
Academic Editor: Nengneng Luo

Received: 3 August 2025

Revised: 24 September 2025

Accepted: 26 September 2025

Published: 30 September 2025

Citation: Kalytka, V.; Mekhtiyev, A.;

Neshina, Y.; Yurchenko, A.; Alkina, A.;

Bulatbayev, F.; Issayev, V.; Makhanov,

K.; Lukin, D.; Kayumov, D.; et al.

Nonlinear Quasi-Classical Model of

Isothermal Relaxation Polarization

Currents in Functional Elements of

Microelectronics, Optoelectronics, and

Fiber Optics Based on Crystals with

Ionic-Molecular Chemical Bonds with

Complex Crystalline Structure.

Crystals 2025, 15, 863. https://doi.org/

10.3390/cryst15100863

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Nonlinear Quasi-Classical Model of Isothermal Relaxation
Polarization Currents in Functional Elements of Microelectronics,
Optoelectronics, and Fiber Optics Based on Crystals with
Ionic-Molecular Chemical Bonds with Complex
Crystalline Structure
Valeriy Kalytka 1,2,* , Ali Mekhtiyev 1,2,*, Yelena Neshina 1,2,* , Aleksey Yurchenko 3, Aliya Alkina 1,2 ,
Felix Bulatbayev 1, Valeriy Issayev 1, Kanat Makhanov 4, Dmitriy Lukin 1, Damir Kayumov 1,5

and Alexandr Zaplakhov 6

1 Faculty of Energy, Automation and Telecommunications, Abylkas Saginov Karaganda Technical University,
Karaganda 100000, Kazakhstan; alika_1308@mail.ru (A.A.); felix4965@mail.ru (F.B.);
issayev_vvv@mail.ru (V.I.); mitya.lukin.02@mail.ru (D.L.); damir_kayumov@mail.ru (D.K.)

2 Department of Production, Science and Conformity Assessment, RSE Kazakhstan Institute of Standardization
and Metrology, Astana 010000, Kazakhstan

3 Research School of Physics, National Research Tomsk Polytechnic University, Building No. 18, 7 Savinykh
Street, Tomsk 634050, Russia; niipp@inbox.ru

4 Department of Radio Engineering, Electronics and Telecommunications, L.N. Gumilyov Eurasian National
University, Astana 010000, Kazakhstan; makanov@inbox.ru

5 LLP Light Engineering, Karaganda 100000, Kazakhstan
6 LLP Electrical Laboratory, Karaganda 100000, Kazakhstan; etl.krg@mail.ru
* Correspondence: manuscript.kz@bk.ru (V.K.); barton.kz@mail.ru (A.M.); 1_neg@mail.ru (Y.N.);

Tel.: +7-7212-56-44-22 (V.K.)

Abstract

In this article, the mechanism of relaxation polarization currents occurring at a constant
temperature (isothermal process) in crystals with ionic-molecular chemical bonds (CIMBs)
in an alternating electric field was investigated. Methods of the quasi-classical kinetic theory
of dielectric relaxation, based on solutions of the nonlinear system of Fokker–Planck and
Poisson equations (for the blocking electrode model) and perturbation theory (by expanding
into an infinite series in powers of a dimensionless small parameter) were used. Generalized
nonlinear mathematical expressions for calculating the complex amplitudes of relaxation
modes of the volume-charge distribution of the main charge carriers (ions, protons, water
molecules, etc.) were obtained. On this basis, formulas for the current density of relaxation
polarization (for transient processes in a dielectric) in the k-th approximation of perturbation
theory were constructed. The isothermal polarization currents are investigated in detail
in the first four approximations (k = 1, 2, 3, 4) of perturbation theory. These expressions
will be applied in the future to compare the results of theory and experiment, in analytical
studies of the kinetics of isothermal ion-relaxation (in crystals with hydrogen bonds (HBC),
proton-relaxation) polarization and in calculating the parameters of relaxers (molecular
characteristics of charge carriers and crystal lattice parameters) in a wide range of field
parameters (0.1–1000 MV/m) and temperatures (1–1550 K). Asymptotic (far from transient
processes) recurrent formulas are constructed for complex amplitudes of relaxation modes
and for the polarization current density in an arbitrary approximation k of perturbation
theory with a multiplicity r by the polarizing field (a multiple of the fundamental frequency
of the field). The high degree of reliability of the theoretical results obtained is justified
by the complete agreement of the equations of the mathematical model for transient and
stationary processes in the system with a harmonic external disturbance. This work is of a
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theoretical nature and is focused on the construction and analysis of nonlinear properties
of a physical and mathematical model of isothermal ion-relaxation polarization in CIMB
crystals under various parameters of electrical and temperature effects. The theoretical
foundations for research (construction of equations and working formulas, algorithms, and
computer programs for numerical calculations) of nonlinear kinetic phenomena during
thermally stimulated relaxation polarization have been laid. This allows, with a higher
degree of resolution of measuring instruments, to reveal the physical mechanisms of
dielectric relaxation and conductivity and to calculate the parameters of a wide class of
relaxators in dielectrics in a wide experimental temperature range (25–550 K).

Keywords: crystals with ion-molecular chemical bonds (CIMBs); hydrogen-bonded crystals
(HBC); isothermal ion-relaxation polarization (in CIMBs); isothermal proton-relaxation
polarization (in HBC); isothermal relaxation polarization current (ITRPC); thermally
stimulated relaxation polarization current (TSRPC); nonlinear quasi-classical kinetic
theory of dielectric relaxation; nonlinear space-charge polarization (in ionic dielectrics); proton
relaxation and conductivity (in HBC); thermally stimulated polarization currents (TSPC);
thermally stimulated depolarization currents (TSDC); Fokker–Planck kinetic equation (solved
together with the Poisson equation); diffusion-relaxation polarization (for the ionic subsystem
in CIMBs); complex amplitudes of relaxation modes of the space-charge distribution

1. Introduction
Studies of the electrophysical properties of crystals with ionic-molecular chemical

bonds (CIMBs) are carried out using dielectric spectroscopy methods by measuring the tem-
perature spectra of thermally stimulated depolarization currents (TSDC) and the frequency-
temperature spectra of the dielectric loss tangent [1–6].

Theoretical methods for research and analysis of electrical conductivity and dielectric
relaxation parameters in CIMB class crystals (including HBC) have developed quite well
over the past 10 years and make it possible to achieve a high degree of consistency between
the results of theory and experiment [1–5]. The quasi-classical kinetic theory of dielectric
relaxation is the most effective for mathematical and numerical analysis of ion-relaxation
polarization (IRP) and ionic conductivity (IC) processes in CIMB. It is based on a nonlinear
system of equations of a phenomenological model describing the processes of diffusion
transport (including both thermally activated (classical) and quantum tunnel transitions of
ions on chemical bonds) for various types of charge carriers in a dielectric in a wide range
of field parameters (0.1–1000 MV/m) and temperatures (0–1550 K) [5].

The aim of this scientific article is to develop and analyze the properties and param-
eters of a nonlinear universal quasi-classical model of isothermal polarization and ionic
conductivity processes in crystals with ionic-molecular chemical bonds (CIMBs) in an
alternating electric field, with the aim of a detailed theoretical study of the influence of
high orders (r > 1) of polarization nonlinearities (quantum low-temperature; space-charge
high-temperature) on the structure and properties of mathematical expressions describing
the theoretical spectra of polarization current density in a wide range of field parameters
(3 kHz–300 MHz and 3 GHz–300 GHz; 0.1–1000 MV/m) and temperatures (1–1550 K).

The construction of a rigorous nonlinear quantum-mechanical model (based on solu-
tions of the Schrödinger equation and construction of a non-stationary (non-equilibrium)
density matrix for an ensemble of majority charge carriers (primarily protons in HBC)) for
ion-relaxation polarization is not included in the objectives of this work and is the subject
of a separate study.
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This article is of an analytical calculation nature and is focused on the preparation
and detailed analysis of nonlinear properties of the physical and mathematical model of
ion-relaxation polarization directly, without performing numerical calculations, which are
also deferred to the future.

Note: To simplify the procedure of familiarization with our previously published
works, primarily, the fundamental articles [2–5] and with the basic physical principles of
physical and mathematical models of ion-relaxation polarization in CIMB class crystals
(in particular, with the quantum-mechanical principles of proton motion in the hydrogen
sublattice of HBC), before studying this work or in the process of studying it, we recommend
familiarizing yourself with Section 4.2 (see Figures 1–3 and their analysis) of this work.

Figure 1. Scheme of the migration of H3O+ ions due to the gradual movement of a proton within the
layered structure, in a crystal of chemically pure chalcanthite CuSO4 · 5H2O [3]. Arrows indicate the
directions of proton movements between conditions 1–6; the vertical arrow shows the direction of the

external electric (polarizing) field
→
E.

Figure 2. The model of an unperturbed one-dimensional multi-well symmetric crystalline potential
for the ion in CIMBs (for the proton in HBC).



Crystals 2025, 15, 863 4 of 86

Figure 3. The model of a perturbed by an electric field E(x; t) one-dimensional multi-well symmetric
crystalline potential for the ion in CIMBs (for the proton in HBC).

2. Materials and Methods
2.1. Justification of the Relevance and Scientific and Practical Significance of the Chosen
Research Area

The applied scientific and technical significance of CIMBs class crystals relates to a
wide range of modern industry sectors [1–5], including industrial electrical engineering
and high-voltage technology (insulating materials; electrically adjustable capacitors) [1,6],
microelectronics (MIS, MSM structures; quantum field-effect transistors; resonant tunnel
diodes) [7–13], radio engineering, radio electronics and microwave technologies (radar,
communication technologies and systems, microwave detection of the properties of var-
ious working media, shells and housings of structures of radar, energy, cryogenic and
space installations and systems (solid reflective surfaces of receiving and location devices;
high-temperature dense and super-dense (non-ideal) plasma in technological circuits of
thermonuclear reactors, etc.)) [14–32], non-linear optics (non-linear receivers and converters
of coherent electromagnetic waves in the optical range) and laser technology (regulators
of laser radiation parameters based on ferroelectric crystals) [33–52], electrochemical tech-
nologies and alternative energy technologies [53–56] (in the development of solid-state
fuel cells based on proton semiconductors and conductors with high proton conductivity)
etc. Of greatest applied practical interest are materials operating under extreme conditions
of ultra-low and ultra-high temperatures, strong and super-strong electric and magnetic
fields, intense laser radiation, mechanical stress, and deformation [1,5,6].

The application of numerical optimization methods to the results of theory and ex-
periment from a comparison of the experimental and theoretical graphs of the measured
macroscopic quantity (polarization; density of thermally stimulated polarization current
(TSPC) and depolarization current (TSDC); real and imaginary components of the complex
dielectric permittivity (CDP)), allows to calculate a set of theoretical values of molecular
parameters for each type of relaxers (the most mobile charge carriers), activated in the
vicinity of the corresponding temperatures or frequencies of the alternating electric field
maxima on the basic experimental graph [2–5,57–62].

Presently, theoretical achievements in the field of electrophysics of CIMBs class mate-
rials are nonlinear physical and mathematical models of ion-relaxation polarization and
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conductivity, based on a nonlinear quasi-classical kinetic equation written in the form of
the equation of balance of the number of particles (relaxers) in potential wells of a spa-
tially inhomogeneous one-dimensional crystalline potential field perturbed by a polarizing
electric field [1–5]. The solution of this equation is carried out in conjunction with the
Poisson equation, taking into account the boundary and initial conditions arising from the
experimental conditions for a given electrode model [57–59]. The results of this method, as
applied to the descriptions of the temperature spectra of TSDC density and the frequency-
temperature spectra of dielectric losses, are consistent with the experimental data in the
entire experimental range of temperatures (50–450 K) and external electric field strengths
(0.1–1 MV/m) [2–5].

Consideration of the influence of quantum transitions of massive (in comparison
with protons) ions on dielectric relaxation in CIMBs does not have any special physical
meaning, since, due to the small De Broglie wavelengths and small transparencies of the
potential barrier for heavy ions (sulfate anions, phosphate anions, carbonate anions in
crystal hydrates; silicate anions in natural minerals of the layered silicate class), formal
consideration in the kinetic coefficients of the statistically averaged over energy levels
(continuous spectrum) quantum permeability (depending on temperature in a certain way),
from a physical point of view, has practically no effect on the parameters of the TSDC
density spectra J(T) and tgδ(ω; T) [2,5].

Hydrogen-bonded crystals (HBCs), a subclass of CIMBs, are characterized by the
presence in the crystal structure of a hydrogen sublattice consisting of hydrogen ions
(protons) interacting through electrostatic forces (hydrogen bonds) with ions of the anionic
sublattice and water molecules (structural and adsorbed). The activation energies of protons
in hydrogen bonds are distributed, according to experimental data, depending on the level
of chemical complexity of the bond (on the type of ion with which the proton is bound),
in the range of U0 ≈ 0.01–1 eV, and the equilibrium concentration of the most mobile
charge carriers (protons) in HBC, depending on the temperature range T ≈ 50–550 K, is
approximately n0 ≈

(
1016–1021) m−3 [58,60]. Under this conditions, polarization in HBC,

in the radio wave range (3 kHz–300 MHz) and microwave range (3 GHz–300 GHz), in
the region of weak fields E0 ≈

(
105–106) V

m is determined by the diffusion-relaxation
movement of protons along hydrogen bonds in the direction of the lines of force of the
external electric field (proton conductivity) [59,61]. The set of polarization processes
associated with the relaxation motion of protons in HBC can be defined as proton-relaxation
polarization. The natural frequencies of vibrations of protons on hydrogen bonds in HBC
are approximately ν0 ≈

(
1012–1013) s−1. The width of the potential barrier for protons in

HBC takes numerical values of δ0 ≈ (0.85–1.0)× 10−10 m. Transitions of protons along
hydrogen bond lines can be carried out, taking into account the parameters of the structure,
both due to thermal activation (classical transitions) and by quantum tunneling (quantum
transitions) [62,63].

The equations of the quasi-classical nonlinear model of ion-relaxation polarization
in CIMBs, as applied to the studies of proton-relaxation polarization in hydrogen-bonded
crystals (HBC), are adapted at the mathematical level to the influence of proton tunnel-
ing on dielectric relaxation. In this case, high transparencies of the potential barrier for
protons (0.001–0.1) significantly affect the numerical values of the kinetic coefficients [60].
At the same time, the numerical calculation indicates the determining influence of the
parameters of the potential barrier (activation energy (potential barrier height) U0 and
barrier width δ0 on the temperature position and amplitude of the statistically averaged
over energy levels (continuous spectrum) quantum permeability (calculated in [61] for the
model of a one-dimensional parabolic potential barrier perturbed by a stationary polar-
izing field) by the WKB method Dquant,tunn,stationary(T). The highest calculated values of
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this function are achieved at U0 ≈ 0.01–0.1 eV, δ0 ≈ (0.85–1.0)× 10−10 m and the proton
oscillation frequency ν0 ≈ 1013 s−1 in the temperature range T ≈ 50–100 K and are equal
to Dquant,tunn,stationary(T) ≈ 0.01–0.2 [62], respectively. These regularities are confirmed
by studies of low-temperature theoretical maxima in temperature spectra tgδ(ν)(T) (see
figures 10–13 in [5]) and frequency spectra tgδ(T)(ν) (see figures 6 and 8 in [5]). The au-
thors of [1,4,5] have unambiguously confirmed, both experimentally and theoretically, the
dominant role of proton tunneling in the low temperature range (50–100 K), as well as a
certain (not the main, but quite significant against the background of thermal activation)
role of proton tunneling in the high temperature range (150–550 K) in HBC. In [2–5], the
determining role of quantum effects in the region of anomalously high polarization nonlin-
earities in HBC, extending to the ranges of ultra-low (1–10 K) and ultra-high (550–1550 K)
temperatures, was theoretically substantiated using various quantum-mechanical approx-
imations. The transition to more rigorous, in comparison with the WKB method, direct
quantum-mechanical calculations (based on the model of the discrete energy spectrum of
protons), in estimating the values Dquant,tunn,stationary(T), confirms the above established
quantum effects.

Currently, it is expedient and scientifically sound to move on to detailed theoretical
studies of the effects of quantum tunneling of protons on thermally stimulated polarization
and depolarization in HBC in a wide theoretical range of temperatures (1–1550 K) and
fields (0.1–1000 MV/m) [1,57–60,62].

Algorithms for theoretical studies of the temperature spectra of the density of ther-
mally stimulated polarization currents (TSPC) and depolarization currents (TSDC), as in
the case of frequency-temperature spectra of the dielectric loss tangent tgδ(ω; T), should
be based on the methods of nonlinear quasi-classical [1–3,5] and quantum [1,4] kinetic
theories of dielectric relaxation in crystals with ionic-molecular chemical bonds (CIMBs),
exhibiting the properties of ionic dielectrics with a layered crystalline structure (ceram-
ics; natural minerals; perovskites; crystal hydrates, etc.). The nonlinear quasi-classical
kinetic theory of dielectric relaxation [2,5] works successfully, both in formal mathemati-
cal and physical terms, in describing the mechanisms of ion-relaxation polarization and
conductivity in almost all CIMB class crystals in a wide theoretical range of field parame-
ters (0.1–1000 MV/m) and temperatures (1–550 K). Polarization nonlinearities, within the
framework of the quasi-classical kinetic theory [2,5], unfold when compared with the ex-
periment in the field of nonlinear space-charge polarization (450–550 K), and in theoretical
terms they extend to a much wider range of temperatures, up to 1550 K in the region of
strong fields (10–1000 MV/m). The nonlinear quantum theory of dielectric relaxation [4],
in physical terms, is successfully applied, first of all, to hydrogen-bonded crystals (HBC),
which exhibit, in the low temperature region (50–100 K), the effects of nonlinear quan-
tum relaxation caused by the tunneling motion of hydrogen ions (protons) in the space
of the anion sublattice of HBC [1,4]. Experimentally established quantum polarization
nonlinearities in HBC manifest at low temperatures (50–100 K) with a sample thickness of
1000–10,000 nm, and theoretically extend to the region of ultra-low temperatures (4–25 K)
with a sample thickness of 1–10 nm and are characterized by anomalously high polarization
currents (3–4 orders of magnitude higher than at T = 50–100 K and d = 1000–10,000 nm).
With this type of size effects, the low-temperature theoretical maximum tgδ(ν)(T) shifts
from the region of nitrogen to the region of helium temperatures with a decrease in the
amplitude of the maximum by 3–4 orders of magnitude, which is accompanied by an
increase in the ferroelectric properties of proton semiconductors [1,4].

In [3], the studies of the influence of quantum tunneling of protons on the theoretical
TSDC temperature spectra were carried out within the framework of the quasi-classical
kinetic theory [1], taking into account high-order polarization nonlinearities in the field,
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but for a model of the crystal potential in the form of a one-dimensional double symmetric
potential well [3]. Moreover, the methods [3] led to satisfactory agreement between the
experimental results and theory when calculating the characteristic parameters of relaxers
in a wide temperature range (50–550 K). However, the methods of [3], even from the point
of view of the nonlinear quasi-classical kinetic theory [2,5], are insufficient for a detailed
analysis of the effects of ion tunneling (primarily protons in HBC) on the nonlinear proper-
ties of TSDC spectra, in particular on the electret effect, since in [3], in contrast to [2,5], a
multi-well (closer to the real crystal structure than a double-well) model of the crystalline
potential field for conduction ions moving by relaxation (reciprocating, due to ion transi-
tions between adjacent potential wells, against the background of their thermal motion) in a
crystalline potential field perturbed by an external electric field was not used. Additionally,
with a rigorous theoretical approach, the methods developed in [2,5], which are consistent
when comparing theory with experiment for spectra tgδ(ω; T), are insufficiently rigorous
for the study of the temperature spectra of thermally stimulated polarization and depolar-
ization currents in CIMBs, since in [5] polarization harmonics multiples of the field powers
higher than the first (r > 1) were not taken into account. The analytical apparatus, built
on recurrence formulas for complex amplitudes of relaxation modes of the space-charge
density in a dielectric, was investigated in [2], in a generalized sense, for arbitrary orders of
perturbation theory k with an arbitrary multiplicity of frequency harmonics of polarization
r. At the same time, in [5], when calculating theoretical spectra tgδ(ω; T) using the methods
of [2], only the first frequency harmonic of polarization (r = 1) was used. Although it
was calculated in the infinite approximation of perturbation theory (at k = 1, 2, 3, etc., to
infinity), it is insufficient for a rigorous analysis of nonlinearities in the phenomena of
thermally stimulated polarization and depolarization, characterized by a higher resolution
or sensitivity of the system to temperature than the spectra tgδ(ω; T). Thus, in a rigorous
theoretical study of quantum nonlinearities in the TSPC and TSDC spectra in alternating
current, at the level of quasi-classical kinetic theory [2], it is necessary, in continuation
of [5], to construct formulas for the polarization of the crystal, with an accuracy of up to
an arbitrary order in frequency harmonics of the space-charge distribution (r > 1), which
corresponds, in the radio frequency range, to nonlinear electrophysical effects such as
secondary harmonic polarization generation (SHPG) and self-generation of high-order
polarization. This approach will form the basis of the calculation schemes for calculating
the polarization of a dielectric in this article. When calculating the kinetic coefficients in
this article, as in [2], the model of the crystal potential in the format of a one-dimensional
multi-well symmetric potential field [5] will be used. Potential barriers are assumed to
be parabolic [2–5]. In the general case, the barrier can take an arbitrary shape, including
rectangular [1]. In this sense, the parabolic potential barrier is closest in its properties to the
real crystalline structure of a dielectric [2–5].

In view of the specificity of the mathematical apparatus of the quantum kinetic theory
of dielectric relaxation, direct quantum mechanical studies of the theoretical spectra of
TSPC and TSDC, using the density matrix apparatus by analogy with the methods of [4],
will be carried out in subsequent works.

The mathematical expressions obtained in this article, will be extended to materials of
a wider class, primarily to CIMBs, without limiting the generality of the results.

2.2. Theoretical Bases of Physical and Mathematical Models of Relaxation Polarization in
Solid Dielectrics

In modern fundamental physical science, the question of the applied, scientific, and
technical significance of the results of the research direction developed in a certain area
of research is of great importance. At the same time, the aspects of the applied scientific
concept and the strategy for its development are determined both by the specifics of a given
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scientific direction and by its relevance to the practical needs of a modern scientific and
technical industry (or group of industries).

The state of condensed matter physics, covering a wide range of different materials
and methods in the field of solid state physics and physics of dielectrics and semicon-
ductors, is characterized by colossal achievements in the issues of condensed matter the-
ory in the format of classical and quantum theories of various directions (in particular,
the theory of quantum liquids, such as helium-II at ultra-low temperatures; the theory
of quantum macroscopic phenomena, in particular, the superfluidity of liquid helium
(2.19 K), low-temperature superconductivity in metals (4–25 K)), including the quasi-
classical [1,2,5,57,59] and quantum [1,4,5,60–62] kinetic theories of dielectric relaxation
and conductivity in solid dielectrics, which are of practical importance for the physics of
dielectrics and its practical applications, such as industrial electrical engineering (capacitor
technology (electrically controlled capacitor devices); insulation and cable technology; high
voltage technology); electric power engineering (insulating surfaces of current-carrying
lines; electric generators and their auxiliary equipment in industrial power plants); ra-
dio engineering and radio physics (electronically controlled radio frequency systems
(3 kHz–300 MHz) and microwave technologies and devices (3–300 GHz), in particular,
generators and converters of microwave coherent waves (3–300 THz) [14–32]) for radio
communication systems, television communications, radar and microwave diagnostics
of the state of materials in extreme technological conditions (microwave diagnostics of
plasma in thermonuclear reactors and auxiliary nuclear fusion installations); electrochemi-
cal technologies (solid-state fuel cells based on transition metal oxides (TMO), perovskites,
high-temperature ionic superconductors [40–58] in [5]); optoelectronics (fiber optic ele-
ments of sensors for deformation parameters of construction and building materials [18–26]
in [5]); nonlinear optics and laser technology (laser control elements [27–39] in [5], laser
radiation parameter controllers (KDP, DKDP ([79–92] in [5])) based on nonlinear optical
materials that exhibit nonlinear optical effects when interacting with intense coherent
electromagnetic waves (3000 THz) of the optical range nonlinear absorption of light; gen-
eration of multiple frequency harmonics; photoelectric effect; combination scattering of
light); microelectronics and quantum electronics (MIS, MSM-elements, necessary for the
development of quantum superconducting nonlinear elements such as resonant and tunnel
diodes ([9–17] in [5])); space technologies and cryogenic equipment (functional elements
for panels of local photovoltaic devices for space stations; photoconverters of electrical
energy based on dielectrics with high ionic conductivity and proton semiconductors with
ultra-high proton conductivity in the region of ultra-low (helium) temperatures).

The quasi-classical nonlinear kinetic theory of dielectric relaxation in HBC [2,5], at
the level of coefficients (formulas (5)–(10) in [5]) of the nonlinear generalized kinetic
equation (formulas (16) and (17) in [5]), considers the influence of proton tunnel transitions
(inside the hydrogen sublattice during the interaction of protons with ions of the anion
sublattice) on the mechanism of proton-relaxation polarization and conductivity in proton
semiconductors and dielectrics (PSD) in the low-temperature region (50–100 K), against the
background of low values of proton activation energies (0.01–0.1 eV), when the transparency
values of the potential barrier for protons are sufficiently large (0.001–0.1) [3,4], which,
under the conditions of a crystalline structure (in a solid), is quite significant for such heavy
(in comparison with electrons) particles as protons. The quasi-classical nonlinear model [5]
allows, at the theoretical level (formulas (150), (120), (121) and (122) in [5]), to detect and
analyze the behavior of low-temperature maxima (50–100 K) in the spectra tgδ(ν)(T) in
HBC (see figures 10–13 in [5]), which presently cannot be achieved experimentally for a
number of technical reasons [1]. Additionally, in [5], theoretical frequency spectra tgδ(T)(ν),
Re
[
ε(T)(ν)

]
, were investigated at constant temperatures in HBC (see figures 6–9 in [5]).



Crystals 2025, 15, 863 9 of 86

The use of direct quantum-mechanical calculations allows, using the apparatus of
the density matrix, to take into account the influence of the configuration of the discrete
energy spectrum of relaxers (protons) on the properties and parameters of low-temperature
spectra tgδ(ν)(T) in HBC (see graphs 6, 6/ in figures 1 and 2 in [4], constructed using
the quantum-mechanical expression (27) from [4]). Furthermore, in [4], the size effects
associated with anomalous shifts of low-temperature maxima tgδ(ν)(T) from the region of
nitrogen (50–100 K) to the region of helium (4–25 K) temperatures were investigated, with
a decrease in the amplitude of the theoretical maximum from tgδ(ν)(Tmax) = 10−4–10−3

to tgδ(ν)(Tmax) = 10−8–10−7 with the decrease in the thickness of the dielectric from
30,000 nm to 3 nm (see tables 3 and 4 in [4]).

Similarly, in [1], taking into account the quasi-discrete structure of the energy spectrum
of protons in HBC, in the region of ultra-low temperatures (1–10 K), in nanosized crystalline
structures (1–10 m) of HBC, leads to anomalously high numerical values of the transparency
of the potential barrier in the range of 0.5–0.9. The tangent of the dielectric loss angle,
according to the results in [1], decreases in amplitude by 3–4 orders of magnitude in
comparison with the low-temperature region. This effect, which manifests in anomalously
large values of the real component of the dielectric constant of crystals (2.5–5.5 million) in
the region of helium temperatures (4–25 K), can be defined as a low-temperature quasi-
ferroelectric effect in HBC.

From numerical studies of quasi-classical nonlinear models of thermally stimulated
depolarization in HBC in the high-temperature region (150–550 K), the quantum trans-
parencies of the potential barrier for protons are also large (0.01–0.1), and high-temperature
nonlinear space-charge polarization in HBC is largely determined by quantum tunnel
transitions of protons. Thus, quantum effects in HBC play a significant role in the formation
of proton-relaxation polarization in a wide temperature range (1–1550 K) [2,3].

Based on the comparative analysis of the influence of quantum effects on theoretical
spectra tgδ(ν)(T) [4,5] performed in this Section 2.1, it can be argued that it is necessary
to expand the methods of quasi-classical and quantum theories of dielectric relaxation
for studying the properties and parameters of theoretical spectra of thermally stimulated
depolarization currents in HBC, including the study of the transformations of the TSDC
density spectra caused by size effects due to tunneling (with abnormally high transparency)
movement of hydrogen ions (protons) in the temperature range (4–25 K), which is most
scientifically and practically significant for cryogenic technology and the physics and
technology of low-temperature superconductivity.

The physical and mathematical models constructed in this way could be extended to a
wide class of crystals with ionic-molecular chemical bonds (CIMB) and their composites.

As noted in the introduction, the analytical apparatus of the models developed in
this article will be based on the methods of the nonlinear quasi-classical kinetic theory of
dielectric relaxation [2,5] in an arbitrary approximation by the multiplicity of frequency har-
monics of polarization above the first (r > 1), in combination with the methods of statistical
physics and electrodynamics of continuous media, with elements of nonrelativistic quan-
tum mechanics (necessary to reflect, at the mathematical level, the influence of quantum
effects on the nonlinear properties of proton migration processes in HBC [2,5]).

In the general case, the physical and mathematical model of nonlinear relaxation
processes during thermally stimulated depolarization in CIMBs should consist of two
sequentially implemented parts. In the first part of the model, the dielectric relaxation
during polarization of a crystal in a constant (stationary) external electric field at a given
polarization temperature is investigated, and in the second part, a study of the kinetics
of thermally stimulated depolarization (in the absence of an external field) is performed
in a sample rapidly cooled to liquid nitrogen temperatures (in the classical experimen-
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tal scheme [1,3]), and in the general case to liquid helium temperatures (in theoretical
schemes [2,5]) and heated according to a certain time law T = f(t), in the simplest case,
linear. Of significant theoretical interest is the study, in the first part of the general model,
of the kinetics of nonlinear thermally stimulated polarization in an alternating external
electric field, with a subsequent transition, in the second stage of the modeled solutions, to
the study of depolarization according to the scheme described above (in the absence of an
external voltage source). This approach would allow, at a sufficiently high theoretical level,
to demonstrate the influence of polarization nonlinearities of various natures (quantum-
mechanical; space-charge; associated with size effects, etc.) in the process of preparing the
sample for depolarization, to establish the influence of quantum tunneling [1,3] and interac-
tions of relaxation modes of the volume-charge on the mechanism of thermally stimulated
polarization currents (TSPC) and, subsequently, on thermally stimulated depolarization
currents (TSDC).

Due to the complexity of the equations and calculation formulas of the general non-
linear physical and mathematical model of thermally stimulated polarization and depo-
larization, the methodological apparatus of this article will be simplified when setting
research objectives, with the expectation of implementing the general scheme of theoretical
research in subsequent works. At this stage of research, such simplifications are technically
necessary and, as will be shown below, are entirely justified from a methodological point of
view. In this regard, firstly, we take all polarization processes as isothermal (the polarization
temperature is taken as a constant value in this model) and, secondly, we will consider
kinetic phenomena only for polarization processes (in an alternating field), and we will not
describe depolarization (in the absence of an external electric field) in this article and will
defer this procedure to subsequent works. The polarization process is similar in this regard
and represents a separate problem, the solution of which will be described in the future.

The methodology of this work will be based on the study of the nonlinear phenomeno-
logical system of Fokker–Planck and Poisson equations for a given model of electrodes [5].
The crystal temperature is assumed to be constant in the zero approximation for the po-
larizing field in the model under study. At the initial moment of time, polarization is
absent. The solutions of this system of equations are constructed in a quasi-classical model
with an accuracy of up to multiples of an arbitrary order in the frequency of the field (rω)

of space-charge distributions frequency harmonics for the most mobile ions across the
thickness of the crystal ρ(rω) = ∑∞

k=r γ
kρ

(rω)
k (ξ; τ).

The space-charge distribution for relaxers (conduction ions) ρ(rω)
k (ξ; τ), calculated in

the k-th approximation of perturbation theory (by a small dimensionless parameter γ < 1)
at a frequency harmonic of multiplicity r to the fundamental frequency of the alternating
field ω, is determined using a Fourier series expansion in spatial harmonics cos

(
πna

d ξ
)

on

the interval 0≤ ξ ≤ d
a , according to the formula ρ

(rω)
k (ξ; τ) = ∑∞

n=1 R
(ω)
k (n; τ)cos

(
πna

d ξ
)
,

where ρ
(rω)
k (ξ; τ)R(ω)

k (n; τ) = 2a
d

∫ d
a

0 ρ
(rω)
k (ξ; τ)cos

(
πna

d ξ
)
dξ is the complex amplitude of

the space-charge distribution ρ
(rω)
k (ξ; τ). This model uses dimensionless spatial variable

ξ = x
a and time τ(T) = W(0)(T)t. Here a is the lattice constant (in the crystal structure

of the simulated dielectric); W(0)(T) is the probability rate of transition (flip) of a relaxer
(conduction ion) between adjacent potential wells in a crystal potential field, calculated
in the approximation l = 0 from the dimensionless parameter ζ(x; t) =

qE(x;t)a
2kBT < 1, at a

crystal temperature T [2,5]. In this expression, q is the charge of the relaxer. In the work [5],
generalized nonlinear formulas are constructed for calculating the function W(±)(x; t) in
an arbitrary approximation l from a dimensionless parameter ζ(x; t), with coefficients
W(l)(T). The electric field strength in a dielectric calculated in the general case from the
solution of the Poisson equation [5] and has the form E(x; t) = Eext(t) + Eind(x; t), where
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Eext(t) is the strength of the alternating in time external electric field, and Eind(x; t) is the
strength of the induced field excited by the external electric field during polarization of
the crystal. The induced field in the quasi-classical model [2,5] is taken to be a spatially
inhomogeneous non-stationary function varying weakly (adiabatic) along the x coordinate
in the region of an arbitrary potential well in the crystalline potential field perturbed by the
field Eext(t). In the special case Eext(t) = Eext,0 × exp (iωt), with blocking electrodes at the
crystal boundaries, the boundary condition

∫ d
0 E(x; t)dx = Vext,0(t)× exp(iωt), is satisfied,

where Vext,0(t) = Eext,0 × d is the amplitude of the EMF, Eext,0, ω is the amplitude value
and cyclic frequency of the polarizing field strength, d is the thickness of the crystal.

In continuation of the work [5], in which the polarization of the crystal was calculated
at the fundamental frequency of the alternating field (r = 1), in this work the study of the
polarization of the dielectric will be constructed using the same methods of the nonlinear
quasi-classical model [2,5], but in an arbitrary approximation of the multiplicity r by the

frequency of the external polarizing field P(rω)(τ) =
−2dq
π2 ∑∞

n=1 ∑∞
k=r

γkR
(ω)
k (n;τ)
n2 sin2(πn

2
)
,

and the current polarization density j(rω)(t) = ∂P(rω)(t)
∂t corresponding to the partial har-

monic of multiplicity r, upon transition of the dimensionless variable τ = W(0)t, is equal to

j(rω)(t) = −2dq
π2 W(0)∑∞

n=1 ∑∞
k=r

sin2(πn
2 )

n2 × γk ∂R
(ω)
k (n;τ)

∂τ .
The calculation of the space-charge distribution in the crystal at the fundamental (r = 1)

frequency of the alternating field results in the expression [5]

ρ(ω)(ξ; τ) = ∑∞
k=1 γ

k∑∞
n=1 R

(ω)
k (n; τ)cos

(πna
d

ξ
)
=

= −4an0

d
γ

∞

∑
k=1

∞

∑
n=1

(
8ϕn0Λ0

π2 γ

)k−1
×

sin2(πn
2
)

1
τn

+ i ω
W(0)

× cos
(πna

d
ξ
)

exp
(

i
ω

W(0)
τ

)
=

= − 4an0γW(0)

d
(

1 − Ξ(ω)
0

) ∞

∑
n=1

sin2(πn
2
)

1
Tn

+ iω
× cos

(πnx
d

)
exp(iωt).

Here, the parameters γ =
µ
(1)
mobaEext,0

D(0)
di f f

= ς0W(1)

W(0) , ς0 =
qaEext,0

kBT , ϕ = aq
ε0ε∞Eext,0

,

Ξ(ω)
0 = 8ϕn0Λ0

π2 γ, Λ0 = W(0)∑∞
s=1

sin2(πs
2 )

s2( 1
Ts +iω)

, D(0)
di f f = a2W(0), µ

(1)
mob = qa2W(1)

kBT are

used [5]. W(1) is the probability rate of transfer of a conductivity ion between adjacent
potential wells, calculated in the l-th approximation from the dimensionless parameter
ζ(x; t) = qE(x;t)a

2kBT < 1 [5]. Additionally, the high-frequency (in the optical frequency range)

dielectric constant of the crystal ε∞ was used. The theorem ∑∞
k=1

(
Ξ(ω)

0

)k−1
= 1

1−Ξ(ω)
0

was

applied during transformations [2]. Relaxation times Tn = 1
1

Tn,D
+ 1

TM

=
Tn,DTM

Tn,D+TM
, where

Tn,D = TD
n2 is the diffusion relaxation time, TD = d2

D(0)
di f f π

2 is the zero component of the

diffusion relaxation time by the spatial harmonic number (n = 0), TM = ε0ε∞

qµ(1)
mobn0

is the

Maxwell relaxation time [2,5], corresponds to the n-th relaxation mode of the space-charge
distribution (in this case, at the fundamental frequency of the alternating field (ω))

ρ(ω)(ξ; τ) =
∞

∑
k=1

∞

∑
n=1

γkR
(ω)
k (n; τ)cos

(πna
d

ξ
)
=

= ∑∞
n=1 R

(ω)(n; τ)cos
(πna

d
ξ
)

,
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with a complex amplitude R(ω)(n; τ) = ∑∞
k=1 γ

kR
(ω)
k (n; τ) expanded into an infinite

power series in components corresponding to the k-th approximation of perturbation

theory in a small dimensionless parameter γ =
µ
(1)
mobaEext,0

D(0)
di f f

[2]. An arbitrary k-th com-

ponent of the complex amplitude R(ω)(n; τ) is calculated using the recurrence formula

R
(ω)
k (n; t) = − 4an0W(0)

d × sin2(πn
2 )

1
Tn +iω

×
(

8ϕn0Λ0
π2

)k−1
× exp(iωt). Based on the component

of order k = 1 of perturbation theory R
(ω)
1 (n; t) = − 4an0W(0)

d × sin2(πn
2 )

1
Tn +iω

× exp(iωt) and

summing the elements R(Ω1)
k (n; t) = γkR

(ω)

k (n; t) by number k from 1 to infinity, we obtain
the resulting expression

R(Ω1)(n; t) = R(ω)(n; τ) = γR
(ω)
1 (n; t)×

∞

∑
k=1

(
8ϕn0Λ0

π2 γ

)k−1
=

= R
(Ω1)
1 (n; t)×

(
1 + Ξ(ω)

0 +
(

Ξ(ω)
0

)2
+
(

Ξ(ω)
0

)3
+ · · ·+

(
Ξ(ω)

0

)k−1
+ · · ·

)

=
γR

(ω)
1 (n; t)

1 − Ξ(ω)
0

,

which corresponds to the generalized complex amplitude

R(Ω1)(n; t) =
R

(Ω1)
1 (n; t)

1 − Γ(ω)
.

The dimensionless quasi-classical parameter of the kinetic theory of dielectric relax-
ation Ξ(ω)

0 = Γ(ω) = 8ϕn0Λ0
π2 γ is a small parameter of perturbation theory, complementary

to γ.
Using the power series R(ω)(n; t) = ∑∞

k=1 γ
kR

(ω)
k (n; t) the generalized formula

for the polarization of a dielectric at the fundamental frequency of an alternating field

P(ω)(t) = − 2dq
π2 ∑∞

n=1 ∑∞
k=1

γkR
(ω)
k (n;t)
n2 sin2(πn

2
)
, can be rewritten in a compact form

P(ω)(t) = − 2dq
π2 ∑∞

n=1 sin2(πn
2
)
× R(ω)(n;t)

n2 , from which we have

P(ω)(t) = − 2dqγ

π2
(

1 − Γ(ω)
) ∞

∑
n=1

sin2
(πn

2

)
×

R
(ω)
1 (n; t)

n2 =

=
γP(ω)

1

1 − Γ(ω)
,

Thus, the generalized (calculated in the infinite approximation of perturbation theory
by a small parameter of perturbation theory γ, at the fundamental frequency of the alter-
nating field) polarization of the crystal is a function based on the first approximation of
perturbation theory at the same fundamental frequency of the field

P(Ω1)(t) =
P(Ω1)

1

1 − Γ(ω)
,

where P(Ω1)
1 (t) = γP(ω)

1 = − 2dqγ
π2 ∑∞

n=1 sin2(πn
2
)
× R

(ω)
1 (n;t)

n2 —the basic component
of polarization calculated in the first approximation of perturbation theory. Here
P(Ω1)(t) = P(ω)(t).
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It is evident, that a power series of successive approximations is performed

P(Ω1)(t) = P(Ω1)
1 ×

(
1 + Γ(ω) +

(
Γ(ω)

)2
+
(

Γ(ω)
)3

+ · · ·+
(

Γ(ω)
)k−1

+ · · ·
)
=

= P(Ω1)
1 + P(Ω1)

2 + P(Ω1)
3 + · · ·+ P(Ω1)

k + · · ·

Here

P(Ω1)
2 = γP(ω)

1 × Γ(ω) = P(ω)
1 × 8ϕn0Λ0

π2 = −2dq
π2 ∑∞

n=1 sin2
(πn

2

)
× γ2R

(ω)
2 (n; t)
n2 ,

P(Ω1)
3 = γP(ω)

1 ×
(

Γ(ω)
)2

= P(ω)
1 ×

(
8ϕn0Λ0

π2

)2
γ3 =

= −2dq
π2 ∑∞

n=1
γ3R

(ω)
3 (n; t)
n2 sin2

(πn
2

)
,

P(Ω1)
k−1 = γP(ω)

1 ×
(

Γ(ω)
)k−1

= P(ω)
1 ×

(
8ϕn0Λ0

π2

)k−1
γk =

= −2dq
π2 ∑∞

n=1
γkR

(ω)
k (n; t)
n2 sin2

(πn
2

)
.

Thus, it is obvious

P(Ω1)(t) = P(Ω1)
1

(
1 +

P(Ω1)
2

P(Ω1)
1

+
P(Ω1)

3

P(Ω1)
1

+ · · ·+
P(Ω1)

k

P(Ω1)
1

+ · · ·
)

where, respectively, the degree k − 1 of the additional small parameter of the model(
Γ(ω)

)k−1
is the ratio

P(Ω1)
k

P(Ω1)
1

=
∑∞

n=1
γkR

(ω)
k (n;t)
n2 sin2(πn

2
)

∑∞
n=1

γR
(ω)
1 (n;t)
n2 sin2(πn

2
) =

(
8ϕn0Λ0

π2 γ

)k−1
=
(

Γ(ω)
)k−1

.

Accordingly P
(Ω1)
2

P
(Ω1)
1

=
∑∞

n=1
γ2R

(ω)
2 (n;t)

n2 sin2(πn
2 )

∑∞
n=1

γR
(ω)
1 (n;t)

n2 sin2(πn
2 )

= 8ϕn0Λ0
π2 γ = Γ(ω).

Everything fits together.
In the general case, the study of polarization at the fundamental (r = 1) frequency of

the alternating field leads to the function [5]

P(ω)(t) =
q
d

∫ d

0
xρ(ω)(ξ; τ)dx =

8aqn0γW(0)

π2
(

1 − Ξ(ω)
0

)∑∞
n=1

sin2(πn
2
)

n2
(

1
Tn

+ iω
) × exp(iωt) =

=
8

π2
(

1 − Ξ(ω)
0

)
TM

×ε0ε∞Eext,0∑∞
n=1

Tnsin2(πn
2
)

n2(1 + iωTn)
× exp(iωt) =

= ε0ε∞Eext,0
Ξ(ω)

0

1 − Ξ(ω)
0

× exp(iωt).

The quasi-classical relaxation coefficients are complex functions of temperature
Ξ(ω)

0 = Γ(ω) = Γ(ω)
1 − iΓ(ω)

2 , investigated in [2,5].
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Let us apply the complex coefficient of relaxation polarization α(ω)=ε0ε∞ × Γ(ω)

1−Γ(ω) = ε0ε∞ ×
Γ(ω)

1 −iΓ(ω)
2

1−Γ(ω)
1 +iΓ(ω)

2

, also calculated at the fundamental frequency of the alternating field. Simultaneously

Re
(
α(ω)

)
= ε0ε∞ ×

Γ(ω)
1

(
1 − Γ(ω)

1

)
−
(

Γ(ω)
2

)2

(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 ,

Im
(
α(ω)

)
= ε0ε∞ ×

Γ(ω)
2(

1 − Γ(ω)
1

)2
+
(

Γ(ω)
2

)2 .

Then
P(ω)(t) = Eext,0 ×

(
Re
(
α(ω)

)
− iIm

(
α(ω)

))
exp(iωt)

The density of the relaxation polarization current, established at the first (fundamental)
frequency harmonic of the external electric field, is calculated from the expression

j(ω)(t) =
∂P(ω)(t)

∂t
= iωε0ε∞Eext(t)×

Γ(ω)

1 − Γ(ω)
= iωP(ω)(t) (1)

Based on the equality R(ω)(n; t) = ∑∞
k=1 γ

kR
(ω)
k (n; t), let us rewrite the generalized

formula for the relaxation polarization current density at the fundamental frequency of the
alternating field in the dielectric

j(ω)(t) =
∂P(ω)(t)

∂t
= −2dq

π2 ∑∞
n=1 ∑∞

k=1

γk ∂
∂tR

(ω)

k (n; t)
n2 sin2

(πn
2

)
,

in a compact form j(ω)(t) = − 2dq
π2 ∑∞

n=1
sin2(πn

2 )
n2 × ∂R(ω)(n;t)

∂t , from where we have

j(ω)(t) = − 2dqγ

π2
(

1 − Γ(ω)
) ∞

∑
n=1

sin2(πn
2
)

n2 ×
∂R

(ω)
1 (n; t)

∂t
=

=
γj(ω)

1

1 − Γ(ω)
=

iωγP(ω)
1

1 − Γ(ω)
.

Here, the equalities

∂R
(ω)
1 (n; t)

∂t
= iωR

(ω)
1 (n; t),

∂R(ω)(n; t)
∂t

= iωR(ω)(n; t).

are used.

Accordingly with the equality j(Ω1)(t) = j
(Ω1)
1

1−Γ(ω) , an infinite power series of successive
approximations is fulfilled

j(Ω1)(t) = j(Ω1)
1 ×

(
1 + Γ(ω) +

(
Γ(ω)

)2
+
(

Γ(ω)
)3

+ · · ·+
(

Γ(ω)
)k−1

+ · · ·
)
=

= j(Ω1)
1 + j(Ω1)

2 + j(Ω1)
3 + · · ·+ j(Ω1)

k + · · · =

= j(Ω1)
1

(
1 +

j(Ω1)
2

j(Ω1)
1

+
j(Ω1)
3

j(Ω1)
1

+ . . . +
j(Ω1)
k

j(Ω1)
1

+ . . .

)
,
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where

j(Ω1)
k−1

j(Ω1)
1

=
∑∞

n=1
sin2(πn

2 )
n2 × γk ∂R

(ω)
k (n;t)

∂t

∑∞
n=1

sin2(πn
2 )

n2 × γ
∂R

(ω)
1 (n;t)

∂t

=

(
8ϕn0Λ0

π2 γ

)k−1
=
(

Γ(ω)
)k−1

.

Respectively,

j(Ω1)
2

j(Ω1)
1

=
∑∞

n=1
sin2(πn

2 )
n2 × γ2 ∂R

(ω)
2 (n;t)

∂t

∑∞
n=1

sin2(πn
2 )

n2 × γ
∂R

(ω)
1 (n;t)

∂t

=
8ϕn0Λ0

π2 γ = Γ(ω).

Distinguishing the real and imaginary components of the relaxation polarization
current density

j(ω)(t) = iωα(ω) × Eext,0 × exp(iωt), (2)

we have

Re
(

j(ω)(t)
)
= ωEext,0 ×

(
Im
(
α(ω)

)
× cos(ωt)− Re

(
α(ω)

)
× sin(ωt)

)
, (2a)

Im
(

j(ω)(t)
)
= ωEext,0 ×

(
Re
(
α(ω)

)
× cos(ωt) + Im

(
α(ω)

)
× sin(ωt)

)
. (2b)

The following formulas are convenient for comparison with the experiment

Re
(

j(ω)(t)
)
= ωε0ε∞ × Eext,0×

×
Γ(ω)

2 × cos(ωt)−
(

Γ(ω)
1

(
1 − Γ(ω)

1

)
−
(

Γ(ω)
2

)2
)
× sin(ωt)(

1 − Γ(ω)
1

)2
+
(

Γ(ω)
2

)2 , (2c)

Im
(

j(ω)(t)
)
= ωε0ε∞ × Eext,0×

×

(
Γ(ω)

1

(
1 − Γ(ω)

1

)
−
(

Γ(ω)
2

)2
)
× cos(ωt) + Γ(ω)

2 × sin(ωt)(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 . (2d)

The formulas obtained, which correspond to relaxation polarization currents, cannot
be considered complete from the point of view of a strict comprehensive assessment of the
parameters and mechanisms of currents excited in a dielectric with a complex crystalline
structure, in particular, in dielectrics with ionic-molecular chemical bonds (mica; ceramics;
crystal hydrates; vermiculites, etc.). In addition to relaxation-polarization processes, which
are realized due to relaxation (reciprocating) transitions of the main charge carriers in a
crystalline potential field perturbed by an external electric field, with an average relaxation
time τrp ≈ 10−10–10−6 s, induction polarization processes occur in the crystal, which are
realized due to almost instantaneous transitions of the main charge carriers on elements
of the crystal structure such as atoms, molecules, ions, dipoles, etc., when an external
electric field is turned on, with an average relaxation time of τind ≈ 10−12–10−10 s. In the
general case, for polarization processes in a harmonically changing over time external (po-
larizing) electric field Eext(t) = Eext,0 × exp(iωt), the electrostatic induction in a dielectric
is D(ω)(t) = ε0Eext(t) + P(ω)

ind (t) + P(ω)(t) [1,2], where P(ω)
ind (t) = ε0(ε∞ − 1)Eext(t) is

the value of inductive polarization (occurring in the high-frequency range (in the optical
frequency region), and characterized by permeability ε∞) [1,3], P(ω)(t) is P(ω)(t)—the
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magnitude of relaxation polarization occurring in a dielectric in an alternating electric
field, in the radio frequency and microwave range, and characterized, according to the
nonlinear quasi-classical kinetic theory, at the fundamental frequency of the field [2,5], by
the permittivity ε(ω) = ε∞ + α(ω)

ε0
= ε∞ × 1

1−Γ(ω)
1 + iΓ(ω)

2

[2,5]. Then, the value of the total

polarization current density in a dielectric is J(ω)(t) = ∂D(ω)(t)
∂t = iωε0ε∞Eext(t) + j(ω)(t).

Therefore, we have
J(ω)(t) = iω×

(
ε0ε∞ + α(ω)

)
Eext(t) (3)

From where we get

Re
(

J(ω)(t)
)
= ωEext,0 ×

(
Im
(
α(ω)

)
× cos(ωt)−

(
ε0ε∞ + Re

(
α(ω)

))
× sin(ωt)

)
, (3a)

Im
(

J(ω)(t)
)
= ωEext,0 ×

((
ε0ε∞ + Re

(
α(ω)

))
× cos(ωt) + Im

(
α(ω)

)
× sin(ωt)

)
. (3b)

The following formulas are convenient for comparison with the experiment

Re
(

J(ω)(t)
)
= ωε0ε∞ × Eext,0 ×

Γ(ω)
2 × cos(ωt)−

(
1 − Γ(ω)

1

)
× sin(ωt)(

1 − Γ(ω)
1

)2
+
(

Γ(ω)
2

)2 . (3c)

m
(

J(ω)(t)
)
= ωε0ε∞ × Eext,0 ×

(
1 − Γ(ω)

1

)
× cos(ωt) + Γ(ω)

2 × sin(ωt)(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 . (3d)

Based on (3c,d) let us write the dispersion relations

〈
Re(Eext(t))× Re

(
J(ω)(t)

)〉
=

1
2
ωε0ε∞E2

ext,0 ×
Γ(ω)

2(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 , (3e)

〈
Im(Eext(t))× Im

(
J(ω)(t)

)〉
=

1
2
ωε0ε∞E2

ext,0 ×
Γ(ω)

2(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 , (3f)

〈
Re(Eext(t))× Im

(
J(ω)(t)

)〉
=

1
2
ωε0ε∞E2

ext,0 ×
1 − Γ(ω)

1(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 , (3g)

〈
Im(Eext(t))× Re

(
J(ω)(t)

)〉
= −1

2
ωε0ε∞E2

ext,0 ×
1 − Γ(ω)

1(
1 − Γ(ω)

1

)2
+
(

Γ(ω)
2

)2 . (3h)

Averaging in the left parts of relations (3e–h) is performed over the period of the
electric field fluctuations Eext(t) = Eext,0 × exp(iωt).

An important consequence of the analytical relations for the components of the total
polarization current density (3e–h) are the following equalities〈

Re(Eext(t))× Re
(

J(ω)(t)
)〉

=
〈

Im(Eext(t))× Im
(

J(ω)(t)
)〉

,

〈
Re(Eext(t))× Im

(
J(ω)(t)

)〉
= −

〈
Im(Eext(t))× Re

(
J(ω)(t)

)〉
.
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2.3. General Provisions of the Physical Model of Thermally Stimulated Polarization in
Ionic Dielectrics

In the general case, for an experimental sample (dielectric; semiconductor; composite
material) of thickness d, connected in the direction of the crystal axis (in the direction of the
lines of force of the external electric field Eext(t)) to a source of alternating electric voltage
V(t), with a given model of electrodes, the boundary condition (applied to the Poisson
equation) for the electrical circuit is satisfied∫ d

0
E(x; t)dx = V(t) (4)

A spatially inhomogeneous non-stationary (alternating) electric field inside a crystal
is formed as a result of conductivity and polarization phenomena of various natures
(depending on the type of chemical bonds and the structure of the crystal lattice); it is
the sum of the external field Eext(t) and the field induced in the crystal as a result of
electrophysical processes E(x; t) = Eext(t)+Eind(x; t).

In the general case, the experimental methodology for studying thermally stimulated
depolarization currents in dielectrics is based on a combined measurement scheme con-
sisting of two parts (or stages) [1,3]. At the first stage, the experimental sample (crystal)
is polarized in a uniform harmonically changing over time external (polarizing) electric field of
intensity Eext,pol(t)E0,pol × exp

(
iωpolt

)
at a constant polarization temperature Tpol , during

the polarization time tpol . The voltage source, in this case, is characterized by an alternating

EMF Vpol(t) = V0,pol × exp
(

iωpolt
)

, where V0,pol = E0,pol ·d,ωpol is the amplitude and
frequency of the EMF, and d is the thickness of the crystal placed in the space between the
plates of a flat capacitor, with a plate area of S. The shape of the electrode plates (electrodes)
and the near-electrode processes that depend on the geometry of the electrodes do not have
a significant effect on the polarization mechanism within the framework of this model,
therefore the shape of the electrodes of the measuring cell can be arbitrary. The second
Kirchhoff rule, as applied to this equivalent measurement scheme, under the assumption of
non-uniformity of the field inside the dielectric, when Epol(x; t) = Eext,pol(t)+Eind,pol(x; t),
where Eind,pol(x; t) is induced by the external polarizing field Eext,pol(t) component of the

field Epol(x; t), satisfies the boundary condition
∫ d

0 Eind,pol(x; t)dx = 0 [1,2,5]. Then, the
boundary condition for the Poisson equation [2,5], when calculating the total spatially
inhomogeneous polarization field distributed over the thickness of the dielectric, takes
the form ∫ d

0
Epol(x; t)dx = V0,pol × exp

(
iωpolt

)
(4a)

At the second stage of measurements, the experimental sample is disconnected from
the EMF source Vpol(t) = 0, cooled rapidly to a temperature T0 ≤ Tpol near the temper-
ature of liquid nitrogen, connected to a source of alternating EMF of a harmonic type
Vthpol(t) = V0,thpol × exp

(
iωthpolt

)
and begins to heat up according to a linear law

T(t) = T0 + ct (thermally stimulated polarization). The numerical values of the amplitude
V0,thpol = E0,thpol ·d and frequency ωthpol of the EMF, in the general case, are different from
the corresponding parameters in the first part of the experiment V0,pol = E0,pol ·d, ωpol . At
the same time, in the experiments described in [1,3], the heating rate of the crystal and the
polarization temperature were set within the range of c ≈ (0.1 ÷ 1)K

s , Tpol ≈ (300 ÷ 350) K.
The polarizing field in [1,3] was assumed to be stationary Eext,pol(t) = E0,pol . In the
general case, at the second stage of the experiment, the mathematical description of
the processes of thermally stimulated polarization of a dielectric in an external field
Eext,thpol(t)E0,thpol × exp

(
iωthpolt

)
should be constructed using the total spatially inhomo-

geneous field of thermally stimulated polarization Ethpol(x; t) = Eext,thpol(t) +Eind,thpol(x; t)
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distributed over the thickness of the dielectric, satisfying, when solving the Poisson equa-
tion [2,5], the boundary condition

∫ d

0
Ethpol(x; t)dx = V0,thpol × exp

(
iωthpolt

)
. (4b)

The range of changes in the parameters Tpol , T0, c, V0,pol , V0,thpol , ωpol , ωthpol , d, in the
theoretical study of thermally stimulated space-charge polarization is selected in compli-
ance with the formal requirements for the smallness of the dimensionless parameters [1,5]

γpol =
µ
(1)
mob,pol ·aE0,pol

D(0)
di f f ,pol

=
ς0,polW

(1)
pol

W(0)
pol

,γthpol =
µ
(1)
mob,thpol ·aE0,thpol

D(0)
di f f ,thpol

=
ς0,thpolW

(1)
thpol

W(0)
thpol

,

ς0,pol =
qE0,pola

kBTpol
, ς0,thpol =

qE0,thpola

kBT
.

At the same time, the diffusion and mobility coefficients for the first stage of the
measurement scheme (isothermal polarization) are calculated at a constant temperature
Tpol , and for the second stage of the measurement scheme (thermal polarization) the
calculations are based on the expressions [1,5]

D(0)
di f f ,pol(Tpol) = a2W(0)

pol (Tpol),µ
(1)
mob,pol

(
Tpol

)
=

qa2W(1)
pol

(
Tpol

)
kBTpol

,

D(0)
di f f ,thpol(T) = a2W(0)

thpol(T), µ
(1)
mob,thpol(T) =

qa2W(1)
thpol(T)

kBT
.

The kinetic coefficients W(0)
pol , W(1)

pol , W(0)
thpol(T), W(1)

thpol(T), in the general case, within
the framework of the quasi-classical model of dielectric relaxation, in the absence of the
influence of the phonon subsystem on the motion of relaxers [1,2,5], have the meaning of the
first two components of the expansion of the probability rate of the transfer of a relaxer (an
ion; a proton in HBC) through a potential barrier separating the i-th and j-th neighboring

potential wells, in powers of a small dimensionless parameter ζij,pol =
(∆U)ij,pol

kBTpol
≪ 1,

where (∆U)ij,pol =
∣∣∣ qEpol(xi;t)a

2

∣∣∣ for the process of isothermal polarization (in an al-

ternating field Eext,pol(t)), When W(±)
ij,pol

(
Tpol

)
≈ W(0)

ij,pol

(
Tpol

)
∓ W(1)

ij,pol

(
Tpol

)
× ζij,pol and

ζij,thpol(T) =
(∆U)ij,thpol

kBT ≪ 1, where (∆U)ij,pol =
∣∣∣ qEpol(xi;t)a

2

∣∣∣ for the process of thermal polar-

ization (in an alternating field Eext,thpol(t),When W(±)
ij,thpol(T)≈ W(0)

ij,thpol(T)∓W(1)
ij,thpol(T)× ζij, thpol.

Parameters W(0)
ij,pol

(
Tpol

)
= W(0)

pol , W(1)
ij,pol

(
Tpol

)
= W(1)

pol , ζij, pol(T) =
∣∣∣ qEi,pol(xi;t)a

kBTpol

∣∣∣ are

model constants, and parameters W(0)
ij,thpol(T) = W(0)

thpol(T), W(1)
ij,thpol(T) = W(1)

thpol(T),

ζij, thpol(T) =
∣∣∣ qEi,thpol(xi;t)a

kBT

∣∣∣ are functions of crystal temperature, as they relate to the process
of thermally stimulated polarization, occurring at a variable monotonically increasing tem-
perature T. To simplify the mathematical model of thermal polarization, when calculating
the parameters W(0)

thpol(T), W(1)
thpol(T), ζij, thpol(T), we will take the zero approximation in

the vicinity (on the set of points of the continuum measure) of the temperatures of the
corresponding experimental (monorelaxation) maxima of the current density of thermally
stimulated polarization T → Tthpol,max,exp . Thus, in the numerical study of the quasi-
classical kinetic model of thermal polarization, the method of minimizing the comparison
function (MCF) [1,5] will be applied, which is reduced to minimizing the difference in the
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amplitudes of the theoretical and experimental maxima of the density of the thermally
stimulated polarization current in the vicinity of the temperature of the corresponding
experimental maximum Tthpol,max,exp.

The calculation of kinetic coefficients W(0)
pol

(
Tpol

)
, W(1)

pol

(
Tpol

)
, W(0)

thpol

(
Tthpol,max,exp

)
,

W(1)
thpol

(
Tthpol,max,exp

)
will be based on the recurrent formulas of the quasi-classical

theory [1,2,5], using perturbation theory methods in the approximation l by a small dimen-
sionless parameter Λ

X(T) ≪ 1, where X(T) = U0
kBT , Λ = πδ0

√
mU0

h̄
√

2
[2,5]

W(l)(T) =
ν0

2

(
exp(−X(T)) + Dq.−class.;(l)

quant,tunn. (T)
)

,

Dq.−class.;(l)
quant,tunn. (T) =

Λ
X(T)exp(−Λ)− exp(−X)

1 − Λ
Xpol

. (5)

In (5), the averaged over the energy levels of the continuous spectrum of the main
charge carriers (ions; protons in HBC) quasi-classical quantum transparency Dq.−class.;(l)

quant,tunn. (T)
of the potential barrier is used, which is calculated in the approximation l by a small
dimensionless parameter Λ

X(T) ≪ 1 for the parabolic shape of the one-dimensional barrier

UC(x) = U0

(
1 − 4x2

δ2
0

)
[2,5]. In the general case, the application of the WKB approximation

to calculate quantum transparency can be used for an arbitrary shape of a one-dimensional
potential barrier UC(x).

Applying for l = 0, l = 1, respectively, T = Tpol , T = Tthpol,max,exp, we obtain

W(0)
pol

(
Tpol

)
=

ν0

2

(
exp

(
−Xpol

)
+ Dq.−class.;(0)

quant,tunn.

(
Tpol

))
,

Dq.−class.;(0)
quant,tunn.

(
Tpol

)
=

exp(−Λ)− exp
(
−Xpol

)
1 − Λ

Xpol

, (5a)

W(1)
pol

(
Tpol

)
=

ν0

2

(
exp

(
−Xpol

)
+
〈

D(1)
〉

pol

)
,

Dq.−class.;(1)
quant,tunn.

(
Tpol

)
=

Λ
Xpol

exp(−Λ)− exp
(
−Xpol

)
1 − Λ

Xpol

, (5b)

W(0)
thpol

(
Tthpol,max,exp

)
=

ν0

2

(
exp

(
−Xthpol

)
+ Dq.−class.;(0)

quant,tunn.

(
Tthpol,max,exp

))
,

Dq.−class.;(0)
quant,tunn.

(
Tthpol,max,exp

)
=

exp(−Λ)− exp
(
−Xthpol

)
1 − Λ

Xthpol

, (5c)

W(1)
thpol

(
Tthpol,max,exp

)
=

ν0

2

(
exp

(
−Xthpol

)
+ Dq.−class.;(1)

quant,tunn.

(
Tthpol,max,exp

))
,

Dq.−class.;(1)
quant,tunn.

(
Tthpol,max,exp

)
=

Λ
Xthpol

exp(−Λ)− exp
(
−Xthpol

)
1 − Λ

Xthpol

, (5d)

where Xpol =
U0

kBTpol
, Xthpol =

U0
kBTthpol,max,exp

.
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2.4. Nonlinear Quasi-Classical Model of Isothermal Relaxation Polarization in Ionic Dielectrics in
a Non-Stationary Electric Field

The structure and properties of the nonlinear kinetic equation of the phenomenological
Fokker–Planck model [2,5] and the solution schemes of this equation are determined by
the influence of the parameters (amplitude and frequency) of the alternating polarizing
field, the characteristic parameters of relaxers and the temperature on the small parameter

γ =
µ
(1)
mob ·aE0

D(0)
di f f

= ς0W(1)

W(0) of the perturbation theory.

In Section 2.2, the basic principles of the physical model of relaxation polarization in
dielectrics with a complex crystal lattice structure, including CIMBs and, in particular, HBC
crystals, were described. There, two main stages of the implementation of the research
schemes are identified, including the first stage, which amounts to isothermal polarization
at temperature Tpol in an alternating electric field Eext,pol(t)= E0,pol × exp

(
iωpolt

)
, and

the second stage, which amounts to thermal polarization in an alternating electric field
Eext,thpol(t)= E0,thpol × exp

(
iωthpolt

)
.

A variant of this scheme, which is closer to the conditions of a real experiment,
assumes, at the first stage, the same isothermal polarization at temperature Tpol in a non-

stationary electric field Eext,pol(t)= E0,pol ,
∫ d

0 Epol(x; t)dx = V0,pol = E0,pol ·d and, at the sec-
ond stage, thermally stimulated depolarization, when the external electric field is switched
off completely V0,pol = 0 and is not switched on again Vdepol = 0,

∫ d
0 Edepol(x; t)dx =0,

and the sample is rapidly cooled to a temperature T0 ≤ Tpol near the temperature of
liquid nitrogen and begins to heat up according to a linear law T(t) = T0 + ct (thermally
stimulated depolarization).

Within the framework of the methodology and structure of this scientific article, we
will investigate only the first stage of the measuring circuit, namely, isothermal polarization
in a non-stationary field, and the study of thermal polarization and, in particular, thermally
stimulated depolarization, will be deferred to subsequent publications.

At the first stage of the research of the measuring circuit for the mathematical model
of isothermal polarization in an alternating field Eext,pol(t) = E0,pol × exp

(
iωpolt

)
, the

formal form of the system of nonlinear equations of the phenomenological model (57)–(61)
from [5], including the quasi-classical kinetic equation in the form of the nonlinear
Fokker–Planck equation (57) and the associated Poisson Equation (58) and the initial and
boundary conditions (59)–(61) to (57) and (58) from [5], is completely preserved and the so-
lutions of equations (57) and (58) from [5] must be rewritten taking into account the kinetic

coefficients calculated at temperature Tpolθpol = ϕpolγpoln0, γpol =
µ
(1)
mob,pol ·aE0,pol

D(0)
di f f ,pol

=
ς0,polW

(1)
pol

W(0)
pol

,

Where ς0,pol =
qE0,pol a
kBTpol

, ϕpol =
aq

ε0ε∞E0,pol
. Taking dimensionless variables ξ = x

d ,

τpol = W(0)
pol t and dimensionless field zpol

(
ξ; τpol

)
=

Epol(x;t)
E0,pol

, let us rewrite (57)–(61)
from [5] in the form

∂ρpol

(
ξ; τpol

)
∂τpol

=
∂2ρpol

(
ξ; τpol

)
∂ξ2 − θpolρpol

(
ξ; τpol

)
− γpol

∂

∂ξ
(ρpolzpol), (6)

∂zpol

(
ξ; τpol

)
∂ξ

= ϕpolρpol(ξ; τpol), (7)

ρpol(ξ; 0) = 0,
∂ρpol

∂ξ

∣∣∣∣
ξ={0; d

a }
= γpol

(
n0 + ρpol

(
ξ; τpol

))
zpol

(
ξ; τpol

)
|
ξ={0; d

a }
, (8)



Crystals 2025, 15, 863 21 of 86

∫ d/a

0
zpol

(
ξ; τpol

)
dξ =

d
a

exp

 iωpol

W(0)
pol

τpol

. (9)

In the general case, solutions of Equations (6) and (7) are constructed by expanding
into infinite series in powers of the polarization dimensionless small parameter γpol in
the form

ρpol

(
ξ; τpol

)
= ∑∞

k=1 γ
k
polρpol,k

(
ξ, τpol

)
, (10)

zpol

(
ξ, τpol

)
= ∑∞

k=0 γ
k
polzpol,k

(
ξ, τpol

)
. (11)

In the k-th approximation of perturbation theory, the solution of Equations (6) and (7)
on the interval 0 ≤ ξ ≤ d

a is constructed using Fourier series

ρpol,k

(
ξ; τpol

)
= ∑∞

n=1 Rpol,k(n, τpol)·cos
(πna

d
ξ
)

, (12)

zpol,k

(
ξ; τpol

)
= ϕpol∑∞

n=1 Rpol,k(n; τpol)×
1

πna
d

[
sin
(πna

d
ξ
)
− a

d
×

2sin2(πn
2
)

πna
d

]
. (13)

The complex amplitudes of functions (12) and (13) are calculated from the solution
of the operator equation (69) from [5], according to the recurrent expression (70) from [5],
rewritten in the notations corresponding to the process of isothermal polarization (in the
notations from Section 2.2)

Rpol,k

(
n; τpol

)
=

{
−

4an0sin2(πn
2
)

d
·
τpol∫
0

zpol;k−1

(
0; τpol

)
·exp

(
τpol

τpol,n

)
dτpol−

− 2πna2

d2

∫ τpol

0

(∫ d
a

0

(
zpol;0 × ρpol;k−1 + ∑k−2

m=1 zpol;m × ρpol;k−m−1

)
sin
(πna

d
ξ
)

dξ× exp

(
τpol

τpol,n

))
dτpol

}
×

× exp

(
−

τpol

τpol,n

)
(14)

Here 1
τpol,n

=
(
πna

d

)2
+ θpol .

In [2,5] similar (14) complex amplitudes Rk(n; τ) were calculated according to the
recurrent expression (70) from [5], in the asymptotic approximation, in the stationary
polarization mode (under the condition τ ≫ τpol,n), which is established upon transi-
tion to the limit τ → ∞ in the final expression for the function Rk(n; τ). This limit ex-
pression is constructed in [5] and has the form of a recurrent formula (73). This math-
ematical approach, from the point of view of the physical content of polarization pro-
cesses, is justified in the study of dielectric loss mechanisms, when the ultimate goal
of analytical studies is the construction of theoretical spectra of complex dielectric per-
mittivity (CDP). These spectra, at the fundamental frequency of the alternating field
Eext(t) = E0 × exp(iωt), are calculated, as noted in Section 2.1, based on the formula

for the polarization of the crystal P(ω)(t)= ε0ε∞ × E0
Γ(ω)

1−Γ(ω) × exp(iωt) = α(ω)Eext(t) and

take the form ε(ω) = ε∞ + α(ω)

ε0
= ε∞ × 1

1−Γ(ω) =ε∞ × 1
1−Γ(ω)

1 + iΓ(ω)
2

. When studying the

kinetics of dielectric losses, it is unnecessary to continuously (throughout the entire time
of studying the process itself, comparable to the polarization time) analyze the transient
processes excited in the dielectric due to the action of an external electric field Eext(t) and,
further, developed under the influence of the electric field Eind(t), induced in the dielectric
during the interaction of the external field with the substance. In the equations of the



Crystals 2025, 15, 863 22 of 86

mathematical model, when studying the CDP spectra, it is sufficient to move to a time far
from the transient processes (when the observation time of the process is much longer than
the relaxation time τ ≫ τn), which is reflected in the properties of the asymptotic function
R

(Ωk)
k (n; τ) = lim

τ→∞
Rk(n; τ) = ∑k

r=1 R
(rω)
k (n; τ), represented by formula (73) from [5].

Studies of the recurrent expression (13) for processes associated with polarization
currents (as well as with depolarization currents) must be carried out from the point
of view of a detailed study of the kinetics of the polarization process over a period of
time comparable to the relaxation time (under the condition τ ∼= τpol,n). In this case, the

study of the dependencies for the complex amplitudes Rpol.k

(
n; τpol

)
of relaxation modes

(the n-th number in the k-th approximation of perturbation theory for a small dimen-
sionless parameter γpol) must be carried out in a continuous mode, from the point of
view of a detailed analysis of the relaxation mechanism of the space-charge distribution
ρpol,k

(
ξ; τpol

)
= ∑∞

n=1 Rpol,k(n, τpol)·cos
(
πna

d ξ
)

over a time comparable to the polarization

time. The study of complex amplitudes Rpol.k

(
n; τpol

)
is performed for the most mobile

charge carriers (in the general case, ions) moving in a dielectric (in the space between the
electrodes) in an alternating polarizing field Eext,pol(t) = E0,pol × exp

(
iωpolt

)
. Mathemat-

ical modeling of the distribution of the space-charge density across the thickness of the
crystal, within the framework of the quasi-classical kinetic theory [2,5], is carried out as a
function of the spatial variable ξ = x

a and time τpol = W(0)
pol t in a nonlinear approximation in

the field Eext,pol(t) using perturbation theory methods, by expansions into infinite power

series in a small parameter γpol =
ς0,polW

(1)
pol

W(0)
pol

according to expressions (10) and (11).

In (13), the component of the dimensionless field of the k-th order zpol,k

(
ξ; τpol

)
is gen-

erated by the space-charge distribution of the corresponding order ρpol,k

(
ξ; τpol

)
, formed

under the action of the field of the previous k-1-th order zpol,k−1

(
ξ; τpol

)
. The process of po-

larization of a dielectric in the zero approximation (k = 0) is described by a system of equations

ρpol,0(ξ;τ),
∂zpol,0(ξ;τpol)

∂ξ = 0,
∫ d

a
0 zpol,0

(
ξ;τpol

)
dξ = d

a exp

(
iωpol

W(0)
pol

τpol

)
, from which follows

the expression for the “zero” dimensionless field zpol,0

(
ξ;τpol

)
dξ = exp

(
iωpol

W(0)
pol

τpol

)
, corre-

sponding to the strength of the external field Eext,pol(t) = E(0)
pol(x; t)= zpol,0

(
ξ;τpol

)
× E0,pol.

In subsequent approximations of perturbation theory (k ≥ 1), integration of the

equation
∂zpol,k(ξ;τpol)

∂ξ = ϕpolρpol;k(ξ; τpol), taking into account the boundary condition∫ d
a

0 zpol;k

(
ξ; τpol

)
dξ = 0, gives a recurrent expression for the k-th component of the func-

tion zpol

(
ξ; τpol

)
=

Epol(x;t)
E0,pol

, in the form

zpol;k

(
ξ; τpol

)
= ϕpol ×

∫
ρpol,k(ξ; τpol)dξ−

a
d

ϕpol×

×
∫ d/a

0

(∫
ρpol,k

(
ξ; τpol

)
dξ
)

dξ. (15)

In the first approximation (k = 1) from (14), noting that ρpol;0(ξ; τ) = 0,

Rpol,1
(
n; τpol

)
= −

4an0sin2(πn
2

)
d

×
[∫ τpol

0
zpol,0

(
0; τpol

)
·exp

(
τpol

τpol,n

)
dτpol × exp

(
−

τpol

τpol,n

)]
,
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taking into account zpol;0

(
ξ; τpol

)
= exp

(
iωpol

w(0)
pol

τpol

)
, we have

Rpol,1

(
n; τpol

)
= −4an0

d
× sin2

(πn
2

)
×

exp

(
iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
i
ωpol

W(0)
pol

+ 1
τpol,n

. (16)

Based on ρpol;1

(
ξ; τpol

)
= ∑∞

n=1 Rpol,1(n, τpol)·cos
(
πna

d ξ
)
, in view of (16), we obtain a

previously linear solution by a small parameter γpol of the Fokker–Planck equation for the
isothermal polarization process

ρpol,1

(
ξ; τpol

)
= −4an0

d

∞

∑
n=1

sin2
(πn

2

)
×

exp

(
iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
i
ωpol

W(0)
pol

+ 1
τpol,n

×

× cos
(πna

d
ξ
)

. (17)

Substituting (16) into (13), along with (17) into (15), yields a linear by a small parameter
γpol component of the dimensionless field

zpol,1

(
ξ; τpol

)
= −

4an0ϕpol

d ∑∞
n=1

sin2(πn
2
)

πna
d

×
exp

(
iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
i
ωpol

W(0)
pol

+ 1
τpol,n

×

×
[

sin
(πna

d
ξ
)
− a

d
×

2sin2(πn
2
)

πna
d

]
. (18)

In the approximation k = 2, from (14)

Rpol,2

(
n; τpol

)
=

{
−

4an0sin2(πn
2
)

d
·
∫ τpol

0
zpol;1

(
0; τpol

)
·exp

(
τpol

τpol,n

)
dτpol−

−2πna2

d2

∫ τpol

0

∫ d
a

0
zpol;0(ξ; τpol)×ρpol;1

(
ξ; τpol

)
× sin

(πna
d

ξ
)

dξ× exp

(
τpol

τpol,n

)
dτpol

}
× exp

(
−

τpol

τpol,n

)
, (19)

substituting (17) and (18) into (19), applying the expression

∫ d/a

0
cos
(πsa

d
ξ
)

sin
(πna

d
ξ
)

dξ =
d

2πa
× 2n

n2 − s2

(
1 − (−1)s+n

)
=

d
2πa

×

×
4n × sin2

(
π(s+n)

2

)
n2 − s2 ,

we ultimately have

Rpol,2

(
n; τpol

)
= −

32a3n2
0ϕpol

d3

∞

∑
s=1

sin2(πs
2
)
sin2(πn

2
)

π2s2a2

d2

×

×

 exp
(

iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,n

) −
exp

(
− τpol

τpol,s

)
− exp

(
− τpol

τpol,n

)
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,n
− 1

τpol,s

)
+
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+
8a3πn0

d3

∞

∑
s=1

sin2
(πs

2

)
×

 exp
(

2iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
i 2ωpol

W(0)
pol

+ 1
τpol,n

)−

−
exp

((
iωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
− exp

(
− τpol

τpol,n

))
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

)
× d

2πa
×

4n2 × sin2(πs
2
)
cos2(πn

2
)

n2 − s2 . (20)

Based on ρpol,2

(
ξ; τpol

)
= ∑∞

n=1 Rpol,2

(
n, τpol

)
·cos

(
πna

d ξ
)
, in view of (20), we obtain a

quadratic solution of the Fokker–Planck equation by a small parameter γpol

ρpol,2

(
ξ; τpol

)
= −

32a3n2
0ϕpol

d3

∞

∑
n=1

∞

∑
s=1

sin2(πs
2
)
sin2(πn

2
)

π2s2a2

d2

×

×


exp

(
iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

) −
exp

(
− τpol

τpol,s

)
− exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,n
− 1

τpol,s

)
× cos

(πna
d

ξ
)
+

+
16a2n0

d2 ∑∞
n=1 ∑∞

s=1
n2 × sin2(πs

2
)
cos2(πn

2
)

n2−s2 ×


exp

(
2iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,n

) −

−
exp

((
iωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
− exp

(
− τpol

τpol,n

))
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

)
× cos

(πna
d

ξ
)

. (21)

Substituting (20) into (13), as well as (21) into (15), yields a quadratic component of
the dimensionless field by a small parameter γpol

zpol,2

(
ξ; τpol

)
= −

32a3n2
0ϕpol

d3

∞

∑
n=1

∞

∑
s=1

sin2(πs
2
)
sin2(πn

2
)

π2s2a2

d2 × πna
d

×

×

 exp
(

iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,n

) −
exp

(
− τpol

τpol,s

)
− exp

(
− τpol

τpol,n

)
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,n
− 1

τpol,s

)
×

×
[

sin
(πna

d
ξ
)
− a

d
×

2sin2(πn
2
)

πn a
d

]
+

+
16a2n0

d2

∞

∑
n=1

∞

∑
s=1

n2 × sin2(πs
2
)
cos2(πn

2
)

(n 2−s2
)
× πna

d

×

×

 exp
(

2iωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
i 2ωpol

W(0)
pol

+ 1
τpol,n

)−

−
exp

((
iωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
− exp

(
− τpol

τpol,n

))
(

iωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

)
×

[
sin
(πna

d
ξ
)
− a

d
×

2sin2(πn
2
)

πna
d

]
. (22)
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In the approximation k = 3, from (14) we have

Rpol,3

(
n; τpol

)
=

−
4an0sin2(πn

2
)

d
·
τpol∫
0

zpol;2

(
0; τpol

)
exp

(
τpol

τpol,n

)
dτpol−

−2πna2

d2

∫ τpol

0

∫ d/a

0

[
zpol,0

(
ξ; τpol

)
× ρpol,2

(
ξ; τpol

)
+ zpol,1

(
ξ; τpol

)
××ρpol,1

(
ξ; τpol

)]
× sin

(πna
d

ξ
)

dξ× exp

(
τpol

τpol,n

)
dτpol

}
×

× exp

(
−

τpol

τpol,n

)
. (23)

The result of calculating the third-order complex amplitude of perturbation theory (k = 3),
constructed on the basis of (23), together with (17), (18), (21) and (22), is presented in the
format of a transition function of time Rpol,3

(
n; τpol

)
in the form of expression (S1) in

Section S1.
The calculation of the space-charge density for relaxers (ions) in the third approximation k = 3

of perturbation theory is based on (12) in the formρpol,3

(
ξ;τpol

)
= ∑∞

n=1 Rpol,3

(
n,τpol

)
·cos

(
πna

d ξ
)

and, due to (S1), in the form (S2), is a cubic solution by a small parameterγpol of the Fokker–Planck
equation (Equation (6) in this article; (57) in [5]).

Further calculations of the components of perturbation theory for the space-charge den-
sity ρpol,k

(
ξ; τpol

)
in the approximations k ≥ 4 are rather cumbersome transformations (in

comparison with those previously performed in the approximations k = 1, 2, 3). A detailed
presentation of these calculation schemes, even for the case k = 4, does not seem appropriate
within the framework of the main part of this work due to their cumbersomeness.

Thus, in the approximation k = 4, from (14)

Rpol,4

(
n; τpol

)
= exp

(
−

τpol

τpol,n

) ∫ τpol

0
exp

(
τpol

τpol,n

)
×
{
−

4an0sin2(πn
2
)

d
××zpol;3

(
0; τpol

)
−

−2πna2

d2 ×
d/a∫
0

[
zpol,0

(
ξ; τpol

)
× ρpol,3

(
ξ; τpol

)
+ zpol,1

(
ξ; τpol

)
×ρpol,2

(
ξ; τpol

)
+ zpol,2

(
ξ; τpol

)
×ρpol,1

(
ξ; τpol

)]
×

× sin
(πna

d
ξ
)

dξ
}

dτpol (24)

The final expression for the complex amplitude in the fourth approximation of perturba-
tion theory (k = 4) Rpol,4

(
n; τpol

)
is constructed in Section S2, based on (24), taking into

account (S2), (S3), (21), (22), (17) and (18) and is formulated as a function of time (S4),
containing eight terms on the right-hand side, each of which contains a time part that is a
multiple of the corresponding field frequency ω, 2ω, 3ω, 4ω.

The calculation of the space-charge density for relaxers in the k = 4 approximation of per-
turbation theory is based on (12) in the form ρpol,4

(
ξ;τpol

)
= ∑∞

n=1 Rpol,4

(
n,τpol

)
·cos

(
πna

d ξ
)

and, by virtue of (S4), is a fourth-order solution of the Fokker–Planck equation by a small
parameter γpol ((57) from [5]).

It is obvious that knowledge of the space-time function ρpol,4

(
ξ; τpol

)
=

∑∞
n=1 Rpol,4

(
n, τpol

)
·cos

(
πna

d ξ
)

and expressions (17), (21) and (S2) reveals the possibility of

calculating the isothermal polarization current density Jpol(t) =
∂Ppol(t)

∂t , with an accuracy of
up to the fourth term of perturbation theory by a small parameter γpol when solving the
Fokker–Planck equation ((57) from [5])

Jpol(t) = γpol × Jpol,1(t) + γ2
pol×Jpol,2(t) + γ3

pol×Jpol,3(t) + +γ4
pol×Jpol,4(t).
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The component of the k-th approximation of perturbation theory by a small parameter

γpol for the relaxation polarization current density Jpol,k(t) =
∂Ppol,k(t)

∂t is calculated by

virtue of the expression Ppol,k(t) =
q
d

∫ d
0 ×ρpol,k

(
ξ; τpol

)
dx, for the k-th component of

polarization, taking into account τpol = W(0)
pol t, by the formula

Jpol,k(t) = −
2 dqW(0)

pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×
∂Rpol,k

(
n, τpol

)
∂τpol

. (25)

The recurrent expression (25) must be investigated in combination with Formula (14)
for complex amplitudes of the space-charge distribution of various orders k of perturbation
theory by a small parameter γpol (12) in the form Rpol,k

(
n, τpol

)
. Moreover, in Section 2.3

rigorous formulas for the first four approximations by a small parameter γpol in the form
of expressions (17) for k = 1, (20) for k = 2, (S1) for k = 3 and (S4) in the case of k = 4
were constructed.

For transitioning to the studies of the components of the polarization current density
by Formula (25) for values of k = 5 and higher, a more compact recurrent expression
than (14) is necessary, allowing, in a continuous time mode (for process times comparable
to relaxation times), to express a function Rpol,k

(
n, τpol

)
of arbitrary order k through

similar functions of all orders preceding the given one, starting from k = 1 to k − 1. For this
purpose, the analytical expression (71) constructed in [5], in which the embedded complex
amplitudes are calculated for time intervals comparable to τpol,n is convenient. Then

Rpol;k

(
n; τpol

)
=

8n0ϕpol

π2

∞

∑
s=1

sin2(πs
2
)
sin2(πn

2
)

s2 ×

×exp

(
−

τpol

τpol,n

)
·
τpol∫
0

Rpol;k−1

(
s, τpol

)
exp

(
τpol

τpol,n

)
dτpol−

−4a
d

∞

∑
s=1

n2cos2(πn
2
)
sin2(πs

2
)

n2 − s2 ×

×exp

(
−

τpol

τpol,n

)
·
τpol∫
0

Rpol;k−1

(
s, τpol

)
exp

i
ωpol

W(0)
pol

+
1

τpol,n

τpol

dτpol+

+
8ϕpol

π2

∞

∑
m=1

∞

∑
p=1

∞

∑
l=1

n2cos2(πp
2
)
sin2(πn

2
)
sin2

(
πl
2

)
l2(n2 − p2)

× exp

(
−

τpol

τpol,n

)
×

×
∫ τpol

0
Rpol;k−m−1

(
p, τpol

)
×Rpol;m

(
l, τpol

)
exp

(
τpol

τpol,n

)
dτpol . (26)

It evident that Formula (20) can be obtained on the basis of (26) for k = 2, using
the result of (16). Similarly, according to (26), for k = 3, using (16) and (20), it is easy to
obtain (S1), and for k = 4, using (16), (20) and (S1), respectively, (S4). In this regard, from
the point of view of the effectiveness of analytical research and the application of relaxation
functions Rpol,k

(
n, τpol

)
in the study of polarization processes in a dielectric, expression

(26) is more rational than (14). Although, the general methodological role of Formula (14)
is retained, since this expression, for different values of the parameter k, forms a clear
representation of the connections of different orders of perturbation theory when studying
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the complex amplitudes of relaxation modes for k = 1, 2, 3, 4. At higher orders, when k > 4,
Formula (26) is significantly more convenient.

The analytical advantages of the recurrent expression (26), compared to (14), are even
more obvious when studying the formulas of the element for the relaxation polarization
current density in the format (25). Thus, when calculating the terms on the right-hand side
of (26), for the first element

exp

(
−

τpol

τpol,n

)
·
τpol∫
0

Rpol;k−1

(
s, τpol

)
exp

(
τpol

τpol,n

)
dτpol

we have

exp

(
−

τpol

τpol,n

)
·
∫ τpol

0

exp

 irωpol

W(0)
pol

τpol

− exp

(
−

τpol

τpol,s

)exp

(
τpol

τpol,n

)
dτpol =

=

exp

(
irωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
irωpol

W(0)
pol

+ 1
τpol,n

−
exp

(
− τpol

τpol,s

)
− exp

(
− τpol

τpol,n

)
1

τpol,n
− 1

τpol,s

,

for the second element

exp

(
−

τpol

τpol,n

)
·
∫ τpol

0
Rpol;k−1

(
s, τpol

)
exp

i
ωpol

W(0)
pol

+
1

τpol,n

τpol

dτpol

we get

exp

(
−

τpol

τpol,n

)
·
∫ τpol

0

exp

 i(r − 1)ωpol

W(0)
pol

τpol

− exp

(
−

τpol

τpol,s

)exp

i
ωpol

W(0)
pol

τpol

×

× exp

(
τpol

τpol,n

)
dτpol=

=

exp

(
irωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
irωpol

W(0)
pol

+ 1
τpol,n

−
exp

((
i
ωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
−
(
−exp

(
− τpol

τpol,n

))
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

,

and, further, for the third element

exp

(
−

τpol

τpol,n

)
×

τpol∫
0

Rpol;k−m−1

(
p, τpol

)
×Rpol;m

(
l, τpol

)
exp

(
τpol

τpol,n

)
dτpol

we get

exp

(
−

τpol

τpol,n

)
×

τpol∫
0

exp

 i(r − f )ωpol

W(0)
pol

τpol

− exp

(
−

τpol

τpol,p

)×
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×

exp

 i fωpol

W(0)
pol

τpol

− exp

(
−

τpol

τpol,l

)× exp

(
τpol

τpol,n

)
dτpol

=

exp

(
irωpol

W(0)
pol

τpol

)
− exp

(
− τpol

τpol,n

)
irωpol

W(0)
pol

+ 1
τpol,n

+

+
exp

(
−
(

1
τpol,p

+ 1
τpol,l

))
exp

(
− τpol

τpol,n

)
1

τpol,n
−
(

1
τpol,p

+ 1
τpol,l

) −

−
exp

((
i(r− f )ωpol

W(0)
pol

− 1
τpol,l

)
τpol

)
− exp

(
− τpol

τpol,n

)
i(r− f )ωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,l

−

−
exp

((
i fωpol

W(0)
pol

− 1
τpol,p

)
τpol

)
− exp

(
− τpol

τpol,n

)
i fωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,p

.
.

For the relaxation polarization current density, in the approximation k of perturbation
theory by a small parameter γpol , at frequencies of an alternating field of multiplicity
r = (1, 2, 3), in the right-hand side of (25), at process times close to the relaxation time τpol,n,
but after some transformations, we have, respectively,

Jpol,k(t) = J(1)pol,k(t)+J(2)pol,k(t)+J(3)pol,k(t). (27)

In (27), the following notations are used

J(1)pol,k(t) =
2 dqW(0)

pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×

×4an0

d

8n0ϕpol

π2

∞

∑
s=1

sin2(πs
2
)

s2

(
iωpol

W(0)
pol

+ 1
τpol,s

)


k−1

×

×


iωpol

W(0)
pol

× exp

(
iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
iωpol

W(0)
pol

+ 1
τpol,n

+

+

1
τpol,s

exp
(
− τpol

τpol,s

)
− 1

τpol,n
exp

(
− τpol

τpol,n

)
1

τpol,n
− 1

τpol,s

), (27a)

J(2)pol,k(t) =
2 dqW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
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×
(

4a
d

)2
n0(k − 1)

8n0ϕpol

π2

∞

∑
s=1

sin2(πs
2
)

s2

(
iωpol

W(0)
pol

+ 1
τpol,s

)


k−2

×

×
∞

∑
s=1

n2cos2(πn
2
)
sin2(πs

2
)

n2 − s2 ×

×


i

2ωpol

W(0)
pol

exp

(
i

2ωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
i

2ωpol

W(0)
pol

+ 1
τpol,n

−

−

(
i
ωpol

W(0)
pol

− 1
τpol,s

)
exp

((
i
ωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

, (27b)

J(3)pol,k(t) =
2 dqW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×

×
(

4a
d

)3
n0

(k − 1)(k − 2)
2

8n0ϕpol

π2

∞

∑
s=1

sin2(πs
2
)

s2

(
iωpol

W(0)
pol

+ 1
τpol,s

)


k−3

×

×
∞

∑
p=1

∞

∑
l=1

n2p2cos2(πp
2
)
sin

2(
πn
2
)
sin2

(
πl
2

)
(n2 − p2)(p2 − l2)

(
i
ωpol

W(0)
pol

+ 1
τpol,l

)(
i

2ωpol

W(0)
pol

+ 1
τpol,p

)×

×


i

3ωpol

W(0)
pol

exp

(
i

3ωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
i

3ωpol

W(0)
pol

+ 1
τpol,n

−

−
1

τpol,n
exp

(
− τpol

τpol,n

)
−
(

1
τpol,p

+ 1
τpol,l

)
exp

(
−
(

1
τpol,p

+ 1
τpol,l

))
1

τpol,n
−
(

1
τpol,p

+ 1
τpol,l

) −

−

(
i

2ωpol

W(0)
pol

− 1
τpol,l

)
exp

((
i

2ωpol

W(0)
pol

− 1
τpol,l

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
i

2ωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,l

−

−

(
iωpol

W(0)
pol

− 1
τpol,p

)
exp

((
iωpol

W(0)
pol

− 1
τpol,p

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,p

. (27c)

Noting that sin2(πn
2
)
cos2(πn

2
)

= 0 from (27b) we obtain the identity J(2)pol,k(t) = 0. In a

similar way, we obtain recurrent identities J(2)pol,k(t) = 0, for λ = 1, 2, 3, . . ., which indicate
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that the polarization current density, at frequency harmonics of even multiplicity to the
fundamental frequency of the field 2λωpol , is equal to zero.

In (27a–c) the relaxation time corresponding to the relaxation mode of number s is de-
termined from the expressions constructed in [2,5], in combination with formulas (4) and (5)
in the form

1

Tpol,s

(
Tpol

) =
W(0)

pol

τpol,s
=
(πs

d

)2
× D(0)

di f f

(
Tpol

)
+ Θpol

(
Tpol

)
,

D(0)
di f f

(
Tpol

)
= a2W(0)

pol

(
Tpol

)
, Θpol = θpolW

(0)
pol =

1

TM

(
Tpol

) =

=
qn0µ

(1)
mob,pol

(
Tpol

)
ε0ε∞

= W(0)
pol

(
Tpol

) 1

τM

(
Tpol

) = W(0)
pol

(
Tpol

)
θpol =

1

TM

(
Tpol

) ,

TD =
d2

π2D(0)
di f f

, TM =
ε0ε∞

qn0µ
(1)
mob

, µ(1)
mob,pol

(
Tpol

)
=

qa2W(1)
pol

(
Tpol

)
kBTpol

.

Similar calculations are performed for the expression 1
Tpol,n(Tpol)

.

For a more accurate calculation of the relaxation polarization current density in a given
approximation k of perturbation theory, it is necessary to substitute the complete expressions
for the complex amplitudes Rpol;k

(
n;τpol

)
calculated from (14) and (26), into (25).

It is easy to see that substituting the function Rpol,1

(
n; τpol

)
и from (16) into (25) for

k = 1 results in

Jpol,1(t) = −
2 dqW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
∂Rpol,1

(
n, τpol

)
∂τpol

=

=
8an0qW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 × sin2
(πn

2

)
×

×

iωpol

W(0)
pol

× exp

(
iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
iωpol

W(0)
pol

+ 1
τpol,n

. (28)

Next, substituting the second-order perturbation theory function Rpol,2

(
n; τpol

)
from

(19) into (25) for k = 2 results in

Jpol,2(t) = −
2 dqW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
∂Rpol,2

(
n, τpol

)
∂τpol

=

=
64 qan2

0ϕpolW
(0)
pol

π4

∞

∑
n=1

∞

∑
s=1

sin2(πn
2
)
sin2(πs

2
)

(sn)2 ×

×


iωpol

W(0)
pol

exp

(
iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

) +
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+

1
τpol,s

exp
(
− τpol

τpol,s

)
− 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,n
− 1

τpol,s

)
−

−
32 qa2πn0W(0)

pol

dπ

∞

∑
n=1

∞

∑
s=1

×

×


2iωpol

W(0)
pol

exp

(
2iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,n

) −

−

(
iωpol

W(0)
pol

− 1
τpol,s

)
exp

((
iωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

))
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

)
. (29)

Due to sin2(πn
2
)
cos2(πn

2
)

= 0 the second term on the right-hand side of (29) is equal
to zero. At the same time, Πpи этoм, the first term in the formula for the polarization
current density at k = 2, associated with the first power of the polarizing field, respectively,

a multiple of the fundamental frequency harmonic exp

(
iωpol

W(0)
pol

τpol

)
, is equal to

Jpol,2(t) =
64 qan2

0ϕpolW
(0)
pol

π4 ∑∞
n=1 ∑∞

s=1
sin2(πn

2
)
sin2(πs

2
)

(sn)2 ×

×


iωpol

W(0)
pol

exp

(
iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

) +

+

1
τpol,s

exp
(
− τpol

τpol,s

)
− 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,n
− 1

τpol,s

)
. (30)

To determine the component of the polarization current density in the third approxi-
mation of perturbation theory, it is necessary to substitute the function Rpol,3

(
n; τpol

)
from

(S1) into the recurrent Formula (25), with k = 3. Due to the cumbersomeness of the final

expression for the desired function Jpol,3(t) = −
2 dqW(0)

pol
π2 ∑∞

n=1
sin2(πn

2 )
n2 × ∂Rpol,3(n,τpol)

∂τpol
, the

result is placed in Section S3 (see Expression (S5)). After some auxiliary transformations,
Formula (S5) takes a form convenient for numerical calculations and comparison of the
results of theoretical and experimental studies. Thus, we obtain

Jpol,3(t) =
512an3

0ϕ2
polqW(0)

pol

π6

∞

∑
n=1

∞

∑
p=1

∞

∑
s=1

sin2(πs
2
)
sin2(πp

2
)
sin2(πn

2
)

p2s2n2
×
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×


iωpol

W(0)
pol

exp

(
iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

)+

+

1
τpol,p

exp
(
− τpol

τpol,p

)
− 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
1

τpol,n
− 1

τpol,p

)+

+

1
τpol,s

exp
(
− τpol

τpol,s

)
− 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,p
− 1

τpol,s

)(
1

τpol,n
− 1

τpol,s

)−

−
1

τpol,p
exp

(
− τpol

τpol,p

)
− 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
1

τpol,p
− 1

τpol,s

)(
1

τpol,n
− 1

τpol,p

)
+

+
128a3n0qW(0)

pol

d2π2

∞

∑
n=1

∞

∑
p=1

∞

∑
s=1

p2 × sin2(πn
2
)
sin

2(πs
2
)
cos2(πp

2
)(

n2−p2
)(

p2−s2
) ×

×


3iωpol

W(0)
pol

exp

(
3iωpol

W(0)
pol

τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,p

)(
i

3ωpol

W(0)
pol

+ 1
τpol,n

)−

−

(
i
ωpol

W(0)
pol

− 1
τpol,p

)
exp

((
i
ωpol

W(0)
pol

− 1
τpol,p

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,p

)(
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,p

) −

−

(
i

2ωpol

W(0)
pol

− 1
τpol,s

)
exp

((
i

2ωpol

W(0)
pol

− 1
τpol,s

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,p

− 1
τpol,s

)(
2iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,s

) +

+

(
iωpol

W(0)
pol

− 1
τpol,p

)
exp

((
iωpol

W(0)
pol

− 1
τpol,p

)
τpol

)
+ 1

τpol,n
exp

(
− τpol

τpol,n

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,p

− 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,n

− 1
τpol,p

)
. (31)

In this case, the first and second terms in Formula (31) for the polarization current
density at k = 3, associated respectively with the first and third power of the polariz-

ing field, are calculated from components with coefficients
512an3

0ϕ2
polqW(0)

pol
π4 ,

128a3n0qW(0)
pol

d2π2

that are multiples of the first two frequency harmonics of the alternating electric field

exp

(
iωpol

W(0)
pol

τpol

)
, exp

(
3iωpol

W(0)
pol

τpol

)
.

To determine the component of the polarization current density in the fourth approxi-
mation of perturbation theory, it is necessary to substitute the function Rpol,4

(
n; τpol

)
from
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(S4) into the recurrent Formula (25), with k = 4. Due to the cumbersomeness of the final

expression for the desired function Jpol,4(t) = −
2 dqW(0)

pol
π2 ∑∞

n=1
sin2(πn

2 )
n2 × ∂Rpol,4(n,τpol)

∂τpol
, the

result is placed in Section S4 (see Expression (S7)).
After some auxiliary transformations, Formula (S7) takes a simplified form convenient

for numerical calculations and comparison of the results of theoretical and experimental
studies (see Expression (S8)). In this case, in the right part of the Formula (S8) there are five

terms, the first of which, with a coefficient
4096an4

0ϕ3
polqW(0)

pol
π8 , is a multiple of the first odd fre-

quency harmonic exp

(
iωpol

W(0)
pol

τpol

)
, and the other four components, with the corresponding

coefficients
1024a3n2

0ϕpolqW(0)
pol

d2π4 ,
1024a3qW(0)

pol n
3

0
ϕ2

pol

d 2π5 ,
1024a3qW(0)

pol n
3

0
ϕ2

pol

d2π4 ,
1024qW(0)

pol a
3
n2

0ϕpol

d2π5 , are multiples

of the second odd frequency harmonic exp

(
3iωpol

W(0)
pol

τpol

)
of the alternating electric field.

The value of the polarization current density calculated with an accuracy of up
to the fourth order (k = 1, 2, 3, 4) by the power of the small dimensionless param-
eter γpol of perturbation theory is constructed on the basis of the general expression
Jpol(t) = γpol × Jpol,1(t) + γ2

pol×Jpol,2(t) + γ3
pol×Jpol,3(t) + +γ4

pol×Jpol,4(t), taking into
account the formulas for individual components, calculated, respectively, for k = 1
(expression (28)), k = 2 (expression (30)), k = 3 (expression (31)) and k = 4 (expression (S8)).

Due to the fact that all terms in expressions (28), (30), (31) and (S8) contain an el-
ement of the form 1

τpol,n
exp

(
− τpol

τpol,n

)
, the lines described by these formulas can be con-

sidered relaxation in a time interval of the order of the relaxation time of the process
Tpol,n =

τpol,n

W(0)
pol (Tpol)

.

Let us make a transition in the element 1
τpol,n

exp
(
− τpol

τpol,n

)
to the dimensional re-

laxation time 1
Tpol,n

exp
(
− t

Tpol,n

)
. Here, the expression for the n-th spatial relaxation

mode of the space-charge distribution 1
Tpol,n

= 1
Tpol,D,n

+ 1
TM(Tpol)

can be applied. The

inverse diffusion relaxation time for the n-th spatial relaxation mode has the form
1

Tpol,D,n
=
(
πna

d

)2 × W(0)
pol

(
Tpol

)
. The dimensional inverse Maxwell relaxation time has

the form 1
TM(Tpol)

=
qn0µ

(1)
mob,pol(Tpol)
ε0ε∞

=
q2n0a2W(1)

pol (Tpol)
ε0ε∞kBTpol

.

Let us move on to the study of the polarization current density in the stationary mode.
Taking the limiting condition τpol ≫ τpol,n, in expression (28), we obtain an asymptotic
approximation characterizing the stationary polarization mode

Jpol,1

(
τpol

)
→ J

(Ωpol=(ωpol))

pol,1

(
τpol

)
= J

(ωpol)

pol,1

(
τpol

)
=

=
8an0qW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)
× iωpol

W(0)
pol

× exp

(
iωpol

W(0)
pol

τpol

)

n2

(
iωpol

W(0)
pol

+ 1
τpol,n

) . (32)

From this J
(ωpol)

pol,1 (t) = iωpol
8an0qW(0)

pol
π2 ∑∞

n=1
sin2(πn

2 )×exp(iωpol t)

n2
(

iωpol+
1

Tpol,n

) .

In the limit, from (30), (31) and (S8) we have

Jpol,2

(
τpol

)
→ J

(Ωpol=(ωpol))

pol,2

(
τpol

)
= J

(ωpol)

pol,2

(
τpol

)
=
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=
64 qan2

0ϕpolW
(0)
pol

π4

∞

∑
n=1

∞

∑
s=1

sin2(πn
2
)
sin2(πs

2
)

(sn)2 ×

×

iωpol

W(0)
pol

exp

(
iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

) , (33)

Jpol,3

(
τpol

)
→ J

(Ωpol=(ωpol ;2ωpol ;3ωpol))

pol,3

(
τpol

)
= J

(ωpol)

pol,3

(
τpol

)
+ J

(ωpol ;2ωpol ;3ωpol)

pol,3

(
τpol

)
=

=
512an3

0ϕ2
polqW(0)

pol

π6

∞

∑
n=1

∞

∑
p=1

∞

∑
s=1

sin2(πs
2
)
sin2(πp

2
)
sin2(πn

2
)

p2s2n2
×

×

iωpol

W(0)
pol

exp

(
iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

)+

+
128a3n0qW(0)

pol

d2π2

∞

∑
n=1

∞

∑
p=1

∞

∑
s=1

p2 × sin2(πn
2
)
sin2(πs

2
)
cos2(πp

2
)(

n2−p2
)(

p2−s2
) ×

×

3iωpol

W(0)
pol

exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,p

)(
i

3ωpol

W(0)
pol

+ 1
τpol,n

) , (34)

Jpol,4

(
τpol

)
→ J

(Ωpol=(ωpol ;2ωpol ;3ωpol))

pol,4

(
τpol

)
= J

(ωpol)

pol,4

(
τpol

)
+ J

(ωpol ;2ωpol ;3ωpol)

pol,4

(
τpol

)
=

=
4096an4

0ϕ3
polqW(0)

pol

π8

∞

∑
n=1

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

sin2(πs
2
)
sin2(πp

2
)
sin2

(
πl
2

)
sin2(πn

2
)

n2l2s
2
p2

×

×

iωpol

W(0)
pol

exp

(
iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,l

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

)+

+
3072a3n2

0ϕpolqW(0)
pol

d2π4

∞
∑

n=1

∞
∑

l=1

∞
∑

p=1

∞
∑

s=1

n2p2cos2
(πp

2

)
sin2

(πs
2

)
sin2

(
πl
2

)
sin2

(πn
2

)
(
n2−p2

)(
p2−s2

)
n2l2 ×

×

3iωpol

W(0)
pol

exp

3iωpol

W(0)
pol

τpol


i

ωpol

W(0)
pol

+
1

τpol,s

i
2ωpol

W(0)
pol

+
1

τpol,p

i
ωpol

W(0)
pol

+
1

τpol,l

i
3ωpol

W(0)
pol

+
1

τpol,n

+
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+
1024a3qW(0)

pol n
3

0
ϕ2

pol

d 2π5

∞

∑
n=1

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

l2sin2(πp
2
)
cos2

(
πl
2

)
sin2(πs

2
)
sin2(πn

2
)(

n2−l2
)(

l2−p2
)
× s2

×

×

3iωpol

W(0)
pol

exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i

2ωpol

W(0)
pol

+ 1
τpol,l

)(
3iωpol

W(0)
pol

+ 1
τpol,n

)+

+
1024a3n3

0ϕ2
polqW(0)

pol

d2π4

∞

∑
n=1

∞

∑
l=1

∞

∑
m=1

∞

∑
s=1

l2 × sin2(πs
2
)
cos2

(
πl
2

)
sin2(πn

2
)
sin

2(
πm

2
)

m2
(

n2−l2
)(

l2−s2
) ×

×

3iωpol
ωpol

W(0)
pol

W(0)
pol

exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,m

)(
i

2ωpol

W(0)
pol

+ 1
τpol,l

)(
3iωpol

W(0)
pol

+ 1
τpol,n

)

+
1024qW(0)

pol a3n2
0ϕpol

d2π5

∞

∑
n=1

∞

∑
p=1

∞

∑
s=1

∞

∑
m=1

p2×sin2(πm
2
)
sin2(πs

2
)
cos2(πp

2
)
sin2(πn

2
)

m2
(
n2−p2

)(
p2−s2

)(
i
ωpol

W(0)
pol

+ 1
τpol,m

) ×

×

3iωpol

W(0)
pol

exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

− 1
τpol,p

)(
3iωpol

W(0)
pol

+ 1
τpol,n

) . (35)

Accordingly, we obtain the expansion of the asymptotic expression for the polarization
current density with an accuracy of up to the fourth order (k = 1, 2, 3, 4) of the perturbation
theory by a small parameter γpol by the asymptotics of the current density components
that are multiples of the frequency harmonics of the first and second orders

Jpol

(
τpol

)
→ J(Ω=(ω;2ω;3ω))

pol

(
τpol

)
=

= γpol × J(Ω=(ω))
pol,1

(
τpol

)
+ γ2

pol × J(Ω=(ω))
pol,2

(
τpol

)
+

+γ3
pol×J(Ω=(ω;2ω;3ω))

pol,3

(
τpol

)
+ γ4

pol × J(Ω=(ω;2ω;3ω))
pol,4

(
τpol

)
=

= γpol × J(ω)
pol,1

(
τpol

)
+ γ2

pol × J(ω)
pol,2

(
τpol

)
+ γ3

pol×J(ω)
pol,3

(
τpol

)
+

+γ4
pol×J(ω)

pol,4

(
τpol

)
+ γ3

pol × J(ω;2ω;3ω)
pol,3

(
τpol

)
+ γ4

pol × J(ω;2ω;3ω)
pol,4

(
τpol

)
. (36)

To study expansions of the type (36) of higher orders by a small parameter γpol ,
starting with k = 5, etc., it is necessary to calculate the components of the corresponding
orders Jpol,k

(
τpol

)
using the recurrent Formula (25) in combination with (14) and (26). Due

to the cumbersomeness of the mathematical operations in this area, at this stage of the
research, we will move on to the analysis of asymptotic expressions Rpol,k

(
n; τpol

)
, taking

in Formulas (25) and (26) to the formal limit τpol → ∞ , corresponding to the stationary
polarization mode (far from transient processes), when the approximation τpol ≫ τpol,n is
fulfilled. In this case, against the background of asymptotic limit expressions for complex
amplitudes of the space-charge distribution in the approximation k by a small parameter
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of perturbation theory Rpol,k

(
n; τpol

)
, when they are expanded into components of even

r = 2λωpol and odd r = (2λ+ 1)ωpol multiplicity in the frequency of the alternating field
ωpol , when the limit equality

lim
τpol→∞

[
Rpol,k

(
n; τpol

)]
= R

(Ωpol,k)

pol,k

(
n; τpol

)
= ∑k

r=1 R
(rωpol)

pol,k

(
n; τpol

)
, (37)

is satisfied, only asymptotic components that are odd-order multiples r = (2λ+ 1)ωpol of
the frequency of the alternating field ωpol are preserved

lim
τpol→∞

[
Jpol,k

(
τpol

)]
= J

(Ωpol,k)

pol,k

(
τpol

)
= ∑k

r=1 J
(rωpol)

pol,k

(
n; τpol

)
.

In a similar way, we obtain recurrent identities J
(2λωpol)

pol,k

(
n; τpol

)
= 0, for λ = 1, 2, 3 . . .,

which indicate that the components of the polarization current density that are multiples of
even orders r = 2λωpol in the fundamental frequency of the field 2λωpol , are equal to zero.

Thus, when studying the kinetics of both isothermal and thermally stimulated polar-
ization of a dielectric in an alternating field, the calculation of time-asymptotic expressions
for complex amplitudes of the space-charge density in the k-th approximation by a small
parameter γpol by transitioning to the limit expressions (37) is of significant interest, from
an applied point of view.

From (13), taking into account (37), we have

lim
τpol→∞

[
ρpol,k

(
ξ; τpol

)]
= ρ

(Ωpol,k)

pol,k

(
ξ; τpol

)
= ∑k

r=1 ρ
(rωpol)

pol,k

(
ξ; τpol

)
, (38)

ρ
(rωpol)

pol,k

(
ξ; τpol

)
= ∑∞

n=1 R
(rωpol)

pol,k

(
n; τpol

)
·cos

(πna
d

ξ
)

, (38a)

ρ
(Ωpol,k)

pol,k

(
ξ; τpol

)
= ∑∞

n=1 R
(Ωpol,k)

pol,k

(
n; τpol

)
·cos

(πna
d

ξ
)

. (38b)

Based on (10)–(12)

lim
τpol→∞

[
ρpol

(
ξ; τpol

)]
= ρ

(Ωpol)

pol

(
ξ; τpol

)
=

∞

∑
k=1

γk
pol × ρ

(Ωpol,k)

pol,k

(
ξ; τpol

)
(38c)

ρ
(Ωpol)

pol,k

(
ξ; τpol

)
=

∞

∑
k=1

γk
pol

k

∑
r=1

ρ
(rωpol)

pol,k

(
ξ; τpol

)
(38d)

ρ
(Ωpol)

pol,k

(
ξ; τpol

)
=

∞

∑
k=1

γk
pol ×

k

∑
r=1

∞

∑
n=1

R
(rωpol)

pol,k

(
n; τpol

)
·cos

(πna
d

ξ
)

(39)

taking

ρ
(Ωpol)

pol,k

(
ξ; τpol

)
=

∞

∑
n=1

R
(Ωpol)

pol

(
n; τpol

)
·cos

(πna
d

ξ
)

(40)

we construct a time-asymptotic expression for the total complex amplitude of the space-
charge density

R
(Ωpol)

pol

(
n; τpol

)
= ∑∞

k=1 γ
k
pol × ∑k

r=1 R
(rωpol)

pol,k

(
n; τpol

)
(41)

To calculate the partial complex amplitudes R
(rωpol)

pol,k

(
n; τpol

)
, included in the total

complex amplitude of the k-th approximation R
(Ωpol,k)

pol,k

(
n; τpol

)
and, accordingly, the total

complex amplitude R
(Ωpol,k)

pol,k

(
n; τpol

)
, it is necessary to construct a recurrent expression
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for the functions R
(rωpol)

pol,k

(
n; τpol

)
, which is satisfied in the k-th approximation by a small

parameter γpol and in the r approximation in the field frequency ωpol . For this purpose,
we will first analyze, using Formula (26), the previously obtained partial expressions for
the components Rpol,1

(
n; τpol

)
, Rpol,2

(
n; τpol

)
, Rpol,3

(
n; τpol

)
, Rpol,4

(
n; τpol

)
, defined by

Formulas (16), (20), (S1) and (S4).
For k = 1, based on (37), (16) we have

R
(Ωpol)

pol,1

(
n; τpol

)
= R

(ωpol)

pol,1

(
n; τpol

)
= −4an0

d
× sin2

(πn
2

)
×

exp

(
iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,n

) . (42)

For k = 2, applying (37), (20) we write

R
(Ωpol,2)

pol,2

(
n; τpol

)
= R

(ωpol)

pol,2

(
n; τpol

)
+R

(2ωpol)

pol,2

(
n; τpol

)
. (43)

Here

R
(ωpol)

pol,2

(
n; τpol

)
= −

32an2
0ϕpol

dπ2 ∑∞
s=1

sin2(πs
2
)
sin2(πn

2
)

s2

(
i
ωpol

W(0)
pol

+ 1
τpol,s

) ×
exp

(
i
ωpol

W(0)
pol

τpol

)
i
ωpol

W(0)
pol

+ 1
τpol,n

, (43a)

R
(2πpol)

pol,2

(
n; τpol

)
=

16a2n0

d2 ∑∞
s=1

n2cos2(πn
2
)
sin2(πs

2
)

(
n2 − s2

)(
i
ωpol

W(0)
pol

+ 1
τpol,s

) ×
exp

(
i

2ωpol

W(0)
pol

τpol

)
i

2ωpol

W(0)
pol

+ 1
τpol,n

. (43b)

For k = 3, applying (37) and (S1) we write

R
(Ωpol,3)

pol,3

(
n; τpol

)
= R

(ωpol)

pol,3

(
n; τpol

)
+R

(2ωpol)

pol,3

(
n; τpol

)
+R

(3ωpol)

pol,3

(
n; τpol

)
. (44)

Here

R
(ωpol)

pol,3

(
n; τpol

)
= −

256an3
0ϕ2

pol

dπ4

∞

∑
p=1

∞

∑
s=1

sin2(πs
2
)
sin2(πp

2
)
sin2(πn

2
)

s2 × p2

(
i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)×

×
exp

(
i
ωpol

W(0)
pol

τpol

)
i
ωpol

W(0)
pol

+ 1
τpol,n

(44a)

R
(2ωpol)

pol,3

(
n; τpol

)
=

256a2n3
0ϕpol

d2π
2 ∑∞

p=1 ∑∞
s=1

n2 × sin2(πs
2
)
sin2(πp

2
)
cos2(πn

2
)

s2(n2 − p2)

(
i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)×
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×
exp

(
2iωpol

W(0)
pol

τpol

)
i

2ωpol

W(0)
pol

+ 1
τpol,n

, (44b)

R
(3ωpol )

pol,3

(
n; τpol

)
= − 64a3n0

d3 ∑∞
p=1 ∑∞

s=1

n2p2cos2(πp
2

)
sin2(πn

2

)
sin2(πs

2

)
(n2 − p2)(p2 − s2)

(
i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,p

)×

×
exp

(
i

3ωpol

W(0)
pol

τpol

)
i

3ωpol

W(0)
pol

+ 1
τpol,n

. (44c)

For k = 4, based on (37) and (S4), accordingly

lim
τpol→∞

[
Rpol,4

(
ξ; τpol

)]
= R

(Ωpol ,4)
pol,4

(
ξ; τpol

)
= ∑4

r=1 R
(rωpol)

pol,4

(
ξ; τpol

)
. (45)

Here
R

(ωpol)

pol,4

(
n; τpol

)
=

= −
2048an4

0ϕ3
pol

dπ6

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

sin2(πs
2
)
sin2(πp

2
)
sin2

(
πl
2

)
sin2(πn

2
)

s2p2l2
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,l

)×

×
exp

(
iωpol

W(0)
pol

τpol

)
iωpol

W(0)
pol

+ 1
τpol,n

, (45a)

R
(2ωpol)

pol,4

(
n; τpol

)
=

=
3072a2n3

0ϕ2
pol

d2π
4

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

n2×sin2
(
πl
2

)
cos2(πn

2
)
sin2(πs

2
)
sin2(πp

2
)

s2p2
(

n2−l2
)(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,l

)×

×
exp

(
2iωpol

W(0)
pol

τpol

)
2iωpol

W(0)
pol

+ 1
τpol,n

, (45b)

R
(3ωpol)

pol,4

(
n; τpol

)
=

= −
1536a3n2

0ϕpol

d3π
2

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

n2l2sin
2(πp

2
)
cos2

(
πl
2

)
sin2(πs

2
)
sin2(πn

2
)

(n2 − l2)(l2 − p2)s2 ×
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×
exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i

2ωpol

W(0)
pol

+ 1
τpol,l

)(
3iωpol

W(0)
pol

+ 1
τpol,n

)−

−
512a3n2

0ϕpol

d3π
2

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

p2×cos2(πp
2
)
sin2(πs

2
)
sin2

(
πl
2

)
sin2(πn

2
)

(l2 − p2)(p2 − s2)
×

×
exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

− 1
τpol,p

)(
i

3ωpol

W(0)
pol

+ 1
τpol,l

)(
3iωpol

W(0)
pol

+ 1
τpol,n

) , (45c)

R
(4ωpol)

pol,4

(
n; τpol

)
=

=
256a2n0

d4

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

n2×p2 × l2 × cos2(πn
2
)
sin2

(
πl
2

)
cos2(πp

2
)
sin2(πs

2
)

(n2 − l2)(l2 − p2)(p2 − s2)
×

×
exp

(
4iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

− 1
τpol,p

)(
i

3ωpol

W(0)
pol

+ 1
τpol,l

)(
4iωpol

W(0)
pol

+ 1
τpol,n

) . (45d)

Based on (26) and special cases (16), (20), (S1) and (S3), the property of the asymptotic
approximation for the function Rpol,k

(
n; τpol

)
is obvious, which states

lim
τpol→∞

∂Rpol,k

(
n; τpol

)
∂τpol

 =
∂

∂τpol

(
lim

τpol→∞

[
Rpol,k

(
n; τpol

)])
. (46)

Thus, the calculation of the asymptotic values of the current density for the first four
approximations (k = 1, 2, 3, 4) of function (25), using (42)–(45), in combination with (46),
confirms expressions (32)–(34) completely and expression (35) partially. The result obtained
can be considered to be one of the criteria of reliability of the methodological apparatus
developed in this article. In this case, asymptotic Formulas (32)–(35) are limit expressions
of the form

Jpol,k(t) → J
(Ωpol,k)

pol,k (t) = −
2 dqW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
∂R

(Ωpol,k)

pol,k

(
n; τpol

)
∂τpol

. (47)

In (47) the asymptotic expressions (37) are used.
The regularities established in expressions (32)–(35) and (42)–(45) confirm the feasi-

bility of constructing a generalized expression (47) in combination with an asymptotic
expression in the form (37) for the recurrent Formula (26). Next, using practical expe-
rience in calculating complex amplitudes (15), (18), (21) and (24) and their asymptotic
approximations (42)–(45), we will move on to develop an analytical scheme for obtaining

recurrent formulas for functions Rpol,k

(
n; τpol

)
, R

(rωpol)

pol,k

(
n; τpol

)
in arbitrary approxima-

tions by parameters k, r. To do this, we transform the recurrent in parameter k (the order
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of perturbation theory when solving the system of Equations (6) and (7)) expression (26),
taking into account (37)

R
(Ωpol,k)

pol,k

(
n; τpol

)
= lim

τpol→∞

[
Rpol,k

(
n; τpol

)]
=

=
8n0ϕpol

π2

∞

∑
s=1

sin2(πs
2
)
sin2(πn

2
)

s2 ×

× lim
τpol→∞

exp

(
−

τpol

τpol,n

)
·
τpol∫
0

Rpol;k−1

(
s, τpol

)
exp

(
τpol

τpol,n

)
dτpol

−

−4a
d

∞

∑
s=1

n2cos2(πn
2
)
sin2(πs

2
)

n2 − s2 × lim
τpol→∞

(
exp

(
−

τpol

τpol,n

)
×

×
τpol∫
0

Rpol;k−1

(
s, τpol

)
exp

i
ωpol

W(0)
pol

+
1

τpol,n

τpol

dτpol

+

+
8ϕpol

π2

∞

∑
m=1

∞

∑
p=1

∞

∑
l=1

n2cos2(πn
2
)
sin2(πp

2
)
sin2

(
πl
2

)
l2(n2 − p2)

× lim
τpol→∞

(
exp

(
−

τpol

τpol,n

)
×

×
τpol∫
0

Rpol;k−m−1

(
p, τpol

)
×Rpol;m

(
l, τpol

)
exp

(
τpol

τpol,n

)
dτpol

 =

∑k
r=1 R

(rωpol)

pol,k

(
n; τpol

)
. (48)

In the stationary polarization mode, taking into account the limiting condition
τpol ≫ τpol,n in (26), by virtue of the equalities

lim
τpol→∞

[
exp

(
−

τpol

τpol,n

)
·
∫ τpol

0
Rpol;k−1

(
s, τpol

)
exp

(
τpol

τpol,n

)
dτpol

]
=

= ∑k−1
r=1

R
(rωpol)

pol;k−1

(
s; τpol

)
1

τpol,n
+ i

(
r
ωpol

W(0)
pol

) ,

lim
τpol→∞

exp

(
−

τpol

τpol,n

)
·
τpol∫
0

Rpol;k−1

(
s, τpol

)
exp

i
ωpol

W(0)
pol

+
1

τpol,n

τpol

dτpol

 =

= ∑k−1
r=1

R
((r−1)ω)
pol;k−1

(
s; τpol

)
·exp

(
i
ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

(
r
ωpol

W(0)
pol

) ,

lim
τpol→∞

exp

(
−

τpol

τpol,n

)
·
τpol∫
0

Rpol;k−m−1

(
p, τpol

)
×Rpol;m

(
l, τpol

)
exp

(
τpol

τpol,n

)
dτpol

 =
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= ∑k−1
r=1 ∑m

f=1

R
((r− f )ωpol)

pol;k−m−1

(
p; τpol

)
R

( fωpol)

pol;m

(
l; τpol

)
1

τpol,n
+ i

(
r
ωpol

W(0)
pol

) ,

we construct

R
(rωpol)

pol,k

(
n; τpol

)
=

{8n0ϕpol

π2

∞

∑
s=1

sin2(πs
2
)
sin2(πn

2
)

s2 ×R
(rωpol)

pol,k−1

(
s, τpol

)
−

−4a
d

∞

∑
s=1

n2cos2(πn
2
)
sin2(πs

2
)

n2 − s2 ×R
((r−1)ωpol)

pol,k−1

(
s, τpol

)
·exp

 iωpol

W(0)
pol

τpol

+

× 1

1
τpol,n

+ i

(
r
ωpol

W(0)
pol

) . (49)

In the general case, in a given approximation of perturbation theory k, recurrent
expressions (47)–(49) are used together in numerical studies of the density of relaxation
polarization currents. Additional transformations of these equalities and the application of
a number of model assumptions (simplification of the initial formulas; transition to limit
formulas in a certain range of variation of the model parameters, etc.) are applied depend-

ing on the properties of the function R
(rωpol)

pol,k

(
n; τpol

)
at the frequency of the alternating

field rωpol in a given temperature range.
Based on (49), performing, for r = 1, 2, 3, transformations in accordance with the

scheme described in [2,5], we write down recurrent formulas for partial complex amplitudes

R
(rωpol)

pol,k

(
n; τpol

)
. With r = 1, we have

R
(ωpol)

pol,k

(
n; τpol

)
= −4an0

d
×
(8n0ϕpol

π2

)k−1

× Λk−1
0,pol × sin2

(πn
2

)
×

×
exp

(
iωpol

W(0)
pol

τpol

)
i
ωpol

W(0)
pol

+ 1
τpol,n

. (50)

With r = 2, we write

R
(2ωpol)

pol,k

(
n; τpol

)
= (k − 1)

(
4a
d

)2
n0

(8n0ϕpol

π2

)k−2

Λk−2
0,poln

2cos2
(πn

2

)
×

×℘2,pol(n)

exp

(
2iωpol

W(0)
pol

τpol

)
i

2ωpol

W(0)
pol

+ 1
τpol,n

. (51)

where Λ0,pol = ∑∞
s=1

sin2(πs
2 )

s2×

 1
τpol,s

+i
ωpol

W(0)
pol

 , ℘2,pol(n) = ∑∞
s=1

sin2(πs
2 )

(n2−s2)

 1
τpol,s

+i
ωpol

W(0)
pol

 .

With r = 3, we have

R
(3ωpol)

pol,k

(
n; τpol

)
= −

(
4a
d

)3
n0

(8n0ϕpol

π2

)k−3

×



Crystals 2025, 15, 863 42 of 86

×
{
(k − 1)(k − 2)

2
Λk−3

0,pol × n2 × ℘3,pol(n)× sin2
(πn

2

)
+

+Λ1,pol × sin2
(πn

2

)
×

k−1

∑
g=3

(g − 1)(g − 2)
2

Λg−3
0,pol ·Λ

k−g−1
2,pol

}
×

×
exp

(
3iωpol

W(0)
pol

τpol

)
i

3ωpol

W(0)
pol

+ 1
τpol,n

(52)

It is convenient to reduce parameter ℘3,pol(n) = ∑∞
m=1


m2℘2,pol(n)cos2(πm

2 )

(n2−m2)

 1
τpol,m

+i
2ωpol

W(0)
pol



 to

the form

℘3,pol(n) = ∑∞
m=1 ∑∞

s=1


m2cos2(πm

2
)
sin2(πs

2
)
sin2(πn

2
)

(
n2−m2

)(
m2−s2

)
×
(

1
τpol,s

+ i
ωpol

W(0)
pol

)(
1

τpol,m
+ i

2ωpol

W(0)
pol

)


We will also present the parameter Λ1,pol = ∑∞
p=1

℘3,pol(p)sin2(πp
2 )

1
τpol,p

+i
3ωpol

W(0)
pol

 in expanded

form

Λ1,pol = ∑∞
p=1 ∑∞

m=1 ∑∞
s=1


m2cos2(πm

2

)
sin2(πs

2

)
sin2(πp

2

)
(
p2−m2

)(
m2−s2

)
×
(

1
τpol,s

+ i
ωpol

W(0)
pol

)(
1

τpol,m
+ i

2ωpol

W(0)
pol

)(
1

τpol,p
+ i

3ωpol

W(0)
pol

)


In (52), it is indicated Λ2,pol = ∑∞
p=1

 sin2(πp
2 )

1
τpol,p

+i
3ωpol

W(0)
pol

.

We will conduct studies of the influence of subsequent approximations of k > 4
perturbation theory by a small parameter γpol on the structure and properties of par-

tial complex amplitudes R
(rωpol)

pol,k

(
n; τpol

)
with values of order r > 4 in field frequency

on the basis of an approximate recurrent formula, which is satisfied under the con-

dition of smallness of the dimensionless parameter Ξ0,pol =
8n0ϕpolΛ0,polγpol

π2 ≪ 1,
and follows from the analysis of Formula (51) in approximations of order k = 2 and
k > 2 and expression (52) for parameter values k = 3 and k > 3, using the method

of mathematical induction, having prepared rigorous formulas for R
(2ωpol)

pol,2

(
n; τpol

)
,

R
(2ωpol)

pol,3

(
n; τpol

)
, R

(2ωpol)

pol,4

(
n; τpol

)
, R

(2ωpol)

pol,5

(
n; τpol

)
,. . ., R

(2ωpol)

pol,k

(
n; τpol

)
constructed on

the basis of (51), and formulas for R
(3ωpol)

pol,3

(
n; τpol

)
, R

(3ωpol)

pol,4

(
n; τpol

)
, R

(3ωpol)

pol,5

(
n; τpol

)
,

R
(3ωpol)

pol,6

(
n; τpol

)
,. . ., R

(3ωpol)

pol,k

(
n; τpol

)
. constructed on the basis of (52). Then

R
(rωpol)

pol,k

(
n; τpol

)
= (−1)r

(
4α

d

)r
n0

(8n0ϕpol

π2

)k−r

× Λk−r
0,pol × G

(rωpol)

pol,k (n)×
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×Ar(k)×
exp

(
ir

ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

(
r
ωpol

W(0)
pol

) , (53)

where the parameter Ar(k) is introduced, satisfying a number of properties (1) Ar(r) = 1;
(2) A1(k) = 1, A2(k) = k − 1, A3(k) = (k−1)(k−2)

2 ; (3) ∑∞
k=r

[
Ξk−r

0,pol ·Ar(k)
]
= 1

(1−Ξ0,pol)
r .

In the general case, the complex parameters G
(Ωpol)

pol,k (n), for cases r = 1, 2, 3 are equal
to, respectively

G
(ωpol)

pol,1 (n) = G
(ωpol)

pol,2 (n) = · · · = G
(ωpol)

pol,k (n) = sin2
(πn

2

)
,

G
(2ωpol)

pol,2 (n) = G
(2ωpol)

pol,3 (n) = · · · = G
(2ωpol)

pol,k (n) = n2cos
2
(πn

2

)
× ℘2,pol(n),

G
(3ωpol)

pol,3 (n) = G
(3ωpol)

pol,3 (n) = · · · = G
(3ωpol)

pol,k (n) = n2sin
2
(πn

2

)
× ℘3,pol(n),

Based on (40) and (34), with r = 4, we have

R
(4ωpol)

pol,4

(
n; τpol

)
=

(
4a
d

)4
n0 × G

(4ωpol)

pol,4 (n)×
exp

(
i4

ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

4ωpol

W(0)
pol

, (54)

Here
G
(4ωpol)

pol,4 (n) = n2cos
2
(πn

2

)
× ℘4,pol(n), (54a)

where given the parameter

℘4,pol(n) = ∑∞
l=1

l2 × sin2
(
πl
2

)
× ℘3,pol(l)

(n2 − l2)

(
i

3ωpol

W(0)
pol

+ 1
τpol,l

) , (54b)

℘4,pol(n) =

= ∑∞
l=1 ∑∞

m=1 ∑∞
s=1

l2×p2 × sin2
(

πl
2

)
cos2(πp

2

)
sin2(πs

2

)
(

n2−l2
)(

l2−p2
)(

p2−s2
)(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

+ 1
τpol,p

)(
i

3ωpol

W(0)
pol

+ 1
τpol,l

) (54c)

Then, assuming

G
(4ωpol)

pol,4 (n) = G
(4ωpol)

pol,5 (n) = · · · = G
(4ωpol)

pol,k (n) = n2cos
2
(πn

2

)
× ℘4,pol(n),

and restricting ourselves to the coefficient A4(k) = 1, we construct an approximate recur-
rent expression of order r = 4,

R
(4ωpol)

pol,k

(
n; τpol

)
≈
(

4a
d

)4
n0×

(8n0ϕpol

π2

)k−4

× Λk−4
0,pol × n2℘4,pol(n)× cos

2
(πn

2

)
×

×
exp

(
4iωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

4ωpol

W(0)
pol

, (55)
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It is obvious that (53) is a logical complement to the series of expressions (50)–(52), al-

though it gives only an approximate value of partial complex amplitudes R
(rωpol)

pol,k

(
n; τpol

)
.

It is easy to see that expressions (50)–(53) are in complete agreement with (42)–(45),
which can be defined as one of the reliability criteria of the generalized stationary recur-
rent expression (53), which allows us to strictly calculate partial complex amplitudes

R
(rωpol)

pol,k

(
n; τpol

)
for any values of k, r.

The studies conducted in Section 2 of this article lead to the conclusion and
physical justification of asymptotic expressions for polarization complex amplitudes

R
(Ωpol,k)

pol,k

(
n; τpol

)
= lim

τpol→∞

[
Rpol,k

(
n; τpol

)]
, which are complex amplitudes that change

harmonically over time at a space-charge density ρ
(Ωpol,k)

pol,k

(
ξ; τpol

)
= lim

τpol→∞

[
ρpol,k

(
ξ; τpol

)]
distributed over the thickness of the dielectric in the stationary polarization mode(
τpol → ∞

)
, when relaxation processes have virtually no effect on the amplitude of the

steady state polarization current density (47).
The most informative, from a physical point of view and in terms of applying the

results of theory to experiment (in the development of schemes for the theoretical analysis
of the structural features and properties of crystals with ionic-molecular chemical bonds),
research method is the method based on the measurement and calculation of the spectra of
thermally stimulated polarization currents in a wide range of field parameters (0.1–1 MV/m)
and temperatures (50–550 K). The theoretical ranges of external impact parameters are
significantly wider than the available experimental ranges and are, from 10 MV/m to
1000 MV/m for the amplitude of the external electric field and from 1 K to 1500 K for
the temperature. Studies of the kinetics of ion-relaxation (primarily proton-relaxation)
polarization in IMBCs class crystals (in particular, in HBC) in the temperature range near
T = 0 K have not yet been conducted, due to the rather complex, in physical nature, and
not fully investigated, at the theoretical level, mechanism of quantum electrophysical
phenomena in these crystals [3,5]. It has been preliminarily established that quantum
kinetic phenomena in nanometer layers (1–10 nm) of proton semiconductors and dielectrics
(PSD) in the range of helium temperatures (4–25 K) lead to abnormally high amplitudes of
the density of the thermally stimulated depolarization current (3–4 orders of magnitude
higher than in the range of nitrogen temperatures (50–100 K) with a micrometer sample
thickness) [1]. These polarization effects are nonlinear, quantum (caused by the ultra-
high values of quantum transparency (0.85–0.95) of the potential barrier for hydrogen
ions (protons) in PSD) and are associated with the quantum-mechanical interaction of the
proton (formed by fairly mobile protons that do not interact with each other) and phonon
(associated with the vibrations of heavy, low-mobility, in comparison with protons, ions
and ionic groups) subsystems in PSD (for example, in HBC) [3]. It is difficult to directly
interpret nonlinear quantum polarization effects in PSD as quantum macroscopic effects
similar to the effects of superconductivity in metals (for electron and phonon subsystems;
Cooper pairs, etc.), due to the fact that the Hamiltonian of the proton-phonon interaction
and the contribution of this operator to the density matrix for an ensemble of conduction
protons and to the general statistical matrix of the simulated crystal have not been fully and
comprehensively (by comparing the quasi-classical and strict quantum models) studied at
the theoretical level, within the framework of the quantum-mechanical approximations we
are developing for proton conductivity and relaxation in HBC [1,3,5].

Thus, at this stage of research, we can consider both quasi-classical (built on the so-
lution of the Fokker–Planck Equation (6) in combination with the Poisson Equation (7))
and quantum-mechanical (built on the solution of the Liouville equation, together with
the Poisson operator equation) [1,3] models of isothermal quantum nonlinear polarization
and depolarization, including thermally stimulated quantum polarization and depolariza-
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tion, for the temperature range T = 1–1500 K, taking field parameters from 0.1 MV/m to
1000 MV/m.

In this article, we operate with the apparatus of the quasi-classical nonlinear kinetic
theory of ion-relaxation polarization [1,5], with elements of the quantum theory of ion
relaxation and conductivity, limiting ourselves to the quasi-classical formula for the trans-
parency of a parabolic one-dimensional potential barrier [4,5] in the coefficients of the
kinetic Equation (6).

The strict quantum-mechanical approach, based on the calculation of the density of
polarization and depolarization currents, using the apparatus of the density matrix and the
apparatus of nonlinear quantum kinetic theory, will be deferred for the future and carried
out within the framework of a separate work.

The main subject of the quasi-classical kinetic theory of ion relaxation in solid di-
electrics is the development and study of an analytical apparatus for calculating complex
amplitudes Rpol,k

(
n; τpol

)
for an arbitrary value of the parameter k and their asymptotic

approximations R
(Ωpol,k)

pol,k

(
n; τpol

)
= ∑k

r=1 R
(rωpol)

pol,k

(
n; τpol

)
for arbitrary values of the pa-

rameters k, r. In essence, the solution to this problem has already been accomplished in
Formulas (50)–(52) and approximated in Formulas (53) and (55), etc. The further problem is
reduced to adapting these expressions to Formula (47) for the polarization current density.
The problem of calculating the density of depolarization currents (isothermal; thermally
stimulated) will be solved in a similar way, with the difference in the format of the time
dependences in the recurrent expressions (48) and (49), calculated from the solutions of
the Fokker–Planck (6) and Poisson (7) equations, taking into account the initial conditions
corresponding to the depolarization process. In this case, the initial expressions (14) and
(26) for depolarization processes will change.

The scheme for measuring thermally stimulated depolarization currents developed by
Bucci and Riva [1,4] is reduced, at the first stage, to isothermal (at a constant temperature
Tpol) polarization of the investigated sample in a uniform non-stationary electric field

Eext,pol(t) = Eext,pol,0 × exp
(

iωpolt
)

and the resulting spatially inhomogeneous electric field
inside the dielectric Epol(x; t) = Eext,pol(t) + Eind,pol(x; t) is calculated taking into account the
internal field Eext,pol(t) induced by the polarizing field Eind,pol(x; t), satisfies the condition∫ d

0 Eind,pol(x; t)dx = 0 for the total field in a dielectric
∫ d

0 Epol(x; t)dx = V0,pol × exp
(

iωpolt
)

.
Amplitude of alternating EMF V0,pol = Eext,pol,0 × d, where d is the thickness of the crystal.
At the second stage of measurements (when describing thermally stimulated depolariza-
tion), the external field is switched off Eext,depol(x; t) = 0, Vdepol(t) = 0, the dielectric is
rapidly cooled to low temperatures (50–80 K), is connected to an electrometer (or quality
meter) and begins to heat up according to a linear law T(t) = T0 + ct. The electric field
inside the dielectric during depolarization Edepol(x; t) = Eind,depol(x; t) satisfies the short

circuit condition
∫ d

0 Edepol(x; t)dx = 0.
Thus, the field frequency ωdepol and the amplitude of the EMF source V0,depol are ex-

cluded from the set of variable external parameters of the mathematical model of thermally
stimulated depolarization.

The solution of the problem of isothermal polarization, in the limit, will allow us
to construct initial conditions for the complex amplitudes of the relaxation modes of the
space-charge during depolarization. In this case, based on (48):

For k = 1, r = 1, from (50) we have

R
(Ωpol,1)

pol,1

(
n; τpol

)
= R

(ωpol)

pol,1

(
n; τpol

)
= −4an0

d
× sin2

(πn
2

)
×
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×
exp

(
iωpol

W(0)
pol

τpol

)
i
ωpol

W(0)
pol

+ 1
τpol,n

; (56)

For k = 2, r = (1, 2), from (50) and (51) we have

R
(Ωpol,2)

pol,2

(
n; τpol

)
= R

(ωpol)

pol,2

(
n; τpol

)
+R

(2ωpol)

pol,2

(
n; τpol

)
. (57)

Here

R
(ωpol)

pol,2

(
n; τpol

)
=

8n0ϕpolΛ0,pol

π2 ×R
(ωpol)

pol,1

(
n; τpol

)
=

= −
32an2

0ϕpol

dπ2 × ∑∞
s=1

sin2(πs
2
)
sin2(πn

2
)

s2

(
i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

) × exp

 iωpol

W(0)
pol

τpol

, (57a)

R
(2ωpol)

pol,2

(
n; τpol

)
=

16a2n0

d2 × n2×℘2,pol(n)cos2
(πn

2

)exp

(
2iωpol

W(0)
pol

τpol

)
i

2ωpol

W(0)
pol

+ 1
τpol,n

=

=
16a2n0

d2 × ∑∞
s=1

n2cos2(πn
2
)
sin2(πs

2
)(

n2 − s2
)(

iωpol

W(0)
pol

+ 1
τpol,s

)(
2iωpol

W(0)
pol

+ 1
τpol,n

)×
exp

(
2iωpol

W(0)
pol

τpol

)
i 2ωpol

W(0)
pol

+ 1
τpol,n

(57b)

For k = 3, r = (1, 2, 3), from (50)–(52) we have

R
(Ωpol,3)

pol,3

(
n; τpol

)
= R

(ωpol)

pol,3

(
n; τpol

)
+R

(2ωpol)

pol,3

(
n; τpol

)
+R

(3ωpol)

pol,3

(
n; τpol

)
. (58)

Here

R
(ωpol)

pol,3

(
n; τpol

)
=

(8n0ϕpolΛ0,pol

π2

)2

×R
(ωpol)

pol,1

(
n; τpol

)
=

= −
256an3

0ϕ2
pol

dπ4 ∑∞
p=1 ∑∞

s=1

sin2(πs
2

)
sin2(πp

2

)
sin2(πn

2

)
s2p2

(
i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,n

) × exp

 iωpol

W(0)
pol

τpol

, (58a)

R
(2ωpol)

pol,3

(
n; τpol

)
=

16n0ϕpolΛ0,pol

π2 ×R
(2ωpol)

pol,2

(
n; τpol

)
=

=
256a2n2

0ϕpol

d2π
2 ∑∞

p=1 ∑∞
s=1

n2 × sin2(πs
2
)
sin2(πp

2
)
cos2(πn

2
)

(
n2 − s2

)
p2

(
i
ωpol

W(0)
pol

+ 1
τpol,p

)(
i
ωpol

W(0)
pol

+ 1
τpol,s

)(
2i

ωpol

W(0)
pol

+ 1
τpol,n

)×

×exp

2iωpol

W(0)
pol

τpol

, (58b)

R
(3ωpol)

pol,3

(
n; τpol

)
= −64a3n0

d3 × n2×℘3,pol(n)sin2
(πn

2

)exp

(
3iωpol

W(0)
pol

τpol

)
i

3ωpol

W(0)
pol

+ 1
τpol,n

=
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= −64a3n0

d3 ∑∞
m=1 ∑∞

s=1
n2m2cos2(πm

2
)
sin2(πn

2
)
sin2(πs

2
)(

n2 − p2)(
p2 − s2)(i

ωpol

W(0)
pol

+ 1
τpol,s

)(
2i

ωpol

W(0)
pol

+ 1
τpol,m

)(
i

3ωpol

W(0)
pol

+ 1
τpol,n

)×

×exp

3iωpol

W(0)
pol

τpol

. (58c)

For k = 4, r = (1, 2, 3, 4), from (50)–(52) and (55) we have

R
(Ωpol,3)

pol,4

(
n; τpol

)
= R

(ωpol)

pol,4

(
n; τpol

)
+R

(2ωpol)

pol,4

(
n; τpol

)
+R

(3ωpol)

pol,4

(
n; τpol

)
+

+R
(4ωpol)

pol,4

(
n; τpol

)
. (59)

R
(ωpol)

pol,4

(
n; τpol

)
=

= −
2048an4

0ϕ3
pol

dπ6

∞

∑
l=1

∞

∑
m=1

∞

∑
s=1

sin2(πs
2
)
sin2(πm

2
)
sin2

(
πl
2

)
sin2(πn

2
)

s2m2l2
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,m

)(
i
ωpol

W(0)
pol

+ 1
τpol,l

)×

×
exp

(
iωpol

W(0)
pol

τpol

)
iωpol

W(0)
pol

+ 1
τpol,n

, (59a)

R
(2ωpol)

pol,4

(
n; τpol

)
=

=
3072a2n3

0ϕ2
pol

d2π
4

∞

∑
l=1

∞

∑
m=1

∞

∑
s=1

n2×sin2(πs
2
)
cos2(πn

2
)
sin

2
(
πl
2

)
sin2(πm

2
)

l2m2
(
n2−s2

)(
iωpol

W(0)
pol

+ 1
τpol,s

)(
iωpol

W(0)
pol

+ 1
τpol,m

)(
iωpol

W(0)
pol

+ 1
τpol,l

)×

×
exp

(
2iωpol

W(0)
pol

τpol

)
2iωpol

W(0)
pol

+ 1
τpol,n

, (59b)

R
(3ωpol)

pol,4

(
n; τpol

)
=

= −
1536a3n2

0ϕpol

d3π
2 ∑∞

s=1 ∑∞
m=1 ∑∞

l=1

n2m2cos2(πm
2
)
sin2(πs

2
)
sin2(πn

2
)
sin

2
(
πl
2

)
(n2 − m2)(m2 − s2)l2 ×

×
exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i
ωpol

W(0)
pol

+ 1
τpol,l

)(
i

2ωpol

W(0)
pol

+ 1
τpol,m

)(
3iωpol

W(0)
pol

+ 1
τpol,n

)−
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−
512a3n2

0ϕpol

d3π
2

∞

∑
l=1

∞

∑
p=1

∞

∑
s=1

m2×cos2(πm
2
)
sin2(πs

2
)
sin2(πp

2
)
sin2(πn

2
)

(p2 − m2)(m2 − s2)
×

×
exp

(
3iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

− 1
τpol,m

)(
i

3ωpol

W(0)
pol

+ 1
τpol,p

)(
3iωpol

W(0)
pol

+ 1
τpol,n

) , (59c)

R
(4ωpol)

pol,4

(
n; τpol

)
=

=
256a2n0

d4

∞

∑
l=1

∞

∑
m=1

∞

∑
s=1

n2×m2 × l2 × cos2(πn
2
)
sin2

(
πl
2

)
cos2(πm

2
)
sin2(πs

2
)

(n2 − l2)(l2 − m2)(m2 − s2)
×

×
exp

(
4iωpol

W(0)
pol

τpol

)
(

i
ωpol

W(0)
pol

+ 1
τpol,s

)(
i

2ωpol

W(0)
pol

− 1
τpol,m

)(
i

3ωpol

W(0)
pol

+ 1
τpol,l

)(
4iωpol

W(0)
pol

+ 1
τpol,n

) . (59d)

Thus, based on the results of additional calculations, Formulas (56)–(59) are, taking
into account their explanatory formulas designated by the symbols a, b, c, d, completely
consistent with Formulas (42)–(45) and their explanatory formulas designated by the ad-
ditional symbols a, b, c, d. At the same time, both groups of asymptotic formulas for

the components of the complex amplitudes R
(Ωpol,k)

pol,k

(
n; τpol

)
= ∑k

r=1 R
(rωpol)

pol,k

(
n; τpol

)
of the relaxation modes of the space-charge ρ

(Ωpol,k)

pol,k

(
ξ; τpol

)
, at the values of the orders

k = (1, 2, 3, 4), r = (1, 2, 3, 4), induced during the polarization of the dielectric, are con-
sistent with Formulas (32)–(35) for the asymptotic expressions for the components of the

polarization current density J
(Ωpol,1)

pol,1

(
τpol

)
= J

(ωpol)

pol,1

(
τpol

)
, J

(Ωpol,2)

pol,2

(
τpol

)
= J

(ωpol)

pol,2

(
τpol

)
,

J
(Ωpol,3)

pol,3

(
τpol

)
= J

(ωpol)

pol,3

(
τpol

)
+ J

(3ωpol)

pol,3

(
τpol

)
, J

(Ωpol,4)

pol,4

(
τpol

)
= J

(ωpol)

pol,4

(
τpol

)
+ J

(3ωpol)

pol,4

(
τpol

)
.

These comprehensively verified expressions are, in view of their complete consistency,
absolutely correct from a mathematical point of view and represent special cases of so-
lutions and consequences of solutions of a quasi-classical nonlinear kinetic equation in
the format of the Fokker–Planck Equation (6), solved together with the Poisson Equation
(7) in the first four approximations k = (1, 2, 3, 4) of perturbation theory by a small di-
mensionless parameter (having the meaning of a comparison parameter for this model of

polarization processes) γpol =
µ
(1)
mob,pol ·aE0,pol

D(0)
di f f ,pol

=
ς0,polW

(1)
pol

W(0)
pol

. When moving to higher orders of

perturbation theory by the parameter γpol , in the asymptotic formulas for the components

of complex amplitudes R
(Ωpol,k)

pol,k

(
n; τpol

)
, stationary terms (summands) R

(rωpol)

pol,k

(
n; τpol

)
accumulate in increasingly higher orders in the index r. The same terms, except with
odd r, are accumulated in the asymptotic formulas for the components of the polarization
current density

J
(Ωpol,k)

pol,k

(
τpol

)
= −

2 dqW(0)
pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
k

∑
r=1

∂R
(rωpol)

pol,k

(
n; τpol

)
∂τpol

. (60)

It is easy to see that Formula (60) works in conjunction with (49), and the agreement at
the first four orders of perturbation theory allows us to assert the reliability of the results of
calculations performed using the recurrent Formula (53) substituted into (60).
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In conclusion of Section 2, let us focus on the issue of the matrix representation of
stationary (in this case, asymptotic) expressions for the complex amplitudes of the space-

charge R
(Ωpol)

pol

(
n; τpol

)
and the polarization current density J

(Ωpol)

pol

(
τpol

)
, the most visual,

in comparison with the algebraic, representation. For this purpose, we represent the total

stationary complex amplitude of the n-th relaxation mode R
(Ωpol,k)

pol,k

(
n; τpol

)
as an operator

equivalent to a column vector

R̂
(Ωpol)

pol

(
n; τpol

)
=



R
(Ωpol,1)

pol,1

(
n; τpol

)
R

(Ωpol,2)

pol,2

(
n; τpol

)
R

(Ωpol,3)

pol,3

(
n; τpol

)
...

R
(Ωpol,k)

pol,k

(
n; τpol

)
...


. (61)

Multiplying the operator (61) by a column vector, matrix elements of which are the
corresponding powers k of the small parameter γpol

Г̂pol =



γpol

γ2
pol

γ3
pol
...

γk
pol
...


. (62)

yields the expression.

R
(Ωpol)

pol

(
n; τpol

)
× Γ̂pol = Γ̂pol ×R

(Ωpol)

pol

(
n; τpol

)
=

= ∑∞
k=1 γ

k
pol×R

(Ωpol,k)

pol,k

(
n; τpol

)
= R

(Ωpol)

pol

(
n; τpol

)
. (63)

Modeling operator (61) taking into account (36)

R̂
(Ωpol)

pol

(
n; τpol

)
=



R
(Ωpol,1)

pol,1

(
n; τpol

)
R

(Ωpol,2)

pol,2

(
n; τpol

)
R

(Ωpol,3)

pol,3

(
n; τpol

)
...

R
(Ωpol,k)

pol,k

(
n; τpol

)
...


=
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=



R
(ωpol)

pol,1

(
n; τpol

)
R

(ωpol)

pol,2

(
n; τpol

)
+R

(2ωpol)

pol,2

(
n; τpol

)
R

(ωpol)

pol,3

(
n; τpol

)
+R

(2ωpol)

pol,3

(
n; τpol

)
+R

(3ωpol)

pol,3

(
n; τpol

)
...

∑k
r=1 R

(rωpol)

pol,k

(
n; τpol

)
...


=

= ∑∞
r=1 R̂

(rωpol)

pol

(
n; τpol

)
, (64)

where R̂
(ωpol)

pol

(
n;τpol

)
=



R
(ωpol)

pol,1

(
n;τpol

)
R

(ωpol)

pol,2

(
n;τpol

)
R

(ωpol)

pol,3

(
n;τpol

)
...

R
(ωpol)

pol,k

(
n;τpol

)
...


,

R̂
(2ωpol)

pol

(
n; τpol

)
=



0

R
(2ωpol)

pol,2

(
n; τpol

)
R

(2ωpol)

pol,3

(
n; τpol

)
...

R
(ωpol)

pol,k

(
n; τpol

)
...


,

R̂
(3ωpol)

pol

(
n; τpol

)
=



0
0

R
(3ωpol)

pol,3

(
n; τpol

)
R

(3ωpol)

pol,4

(
n; τpol

)
...

R
(3ωpol)

pol,k

(
n; τpol

)
...


,

R̂
(rωpol)

pol

(
n; τpol

)
=

=



0
0
0
...

R
(rωpol)

pol,r

(
n; τpol

)
R

(rωpol)

pol,r+1

(
n; τpol

)
...


,
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by multiplying R̂
(Ωpol)

pol

(
n; τpol

)
by a column vector Γ̂pol

R̂
(Ωpol)

pol

(
n; τpol

)
× Γ̂pol = Γ̂pol × R̂

(Ωpol)

pol

(
n; τpol

)
=

=
∞

∑
r=1

[
Γ̂pol × R̂

(rωpol)

pol

(
n; τpol

)]
=

= ∑∞
r=1 ∑∞

k=r γ
k
pol×R

(rωpol)

pol,k

(
n; τpol

)
= ∑∞

r=1 R
(rωpol)

pol

(
n; τpol

)
, (65)

The function is introduced in (65)

R
(rωpol)

pol

(
n; τpol

)
= ∑∞

k=r γ
k
pol×R

(rωpol)

pol,k

(
n; τpol

)
. (66)

Thus, the action of the operator Γ̂pol on the operator of the complete stationary (asymp-

totic) total amplitude of the n-th relaxation mode R̂
(Ωpol)

pol

(
n; τpol

)
transforms it into alge-

braic sums

R̂
(Ωpol)

pol

(
n; τpol

)
→ R

(Ωpol)

pol

(
n; τpol

)
= ∑∞

k=1 R
(Ωpol)

pol

(
n; τpol

)
,

R̂
(Ωpol)

pol

(
n; τpol

)
= ∑∞

r=1 R
(rωpol)

pol

(
n; τpol

)
→ R

(Ωpol)

pol

(
n; τpol

)
= ∑∞

r=1 R
(rωpol)

pol

(
n; τpol

)
,

allowing to calculate the space-charge distributions studied in the experiment, defined in
the form of harmonic series (10) and (12)

ρ̂
(Ωpol)

pol

(
ξ; τpol

)
→ ρ

(Ωpol)

pol

(
ξ; τpol

)
=

∞

∑
n=1

R
(Ωpol)

pol

(
n; τpol

)
·cos

(πn a
d

ξ
)
=

=
∞

∑
k=1

∞

∑
n=1

R
(Ωpol,k)

pol

(
n; τpol

)
·cos

(πn a
d

ξ
)

ρ̂
(Ωpol)

pol

(
ξ; τpol

)
→ ρ

(Ωpol)

pol

(
ξ; τpol

)
= ∑k

r=1 ∑∞
n=1 R

(rωpol)

pol

(
n; τpol

)
·cos

(πn a
d

ξ
)

.

3. Results: Properties of a Nonlinear Quasi-Classical Model of
Polarization Currents in an Alternating Polarizing Field

The studies of the mechanism of isothermal polarization currents in an alternating
field will be conducted according to the model described in Section 2, identifying the value
of the total polarization current density measured in the experiment with the operator

Ĵpol

(
τpol

)
= −

2dqW(0)
pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×
∂R̂pol

(
n, τpol

)
∂τpol

. (67)

In the general case, the operator R̂pol

(
n; τpol

)
must reflect the kinetics of relaxation

processes, represented mathematically, in the form of matrix elements Rpol,k

(
n; τpol

)
that
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depend on time in a certain way and correspond to the k-th approximation of perturbation
theory, with relaxation times τpol,n. Analogously with (61), we have

R̂pol

(
n; τpol

)
=



Rpol,1

(
n; τpol

)
Rpol,2

(
n; τpol

)
Rpol,3

(
n; τpol

)
...

Rpol,k

(
n; τpol

)
...


. (68)

In this case, the matrix elements of the operator (67) are calculated according to (25),

where Jpol,k(t) = −
2dqW(0)

pol
π2 ∑∞

n=1
sin2(πn

2 )
n2 × ∂Rpol,k(n,τpol)

∂τpol
. The operator (67) is modeled

taking into account (68)

Ĵpol(τpol) =



Jpol,1

(
τpol

)
Jpol,2

(
τpol

)
Jpol,3

(
τpol

)
...

Jpol,k

(
τpol

)
...


. (69)

Analogously (51), the action of the operator Γ̂pol on the operator (69) gives

Γ̂pol × Ĵpol

(
τpol

)
= Jpol

(
τpol

)
= ∑∞

k=1 γ
k
pol × Jpol,k

(
τpol

)
= ∑∞

k =1 J
(k)
pol

(
τpol

)
, (70)

where J(k)pol

(
τpol

)
= γk

pol × J(k)pol

(
τpol

)
.

The shift to limits R
(Ωpol,k)

pol,k

(
n; τpol

)
= lim

τpol→∞

[
Rpol,k

(
n; τpol

)]
, J

(Ωpol,k)

pol,k

(
τpol

)
=

lim
τpol→∞

[
Jpol,k

(
τpol

)]
transitions relaxation expressions (69) and (70) to images of the form

Ĵ
(Ωpol)

pol

(
τpol

)
=



J
(Ωpol,1)

pol,1

(
τpol

)
J
(Ωpol,2)

pol,2

(
τpol

)
J
(Ωpol,3)

pol,3

(
τpol

)
...

J
(Ωpol,k)

pol,k

(
τpol

)
...


. (71)

[
Ĵ
(Ωpol)

pol

(
τpol

)
× Γ̂pol

]
= J

(Ωpol)

pol

(
τpol

)
= ∑∞

k=1 γ
k
pol × J

(Ωpol,k)

pol,k

(
τpol

)
= ∑∞

k=1

(
j
(Ωpol,k)

pol,k

(
τpol

))(k)
, (72)

where
(

J
(Ωpol,k)

pol,k

(
τpol

))(k)
= γk

pol × J
(Ωpol,k)

pol,k (τpol).
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Combining (60) and (25) we find, in the general form, the partial currents formed in
the k-th approximation of perturbation theory at the field frequency

(
rωpol

)

J
(rωpol,k)

pol,k (t) = −
2dqW(0)

pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×
∂R

(rωpol,k)

pol,k

(
n; τpol

)
∂τpol

. (73)

Substituting the recurrence Formulas (48) and (49) into (73), as expected, gives, in the
case of even orders of r, the expression

J
(Ωpol,k)

pol,k (t) = ∑
k−2

2
r=0 J

((2r+1) ωpol)

pol,k (t), (73a)

where rmax = k−2
2 .

In the case of odd orders of r, we have

J
(Ωpol,k)

pol,k (t) = ∑
k−1

2
r=0 J

((2r+1) ωpol)

pol,k (t), (73b)

where rmax = k−1
2 .

In the general case

J
(Ωpol,k)

pol,k (t) = J
(ωpol)

pol,k (t) + J
(3ωpol)

pol,k (t) + · · ·+ J
((2r+1)ωpol)

pol,k (t) + · · ·+ J
((2rmax+1)ωpol)

pol,k (t). (74)

According to (72), the asymptotic density of the total current J
(Ωpol)

pol (t) = ∑∞
k=1 γ

k
pol ×

∑k
r=1 J

(rωpol)

pol,k (t) can be represented as a sum of frequency harmonics

J
(Ωpol)

pol (t) = ∑∞
r=0 ∑∞

k=2r+1 γk
pol × J

((2r+1) ωpol)

pol,k (t) = ∑∞
r=0 J

((2r+1) ωpol)

pol (t). (75)

where
J
((2r+1)ωpol)

pol (t) = ∑(k)
k=2r+1 γk

pol × J
((2r+1)ωpol )

pol,k (t). (76)

Based on (73) and (76), with r = 0, 1, 2,. . ., we have

J
((2r+1)ωpol)

pol,k (t) = −
2dqW(0)

pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×
∂R

((2r+1)ωpol)

pol,k

(
n; τpol

)
∂τpol

. (77)

substituting the recurrence Formula (53) into (77)

J
((2r+1)ωpol)

pol,k (t) = i
2(2r + 1)dqn0ωpol

π2 ×
(

4a
d

)2r+1
×
(8n0ϕpolΛ0,pol

π2

)k−(2r+1)

× A2r+1(k)×

×∑∞
n=1

sin2(πn
2
)

n2 × G
((2r+1)ωpol)

pol,k (n)×
exp

(
i(2r + 1)

ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

(
(2r + 1)

ωpol

W(0)
pol

) ,

taking Ξ0,pol =
8n0ϕpolΛ0,polγpol

π2 , ∑∞
k=2r+1

[
Ξk−(2r+1)

0,pol · A2r+1(k)
]
= 1

(1−Ξ0,pol )
2r+1 , we have

J
((2r+1)ωpol)

pol (t) = i
qan0ωpol

π2 ×
22(2r+1)+1 · (2r + 1)a2rγ2r+1

pol(
1 − Ξ0,pol

)2r+1
d2r

×
∞

∑
n=1

sin2(πn
2
)

n2 × G
(2r+1)ωpol

pol,k (n)×
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×
exp

(
i(2r + 1)

ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

(
(2r + 1)

ωpol

W(0)
pol

) . (78)

Taking r = 0 in (78), considering the identity G
(ωpol)

pol,k (n) ≡ G
(ωpol)

pol,1 (n) = sin2(πn
2
)
, at

the fundamental field frequency ωpol , we have

J
(ωpol)

pol (t) = iωpolε0ε∞ Epol(t)×
Γ
(ωpol)

1 − i Γ
(ωpol)

2

1 − Γ
(ωpol)

1 + iΓ
(ωpol)

2

(79)

Here Epol(t) = E0,pol × exp
(
iωpolt

)
.

When deriving Formula (79), the parameter Λ0,pol = ∑∞
n=1

sin2(πn
2 )

n2×

 1
τpol,n

+i
ωpol

W(0)
pol

 was used.

Also, due to 2sin2(πn
2
)
= 1 − (−1)n, in the functions of the polarization temperature Tpol ,

quasi-classical parameters, similar to those constructed in [2,5] are constructed

Γ
(ωpol)

1

(
Tpol

)
=

4
π2 ∑∞

n=1

 Tpol,n
Tpol,M

(
1 − (−1)n)

n2
(

1 +ω2
polT

2
pol,n

)
, Γ

(ωpol)

2

(
Tpol

)
=

4
π2 ∑∞

n=1


ωpol T2

pol,n
Tpol,M

(
1 − (−1)n)

n2
(

1 +ω2
polT

2
pol,n

)
, (80)

In (80), dimensional relaxation times Tpol,n =
Tpol,n,D·Tpol,M

Tpol,n,D+Tpol,M
, calculated at temperature Tpol ,

are used, where the diffusion relaxation time for the n-th relaxation mode is calculated

using the formula Tpol,n,D =
Tpol,D

n2 , in which Tpol,D = d2

π2D(0)
di f f (Tpol)

=
(

d
πa

)2[
W(0)

pol

(
Tpol

)]−1

is calculated using the zero-order diffusion coefficient by a small parameter ζpol(x; t) =
qEpol(x;t)a

2kBTpol
< 1 of the theory of successive approximations D(0)

di f f

(
Tpol

)
= a2W(0)

pol

(
Tpol

)
(see Section 2) and corresponds to the first-order relaxation mode (n = 1). The Maxwell
relaxation time Tpol,M = ε0ε∞

qn0µ
(1)
mob(Tpol)

is calculated using the first order mobility coefficient

µ
(1)
mob

(
Tpol

)
=

qa2W(1)
pol (Tpol)

kBTpol
. Next, according to

Tpol,n
Tpol,M

=

Tpol,D
Tpol,M

n2+
Tpol,D
Tpol,M

, parameters (80) are

reduced to the form

Γ
(ωpol)

1

(
Tpol

)
=

4Tpol,D

π2Tpol,M
∑∞

n=1


(
1 − (−1)n)·(n2 +

Tpol,D
Tpol,M

)
n2
((

n2 +
Tpol,D
Tpol,M

)2
+ω2

polT
2
pol,D

)
, (80a)

Γ
(ωpol)

2

(
Tpol

)
=

4Tpol,D

π2Tpol,M
∑∞

n=1


(
1 − (−1)n)·ωpol Tpol,D

n2
((

n2 +
Tpol,D
Tpol,M

)2
+ω2

polT
2
pol,D

)
, (80b)

Γ
(ωpol)

1

(
Tpol

)
=

4
π2 ∑∞

n=1


(
1 − (−1)n)·(n2Tpol,M

Tpol,D
+ 1
)

(
n2
(

n2Tpol,M
Tpol,D

+ 1
)2

+ω2
polT

2
pol,M

)
, (80c)
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Γ
(ωpol)

2

(
Tpol

)
=

4
π2 ∑∞

n=1


(
1 − (−1)n)·ωpol Tpol,M(

n2
(

n2Tpol,M
Tpol,D

+ 1
)2

+ω2
polT

2
pol,M

)
. (80d)

The representations of the parameters Γ
(ωpol)

1

(
Tpol

)
, Γ

(ωpol)

2

(
Tpol

)
in the form (80a–d),

despite their cumbersomeness in comparison with the original expressions (80), are more
convenient from the point of view of a detailed theoretical and numerical analysis of the
influence of frequency ωpol and temperature Tpol on the current density of isothermal polar-
ization (79), including further practical applications of this issue in the field of optimization
of computer research processes and forecasting of the values of the parameters of the struc-
ture and electrophysical characteristics of functional dielectric and semiconductor elements
of installations and systems. Due to the formal analogy of Formula (80a–d), studies of
the properties of expanded power series embedded in expression (80a–d), depending on

the relations
Tpol,D
Tpol,M

, ωpolTpol,M, can be performed in accordance with the results presented
in [2,5].

4. Discussions: Analysis of the Properties of the Investigated Model
4.1. Construction and Analysis of Recurrent Analytical Expressions for the Density of Isothermal
Polarization Current

A complete description of relaxation polarization in ionic dielectrics with a com-
plex crystalline structure, including HBC (crystal hydrates, layered silicates), when
calculating the electrostatic induction vector of a crystal (semiconductor, dielectric)
→
P
(ωpol)

rp,pol (t) = α̂
(ωpol)

rp,pol ·
→
E pol(t), [1,57,58,62], the polarization vector of the crystal, in the gen-

eral case, is taken as a sum
→
P
(ωpol)

C,pol (t) =
→
P ∞,pol +

⇀
P
(ωpol)

rp,pol (t) [59,62], where polarization of

the inductive or inertialess type
→
P ∞,pol = εo(ε∞ − 1)

→
E pol(t) is established almost instantly,

with a relaxation time of the order of τind,pol ≈ 10−15 ÷ 10−12 s, and polarization of the

inertial or relaxation type
→
P
(ωpol)

rp,pol (t) = α̂
(ωpol)

rp,pol ·
→
E pol(t) manifests itself in a wide range of

polarizing field strengths and temperatures, in the optical range of field frequencies, with
a relaxation time of the order of τrp,pol ≈ 10−10 ÷ 10−6 s [1,2,5]. High-frequency permittiv-
ity ε∞ = 1 + αe+αion+α∂

ε0
[57,62], where αe, αion, α∂− are the corresponding coefficients of

electron, elastic-ionic and elastic-dipole polarization.

Relaxation polarization
→
P
(ωpol)

rp,pol (t) = â
(ωpol)

rp,pol ·
→
E pol(t) in HBC, according to the results of

measurements of tgδ, in the temperature range T = 100–350 K, at polarizing field strengths
E0,pol ≈105 ÷ 106 B

M , is realized in the vicinity of frequency maxima νmax ≈ 103 ÷ 107 Hz
(at T = const), with relaxation time τrp,p ≈ 10−10 ÷ 10−6 s [59,62]. Since τrp,p

τind,p
≈ 102 ÷ 109,

the high-frequency permittivity ε∞, when constructing a physical-mathematical model of
relaxation polarization in ion-molecular dielectrics, in particular, in HBC, can be considered

a constant value. We define the complex polarization coefficient α̂
(ωpol)

rp,pol =

(
α̂
(ωpol)

rp,pol

)/
−

i
(

α̂
(ωpol)

rp,pol

)//
for the processes of ion-relaxation and dipole-relaxation polarization [57],

associated with the relaxation motion of water molecules, various ions and polar groups
(A, K—dipoles, polar vacancies) [58]. Then, for the one-dimensional model of ion-relaxation
polarization in crystals of the IMBC class, we write

D
(ωpol)

pol (t) =ε0ε∞Epol(t) + P
(ωpol)

rp,pol (t). (81)
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We will calculate the total current density in dielectric J
(ωpol)

whole (t) = σ̂
(ωpol)

ion Epol(t) +

+
∂D

(ωpol)

pol (t)
∂t taking into account the conduction current density (caused by the drift motion

of conduction ions in an electric field) J
(ωpol)

cond (t) = σ̂
(ωpol)

ion Epol(t) and the relaxation current

density (associated with ion-relaxation polarization in the crystal) J
(ωpol)

rp,pol =
∂P

(ωpol)

rp,pol (t)
∂t . The

value of the relaxation polarization is calculated using a nonlinear quasi-classical model of
dielectric relaxation at the fundamental frequency of the polarizing electric field, according

to the expressions P
(ωpol)

rp,pol (t) = α̂
(ωpol)

rp,pol ·Epol(t) = ε0ε∞ × Γ
(ωpol )

1−Γ
(ωpol )

× Epol(t), [1,2,5], taking

into account the complex form of the quasi-classical relaxation coefficient Γ(ωpol)(T) =

Γ
(ωpol)

1 (T)− iΓ
(ωpol)

2 (T) . The components of the parameter Γ(ωpol)(T), defined as quasi-
classical relaxation coefficients, are investigated in various approximations, by various
methods taking into account a sufficient amount of evidence of the calculation rigor in [2,5].
Thus, we write

J
(ωpol)

whole (t) =

σ̂(ωpol)

ion + iωpolε0ε∞ × 1

1 − Γ
(ωpol)

1 + iΓ
(ωpol)

2

Epol(t). (82)

From the point of view of the classical theory of conductivity [1,5], assuming the

ionic conductivity current density being equal to, respectively, J
(ωpol)

cond (t) = σ̂
(ωpol)

ion Epol(t) =
q2n0 ⟨τion⟩Epol(t)

mion
e f f (1+iωpol⟨τion ⟩)

× E0,pol × exp(iωpolt) [1], we accordingly calculate

Re
[
σ̂
(ωpol)

ion

]
= σ̂

(ωpol=0)
ion × 1

1+ω2
pol ⟨τion ⟩2 , Im

[
σ̂
(ωpol)

ion

]
= σ

(ωpol=0)
ion × ωpol ⟨τion ⟩

1+ω2
pol ⟨τion ⟩2 , where

σ
(ωpol=0)
ion =

q2n0⟨τion⟩
mion

e f f
is the static conductivity coefficient calculated for conductivity ions,

determined by the equilibrium concentration of conductivity ions in dielectric n0, their
effective mass mion

e f f and the relaxation time for conductivity ions ⟨τion⟩. Here q is the
ion charge modulus. Further, taking the coefficient of electrical (in the general case,
ionic, and in particular, for HBC, proton) conductivity as a complex value of the form

σ̂
(ωpol)

ion = Re
(
σ̂
(ωpol)

ion

)
− i Im

(
σ̂
(ωpol)

ion

)
and, separating the real and imaginary parts of

the total current density, we have

Re
(

J
(ωpol)

whole (t)
)
= E0,pol×

(
Re
(
σ̂
(ωpol)

ion

)
× cos

(
ωpolt

)
+ Im

(
σ̂
(ωpol)

ion

)
× sin

(
ωpol t

)
+

+ωpolε0ε∞ ×
Γ
(ωpol)

2 cos
(
ωpolt

)
−
(

1 − Γ
(ωpol)

1

)
sin
(
ωpolt

)
(

1 − Γ
(ωpol)

1

)2
+

(
Γ
(ωpol)

2

)2

, (83)

Im
(

J
(ωpol)

whole (t)
)
= E0,pol ×

(
Re
(
σ̂
(ωpol)

ion

)
× sin

(
ωpolt

)
− Im

(
σ̂
(ωpol)

ion

)
× cos

(
ωpolt

)
+

+ωpolε0ε∞ ×

(
1 − Γ

(ωpol)

1

)
cos
(
ωpolt

)
+ Γ

(ωpol)

2 sin
(
ωpolt

)
(

1 − Γ
(ωpol)

1

)2
+

(
Γ
(ωpol)

2

)2

. (84)
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Averaging the expressions Re
[
Epol(t)

]
·Re
[

J
(ωpol)

whole (t)
]

, Im
[
Epol(t)

]
·Im
[

J
(ωpol)

whole (t)
]

over

time, for the period of oscillations of the external variable field, noting that〈
Re
[
Epol(t)

]
·Re
[

J
(ωpol)

whole (t)
]〉

=

〈
Im
[
Epol(t)

]
·Im
[

J
(ωpol)

whole (t)
]〉

, (85)

we find the imaginary component of the energy of the alternating electric field dissipated
per unit time in a unit volume of the dielectric (the imaginary component of the volumetric
power density) [1], in the quadratic approximation by the field

Im
(

w
(ωpol)
Vt

)
=

1
2

Re
[
σ̂
(ωpol)
pr

]
+ωpol ε0 ε∞ ×

Γ
(ωpol)
2(

1 − Γ
(ωpol)
1

)2
+
(

Γ
(ωpol)
2

)2

× E2
0,pol . (86)

Also, noting that〈
Re
[
Epol(t)

]
·Im
[

J
(ωpol)

whol (t)
]〉

= −
〈

Im
[
Epol(t)

]
·Re
[

J
(ωpol)

whol (t)
]〉

, (87)

we obtain the real component of the volumetric power density [1] of the alternating electric
field in dielectric in the quadratic approximation by the field

Re
(

w
(ωpol)
Vt

)
=

1
2

−Im
[
σ̂
(ωpol)
pr

]
+ωpol ε0 ε∞ ×

1 − Γ
(ωpol)
1(

1 − Γ
(ωpol)
1

)2
+
(

Γ
(ωpol)
2

)2

× E2
0,pol . (88)

The investigation of expressions (87) and (88) should be carried out in accordance with the
analytical dependencies (83) and (84).

Based on the recurrent expression (53), for r = 3, taking into account the identity

G
(3ωpol)

pol,k (n) = G
(3ωpol)

pol,3 (n) = n2×sin2(πn
2
)
× ϱ3,pol(n), applying the recurrent Formula (73)

and summing by k from k = 3 to infinity J
(3ωpol)

pol (t) = ∑∞
k=3 γ

k
pol × J

(3ωpol)

pol,k (t), we obtain
a formula for calculating the total component of the polarization current density at the
second odd frequency of the field 3ωpol . In this case, at r = 3, as well as at all subsequent
orders by the field r = 5, 7, 9, etc., when calculating the multiples of the parameter r of the

components of the polarization current density J
(rωpol)

pol =
∂D

(rωpol)

pol (t)
∂t , we limit ourselves

to the corresponding components of the multiplicity r for the density of the relaxation

polarization current J
(rωpol)

pol = J
(rωpol)

rp,pol =
∂P

(rωpol)

rp,pol (t)
∂t . Thus, for r = 3, according to the above

considered scheme, we have

J
(3ωpol)

pol (t) = i
384a3qn0ωpolγ

3
pol(

1 − Ξ0,pol

)3
d2π2

× ∑∞
n=1 sin2

(πn
2

)
× ϱ3,pol(n)

exp

(
i

3ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

(
3ωpol

W(0)
pol

) . (89)

The same result is obtained by substituting the parameter r = 1 into the recurrent
expression (78).

Applying the identity [2,5]
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ϱ3,pol(n) = ∑∞
m=1 ∑∞

s=1


m2cos2(πm

2 )sin2(πs
2 )sin2(πn

2 )

(n2−m2)(m2−s2)×

 1
τpol,s

+i
ωpol

W(0)
pol

 1
τpol,m

+i
2ωpol

W(0)
pol



, taking into

account the designations τpol,n = W(0)
pol ·Tpol,n

(
Tpol

)
, τpol,m = W(0)

pol ·Tpol,m

(
Tpol

)
,τpol,s =

W(0)
pol ·Tpol,s

(
Tpol

)
, ϕpol =

aq
ε0ε∞E0,pol

, θpol = n0γpolϕpol , θpol · W(0)
pol = Θpol = 1

TM(Tpol)
, we

ultimately have

J
(3ωpol)

pol (t) = i
3π4ωpol

4d2n2
0q2
(

1 − Ξ0,pol

)3 × ε3
0 ε3

∞ × E3
0,pol×

×512
π6

∞

∑
n=1

∞

∑
m=1

∞

∑
s=1

Tpol,nTpol,mTpol,s

T3
pol,M

× m2cos2(πm
2
)
sin2(πs

2
)
sin2(πn

2
)

(n2 − m2)(m2 − s2)
(

1 + 9ω2
pol T

2
pol,n

)(
1 + 4ω2

pol T
2
pol,m

)(
1 +ω2

pol T
2
pol,s

)×

×
(

1 − 3iωpolTpol,n

)(
1 − 2iωpolTpol,m

)(
1 − iωpolTpol,s

)
× exp

i
3ωpol

W(0)
pol

τpol

. (90)

Let us convert (90) to the form

J
(3ωpol)

pol (t) = i
384ωpolε

3
0ε

3
∞

d2n2
0q2π2

× Γ(ωpol ;2ωpol ;3ωpol)

ϕ(ωpol)
× E3

0,pol×exp
(
3iωpolt

)
. (91)

In (91) the following notations are adopted

Γ(ωpol ;2ωpol ;3ωpol) = Γ
(ωpol ;2ωpol ;3ωpol)

1 − iΓ
(ωpol ;2ωpol ;3ωpol)

2 , (91a)

Γ
(ωpol ;2ωpol ;3ωpol)

1 =

(
1

Tpol,M

)3

×

×
∞

∑
n=1

∞

∑
m=1

∞

∑
s=1

Tpol,nTpol,mTpol,s × m2cos2(πm
2
)
sin2(πs

2
)
sin2(πn

2
)

(n2 − m2)(m2 − s2)
(

1 + 9ω2
polT

2
pol,n

)(
1 + 4ω2

polT
2
pol,m

)(
1 +ω2

polT
2
pol,s

)×
×
(

1 −ω2
pol

(
2Tpol,mTpol,s + 6Tpol,nTpol,m + 3Tpol,nTpol,s

))}
, (91b)

Γ
(ωpol ;2ωpol ;3ωpol)

2 =

(
1

Tpol,M

)3

×

×
∞

∑
n=1

∞

∑
m=1

∞

∑
s=1

Tpol,nTpol,mTpol,s × m2cos2(πm
2
)
sin2(πs

2
)
sin2(πn

2
)

(n2 − m2)(m2 − s2)
(

1 + 9ω2
polT

2
pol,n

)(
1 + 4ω2

polT
2
pol,m

)(
1 +ω2

polT
2
pol,s

)×
×
(
ωpol

(
Tpol,s + 2Tpol,m + 3Tpol,n

)
− 6ω3

polTpol,nTpol,mTpol,s

)
. (91c)

Φ(ωpol) = Φ
(ωpol)

1 + iΦ
(ωpol)

2 , (91d)

Φ
(ωpol)

1 =

(
1 − Γ

(ωpol)

1

)
·
((

1 − Γ
(ωpol)

1

)2
− 3
(

Γ
(ωpol)

2

)2
)

(91e)
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Φ
(ωpol)

2 = Γ
(ωpol)

2

(
3
(

1 − Γ
(ωpol)

1

)2
−
(

Γ
(ωpol)

2

)2
)

. (91f)

Let us write the resulting expression for the second frequency harmonic of the
current density

J
(3ωpol)

pol (t) =
384ωpolε

3
0ε

3
∞

d2n2
0q2π2

×
(

K
(ωpol ;2ωpol ;3ωpol)

1 + iK
(ωpol ;2ωpol ;3ωpol)

2

)
× E3

pol(t). (92)

In (92) the following notations are adopted

K
(ωpol2ωpol ;3ωpol)

1 =
Γ
(ωpol ;2ωpol ;3ωpol)

2 × Φ
(ωpol)

1 + Γ
(ωpol ;2ωpol ;3ωpol)

1 × Φ
(ωpol)

2(
Φ

(ωpol)

1

)2
+

(
Φ

(ωpol)

2

)2 , (92a)

K
(ωpol2ωpol ;3ωpol)

2 =
Γ
(ωpol ;2ωpol ;3ωpol)

1 × Φ
(ωpol)

1 − Γ
(ωpol ;2ωpol ;3ωpol)

2 × Φ
(ωpol)

2(
Φ

(ωpol)

1

)2
+

(
Φ

(ωpol)

2

)2 . (92b)

Separating the real and imaginary parts in (92)

Re
[

J
(3ωpol)

pol (t)
]
=

384ωpol(ε0ε∞)3

(dn0qπ)2 ×
(

K
(ωpol ;2ωpol ;3ωpol)
1 cos

(
3ωpol t

)
− −K

(ωpol ;2ωpol ;3ωpol)
2 sin

(
3ωpol t

))
× E3

0,pol , (93)

Im
[

J
(3ωpol)

pol (t)
]
=

384ωpol(ε0ε∞)3

(dn0qπ)2 ×
(

K
(ωpol ;2ωpol ;3ωpol)
2 cos

(
3ωpol t

)
+ +K

(ωpol ;2ωpol ;3ωpol)
1 sin

(
3ωpol t

))
× E3

0,pol , (94)

we calculate the quantities proportional to the sixth power of the field strength amplitude〈
Re
[
E3

0,pol

]
·Re
[

J
(3ωpol)

pol (t)
]〉

=

〈
Im
[
E3

pol

]
·Im
[

J
(3ωpol)

pol (t)
]〉

=

=
192ωpol(ε0ε∞)3

(dn0 qπ)2 × K
(ωpol ;2ωpol ;3ωpol )

1 × E6
0,pol , (95)

〈
Re
[
E3

0,pol

]
·Im
[

J
(3ωpol)

pol (t)
]〉

= −
〈

Im
[
E3

pol

]
·Re
[

J
(3ωpol)

pol (t)
]〉

=

=
192ωpol(ε0ε∞)3

(dn0 qπ)2 × K
(ωpol 2ωpol ;3ωpol )

2 × E6
0,pol . (96)

Based on

D
(3ωpol)

pol (t) = P
(3ωpol)

rp,pol (t) = α
(ωpol ;2ωpol ;3ωpol)

rp,pol × E3
pol(t) =

= ε0ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol E3
pol(t). (97)

according to the formula

J
(3ωpol)

pol (t) =
∂D

(3ωpol)

pol (t)

∂t
= 3iωpol×ε0ε̂

(ωpol ;2ωpol ;3ωpol)

rp,pol × E3
pol(t), (98)
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taking the component of the complex dielectric permittivity (CDP) in the form

ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol = Re
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
− iIm

(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
, we have

Re
(

J
(3ωpol)

pol (t)
)
= 3ωpol × ε0 × E3

0,pol×

×
(

Im
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
cos
(

3ωpolt
)
− Re

(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
sin
(

3ωpolt
))

, (99)

Im
(

J
(3ωpol)

pol (t)
)
= 3ωpol × ε0 × E3

0,pol×

×
(

Re
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
cos
(

3ωpolt
)
+ Im

(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
sin
(

3ωpolt
))

. (100)

we obtain the dispersion relations of the components of the CDP

Im
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
=

2
3ωpol × ε0 × E6

0,pol
×
〈

Re
[
E3

pol

]
· Re

(
J
(3ωpol)

pol (t)
)〉

, (101)

Re
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
=

2
3ωpol × ε0 × E6

0,pol
×
〈

Re
[
E3

pol

]
· Im

(
J
(3ωpol)

pol (t)
)〉

. (102)

Substituting (95) and (96) into (101) and (102), we obtain

Im
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
=

128ε2
0ε

3
∞

(dn0 qπ)2 × K
(ωpol 2ωpol ;3ωpol )

1 , (103)

Re
(
ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol

)
=

128ε2
0ε

3
∞

(dn0 qπ)2 × K
(ωpol 2ωpol ;3ωpol )

2 . (104)

Thus, Formulas (86) and (87) show how the cubic term in the field of the polariza-

tion current density J
(3ωpol)

pol (t) =
∂D

(3ωpol)

pol (t)
∂t can be used to calculate the corresponding

components in the second power ε̂
(ωpol ;2ωpol ;3ωpol)

rp,pol ≡ ε̂
(Ω3,pol)

2,pol

(
ωpol ; 2ωpol ; 3ωpol

)
of the

expansion of CDP in a series in powers of the field strength

ε̂
(Ω,pol)

pol =
∞

∑
λ=0

ε̂
(Ω2λ+1;pol)

2λ,pol ×E2λ
pol(t) = ε̂

(Ω1;pol)

0,pol + ε̂
(Ω3,pol)

2,pol E2
pol(t) + ε̂

(Ω5,pol)

4,pol E4
pol(t) + · · · (105)

In expression (105), the fourth-order component in powers

2λ ε̂
(Ω5,pol)

4,pol ≡ ε̂
(ωpol ;2ωpol ;3ωpol ;4ωpol ;5ωpol)

rp,pol

(
ωpol ; 2ωpol ; 3ωpol ; 4ωpol ; 5ωpol

)
written, accord-

ingly, at the fourth power of the expansion of CDP in powers of the field strength Epol(t),
will be calculated on the basis of dispersion relations analogous to (101) and (102)

Im
(

ε̂
(ωpol ;2ωpol ;3ωpol ;4ωpol ;5ωpol)

rp,pol

)
=

2
5ωpol × ε0 × E10

0,pol
×

×
〈

Re
[
E5

pol

]
· Re

(
J
(5ωpol)

pol (t)
)〉

, (106)

Re
(
ε̂
(ωpol ;2ωpol ;3ωpol ;4ωpol ;5ωpol)

rp,pol

)
=

2
5ωpol × ε0 × E10

0,pol
×

×
〈

Re
[
E5

pol

]
· Im

(
J
(5ωpol)

pol (t)
)〉

(107)



Crystals 2025, 15, 863 61 of 86

By virtue of the recurrent equalities (73) and (53), taking the component of the density
of the relaxation current of polarization in the dielectric proportional to the first power of the

field Epol(t) (in accordance with (82)) in the form J
(ωpol)

rp,pol =
∂P

(ωpol)

rp,pol (t)
∂t = iωpol×α̂

(ωpol)

rp,pol ×Epol ,
we calculate the density of the total polarization current in the linear approximation for the

polarizing field (in the case of multiplicity r = 1) J
(ωpol)

pol (t) =
∂D

(ωpol)

pol (t)
∂t = iω× ε0ε∞ ×

Epol(t) +
∂P

(ωpol)

rp,pol (t)
∂t . Based on D

(ωpol)

pol (t) = ε0ε∞ × Epol(t) + P
(3ωpol)

rp,pol (t) = ε0ε̂
(ωpol)

rp,pol × Epol(t),
we have

J
(ωpol)

pol (t) = iω× ε0ε̂
(ωpol)

rp,pol × Epol(t). (108)

Based on (108) it is evident that

Im
(
ε̂
(ωpol)

rp,pol

)
=

2
E2

pol(t)ωpol
× ε0

×
〈

Re
[
Epol

]
· Re

(
J
(ωpol)

pol (t)
)〉

, (109)

Re
(
ε̂
(ωpol)

rp,pol

)
=

2
E2

pol(t)ωpol
× ε0

×
〈

Re
[
Epol

]
· Im

(
J
(ωpol)

pol (t)
)〉

. (110)

Applying P
(ωpol)

rp,pol (t) = ε0ε∞ × Γ
(ωpol )

1−Γ
(ωpol )

× Epol(t), [1,2,5] to the calculation of the

function J
(ωpol)

pol (t) = iω× ε0ε∞ × Epol(t) +
∂P

(ωpol)

rp,pol (t)
∂t , when

J
(ωpol)

pol (t) = iω× ε0ε∞
1

1 − Γ(ωpol)
× Epol(t) (111)

substituting (111) into (109) and (110), we obtain expressions for the components at the zero

degree of the expansion of CDP ε̂
(ωpol)

rp,pol ≡ ε̂
(Ω1,pol)

0,pol

(
ωpol

)
by powers of the field strength, in

the form of dispersion relations [5]

Im
(
ε̂
(ωpol)

rp,pol

)
= ε∞ ×

Γ
(ωpol)

2(
1 − Γ

(ωpol)

1

)2
+

(
Γ
(ωpol)

2

)2 , (112)

Re
(
ε̂
(ωpol)

rp,pol

)
= ε∞ ×

1 − Γ
(ωpol)

1(
1 − Γ

(ωpol)

1

)2
+

(
Γ
(ωpol)

2

)2 (113)

Expressions (112) and (113) are in complete agreement with (83)–(86), which can be
considered as another additional criterion for the reliability of the calculations performed
in Sections 3 and 4.

From the results obtained above, it is obvious that the calculation of the component of

the CDP ε̂
(Ω2λ+1;pol)

2λ,pol for an arbitrary even degree of the field E2λ
pol(t) in (86) can be performed

on the basis of generalized expressions

Im
(
ε̂
(Ω2λ+1;pol)

2λ,pol

)
=

2

(2λ+ 1)ωpol × ε0 × E2(2λ+1)
0,pol

×
〈

Re
[
E2λ+1

pol

]
· Re

(
J
((2λ+1)ωpol)

pol (t)
)〉

, (114)

Re
(
ε̂
(Ω2λ+1;pol)

2λ,pol

)
=

2

(2λ+ 1)ωpol × ε0 × E2(2λ+1)
0,pol

×
〈

Re
[
E2λ+1

pol

]
· Im

(
J
((2λ+1)ωpol)

pol (t)
)〉

. (115)
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The component of the polarization current density (equal to the density of the relaxation
polarization current at field multiplicities of order r > 1) that are multiples of the frequency
harmonic of order (2λ+ 1)ωpol will be calculated on the basis of recurrent Formulas (73)

and (53) using expressions of the form G
((2λ+1)ωpol)

pol,k (n) = n2℘2λ+1(n)× sin2(πn
2
)
. Then

J
((2λ+1)ωpol)

pol (t) = i
22(2λ+1)+1 · (2λ+ 1)qn0 ωpol a2λ+1 γ2λ+1

pol

(
W(0)

pol

)2λ+1

d2λπ2
(

1 − Ξ0,pol

)2λ+1 ×

×
∞

∑
n=1

sin2(πn
2
)

n2 G
(2λ+1)ωpol
pol,k (n)×

×
exp

(
i
(
(2λ+ 1)ωpol

)
t
)

1
Tpol,n

+ i
(
(2λ+ 1)ωpol

) (116)

Calculating parameter F
((2λ+1)ωpol)

pol,k (n) =
G
(2λ+1)ωpol
pol,k (n)

1
τpol,n

+i
(2λ+1)ωpol

W(0)
pol

from recurrence formula

F
((2λ+1)ωpol)

pol,2λ+1 (n) = n2×
℘2λ+1,pol(n)

1
τpol,n

+ i
(2λ+1)ωpol

W(0)
pol

× sin2
(πn

2

)
=

=
∞

∑
n2λ=1

∞

∑
n2λ−1=1

. . . .
∞

∑
n2=1

∞

∑
n1=1

n2·n2
2λ·n2

2λ−1· . . . · n2
3·n2

2(
n2−n2

2λ
)(

n2
2λ−n2

2λ−1
)
· . . . ·

(
n2

3−n2
2
)(

n2
2−n2

1
)×

×
sin2 (πn

2
)
cos2(πn2λ

2
)
sin2(πn2λ−1

2
)
cos2(πn2

2
)
sin2(πn1

2
)(

1
τpol,n1

+ iωpol

W(0)
pol

)(
1

τpol,n2
+ i 2ωpol

W(0)
pol

)
· . . . ·

(
1

τpol,n2λ−1
+ i (2λ−1)ωpol

W(0)
pol

)(
1

τpol,n2λ
+ i 2λωpol

W(0)
pol

)×

× 1
1

τpol,n
+ i

(2λ+1)ωpol

W(0)
pol

.

and denoting τ
(0)
pol,n = W(0)

pol ·Tpol,n

(
Tpol

)
, τpol,n1 = W(0)

pol · Tpol,n1

(
Tpol

)
, . . ., τpol,n2λ = W(0)

pol ·

Tpol,n2λ

(
Tpol

)
, we have

J
((2λ+1)ωpol)

pol (t) = i
22(2λ+1)+1 · (2λ+ 1)ωpol(ε0ε∞)2λ+1E2λ+1

0,pol

(qn0d)2λπ2
(

1 − Ξ0,pol

)2λ+1 ×

×
∞

∑
n=1

∞

∑
n2λ=1

∞

∑
n2λ−1=1

. . . .
∞

∑
n2=1

∞

∑
n1=1

Tpol,n
2λ
∏
j=1

Tpol,nj ·
(

1 − i(2λ+ 1)ωpolTpol,n

) 2λ
∏
j=1

(
1 − i

(
jωpolTpol,nj

))
·n2

2λ
∏
j=1(

n2−n2
2λ
)(

1 +
(
(2λ+ 1)ωpolTpol,n

)2
)
×

2λ
∏
j=1

(
n2

j −n2
j−1

)
×

2λ
∏
j=1

(
1 +

(
jωpolTpol,nj

)2
)×

×sin2
(πn

2

) 2λ

∏
j=2

cos2
(
πnj

2

)
sin2

(
πnj−1

2

)
×

×exp
(

i
(
(2λ+ 1)ωpol

)
t
)

. (117)
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The final complex expression for function (117), in the general case, will be written as

J
((2λ+1)ωpol)

pol (t) =
22(2λ+1)+1 · (2λ+ 1)ωpol(ε0ε∞)2λ+1

(qn0d)2λπ2
×

×
(

K
(Ω2λ+1;pol)

1 + iK
(Ω2λ+1;pol)

2

)
× E2λ+1

pol (t). (118)

In (118) the following notations are adopted

K
(Ω2λ+1;pol)

1 =
Γ
(Ω2λ+1;pol)

2 × Φ
(Ω2λ+1;pol)

1 + Γ
(Ω2λ+1;pol)

1 × Φ
(Ω2λ+1;pol)

2(
Φ

(Ω2λ+1;pol)

1

)2
+

(
Φ

(Ω2λ+1;pol)

2

)2 , (118a)

K
(Ω2λ+1;pol)

2 =
Γ
(Ω2λ+1;pol)

1 × Φ
(Ω2λ+1;pol)

1 − Γ
(Ω2λ+1;pol)

2 × Φ
(Ω2λ+1;pol)

2(
Φ

(Ω2λ+1;pol)

1

)2
+

(
Φ

(Ω2λ+1;pol)

2

)2 , (118b)

Γ̂(Ω2λ+1;pol) =

(
1

TM,pol

)2λ+1

×

×
∞

∑
n=1

∞

∑
n2λ=1

∞

∑
n2λ−1=1

. . . .
∞

∑
n2=1

∞

∑
n1=1

Tpol,n
2λ
∏
j=1

Tpol,nj ·
(

1 − i(2λ+ 1)ωpol Tpol,n

) 2λ
∏
j=1

(
1 − i

(
jωpol Tpol,nj

))
·n2

2λ
∏
j=1

n2
j

(
n2−n2

2λ
)(

1 +
(
(2λ+ 1)ωpolTpol,n

)2
)
×

2λ
∏
j=1

(
n2

j −n2
j−1

)
×

2λ
∏
j=1

(
1 +

(
jωpolTpol,nj

)2
)×

× sin2
(πn

2

) 2λ

∏
j=2

cos2
(
πnj

2

)
sin2

(
πnj−1

2

)
, (118c)

Γ
(Ω2λ+1;pol)

1 = Re
(

Γ̂(Ω2λ+1;pol)
)

, Γ
(Ω2λ+1;pol)

2 = Im
(

Γ̂(Ω2λ+1;pol)
)

, (118d)

Φ
(Ω2λ+1;pol)

1 = Re
(

Φ̂(Ω2λ+1;pol)
)

, Φ
(Ω2λ+1;pol)

2 = Im
(

Φ̂(Ω2λ+1;pol)
)

,

Φ̂(Ω2λ+1;pol) =
[
Φ(ωpol)

]2λ+1
. (118e)

The complex parameter Φ(ωpol) is presented in (91d).
Combining (114), (115), and (118) we have

Im
(
ε̂
(Ω2λ+1;pol)

2λ,pol

)
=

22(2λ+1)+1ε2λ
0 ε2λ+1

∞

(qn0d)2λπ2
× K

(Ω2λ+1;pol)

1 , (119)

Re
(
ε̂
(Ω2λ+1;pol)

2λ,pol

)
=

22(2λ+1)+1ε2λ
0 ε2λ+1

∞

(qn0d)2λπ2
× K

(Ω2λ+1;pol)

2 . (120)

.

R

(
ε̂
(Ω2λ+1;pol)

2λ,pol

)
=

22(2λ+1)+1ε2λ
0 ε2λ+1

∞

(qn0d)2λπ2
× K

(Ω2λ+1;pol)

2 . (121)

The dispersion expressions (119) and (120) are satisfied at a set of frequencies
Ω2λ+1;pol =

{
ωpol ; 2ωpol ; 3ωpol ; . . . ; λωpol ; . . .

}
.

Formula (118), with comments to it in the form of expressions (118a–e), represent
generalized asymptotic (calculated far from transient processes) recurrent expressions
for calculating the polarization current density in dielectrics of the crystals with ionic-
molecular chemical bonds class (IMBCs), in particular in HBC, at a constant temperature
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(isothermal polarization) J
((2λ+1)ωpol)

pol (t), in an arbitrary approximation r = 2λ + 1, at
λ = 0, 1, 2, 3, 4, . . ., by the magnitude of the polarizing electric field strength E0,pol(t).

Expressions (119) and (120), following from the generalized dispersion relations (114)
and (115), are recurrent expressions for calculating the components of the complex dielectric
permittivity (CDP) in the approximation of multiplicity r = 2λ + 1 by the polarizing
electric field.

Expression (116), which, as (118), denotes a generalized recurrent formula for the
isothermal polarization current density in ion-molecular dielectrics, provides, in addition
to (118), the possibility of analyzing the properties and parameters of the theoretical

frequency spectrum J
((2λ+1)ωpol)

pol (t) in an arbitrary approximation r = 2λ+ 1 by a dimen-
sionless small parameter of perturbation theory γpol . The description of the properties
of functional temperature and field dependences for the parameter γpol included in the
nonlinear quasi-classical kinetic Equation (6) is carried out in the works [2,5]. Expression
(117) is equivalent to (116) and (118).

In this article, we will not touch upon the issues of theoretical study of the regulari-
ties of relaxation polarization at variable temperature (thermally stimulated polarization)
in IMHCs crystals. A study of thermal polarization in dielectrics will be conducted in
subsequent work.

In this work, only the theoretical aspects of the problem of the quasi-classical calcu-
lation of isothermal relaxation polarization currents in dielectrics were investigated, and
the basic recurrent formulas for calculating the components of the sought value of the
polarization current density at different multiplicities r in the frequency of the external
alternating field were constructed. Recurrent formulas for calculating the CDP components
are also constructed in various approximations for the polarizing field strength.

The problem of the experimental justifications of the solutions obtained will be solved
in subsequent articles, specifically dedicated to the application of various methods to the
numerical calculation and analysis of the properties and parameters of theoretical frequency

spectra J
((2λ+1)ωpol)

pol (t) in arbitrary approximations r = 2λ+ 1 by a dimensionless small
parameter γpol . There, a numerical calculation of the parameters of relaxers (in the general
case, ions of both charge signs; in HBC, protons) will be performed in a wide range of
temperatures, amplitudes, and frequencies of the external electric field.

From the point of view of comparative analysis of the results of theory and experi-
ment, the construction of a nonlinear physical and mathematical model and numerical
analysis of the spectra of thermally stimulated polarization (TSPC) and depolarization
(TSDC) currents in IMBCs class crystals is more qualitative and informative. The TSDC
method applied to the model of a symmetric double potential well for relaxers in [3] will
be further improved using the methods of the quasi-classical kinetic theory used in this
article, but for a more scientifically rigorous model of a one-dimensional spatially periodic
potential relief for relaxers, and will be reduced to the calculation of theoretical frequency

spectra J
((2λ+1)ωpol)

depol (T) in arbitrary approximations r = 2λ + 1 by a dimensionless small
parameter γpol . Additionally, recurrent expressions for calculating the components of
complex CDP in the approximation of multiplicity r = 2λ+ 1 by the polarizing electric
field will be investigated. When solving the kinetic equation of ionic (in HBC, proton) re-
laxation during thermally stimulated depolarization, by analogy with (6)–(9) and (10)–(13),
a phenomenological system of equations with their boundary conditions will be con-
structed, and the initial conditions for the Fokker–Planck equation will be constructed
using asymptotic expressions for the polarization complex amplitudes of the relaxation
modes of the space-charge in the form (47), (49), (50)–(53) and (56)–(59). This concerns the
hetero-charge associated with the accumulation and spatially inhomogeneous distribution
of space-charge, formed due to the diffusion movement of conductivity ions along chemical
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bonds in the space between the electrodes, during the polarization process. Regarding the
initial distribution of the homo-charge associated with the injection of charge carriers (ions,
protons) from the surface of the electrodes into the depth of the crystal, as well as with
the localization of charge carriers on vacancies and electron traps, we will calculate the
corresponding semi-empirical distributions [1,5].

4.2. Comparative Analysis of the Results in This Work and in Previous Articles on This
Research Direction

In the proposed scientific article, direct non-stationary solutions of the system of non-
linear equations of the quasi-classical kinetic theory of dielectric relaxation are considered
and investigated for the first time, as applied to a specific phenomenon of the isothermal
polarization current associated with ion-relaxation polarization caused by the diffusion
transfer of relaxers (ions of both charge signs) and the rotation of water molecules in
crystals with ion-molecular bonds (CIMBs) in an electric field. Hydrogen-bonded crystals
(HBCs) are a special case of crystals of this class. They are characterized, as noted above, by
the presence of a hydrogen sublattice in their structure and, accordingly, the property of
proton conductivity associated with the diffusion transfer of hydrogen ions (protons) in
a polarizing electric field [1–5]. In HBC, the hydrogen sublattice is formed by hydrogen
ions, which are localized on hydrogen bonds and perform small oscillations near the points
of fixation or equilibrium positions. It is in a state of dynamic equilibrium with the anion
sublattice, formed by acidic residues of inorganic salts (carbonates, sulfates, phosphates,
silicates, etc.), which are massive, low-mobility anions of various types (according to the
chemical structure and the structure of the crystal lattice cell). In this case, in HBC, one can
distinguish carbonate anions, sulfate anions, silicate anions, phosphate anions, etc. [1].

In many cases, in CIMB class crystals, one type of charge carriers (relaxers) is the most
mobile, in comparison with other types of charge carriers [2,4,8].

Ions and polar groups act as mobile relaxers in dielectrics with a complex crystal
structure (layered minerals, ceramics), in particular, in HBC they are Bjerrum defects
(ionization H3O+, OH−; orientation defects—L, D), orientation defects associated with ion
vacancies (VL, VD defects) and hydrogen ions (protons) localized on hydrogen bonds [1].
For example, in Ih ice crystals, the greatest mobility is exhibited by H3O+ [2,4,8] defects.

In [3], a detailed analysis of the mechanisms of migration of structural defects in
HBC was carried out, experimental and theoretical graphs of the density of thermally
stimulated depolarization currents (TSDC) were presented, using the example of phl-
ogopite KMg3(AlSi3O10)(OH)2 (Figure 1 in [3]), mica of Onot talc Mg3(Si4O10)(OH)2
(Figure 2 in [3]), muscovite KAl2(AlSi3O10)(OH)2 (Figure 3 in [3]), chemically pure chal-
canthite CuSO4·5H2O (Figure 4 in [3]). Experimental and theoretical values of molecular
parameters for each type of relaxers in these crystals are given in tables 1–4 (see [3]). The
dominant influence of quantum effects caused by proton tunneling between ions of the
anion sublattice in the region of the low-temperature maximum of the TSDT density in
HBC (50–100 K) was established. A distinct influence of quantum transitions of protons
on thermally stimulated depolarization in the high temperature region (150–550 K) was
discovered [3]. Theoretical studies of the kinetics of thermally stimulated depolarization
were carried out in [3] based on the nonlinear phenomenological kinetic theory for the
model of a double symmetric potential well (a simplified model of potential relief for
relaxers). Thus, in [3], already within the framework of a simplified model of the crystalline
potential field for conductivity ions (in HBC, for protons), the significant role of quantum
tunneling of protons in HBC was proven at a sufficiently high level (from comparisons
of theoretical and experimental results), in a wide range of temperatures (50–550 K), and
not only at low temperatures (near nitrogen temperatures). This is of high significance
from the point of view of practical applications of the electrophysical properties of HBC in
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microelectronics and radio engineering. In [3], schemes for the migration of H3O+ ions in
the HBC are proposed, due to the relaxation movement of a proton in the layered structure
of a dielectric, between layers of water molecules or between a layer of water molecules and
a layer of anions [1,5]. The movement of the proton, in this physical model, is diffusional
(depending largely on the action of thermal motion forces) and occurs under the action of
external electric field forces in the direction of the hydrogen bond lines oriented along the
crystal axis C. Figure 1 shows a diagram of the migration of H3O+ ions due to the gradual
movement of the H+ proton using the example of chemically pure chalcanthite (Figure 5
in [3]; Figure 1 in this paper).

The results of calculations of the parameters of relaxers in the investigated sample are
performed in [3] (Table 4 in [3]).

The following stages of proton movement are discerned
1. The formation of defects of the H3O+ type occurs as a result of proton fluctuations

in layers of water molecules or the introduction of a proton-donor impurity (HCl; HF)

H2O + H+ → H3O+.

2. The transfer of a proton between the H3O+ ion and the sulfate anion SO2−
4 , with

the formation of the protonated anion HSO−
4

H3O+ + SO2−
4 → H 2O + HSO−

4 .

3. Reorientation of the protonated anion HSO−
4 due to the displacement of the proton

along the sulfate anion SO2−
4 in the first layer

HSO−
4 → SO4H−.

4. Reorientation of the protonated anion SO4H− due to the displacement of the proton
between the first and second layers of sulfate anions

SO4H− →HSO−
4 .

5. Reorientation of the protonated anion HSO−
4 due to the displacement of the proton

along the sulfate anion SO2−
4 in the second layer of anions

SO4H− →HSO−
4 .

6. The transfer of a proton between the protonated anion SO4H− and a water molecule
with the formation of a sulfate anion SO2−

4 and an ion H3O+

SO4H− + H2O → SO2−
4 + H3O+.

A similar pattern of proton displacements is also observed in phlogopite
KMg3(AlSi3O10)(OH)2, with the only difference being that proton displacements occur
between silicate anions SiO4−

4 and in protonated anions hisO3−
4 , SiO4H3−.

Based on the considered mechanisms of ionic conductivity, we can take the geometric
model of proton-relaxation polarization of HBC, as well as the ion-relaxation polarization
of CIMB, to be one-dimensional.

In the mathematical model, expressions (6)–(9) and their solutions (10) and (11) in
this article formally match the basic equations (57)–(61) and their solutions (62) in [5]. In
expressions (10) and (11) in this work, which are equivalent in a formal sense to expression
(62), methods of perturbation theory are used in the form of expansions of the sought func-
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tions into infinite power series by the small dimensionless parameter γ =
ς0W(1)

W(0) ≪ 1 [2,5].
Along with the classical (calculated without taking into account the quantum tunneling of
ions) dimensionless small parameter ς0 =

qE0a
kBT ≪ 1, the value of the basic quasi-classical

small parameter γ, which appears in calculations when taking into account the quan-
tum tunneling of ions (which is most effective when considering the relaxation motion of
protons in HBC), even within the framework of the quasi-classical kinetic theory (not to
mention the structure of quantum-mechanical kinetic theory) is largely determined by the
ratio of the kinetic coefficients W(0)(T), W(1)(T). These coefficients are calculated as func-
tions of the crystal temperature T using the known formulas of the quasi-classical kinetic
theory [5], in the form of the first two approximations l = 0, l = 1 from the expansions of the
generalized non-stationary velocity of the probability of the transfer of an ion (in HBC, a
proton) between adjacent potential wells (equilibrium positions) in the one-dimensional
mathematical model W(±)(U0 ± |∆U(x; t)|; T) by additional small dimensionless param-
eters ζ(x; t) =

∣∣∣∆U(x;t)
kBT

∣∣∣ ≪ 1, η(x; t) = Λ |∆U(x;t)|
U0

≪ 1. These parameters, in turn, are
calculated in a one-dimensional model of the crystalline potential relief U(x) for an ion
moving in the direction of the coordinate axis OX, chosen in the direction of the crystalline
axis C (Figure 2).

Here ∆U(x; t) =
qE(x;t)a

2 is the correction to the potential energy of an ion U(x)
due to its movement in a spatially inhomogeneous non-stationary electric E(x; t) =

Eext(t)+Eind(x; t), where Eext(t), Eind(x; t) are, respectively, the strength of the external
non-stationary polarizing electric field and the electric field induced in the dielectric as
a result of its polarization in the external field; x is the coordinate of the ion in the one-
dimensional model [2,5]. The crystalline potential relief U(x; t), disturbed by the electric
field E(x; t), is shown in Figure 3. In this model U0 is the height of the potential barrier (the
activation energy of the ion on the bond); δ0 is the width of the potential barrier; Umax is
the potential energy of the ion at the crystal boundaries (the work function of the ion from
the dielectric); NW is the total number of potential wells in the model; d is the thickness of
the crystal; E is the energy level in the unperturbed continuous energy spectrum of the ion;
a is the lattice constant, q is the ion charge.

The calculation of the electric field strength Eind(x; t) is performed, in this model,
using the Poisson equation ∂Eind(x;t)

∂x =
q

ε0ε∞
ρ(x; t), where ρ(x; t) = n(x; t) − n0 is

the concentration of ions excessing the equilibrium n0; ε∞ is the high-frequency di-
electric permittivity. The function ρ(x; t) is constructed from solutions of the nonlinear
Fokker–Planck kinetic equation (expression (6) in this article; equation (57) in article [5]).

The study of the function E(x; t), when calculating the value of ∆U(x; t), is carried out
in [2,5] near the equilibrium position for an ion with coordinate x, taken as a continuous
value in the Poisson equation (expression (7) in this article; equation (58) in article [5]). Let
us rewrite the non-stationary velocity of the probability of transfer of an ion (in HBC, a
proton) through a potential barrier (see expression (9) in [5]) in the form

W(±)(U0 ± |∆U(x; t)|; T) =

=
ν0

2

[
exp(−X(T))× exp(∓ζ(x; t)) + D(±)(U0 ± |∆U(x; t)|; T)

]
.

Statistical averaging of the non-stationary quasi-classical transparency
D(±)(U0 ± |∆U(x; t)|; E) = exp

(
−2η(±)(U0 ± |∆U(x; t)|; E)

)
is carried out in [5] using

classical Boltzmann statistics for ions of mass m, distributed over the energy levels of the
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continuous spectrum E, in the case of a one-dimensional potential barrier of arbitrary shape
U(x), perturbed by an electric field E(x; t). Then, taking

η(±)(U0 ± |∆U(x; t)|; E) =
1
ℏ
√

2m
∫ x2(|∆U(x;t)|;E)

x1(|∆U(x;t)|;E)

√
U(x)± |∆U(x; t)| − Edx > 1,

in the generalized case we obtain

D(±)(U0 ± |∆U(x; t)|; T) = =
1

kBT

U0±|∆U(x;t)|∫
0;2|∆U(x;t)|

D(±)(U0 ± |∆U(x; t)|; E)exp
(
− E

kBT

)
dE.

Preceding [5] the equation U(x)± |∆U(x; t)| = E is solved.
In [5], in the case of a one-dimensional potential barrier of parabolic shape, perturbed

by an electric field U(±)(x; t) = U0

(
1 − 4x2

δ2
0

)
± ∆U(x; t), where δ0 is the width of the

potential barrier, in the WKB approximation the quantum transparency of the potential
barrier, calculated in the approximation of a small perturbing correction ∆U(x; t) = qE(x;t)a

2
to the potential energy of an ion moving with energy E, equals to

Dq.−class.;(±)
quant,tunn. (U0 ± |∆U(x; t)|; E) = exp

(
−πδ0

√
m

h̄
√

2U0
(U0 ± |∆U(x; t)| − E)

)
In this case, the quantum transparency of a potential barrier perturbed by an external

field, statistically averaged over the stationary energy levels of the continuous spectrum E
takes the form (see (9) in [5])

Dq.−class.;(±)
quant,tunn. (U0 ± |∆U(x; t)|; T) =

exp(−Λ)× exp(∓η(x; t))− exp(−X(T))× exp(∓ζ(x; t))
1 − Λ

X
.

Here X(T) = U0
kBT , Λ =πδ0

√
mU0

h̄
√

2
are auxiliary dimensionless parameters. The identity

Λ
X(T) =

η(x;t)
ζ(x;t) is satisfied.

Using expression (4) from [5], we write

W(±)(U0 ± |∆U(x; t)|; T) =
∞

∑
l=0

(∓1)l

l!
× W(l)(U0; T)×(ζ(x; t))l .

The coefficients W(l)(U0; T) of this expression represent the probability rate of an ion
transfer across a potential barrier calculated in the approximation of l using the parameter
ζ(x; t) (formula (5) in [5])

W(l)(U0; T) =
ν0

2

[
exp(−X(T)) + D(l)(U0; T)

]
.

In relation to the parabolic potential barrier, taking we obtain

D(l)(U0; T) = Dq.−class.;(l)
quant,tunn. (U0; T) =

(
Λ

X(T)

)l
exp(−Λ)− exp(−X(T))

1 − Λ
X(T)

.

In particular, for the sought approximations of orders l = 0, l = 1, according to equalities
(10b) and (10c) from [5], we have

D(0)(U0; T) =
exp(−Λ)− exp(−X(T))

1 − Λ
X(T)

, W(0)(U0; T) =
ν0
2

 exp(−Λ)− Λ
X(T) exp(−X(T))

1 − Λ
X(T)

,
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D(1)(U0; T) =
Λ

X(T) exp(−Λ)− exp(−X(T))

1 − Λ
X(T)

,

W(1)(U0; T) =
ν0

2
Λ

X(T)

exp(−Λ)− exp(−X(T))
1 − Λ

X(T)

 =
ν0

2
Λ

X(T)
D(0)(U0; T).

For an arbitrary value l ≥ 1

W(l)(U0; T) =
ν0
2

× Λ
X(T)


(

Λ
X(T)

)l−1
exp(−Λ)− exp(−X(T))

1 − Λ
X(T)

 =
ν0
2

× Λ
X(T)

D(l−1)(U0; T)

Thus

γ(T) =
ς0W(l)(T)
W(0)(T)

=
qE0a
kBT

×
Λ

X(T) (exp(−Λ)− exp(−X(T)))

exp(−Λ)− Λ
X(T) exp(−X(T))

We also note the recurrent expression that is important for this model

W(l)(T) = ulW(0)(T)−
u
(

ul − 1
)

u − 1
Wtherm.(T).

In this expression, the value Wtherm.(T) = exp(−X(T)) has the meaning of the proba-
bility rate of thermally activated (classical) transitions of ions through a potential barrier.
The parameter u = Λ

X(T) =
T

Tcr., move
is also a function of temperature.

Here Tcr., move =
h̄
√

2U0
πδ0kB

√
m is the critical temperature separating the temperature zones

of quantum and thermally activated transitions of ions, calculated from the condition
X(T) = Λ.

The fundamental equation of the quasi-classical kinetic theory of ion-relaxation po-
larization of solid dielectrics is the generalized nonlinear kinetic equation (expression (17)
in the article [5]), constructed on the basis of a mathematical model of a one-dimensional
potential crystal field, shown in Figures 1 and 2. Thus, taking the coordinate of the ion in
the model x, we write equation (17) from [5]

∂n(x; t)
∂t

=
∂2

∂x2

(
Ddiff(x; t)·n(x; t)

)
− ∂

∂x
(vmob(x; t)·n(x; t)),

in which the generalized nonlinear diffusion coefficients Ddiff(x; t) = a2Ω(x; t) = = a2 ×
W(−)(x;t)+W(+)(x;t)

2 and mobility µmob (x; t) = vmob(x;t)
E(x;t) of ions in the simulated crystal in an

electric field are introduced, with the generalized non-stationary velocity of ion transport in
the electric field vmob(x; t) = aΞ(x; t) = a

(
W(−)(x; t)− W(+)(x; t)

)
. (see expressions (18)

in article [5]).
The generalized nonlinear quasi-classical kinetic equation (17) from [5] is reduced

to the differential continuity equation q ∂n(x;t)
∂t +

∂j(x;t)
∂x = 0, where total current density in

the system

j(x; t) = q
(
µmob (x; t)·n(x; t)E(x; t) − ∂

∂x
(

Ddiff(x; t)·n(x; t)
))

is equal to the sum of the conduction current density jc(x; t) = qµmob (x; t)·n(x; t)E(x; t)
and diffusion current jdi f f (x; t) = −q ∂

∂x

(
Ddiff(x; t)·n(x; t)

)
These expressions allow us to
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formulate the boundary conditions for the kinetic equation in the blocking electrode model,
when j(0; t) = j(d; t) = 0, where d is the crystal thickness. Then, we obtain[

µmob (x; t)·n(x; t)E(x; t) =
∂

∂x
(

Ddiff(x; t)·n(x; t)
)]∣∣∣∣

x={0;d}
= 0.

At the initial moment of time polarization is absent n(x; 0) = 0.
The solution of the kinetic equation in [5] is constructed together with the Poisson

equation (the d’Alembert wave equation, transformed in the radio wave wavelength region)
∂E(x;t)

∂x =
q

ε0ε∞
(n(x; t)− n0) (see expression (22) in [5]), where n0, n(x; t) are, respectively, the

equilibrium and nonequilibrium concentrations of ions in the crystal; ε∞ is the permittivity
in the high-frequency region. The boundary condition, according to the blocking electrode
model, takes the form [5]

∫ d
0 E(x; t)dx = V0 × exp(iωt). The source of external voltage

is taken to be V(t) = V0 × exp(iωt), where V0 = E0·d,ω are the amplitude and circular
frequency of the EMF, respectively; E0 is the amplitude of the external polarizing electric
field Eext(t) = E0exp(iωt).

Further transformations in the work [5] were reduced to simplifying the kinetic equa-
tion to a form corresponding to the approximations l = 0 and l = 1 in power series

W(±)(U0 ± |∆U(x; t)|; T) ≈ W(0)(U0; T)∓ W(1)(U0; T)ζ(x; t),

Respectively, we have

Ddiff(x; t)= a2 × W(−)(x; t) + W(+)(x; t)
2

≈ a2 × W(0)(U0; T) = D(0)
diff(U0; T)

vmob(x; t) = a
(

W(−)(x; t)− W(+)(x; t)
)
≈ 2aW(1)(U0; T)ζ(x; t) == µ

(1)
mob (U0; T)E(x; t),

D(0)
diff(U0; T)= a2 × W(0)(U0; T),

µ
(1)
mob (U0; T) =

q a2

2kBT
W(1)(U0; T).

For the kinetic equation we take

n(x; t) = ζ(x; t)n(1)(x; t).

Then, we get the system

∂n(1)(x; t)
∂t

= D(0)
diff

∂2n(1)(x; t)
∂x2 − µ

(1)
mob

∂

∂x

(
E(x; t)·n(1)(x; t)

)
,

[
µ
(1)
mob·n

(1)(x; t)E(x; t) =D(0)
diff

∂n(1)(x; t)
∂x

]∣∣∣∣∣
x={0;d}

= 0, n(1)(x; 0) = 0.

The Fokker–Planck and Poisson equations (expressions (6) and (7) in this article;
expressions (57) and (58) in [5]) follow from the above-described equations of the system
for the quantity n(1)(x; t), by applying dimensionless variables ξ = X

a , τ = W(0)t. The

dimensionless field z(ξ; τ) = E(x;t)
E0

and the excess concentration of conductivity ions

ρ(ξ; τ) = n(1)(x; t)− n0 are also introduced. In this case, these equations are taken in the
form (57) and (58) from [5], respectively (6), and (7) from this article

∂ρ(ξ; τ)
∂τ

=
∂2ρ(ξ; τ)

∂ξ2 − θρ(ξ; τ)− γ
∂

∂ξ
(ρ(ξ; τ)×z(ξ; τ)),

∂z(ξ; τ)
∂ξ

= ϕρ(ξ; τ).
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In these nonlinear equations, the dimensionless small parameter of perturbation theory

γ(T) = qE0a
kBT ×

Λ
X(T) (exp(−Λ)−exp(−X(T)))
∽

exp(−Λ)− Λ
X(T) exp(−X(T))

=
qE0a
kBT × exp(−Λ)−exp(−X(T))

X(T)
Λ exp(−Λ)−exp(−X(T))

is a function of the

crystal temperature, the amplitude of the polarizing field strength E0, and also the molecular
parameters of the relaxers U0, δ0, a. Additional designations θ = ϕγn0, ϕ =

aq
ε0ε∞ E0

are
also accepted.

The initial and boundary conditions for the kinetic equation in this article are formu-
lated in the form (8), and in [5] in the form (59) and (60)

ρ(ξ; 0) = 0,
∂ρ

∂ξ

∣∣∣∣
ξ={0; d

a }
γ(n0 + ρ(ξ; τ))z(ξ; τ)|

ξ={0; d
a }

.

The boundary condition
∫ d

0 E(x; t)dx = V0 × exp(iωt) takes the form corresponding
to the boundary condition (9) for the Poisson equation in this article

∫ d/a

0
z(ξ; τ)dξ =

d
a

exp
(

iω
W(0)

τ

)
.

The solutions of the system of nonlinear Equations (6)–(9) in this article, which
match, in a formal sense, equations (57)–(61) from the article [5], are constructed using
expansions in infinite power series by the small dimensionless parameter of perturba-

tion theory γ(T) =
ς0W(l)(T)
W(0)(T)

, introduced in [5]. Moreover, expressions (10) and (11)

of this article formally match the expressions (62) from [5] ρ(ξ; τ) = ∑∞
k=1 γ

kρk(ξ, τ),
z(ξ, τ) = ∑∞

k=0 γ
kzk(ξ, τ). In the methodology of this work and the article [5], some coinci-

dences take place only in a formal sense, but in the physical sense, in the present article,
more detailed processes associated with ion-relaxation polarization are considered (as
in [5]), but, in relation to the model of isothermal polarization (at a constant temperature)
and are investigated not in the approximation of time asymptotics (in the stationary mode
of polarization in an alternating field), but in the mode of transient (nonequilibrium, from
the point of view of kinetics) processes in a dielectric in an electric field. These differ-
ences are manifested in the mathematical model, starting with the generalized analytical
expression (14) for the complex amplitudes of relaxation modes of number n in the k-th
approximation by the parameter γ for the volume-charge induced in the crystal during
the polarization process. Further mathematical operations, omitted in this article due to
their cumbersomeness, in [5], consist of the construction of a recurrent system of equations
(63)–(67) for the approximation k of perturbation theory.

∂ρk(ξ, τ)
∂τ

=
∂2ρk(ξ, τ)

∂ξ2 − ∂

∂ξ

(
z0(ξ, τ)ρk−1(ξ, τ) + ∑k−2

m=1 zm(ξ, τ)ρk−m−1(ξ, τ)
)
− θρk(ξ, τ),

∂zk
∂ξ

= ϕρk(ξ, τ),

ρk(ξ; 0) = 0,
∂ρk
∂ξ

∣∣∣∣
ξ=(0; d

a )
=
[
n0zk−1 + z0ρk−1 + ∑k−2

m=1 zmρk−m−1

]∣∣∣
ξ=(0; d

a )
,

ρ0(ξ, τ) = 0, z0(τ) = exp
(

iω
W(0)

τ

)
,
∫ d

a

0
zk(ξ; τ)dξ = 0, k ≥ 1

It should be noted that equation (63) in [5] is original and has no analogues in the issue
of constructing analytical solutions of nonlinear kinetic equations of the Fokker–Planck
type, which contains a fairly high degree of scientific novelty within the framework of this
range of theoretical problems to be solved. Further mathematical operations contained
in expressions (68)–(70) in [5] are reduced in this article to transformations in the form of
Fourier series (12)

ρk(ξ; τ) =
∞

∑
n=1

Rk(n, τ)·cos
(πna

d
ξ
)

,
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allowing, on the interval 0 ≤ ξ ≤ d
a , in the image Rk(n, τ) = 2a

d

∫ d
a

0 ρk(ξ; τ) cos
(
πna

d ξ
)
dξ,

to write equation (63) from [5] in operator form (expression (69) in the article [5])

∂Rk(n, τ)
∂τ

+
l
τn

Rk(n, τ) =
2a
d

{
n0

(
zk−1|ξ= d

a
. (−1)n − zk−1|ξ=0

)
−

−πna
d

×
∫ d

a

0

(
z0ρk−1 + ∑k−2

m=1 zmρk−m−1

)
sin
(πna

d
ξ
)

dξ

}
,

Rk(n, 0) = 0.

The solution to this equation is given by the recurrent expression (70) in the article [5],
which is formally equivalent to the expression (14) in the present article for the complex
amplitudes of the relaxation modes of the volume-charge for the spatial harmonic n of the
Fourier series in the k-th approximation by the parameter γ

Rk(n; τ) =

{
−

4an0sin2(πn
2
)

d
·
τ∫

0

zk−1(0; τ)·exp
(

τ

τn

)
dτ−

−2πna2

d2

τ∫
0


d
a∫

0

(
z0(τ)× ρk−1 +

k−2

∑
m=1

zm(ξ, τ)× ρk−m−1(ξ, τ)

)
sin
(πna

d
ξ
)

dξ× exp
(

τ

τn

)dτ

× exp
(

τ

τn

)

Here 1
τn

=
(
πna

d

)2
+ θ. Let us reiterate that the formal equivalence of this expression

in [5] and in this work does not mean the physical equivalence of these formulas. In this
expression, the dimensionless electric field in the k − 1-th and m-th approximations by
the parameter γ is calculated by analogy with the k-th approximation for the “zero” field
(expression (13) in this article)

zk(ξ; τ) = ϕ
∞

∑
n=1

Rk(n; τ)× 1
πna

d

[
sin
(πna

d
ξ
)
− a

d
×

2sin2(πn
2
)

πna
d

]
.

This expression is a consequence (essentially equivalent) to expression (15) in
this article.

zk(ξ; τ) = ϕ×
∫

ρk(ξ; τ)dξ− a
d
ϕ×

∫ d/a

0

(∫
ρk(ξ; τ)dξ

)
dξ.

In the article [5], the solution of the operator equation (69) in the form (70) is investi-
gated in the asymptotic approximation (far from transient processes) and is written for an
arbitrary order of perturbation theory k with a frequency harmonic of multiplicity r in the
form of a non-stationary expression

R
(rω)
k (n; τ) =

8n0ϕ

π2 ∑∞
s=1

{
sin2(πs

2
)
sin2(πn

2
)

s2 ×
[

^
K
(τ)(

R
(rω)
k−1 (s, τ)

)]}
−

−4a
d
·∑∞

s=1

{
n2 cos2(πn

2
)

sin2(πs
2
)

n2 − s2 ×
[

^
K
(τ)(

exp
(

i
ω

W(0)
τ

)
R

((r−1)ω)
k−1 (s, τ)

)]}
+

+
8ϕ

π2

k−2

∑
m=1

∞

∑
p=1

m

∑
f=1

∞

∑
l=1

n2 cos2(πn
2
)

sin2(πp
2
)

sin2
(
πl
2

)
l2(n2 − p2)

·
[

^
K
(
R

((r− f )ω)
k−m−1 (p, τ)R( f ω)

m (l, τ)
)].
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Here, asymptotic integral operators are applied

^
K
(τ)(

R
(rω)
k−1 (s, τ)

)
= lim

τ→∞

[
exp

(
− τ

τn

)
·
∫ τ

0
Rk−1(s, τ) exp

(
τ

τn

)
dτ
]

,

[
^
K
(τ)(

exp
(

i
ω

W(0)
τ

)
R

((r−1)ω)
k−1 (s, τ)

)]
= = lim

τ→∞

[
exp

(
− τ

τn

)
·
∫ τ

0
Rk−1(s, τ) exp

((
i

ω

W(0)
+

l
τn

)
τ

)
dτ
]

,

[
^
K
(
R

((r− f )ω)
k−m−1 (p, τ)R( fω)

m (l, τ)
)]

= = lim
τ→∞

[
exp

(
− τ

τn

)
·
∫ τ

0
Rk−m−1(p, τ)Rm(l, τ) exp

(
τ

τn

)
dτ
]

.

The operators are deciphered in [5].
In contrast to the earlier work [5], in the present work the functions Rk(n; τ) are

presented in the form of transient non-stationary functions of time, calculated on the
basis of formula (14), respectively, in the approximations k = 1, 2, 3, 4 (expressions (16),
(20), (S1) and (S4)), as applied to a specific phenomenon of the isothermal polarization
current flowing through the cross-section of the dielectric (due to the diffusion movement
of conductivity ions in the space between the electrodes in the model of a flat capacitor
with an arbitrary shape of the electrodes) at a constant crystal temperature, which can be
interpreted as the evolution in time for the function Rk(n; τ) described above for a given
value of the parameter k. For the sake of brevity, omitting the index “pol”, we write the
recurrence formula (see equation (26) in this article)

Rk(n, τ) =
8n0ϕ

π2 ∑∞
s=1

{
sin2(πs

2
)

sin2(πn
2
)

s2 ×
[

exp
(
− τ

τn

)
·
∫ τ

0
Rk−1(s, τ) exp

(
τ

τn

)
dτ
]}

−

−4a
d
·∑∞

s=1

{
n2 cos2(πn

2
)

sin2(πs
2
)

n2 − s2 ×
[

exp
(
− τ

τn

)
·
∫ τ

0
Rk−1(s, τ) exp

((
i

ω

W(0)
+

l
τn

)
τ

)
dτ
]}

+

+
8ϕ

π2

k−2

∑
m=1

∞

∑
p=1

∞

∑
l=1

n2 cos2(πn
2
)

sin2(πp
2
)

sin2
(
πl
2

)
l2(n2 − p2)

×

×
{

exp
(
− τ

τn

)∫ τ

0
Rk−m−1(p,τ)Rm(l, τ) exp

(
τ

τn

)
dτ
}

.

Based on (14), and also from (26), partial expressions are constructed for the nonequi-
librium functions R1(n; τ), for k = 1 (see Formula (16)), applying z0(τ) = exp

(
iω

W(0) τ
)

;
R2(n; τ) for k = 2 (see Formulas (19) and (20)), applying ρ1(ξ; τ), z1(ξ; τ) (see expressions
(17) and (18)); R3(n; τ) for k = 3 (see Formulas (23) and (S1)), applying, in addition to
(17) and (18), the expressions ρ2(ξ; τ), z2(ξ; τ) (see (21) and (22)); R4(n; τ) for k = 4 (see
Formulas (24) and (S4)), applying, in addition to (17), (18), (21) and (22), the expressions
ρ3(ξ; τ), z3(ξ; τ) (see (S2) and (S3)). Due to the cumbersome nature of these expressions,
in this Section 4.2 only the numbers of the main working formulas and their connections
and correspondences in the model are used. The transition to higher approximations
of perturbation theory for k = 5, 6, 7, etc. in Formulas (14) and (26) leads to even more
cumbersome calculation schemes and their elements, which is not appropriate within the
framework of the purpose of this work. If necessary, performing these calculations will not
be particularly difficult from the point of view of the logic of the calculations. In this article,
for the first time, based on the recurrent Formula (25)

Jpol,k(t) = −
2 dqW(0)

pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
∂Rpol,k

(
n, τpol

)
∂τpol

,
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using partial expressions for complex amplitudes of the space-charge distribution in the
first four approximations by the small dimensionless parameter γ, for k = 1, 2, 3, 4, nonlinear
quasi-classical formulas are constructed for calculating the current density of isothermal
polarization in a dielectric. This, in relation to polarization current, has never been done
before, from the point of view of the scientific direction being developed. Thus, expressions
are constructed for the functions Jpol,1(t) (see Formula (28)), Jpol,2(t) (see Formula (30)),
Jpol,3(t) (see Formula (S6)), Jpol,4(t) (see Formula (S8)).

5. Conclusions
Due to the cumbersomeness of the mathematical apparatus developed in this scientific

article, with the significant importance of analytical conclusions and solutions of the main
and additional equations of the physical-mathematical model, taking into account that the
work is purely theoretical (with a high-quality experimental base of previous studies) and
each intermediate solution, along with solutions of the basic equations, is informative and
important for further developments (theoretical, experimental), and numerical optimiza-
tions of the studied models in the field of nonlinear relaxation polarization and electrical
conductivity in crystals with ionic-molecular bonds, in this work, we have adopted an
expanded form of conclusions on the work. This approach will allow to examine the main
conclusions and also, in an abbreviated form, to return to the results of the mathematical
calculations (formulas, equations and their solutions) and transformations performed in
the work.

The following conclusions could be drawn from the work conducted
The following extended conclusions (with the explanations and comments) could be

drawn upon based the results of the work performed
1. Using the methods of the quasi-classical kinetic theory of dielectric relaxation [1–5],

a system of nonlinear Equations (6)–(9) was constructed, describing the process of isother-
mal polarization. The solution of the system of Equations (6)–(9) is carried out in di-
mensionless variables ξ = x

a , τpol = W(0)
pol t, using the methods of perturbation theory, by

expansions in infinite series by powers of a polarization dimensionless small parameter
γpol (10). The kinetic coefficients W(0)

pol , W(1)
pol are calculated by the methods described in

Section 2, using Formula (5a,b), at a temperature equal to the polarization temperature Tpol .
In this case, the expressions for the space-charge density and the dimensionless electric

field zpol

(
ξ; τpol

)
=

Epol(x;t)
E0,pol

are modeled in the k-th approximation by a small parameter

γpol , on the segment 0 ≤ ξ ≤ d
a , using harmonic Fourier series (12) and (13)

ρpol,k

(
ξ; τpol

)
= ∑∞

n=1 Rpol,k

(
n; τpol

)
·cos

(πn α

d
ξ
)

.

zpol,k

(
ξ; τpol

)
= ϕpol∑∞

n=1

Rpol,k

(
n; τpol

)
πn a

d

[
sin
(πn a

d
ξ
)
− a

d
×

2sin2(πn
2
)

πn a
d

]
.

The parameter a
d , where d is the thickness of the dielectric and a is the lattice constant,

describes the influence of size effects on polarization. The parameter ϕpol =
aq

ε0ε∞E0,pol
is

a measure of the inverse field and has the dimension of the equilibrium concentration
of particles n0. Here ε∞−is the high-frequency permittivity; E0,pol—is the amplitude of

external electric field strength Eext,pol(t) = E0,pol × exp
(

iωpolt
)

; q is the ion charge. The

complex amplitudes Rpol,k

(
n; τpol

)
of relaxation modes of the n-th order for a spatially

inhomogeneous space-charge (12) are calculated in the k-th approximation by a small
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parameter γpol , for isothermal polarization (at a constant polarization temperature), using
the recurrent Formula (14).

2. Expressions for the functions Rpol,k

(
n; τpol

)
, ρpol,k

(
ξ; τpol

)
are obtained in the first

four approximations of perturbation theory k = 1 (see Formulas (16) and (17)); k = 2 (see
Formulas (20) and (21)); k = 3 (see Formulas (S1) and (S2)); k = 4 (see Formula (S4)).

3. The expression for the polarization current density operator (25), calculated in the
k-th approximation by a small parameter γpol (25), is written and investigated Jpol,k

(
τpol

)
=

−
2dqW(0)

pol
π2 ∑∞

n=1
sin2(πn

2 )
n2 × ∂Rpol,k(n,τpol)

∂τpol
. Relaxation times for relaxation modes of the n-th

order for the isothermal polarization process Tpol,n =
Tpol,n,DTpol,M

Tpol,n,D+Tpol,M
are calculated, where

Tpol,n,D =
Tpol,D

n2 —is the diffusion relaxation time for the n-th, and Tpol,D = d2

π2D(0)
di f f ,pol

—for

the first relaxation mode, Tpol,M = ε0ε∞

qn0µ
(1)
mob,pol

—is the Maxwell relaxation time. The diffusion

D(0)
di f f

(
Tpol

)
= a2W(0)

pol

(
Tpol

)
and mobility µ

(1)
mob,pol

(
Tpol

)
=

qa2W(1)
pol (Tpol)

kBTpol
coefficients are

calculated at temperature Tpol .
4. Based on the main expression (see Formula (14)), an additional recurrent expression

is proposed for calculating the polarization complex amplitudes of the relaxation modes
Rpol,k

(
n; τpol

)
of the space-charge density, calculated in the k-th approximation by a small

parameter γpol , taking into account all previous approximations, starting from k = 1 to
k − 1 (see Formula (26)). The expression for the current density (25) works in the system
with Formula (26).

5. Based on the recurrent expression (25) in combination with Formulas (16), (21), (S1) and (S4),
partial expressions are constructed for the polarization current density calculated in the approx-
imations k = 1, 2, 3, 4 by a small parameter γpol, see Formulas (28) with k = 1 for Jpol,1

(
τpol

)
;

(30) with k = 2 for Jpol,2

(
τpol

)
; (31) with k = 3 for Jpol,3

(
τpol

)
; (S8) with k = 4 for Jpol,4

(
τpol

)
. The

expressions obtained will be applied in the future to calculate theoretical spectra Jpol,k

(
τpol

)
in the

field of relaxation processes
(
τpol

∼= τpol,n

)
in the first four approximations of perturbation theory.

Using an analogous method, from the recurrent expression (25), in combination with Formula (26),
spectra Jpol,k

(
τpol

)
can be constructed in subsequent approximations of perturbation theory k = 5,

6, 7, etc.
6. By transitioning to the limits in special Formulas (28), (30), (31) and (S8), far from

transient processes
(
τpol ≫ τpol,n

)
, with the formal fulfillment of the condition τpol → ∞ ,

asymptotic (stationary) expressions for the polarization current density in the approxima-
tions k = 1, 2, 3, 4 by a small parameter of perturbation theory γpol are constructed, see

Formulas (32) with k = 1 for the function Jpol,1

(
τpol

)
→ J

(Ωpol=(ωpol))

pol,1

(
τpol

)
= J

(ωpol)

pol,1

(
τpol

)
;

(33) with k = 2 for the function Jpol,2

(
τpol

)
→ J

(Ωpol=(ωpol))

pol,2

(
τpol

)
= J

(ωpol)

pol,2

(
τpol

)
; (34) with k = 3

for the function Jpol,3

(
τpol

)
→ J

(Ωpol=(ωpol;2ωpol;3ωpol))

pol,3

(
τpol

)
= J

(ωpol)

pol,3

(
τpol

)
+ +J

(ωpol;2ωpol;3ωpol)

pol,3(
τpol

)
; (35) with k = 4, for the function Jpol,4

(
τpol

)
→ → J

(Ωpol=(ωpol;2ωpol;3ωpol))

pol,4(
τpol

)
= J

(ωpol)

pol,4

(
τpol

)
+ J

(ωpol;2ωpol;3ωpol)

pol,4

(
τpol

)
.

7. Additionally, far from transient processes
(

τpol ≫ τpol,n

)
, asymptotic (station-

ary) expressions for polarization complex amplitudes of relaxation modes in approx-
imations k = 1, 2, 3, 4 by a small parameter γpol are constructed, see Formulas (42)

with k = 1 for Rpol,1

(
n; τpol

)
→ R

(Ωpol)

pol,1

(
n; τpol

)
= R

(ωpol)

pol,1

(
n; τpol

)
; (43) with k = 2 for

Rpol,2

(
n; τpol

)
→ R

(Ωpol)

pol,2 = R
(ωpol)

pol,2

(
n; τpol

)
; (44) with k = 3 for Rpol,3

(
n; τpol

)
→ R

(Ωpol)

pol,3 =
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R
(ωpol)

pol,3

(
n; τpol

)
+ R

(3ωpol)

pol,3

(
n; τpol

)
; (45) with k = 4 for Rpol,4

(
n; τpol

)
→ R

(Ωpol)

pol,4 =

R
(ωpol)

pol,4

(
n; τpol

)
+R

(3ωpol)

pol,4

(
n; τpol

)
. It was established that expressions (42)–(45) are con-

sistent with (32)–(35) through the recurrent Formula (25). Thus, we have formulated the
first criterion for the reliability of the calculations performed in Section 2.3.

8. When studying the kinetics of isothermal polarization of a dielectric in an alternating
field in a stationary polarization mode, from the point of view of practical applications
(in mathematical modeling of nonlinear polarization in radio engineering devices and
microwave technology devices), the calculation of asymptotic expressions over time for
complex amplitudes Rpol,k

(
n; τpol

)
of the space-charge and polarization current density

Jpol,k

(
τpol

)
in an arbitrary k-th approximation by a small parameter γpol , is of interest, by

transitioning to the limit expressions (47)–(49)

R
(Ωpol,k)

pol,k

(
n; τpol

)
= lim

τpol→∞

[
Rpol,k

(
n; τpol

)]
=

k

∑
r=1

R
(rωpol)

pol,k

(
n; τpol

)
,

J
(Ωpol,k)

pol,k

(
τpol

)
= −

2 dqW(0)
pol

π2

∞

∑
n=1

sin2(πn
2
)

n2 ×
∂R

(Ωpol,k)

pol,k

(
n; τpol

)
∂τpol

.

9. Recurrent asymptotic formulas for partial complex amplitudes of relaxation modes
of space-charge are written for arbitrary values of orders of perturbation theory k and
multiplicity r in the frequency of the polarizing field (53)

R
(rωpol)

pol,k

(
n; τpol

)
= (−1)r

(
4a
d

)r
n0

(8n0ϕpol

π2

)k−r

× Λk−r
0,pol × G

(rωpol)

pol,k (n)×

×Ar(k)×
exp

(
ir

ωpol

W(0)
pol

τpol

)
1

τpol,n
+ i

(
r
ωpol

W(0)
pol

) ,

where only the evaluation of the structure and numerical values of the complex param-

eter G
(rωpol)

pol,k (n), calculated as sums of power series, represents a certain computational
complexity. The properties of the parameter Ar(k) (1) A1(k) = 1; (2) A2(k) = k − 1,
A3(k) =

(k−1)(k−2)
2 ; (3) ∑∞

k=r

[
Ξk−r

0,pol ·Ar(k)
]
= 1

(1−Ξ0,pol)
r are investigated, where the addi-

tional parameter Ξ0,pol =
8n0ϕpolΛ0,polγpol

π2 < 1. is introduced.
10. As a special case of equality (53), an additional recurrent expression for the

frequency multiplicity r = 4, of orders k ≥ 4, is proposed R
(4ωpol)

pol,k

(
n; τpol

)
(Formula (55)).

Based on the results of calculating the functions R
(Ωpol,k)

pol,k

(
n; τpol

)
= ∑k

r=1 R
(rωpol)

pol,k

(
n; τpol

)
,

at 1, 2, 3, 4, the formulas for calculating the functions (50)–(53) are completely consistent
with Formulas (32)–(35) and (42)–(45). Thus, we have formulated the second criterion for
the reliability of the calculations performed in Sections 2.3, 3 and 4.

11. To simplify the scheme of mathematical description of relaxation polarization,
along with algebraic formats (25), (47) and (60), a generalized operator representation of
the polarization current density (67) is proposed

Ĵpol(t) = −
2dqW(0)

pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×
∂R̂pol

(
n,τpol

)
∂τpol

.
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A matrix interpretation of the polarization current density in the form of a column

vector Ĵpol(τpol) =



Jpol,1

(
τpol

)
Jpol,2

(
τpol

)
Jpol,3

(
τpol

)
...

Jpol,k

(
τpol

)
...


—is performed, see expression (69). The current density

operator works in conjunction with the operator of complex amplitudes of relaxation modes
of the space-charge

R̂pol

(
n; τpol

)
=



Rpol,1

(
n; τpol

)
Rpol,2

(
n; τpol

)
Rpol,3

(
n; τpol

)
...

Rpol,k

(
n; τpol

)
...


see expression (68). It has been established that

the action of the operator Г̂pol =



γpol

γ2
pol

γ3
pol
...

γk
pol
...


—(see expression (62)) on the current density

operator (69) yields the value Г̂pol × Ĵpol

(
τpol

)
= Jpol

(
τpol

)
= ∑∞

k=1 γ
k
pol × Jpol,k

(
τpol

)
measured in the experiment (see expression (70)). For the stationary mode of the isothermal
polarization process

(
τpol >> τpol,n

)
, a matrix expression for the polarization current

density Ĵ
(Ωpol)

pol

(
τpol

)
=



J
(Ωpol,1)

pol,1

(
τpol

)
J
(Ωpol,2)

pol,2

(
τpol

)
J
(Ωpol,3)

pol,3

(
τpol

)
...

J
(Ωpol,k)

pol,k

(
τpol

)
...


—is proposed (see (71)). Operator (71) works

in combination with the asymptotic operator of complex amplitudes R̂
(Ωpol)

pol

(
n; τpol

)
=

R
(Ωpol,1)

pol,1

(
n; τpol

)
R

(Ωpol,2)

pol,2

(
n; τpol

)
R

(Ωpol,3)

pol,3

(
n; τpol

)
...

R
(Ωpol,k)

pol,k

(
n; τpol

)
...


—(see (61)). It has been established that the action of the operator on



Crystals 2025, 15, 863 78 of 86

the operator (56) gives J
(Ωpol)

pol (t) = ∑∞
k=1 γ

k
pol × J

(Ωpol,k)

pol,k (t) (see Formula (72)), with matrix
elements calculated from expression (47)

J
(Ωpol,k)

pol,k (t) = −
2dqW(0)

pol

π2 ∑∞
n=1

sin2(πn
2
)

n2 ×
∂R

(Ωpol,k)

pol,k

(
n;τpol

)
∂τpol

.

Partial current densities are calculated in the k-th approximation of perturbation
theory at the field frequency

(
rωpol

)
Formula (73) J

(rωpol)

pol,k (t) = −
2dqW(0)

pol
π2 ∑∞

n=1
sin2(πn

2 )
n2 ×

∂R
(rωpol )

pol,k (n;τpol)
∂τpol

—(see
Formula (73)) works in conjunction with (53).

12. A recurrence expression is constructed for the partial current density generated
in a dielectric during isothermal polarization and established in a stationary polarization
mode at an odd field frequency

(
2λ+ 1ωpol

)
—(see (116)).

J
((2λ+1)ωpol )

pol (t) = i
22(2λ+1)+1 · (2λ+ 1)qn0 ωpol a2λ+1 γ2λ+1

pol

(
W(0)

pol

)2λ+1

d2λπ2
(
1 − Ξ0,pol

)2λ+1 × ×∑∞
n=1

sin2(πn
2

)
n2 G

(2λ+1)ωpol
pol,k (n)×

exp
(
i
(
(2λ+ 1)ωpol

)
t
)

1
Tpol,n

+ i
(
(2λ+ 1)ωpol

) .

Expressions are written for the partial current densities of stationary isothermal polariza-

tion, calculated at field frequencies that are multiples of r = 1, J
(ωpol)

whole (t) Formula (82) is

constructed taking into account the conduction currents J
(ωpol)

cond (t) = σ
(ωpol)
pr Epol(t); r = 3,

J
(3ωpol)

pol (t)—(Formula (89)).

13. A generalized recurrent formula J
((2λ+1)ωpol)

pol (t) (see expression (118)) has been
constructed, which, in combination with additional model equalities (118a–e), makes it pos-
sible to calculate the numerical values of the polarization current density in the asymptotic
(stationary) approximation (far from transient processes) in an arbitrary approximation
r = 2λ+ 1, at λ = 0, 1, 2, 3, 4, . . ., based on the magnitude of the polarizing electric field
strength E0,pol(t) in dielectrics of the class of crystals with ionic-molecular chemical bonds
(IMBCs), in particular in HBC, at a constant temperature (isothermal polarization).

14. Based on the generalized dispersion relations (114) and (115), recurrent expressions
are constructed for calculating the components of the complex dielectric permittivity (CDP)
in the approximation of multiplicity r = 2λ+ 1 by the polarizing electric field.

15. The main theoretical principles of the physical-mathematical model of nonlinear
isothermal and thermally stimulated polarization in solid dielectrics exhibiting the property
of ionic conductivity and ionic relaxation polarization in a wide range of field parameters
(100 kV/m–1000 MV/m) and temperatures (0–1500 K) are formulated. A calculation
scheme has been developed for studying the processes of thermally stimulated polarization
in materials with complex crystal lattice structure and ionic-molecular type of chemical
bonds. Hydrogen-bonded crystals (HBC) are characterized by the presence of a hydrogen
sublattice in the crystal structure (consisting of hydrogen ions (protons) that do not interact
with each other and move inside the anion sublattice between its ions) and the manifestation
of the property of proton conductivity, caused by the diffusion transfer of protons along
hydrogen bonds in a polarizing field.

16. The physical-mathematical model of isothermal relaxation polarization and con-
ductivity, constructed using the methods of nonlinear quasi-classical kinetic theory of
dielectric relaxation [1–5], is based on the study of the system of nonlinear equations of the
phenomenological model (6)–(9), as applied to the properties of ionic-molecular dielectrics.
The theoretical results obtained will allow, in the future, to trantition to a numerical study
of the regularities for anomalously high polarization nonlinearities, manifested at the the-
oretical level, during the transition from micrometer (1–10 µm) to nanosized (1–10 nm)
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HBC layers, when the maximum (peak) of the dielectric permittivity experiences a shift
from the region of low (50–100 K) to the region of ultra-low (4–25 K) with an increase in the
amplitude of the maximum to values of the order of 1.5–2.5 million. The electrical conduc-
tivity coefficient of the dielectric, at the same time, increases by 3–4 orders of magnitude.
In the general case, in IMBs class crystals, theoretical nonlinearities of this type usually
appear in the ranges (1) ultra-low temperatures (1–10 K) and weak fields (100–1000 kV/m),
which is especially characteristic of proton semiconductors and dielectrics (PSD), exhibiting
the property of quantum (tunnel) low-temperature conductivity [1,5]; (2) ultra-high tem-
peratures (550–1550 K) and strong fields (10–1000 MV/m), when IMBs exhibit nonlinear
space-charge polarization [1,2].

17. Theoretical manifestations of polarization nonlinearities in dielectrics with an
ion-molecular type of chemical bond are provided by taking into account the high-order
terms (starting from the third k = 3, 4, 5,. . ., etc., up to infinity) of the perturbation theory
by the small dimensionless parameter γpol (see Formulas (10) and (11)) in the mathematical
modeling of the spatially inhomogeneous space-charge distribution (12) and (13) formed in
the model crystal under the action of an electric field.

18. The theoretical foundations of the schemes of analytical studies of nonlinear
thermally stimulated polarization processes are laid, which are reduced to measuring
the temperature spectra of thermally stimulated depolarization currents described in
Section 2.1, when, at the first stage of the experiment, the process of isothermal (at a
constant polarization temperature Tpol) polarization of the sample in a uniform stationary

electric field
(
ωpol = 0

)
of strength Eext,pol = E0,pol is studied, during the polarization

time tpol , and at the second stage of the experiment, the external field is switched off
Eext,thpol(t) = 0, Vthpol(t) = 0, the dielectric is rapidly cooled to low temperatures (50–80 K),
shorted to an electrometer (or quality meter) and begins to heat up according to a linear
law T(t) = T0 + ct.

The main conclusions could be drawn summarizing the results obtained (in
brief form):

1. Analytical solutions of the nonlinear quasi-classical kinetic equation of dielectric
relaxation in crystals with ionic-molecular chemical bonds (CIMBs) are constructed in
the first four approximations of perturbation theory (k = 1, 2, 3, 4). In contrast to the
previously presented review article [5], these solutions are written in the form of nonequi-
librium volume-charge distributions describing transient (in time) isothermal processes in
dielectrics in an electric field (expressions (17), (21), (S2), and (S4)). Previously, these solu-
tions were constructed far from transient processes, as non-stationary asymptotic functions
(in the previous article [5]), but in this work, they differ, both in physical and mathematical
content, and relate to specific processes in dielectrics the isothermal relaxation polarization
currents All fundamental model differences in solving this theoretical problem are reflected
in Section 2.2, Section 2.3, and Section 4.2 of this work. (see paragraphs 1, 2, and 4 of the
extended conclusions).

2. For the first time, the nonlinear quasi-classical formulas for calculating the current
density of isothermal relaxation polarization as a function of time in a dielectric were
constructed by us. This has never been done before in relation to current in the context
of the scientific problem under study (Expressions (28), (30), (S5) and (S7)). (see extended
conclusions, p.3).

3. A recurrence expression for the partial current density generated in a dielectric in
the stationary polarization mode at an odd field frequency

(
2λ + 1ωpol

)
is constructed

(see (116) and (118) and extended conclusions, sections 5–17). All original calculation
mechanisms for solving this theoretical problem are evident throughout Sections 2–4 of
this work.
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4. The theoretical foundations of analytical research schemes for nonlinear thermally
stimulated depolarization processes have been laid (see extended conclusions, paragraphs
17 and 18). Previously, this issue has not been studied within the framework of the
developing scientific direction. The solutions of the system of nonlinear Fokker–Planck and
Poisson equations (expressions (6)–(9)) for the process of isothermal relaxation polarization
in the approximations of perturbation theory k = 1, 2, 3, 4 (expressions (16), (20), (S1), (S4))
and for k > 4, will be used in constructing the initial conditions for the Fokker–Planck
equation and its particular solutions as applied to the process of thermally stimulated
relaxation depolarization.

5. This work is a continuation of the article [5] (and all earlier publications related to
it), in the direction of a narrower area of specialization, for the development of theoretical
schemes for studying transient (non-steady-state nonequilibrium processes) isothermal
polarization currents (and not only relaxation polarization, as in [5]) in CIMBs-type crystals
and in dielectrics and semiconductors related to them in structure and properties. This is
reflected in the title of the work, the Introduction, the Objectives of the article (p. 9), and its
methodology, described in Sections 2.2, 2.3, 3 and 4.

Note In this article, in the process of constructing and analyzing the properties and
parametric dependencies in the final formulas and equations of the model, the basic expres-
sions from the work [5] are used in between, but no more than to justify the consistency of
the equations of the new and previous models, as criteria for the reliability of new results
and their applications. All these circumstances are stipulated in the process of mathematical
description of the new model.

6. Prospects of Further Theoretical Research
When constructing calculation formulas for the TSDC density, as a function of tem-

perature, the formulas of the equation of the nonlinear generalized quasi-classical theory
of ion-relaxation polarization and conductivity in CIMBs will be applied, taking into ac-
count the components of the density of the thermally stimulated current associated with
the relaxation of the homocharge in the dielectric, disconnected from an external source
of electrical energy (EMF) [5,57–59]. The methodological basis of the phenomenological
theory of thermally stimulated polarization currents (TSPC) and depolarization currents
(TSDC) will be based on the equations of the nonlinear quasi-classical theory of isothermal
(proceeding at a constant temperature of the experimental sample) polarization currents,
investigated in this article.

Depolarization effects caused by the relaxation of the volume-charge accumulated in
the crystal during polarization in an external polarizing field (in the presence of an EMF
source) at a constant temperature (isothermal process) or variable temperature are called
electret. The depolarization process caused by the relaxation of the charge accumulated
in the crystal due to the diffusion movement of the main charge carriers in the polarizing
field can be defined as hetero-charge relaxation. The depolarization process caused by the
relaxation of homo-charge particles (accumulated due to charge injection from the surface
of the electrodes into the depth of the dielectric and electron traps) can be defined as the
relaxation of homo- and hetero-charge.

The experimental basis for thermally stimulated polarization and depolarization
schemes is the Bucci-Riva method, which involves preliminary freezing of a shorted to an
electrometer dielectric to a low temperature (50–100 K). Next, the experimental sample
is heated according to a determined time law dT

dt = f(t). The current flowing through the
sample is defined as the thermally stimulated depolarization current. The initial value of
the charge on the capacitor plates during thermally stimulated depolarization is defined as
the sum of the initial values of the hetero- and homo-charge.
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The methods developed for calculating thermally stimulated depolarization currents
are also applicable to HBC.

As a model of the unperturbed crystal potential for relaxers (ions in CIMB; protons
in HBC), let us adopt a one-dimensional spatially periodic potential field [5]. Potential
barriers in this model are assumed to be one-dimensional parabolic [2–5].

Direct quantum mechanical studies of the theoretical spectra of thermally stimulated
polarization (TSPC) and depolarization (TSDC) currents are the subject of a separate work
to be performed in the future.

The study of the electrophysical properties of thin films of transition metals (TMO)
for the development of high-speed non-volatile memory elements with high thermal and
mechanical stability (DRAM, FeRAM (ferroelectrics with a rectangular hysteresis loop
(FRHL); neuromorphic elements based on TMM)) is a topical applied direction in the field
of nonlinear theory of thermally stimulated polarization and depolarization of dielectrics
([93–100] in [5]). Ferroelectric materials of the FRHL type (TMO, some types of ceramics,
micas) are characterized by abnormally high residual polarizations and colossal polarization
relaxation times (up to 10 years) ([100–110] in [5]) and can be used in the development
of elements of neural networks and artificial intelligence, which is relevant for modern
information technologies and electronic computing and measuring equipment ([111–121]
in [5]).

The methods of nonlinear quasi-classical kinetic ([67,69,71–73] in [5]) and quantum
kinetic ([68,70,122,123,136,138] in [5]) theories of ion-relaxation polarization and conductiv-
ity of solid dielectrics [2–5] developed by us, in combination with methods of numerical
optimization of theoretical and experimental results ([1,128,138–140] in [5]) (in particular,
using the MCF-method), form the theoretical basis of branched multiparameter algorithms
([75,76] in [5]) for sets of computer programs for computer modeling and prediction of prop-
erties and parameters (electrical; geometric; molecular; crystallographic) of heterogeneous
functional elements based on crystals with ion-molecular chemical bonds (CIMBs) ([1,8,138]
in [5]) The methods of the quantum kinetic theory of proton conductivity will be applicable
in the study of the properties of ferroelectrics with hydrogen bonds and the development
of physical and mathematical models of the quantum theory of ferroelectric phenomena
caused by the tunneling motion of protons in the hydrogen sublattice of FRHL crystals
near the temperature of the second-order phase transition. A direct quantum-mechanical
approach to modeling the Hamiltonian operator of the proton and anion sublattices (taking
into account proton-phonon and proton-proton interactions) will allow, with a sufficiently
high degree of mathematical accuracy, to describe the mechanism of quantum behavior
of the proton gas in ferroelectric HBCs with the possibility of exhibiting anomalously
high, close to 0.95–0.98 ([122,123] in [5]), statistically averaged quantum transparencies
of the potential barrier for protons moving in nanosized HBC layers at liquid helium
temperatures (4–25 K) [60]. The material component of the dielectric constant of crystals
under these conditions also reaches abnormally high values (2.5–5.5 million) [61,62]. The
quantum properties of the proton in HBC at low (50–100 K) and, especially, ultra-low
(1–10 K) temperatures can be tentatively explained, (since a strict theory of this effect has
not yet been constructed), by the influence of two factors. Firstly, in the temperature range
of liquid helium (4–25 K), the oscillations of the anion sublattice ions, specifically in nano-
sized layers (1–10 nm), occur with low frequencies, the average amplitudes of the anion
oscillations decrease, the potential barrier for protons decreases in width to 0.05–0.07 nm
(versus 0.085–0.095 nm at nitrogen temperatures) and the probability of proton penetration
through the barrier (despite its enormous mass, compared to an electron, and, accordingly,
the small De Broglie wavelength) at this stationary energy level of the discrete spectrum
reaches abnormally high values of 0.95–0.99 [60,61]. It should be noted that the transfor-
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mation of the proton energy spectrum from continuous to discrete is also caused by the
specific behavior of the ions of the anion sublattice at helium temperatures and is associated
with a reduction in both the crystal thickness d (macroscopic characteristic) and the lattice
parameter a (these parameters are used in the formula for calculating the proton energy
levels in HBC). Additionally, the spectrum of proton energies at T = 1–10 K, in contrast
to the region T = 50–100 K, as shown by numerical calculations, due to the same layer
thickness (1–10 nm), inclusively, leads to degeneration of the energy spectrum, and the
width of the energy bands, at given parameters (1–10 nm; 1–10 K) is noticeably higher than
at T = 50–100 K, d = 1000–10,000 nm [60,61].

High proton concentrations and, accordingly, anomalously high amplitudes of theoret-
ical maxima of thermally stimulated current and anomalously low amplitudes of theoretical
maxima of loss tangent in the region of ultra-low temperatures (1–10 K) at a layer thickness
of d = 1–10 nm in HBC (in comparison with the temperature region T = 50–100 K at a layer
thickness of 1–10 µm) are explained by a significant increase in stationary quantum trans-
parency (up to 0.9–0.95) [60,61] due to transformations of the parameters of the discrete
spectrum of proton energies in nanosized crystalline structures against the background
of small values of the height and width of the potential barrier. The quantum behavior
of the proton gas in HBC at ultra-low temperatures can arguably be explained by the
formation of proton-proton pairs, which are formed due to the increasing interaction of
protons with the phonon subsystem with the transition of the proton gas into boson gas,
despite the low concentrations of relaxing protons (conduction protons) in the proton gas
(an ensemble of non-interacting protons, distributed over energy levels in the field of the
crystal lattice) in HBC (in comparison with the concentrations of conduction electrons in
metallic superconductors).

When forming the schemes of analytical and numerical calculations of the temperature
spectra of TSPC and TSDC, the methods developed during the patent research in [64–66]
will be used.

7. Patents
1. Kalytka V.A., Baimukhanov Z.K., Bashirov A.V., Khanov T.A., Isaev V.L., and

Suleimanov S.R. Patent of the Republic of Kazakhstan for utility model. Universal setup
for measuring the parameters of microscopic structural defects. No. 5016. 06/05/2020.
Bulletin No. (21)2020/0477.2.

2. Issayev V.L., Ospanov A.K., Kyzyrov K.B., Dandybaev E.S., Kalytka V.A., Reshet-
nikova O.S., and Mitussov A.A. Patent of the Republic of Kazakhstan for Invention. Hy-
draulic Hammer. No. 35366. (45)12/11/2021. Bulletin No. (21)2020/0613.1. The advantages
of this Patent for Invention described in the Article lie, first and foremost, in the identical
structure and methodology for solving the differential equations of inelastic displacements
of continuous medium flows (in the mechanical model of the working substance motion
(fluid) described in the Patent) and the differential equations in the model of electric charge
transport in dielectric structures (in the kinetic and electrodynamic models described in
the Article). In both the Patent and the Article, the objects of study are formally identical
(continuous media, albeit of different physical natures) and the methods of analytical inves-
tigation of the differential equations in the studied models are mathematically equivalent.
In the Article, the equation for electric charge transport is formulated and solved in the
form of the continuity equation for the medium, whereas in the Patent, the dynamics of
flow are analyzed and solved. Secondly, both in the Patent and in the Article, the numerical
calculation of model parameters employs the same optimization scheme proposed by
the authors—the method of minimizing the comparison function (MCF-method). This
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method is an original contribution by the authors in the field of mathematical modeling of
mechanical, hydrodynamic, electrodynamic, and kinetic phenomena.

3. Issayev V.L., Kamarova S.N., Kalytka V.A., Kaidanovich O. Yu., Draganova M.A.
Patent of the Republic of Kazakhstan for Invention. Boiler. No. 36790. (45)14/06/2024.
Bulletin No. (21) 2023/0306.1.

Supplementary Materials: The following supporting information can be downloaded at: https://www.
mdpi.com/article/10.3390/cryst15100863/s1.
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