σxz(z, τ5)| ∼ 2.0, by about 7 times less, and this maximum is lo-
cated near the center of the HACN channel. One of the features of this relaxation is
that the values of shear ST tensor σxz(z, τ) are negative during the first 5 time terms
τi = τ0i, (i = 1, . . . , 5). During the last 5 time terms, τi = τ0i, (i = 1, . . . , 5) (see Figure 8b),
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where τ0 = 0.1, the value of σxz(z, τ1) decreases rapidly near the lower bounding surface
from σxz(z ∼ 0, τ1) ∼ 1.2 to σxz(z ∼ 0, τ1) ∼ −0.25, with a further decrease to the value
σxz(z ∼ 0.5, τ1) ∼ −2.7, and a further gradual increase up to 0.8, near the upper bounding
surface. Equilibrium distribution of σxz(z, τ5) ≡ σxz(z, τeq) is characterized by an almost
constant small negative value across the LC channel.
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Figure 8. For both cases (a,b), the results are given for the same conditions as in Figure 5a, but for
case II.

In turn, the evolution of dimensionless normal ST component σxx(z, τi) (i = 1, . . . , 5) as
the function of the dimensionless distance z, during the first 5 time terms τi = τ0i, (i = 1, . . . , 5),
whose values increase from curve (1) to curve (5), is shown in Figure 9a.
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Figure 9. Same as in Figure 6a, but for case II. (a) For the first 5 dimensionless time terms τi = τ0i,
(i = 1, . . . , 5), with τ0 = 0.01, while (b) is for the last 5 dimensionless time terms τi = τ0i, (i =

1, . . . , 5), where τ0 = 0.1, respectively.

As in case I, during the first 5 time terms τi = τ0i, (i = 1, . . . , 5), the maximum
absolute value of |σxx(z, τ)| decreases rapidly with |σxx(z, τ1)| ∼ 23 to |σxx(z, τ5)| ∼ 5, by
about more than 4 times less, and this maximum is located near the lower hotter bounding
surface. One of the features of this relaxation is that the values of the normal ST component
σxx(z, τ) are positive during the first 5 time terms τi = τ0i, (i = 1, . . . , 5), only near the
lower hotter bounding surface, while in the rest area of the LC channel, these values are
negative. During the last 5 time terms, τi = τ0i, (i = 1, . . . , 5) (see Figure 9b), where
τ0 = 0.1, the value of σxx(z, τ5) is characterized by a gradual decrease from the positive
σxx(z ∼ 0, τ5) ∼ 2.3, near the lower surface, to σxx(z ∼ 1.0, τ5) ∼ −1.6, near the upper
surface, respectively.
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The relaxation of the rest ST components σzx(τ) and σzz(τ) to their equilibrium values
σ

eq
zx(τ) and σ

eq
zz(τ), during the last 5 time terms, τi = τ0i, (i = 1, . . . , 5), where τ0 = 0.1, and

described by Equations (22) and (23), are shown in Figure 10a and 10b, respectively.
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Figure 10. For both cases (a,b), the results are given for the same conditions as in Figure 7a, but for
case II.

As in case I, in case II, both ST components σzx(τ) = C1(τ) and σzz(τ) = C2(τ)

do not depend on z, and they have been fixed by the boundary conditions. Both the
equilibrium distributions of σzx(τ5) ≡ σzx(τeq) = 0.773 and σzz(τ5) ≡ σzz(τeq) ∼ −2.45
are characterized by positive and negative values, respectively. The above distributions of
the ST components show that in the HACN channel, under the effect of the temperature
gradient ∇χ, directed from cooler upper to hotter lower bounding surfaces, a complex,
mainly horizontal flow is excited in the positive direction (see Figure 3b).

It should be noted that in cases I and II, hydrodynamic flows of different magnitudes
and directions are formed in the LC channel under the effect of the same temperature
gradient ∇χ but directed in the opposite directions.

4. Conclusions
In summary, we have investigated the relaxation of director n̂(r, t), velocity v(r, t),

and stress tensor components σij(z, t) (i, j = x, z) in the HACN channel to their equilibrium
values, under the influence of the temperature gradient directed normal to the bounding
surfaces. Our calculations, based upon the classical Leslie–Ericksen theory, show that the
hybrid-aligned compressible nematic material under the effect of the temperature gradient
∇T, directed from the lower cooler to upper hotter bounding surfaces, settles down to a
stationary flow regime with the horizontal u and vertical w components of velocity, which
sufficiently differ from these components under the effect of the same ∇T but directed
from lower hotter to upper cooler bounding surfaces.

Note that in the case of a hybrid-aligned incompressible nematic (HAIN) chan-
nel, where due to the incompressibility condition ∇ · v = 0 and the boundary no-slip
condition for the velocity field there is only one nonzero component of the vector v,
viz., v = vx î = uî, the character of the stationary distribution of the horizontal component
of velocity ueq(z) (HAIN) differs sufficiently from the same stationary distribution of
the horizontal component of velocity ueq(z) (HACN) for a hybrid-aligned compressible
nematic channel. This difference is due to the different behavior of ∇n̂ and ∇χ across the
LC sample.

We believe that the present study may shed some light on the problem of the reorienta-
tion process in a compressible nematic channel under the influence of a vertical temperature
gradient. We also believe that this paper shows not only some useful routes for estimating
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relaxation times but also for analyzing the remaining problems associated with an LC′

device’s stability, efficiency, and lifetime.
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Appendix A. Torques and Stress Tensor Components
The dimensionless density is ρ ≡ ρ(z, τ) = ρ(z, τ)/ρ0, where ρ0 is the mass density

of the LC phase, ρ,ø = ∂ρ(z, τ)/∂τ, τ = (K10/γ10d2)t is the dimensionless time, and

w = γ10d2

K10
w is the vertical dimensionless component of velocity, while K10 and γ10 are

the highest values of the splay constant K1(χ) and RVC γ1(χ) in the temperature interval
[χ1, χ2] belonging to the nematic phase, respectively. Here, χ(z, τ) = T(z, τ)/TNI is the
dimensionless temperature, TNI is the nematic–isotropic transition temperature, γ1(χ) and
γ2(χ) are the temperature-dependent rotational viscosity coefficients (RVCs), K1(χ) and
K3(χ) are the splay and bend elastic constants of the LC phase.

The torque balance equation can be derived from the dimension balance of elastic
Tel =

δWel
δn̂ × n̂, viscous Tvis =

δRvis

δn̂t
× n̂, and thermomechanical Ttm = δRtm

δn̂t
× n̂ torques,

where Wel =
1
2

[
K1(∇ · n̂)2 + K3(n̂ ×∇× n̂)2

]
is the elastic energy, K1 and K3 are the splay

and bend elastic coefficients, and n̂t ≡ dn̂
dt is the material derivative of n̂ = nx î + nzk̂.

In the case of compressible fluid, the dimensionless linear momentum balance equation
reduces to [10]

δ3ρ
dw(z, τ)

dτ
= σzz,z, (A1)

δ3ρ
du(z, τ)

dτ
= σzx,z, (A2)

where σzi = σv
zi + σe

zi (i = x, z) are both the shear and normal ST components,

σv
zx(τ) = δR(τ)

δu,z
and σv

zz(τ) = δR(τ)
δw,z

are the viscous contributions to these ST compo-

nents, R(z, τ) = γ10d4

K2
10

R(z, t) is the full dimensionless Rayleigh dissipation function, where

R(z, t) = Rvis +Rtm +Rth, and Rvis =
1
2 h(θ)u2

,z −A(θ)θtu,z +
1
2 γ1θ2

,t +
β0
6 u,zw,z sin 2θ +

( β0
18 + 1

2 ξv)w2
,z is the viscous, Rtm = ξθ,tθ,zT,z

(
1
2 + sin2 θ

)
− 3

2 ξT,zu,zθ,z sin2 θ − ξ
4 T,zw,zθ,z

sin 2θ is the thermomechanical, and Rth = 1
2T

(
λ∥ cos2 θ + λ⊥ sin2 θ

)
T2

,z is the thermal

contributions, respectively, whereas σe
zz = −G(θ)θ2

,z = −2WF, and σe
zx = 0 are the elastic

contributions to the normal and shear components of the stress tensor. Here h(θ) =

α1(T) sin2 θ cos2 θ − A(θ)θ,tu,z +
1
2 α4(T) + g(θ), g(θ) = 1

2
(
α6(T) sin2 θ + α5(T) cos2 θ

)
,

T,z = ∂T(z, t)/∂z, β0 = α1 + α5 + α6 +
3
2 α4, δ3 = ρ0K10/γ2

10 is a parameter of the system,
and ξv is the volume viscosity, while αi(T) (i = 1, . . . , 6) are the temperature-dependent six
Leslie coefficients, λ∥ and λ⊥ are the heat conductivity coefficients parallel and perpendic-
ular to the director n̂. Note that in the case of a very thin LC layer, the hydrostatic pressure
gradient ∇P contributions to both Equations (A1) and (A2) are equal to zero.
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In the case of compressible nematic fluid ∂tρ +∇ · (ρv) = 0, it is convenient to rewrite
the Rayleigh dissipation function R(z, t) in the form with and without accounting for the
compressible term as [19]

R(z, t) = R1(z, t) +R2(z, t), (A3)

where R1(z, t) =
(

œ + ∂WF
∂∇n̂ · n̂∇

)
: v∇ = σv : v∇ and R2(z, t) =

(
œm − n̂ × ∂WF

∂n̂∇

)
: ω⃗∇−

ω⃗ · E :
(

σ + ∂WF
∂∇n̂ · n̂∇

)
= σmv : ω⃗∇− ω⃗ · E : σv, respectively. Here, v and ω⃗ are the linear

and angular velocities, ∇v and ∇ω⃗ are the gradients of these fields, œ = σv + σe and
œm = σmv + σme are the stress and the momentum stress tensors, E is the Levi-Civita tensor,
σv = ∂R

∂∇v , σe = − ∂WF
∂∇n̂ · n̂∇, σmv = ∂R

∂∇ω⃗ , and σme = n̂ × ∂WF
∂n̂∇ are the viscous and elastic

contributions to the total stress tensor σ and momentum ST σm, respectively. We use the
invariant, multiple dot convention: a · b = aibi, A · B = AikBkj, and A : B = AikBki, where
repeated Cartesian indices are summed. By means of decomposition of the tensors on
the spherical, symmetric, and asymmetric deviators, one can rewrite the last two tensors
and gradients v∇ and ω⃗∇ in the form [19] σv = σv

0I + σv
s + σv

a , σmv = σmv
0 I + σmv

s + σmv
a ,

v∇ = v0I + v∇s + v∇a, and ω⃗∇ = ω0I + ω⃗∇s + ω⃗∇a, respectively. Here, I is the unit
tensor. Now the full dissipation function R can be written as

R(z, t) = σv
0 v0I : I + σv

s : v∇s + σv
a : v∇a

+σmv
0 ω0I : I + σmv

s : ω⃗∇s + σmv
a : ω⃗∇a. (A4)

In the following, one deals with the complicated flow v = (u, 0, w) excited by the tempera-
ture gradient and the director reorientation with four components of the viscous stress tensor
σv

xx, σv
xz, σv

zx, and σv
zz, which are connected to each other by relations 2σv

0 = σv
xx + σv

zz, 2v0 = w,z,
and 2σv

0 = ∂R/∂v0, respectively. Taking into account Equations (A3) and (A4), the equations
for the tensor components σv

xx and σv
zz can be written in the form

σv
zz + σv

xx = 2
∂R(z, t)

∂w,z
, (A5)

σv
zz =

∂R(z, t)
∂w,z

. (A6)

The last system of Equations (A5) and (A6) has a solution

σv
zz = σv

xx.

Note that the compressible part of R(z, t) can be decomposed as 1
2 P∇ · v+ 1

2 σv
s : (∇v+

v∇) + 1
2 σv

a : (∇v − v∇), where σv
s and σv

a are symmetric and asymmetric deviators of the
tensor σv, whereas P = σv : I = σv

xx + σv
zz is the viscous contribution to the total pressure

P. The elastic contribution to P is equal to Pe = σe : I = σe
xx + σe

zz = −2WF. So, the total
dimensionless pressure is given by P = 2(σv

zz − WF).
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