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Abstract: The population balance equations (PBEs) serve as the primary governing equations for
simulating the crystallization process. Two-dimensional (2D) PBEs pertain to crystals that exhibit
anisotropic growth, which is characterized by changes in two internal coordinates. Because PBEs
are the hyperbolic equations, it becomes imperative to establish a high-resolution scheme to re-
duce numerical diffusion and numerical dispersion, thereby ensuring accurate crystal size distri-
bution. This paper uses Euler’s first-order explicit (EE) method–Peridynamic Differential Operator
(PDDO) to solve 2D PBE, namely, the EE method for discretizing the time derivative and the PDDO
for discretizing the internal crystal-size derivative. Five examples, including size-independent
growth with smooth and non-smooth distributions, size-dependent growth, nucleation, and size-
independent/dependent growth for batch crystallization are considered. The results show that the
EE–PDDO method is more accurate than the HR method and that it is as good as the fifth-order
Weighted Essential Non-Oscillatory (WENO) method in solving 2D PBE. This study extends the
EE–PDDO method to the simulation of 2D PBE, and the advantages of the EE-PDDO method in
dealing with discontinuous and sharp front problems are demonstrated.

Keywords: Peridynamic Differential Operator; population balance equation; crystallization; anisotropic

1. Introduction

Crystallization operation is widely used in chemical and pharmaceutical industries.
The study of crystallization kinetics forms the foundation for developing crystallization
theory and offers guidance in the design of crystallizers. The population balance equation
(PBE) is a widely accepted crystallization kinetics model. Therefore, it is of great significance
to solve the PBE accurately. Generally, the population balance model only considers one
internal variable, which describes how the crystal grows isotropically and forms simple
isotropic shapes (spherical, cubic, etc.) [1]. However, for the anisotropic, crystalline, organic
products, the population balance model, which has two internal variables, is needed. Our
objective is to present the high-resolution scheme for solving two-dimensional (2D) PBEs.

At present, a lot of numerical methods have been proposed for solving PBEs. They
can be mainly classified into five categories [2–4]: (1) the method of moments [5,6]; (2) the
method of characteristic [7,8]; (3) the method of weight residuals/orthogonal collocation [9];
(4) the Monte Carlo method [10,11]; and (5) the finite-difference scheme/discrete population
balances [12,13]. Nguyen et al. [14] used the Extended Quadrature Method of Moments
(EQMOM) method and Two-Size Moment (TSM) method to solve PBE. They reported that
compared with the sectional method, the EQMOM and TSM showed their ability to describe
accurately the fine-particle population with a much lower number of variables. Qamar
et al. [7] proposed the method of characteristics to solve the population balance model in
two coupled priority crystallizers. They found that the model becomes more complex and
the solution exhibits strong discontinuity when PBE is coupled with computational fluid
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dynamics. Ruan [15] introduced the Chebyshev spectral collocation method to solve PBE.
They suggested that the diffusive term should be added in cases of size-independent growth
in which the PBE is a convection equation. Ma et al. [16] used a Monte Carlo simulation
to solve PBEs and analyzed the factors that affect the size distribution of bubbles on
distillation trays. For the discrete methods, Qamar and collaborators used high-resolution,
finite-volume schemes [17] and moving grid technology [4] to solve PBEs. They reported
that the schemes did a good job when capturing discontinuities in crystal size distribution.
Ruan et al. [18,19] introduced the fifth-order Weighted Essential Non-Oscillatory (WENO)
method to solve one-dimensional (1D) and 2D PBEs. They found that the fifth-order
WENO method is valid for solving PBEs and that accurate crystal size distributions can be
obtained. In our previous work [20], Euler’s first-order explicit (EE) method–Peridynamic
Differential Operator (PDDO) was used to solve 1D PBEs. Compared with the second-order
upwind [21] and HR-van [22] methods, the EE–PDDO method shows high accuracy in
predicting crystal size distributions.

In this study, we attempt to extend the EE–PDDO method to the simulation of 2D PBEs.
The PDDO method is an effective numerical method for solving differential equations that
has been developed in recent years by Madenci et al. [23–25] based on the Peridynamics (PD)
theory [26–28]. The PDDO is a nonlocal differential operator, and the main advantage of the
PDDO method is that it can deal with the discontinuities or singularities without additional
processing. Therefore, based on these advantages, there has been some work using the
PDDO method in engineering. For example, Dorduncu [29] used the PDDO method to
analyze the stress of sandwich plates with functionally graded cores; Gao et al. [30] used the
PDDO method in the simulation of incompressible fluid with heat and mass transfer; and
Li et al. [31] used the PDDO method to analyze of thermodynamic problems of functionally
graded materials. Because the crystal size distributions in the crystallization process are
very sharp and sometimes discontinuous, the PDDO method is suitable for solving PBEs.

The paper is organized as follows: in Section 2, the PBE and EE–PDDO method are
presented, together with the stability of the EE–PDDO method; in Section 3, five examples,
including size-independent growth with smooth and non-smooth distributions, size-
dependent growth, nucleation, and-size-independent/dependent growth for batch crystal-
lization, are considered, and the results of the EE–PDDO method are compared with those
of the HR method and the fifth-order WENO method; finally, the conclusions are drawn in
Section 4.

2. Background Theory
2.1. Population Balance Equation

The 2D PBE [2,5,32,33] can be written as follows:

∂ f (r1, r2, t)
∂t

+
2

∑
j=1

∂
{

Gj(r1, r2, c(t), T(t)) f (r1, r2, t)
}

∂rj
= h( f (r1, r2, t), c(t), T(t)) (1)

where r1, r2 are two characteristic lengths for crystals, f (r1, r2, t) is the crystal size distribu-
tion function, G1, G2 are the growth rate in the r1, r2 direction, c is a time-dependent solute
concentration, T is a time-dependent temperature, and h is the source term, including crys-
tal aggregation, nucleation, and breakage. This study assumes that the mold is well-mixed
and that the crystal size distribution is independent of spatial coordinates. Because the PBEs
have strong nonlinearity and the expressions of G1, G2 and h are sometimes very complex,
to find the analytical solutions is difficult. Numerical simulation becomes a powerful tool
in solving PBEs.

2.2. The PDDO Method

Silling and collaborators [34] proposed the PD theory. As shown in Figure 1, in an
interaction domain Hx, point x and point x’ interact with each other. Here, ξ = x’ − x
represents the initial relative position between the two points. The interaction domain Hx
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is also called the family of point x. Each point has its own family members. The size and
shape of each family can be different (as shown in Figure 1, the size and shape of Hx and
Hx′ are different). All of the family members in the interaction domain Hx interact with the
point x, and the degree of nonlocal interaction among the family members is represented
by the weight function ω(ξ). The commonly used shape of interaction domain Hx in 2D is
the square at which the point x is at the center. The size of the interaction domain Hx is
determined by the horizon δ. The horizon has the following expression: δ = m∆x, where m
is the integer parameter and ∆x is the grid size. One can refer to Ref. [24] for more details.
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Figure 1. Interaction of peridynamic points x and x’ with arbitrary family size and shape.

Based on the PD theory, the PDDO method was introduced by Madenci et al. [24]. We
now consider the Taylor’s series expansion of f (x′) = f (x+ ξ) in a 2D scalar function, which is

f (x + ξ) =
N

∑
n1=0

N−n1

∑
n2=0

1
n1!n2!

ξn1
1 ξn2

2
∂n1+n2 f (x)
∂xn1

1 ∂xn2
2

+ R(N, x) (2)

where R(N, x) is the remainder. The orthogonal function gp1 p2
N (ξ) is introduced, which yields

∂p1+p2 f (x)
∂xp1

1 ∂xp2
2

=
∫

Hx

f (x + ξ)gp1 p2
N (ξ)dV (3)

in which pi(i = 1, 2) represents the partial derivative order with respect to variable xi. The
orthogonality of PD function gp1 p2

N (ξ) can be expressed as:

1
n1!n2!

∫
Hx

ξn1
1 ξn2

2 gp1 p2
N (ξ)dV = δn1 p1 δn2 p2 (4)

where ni = 0, · · · , N, δnp is the Kronecker symbol. The PD function can be constructed as

gp1 p2
N (ξ) =

N

∑
q1=0

N−q1

∑
q2=0

ap1 p2
q1q2 ωq1q2(|ξ|)ξ

q1
1 ξ

q2
2 (5)

where ωq1q2(|ξ|) is the weight function related to the term ξq.
The unknown coefficients ap1 p2

q1q2 can be derived from the following equation:

N

∑
q1=0

N−q1

∑
q2=0

A(n1n2)(q1q2)
ap1 p2

q1q2 =bp1 p2
n1n2 (6)
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where qi = 0, · · · , N. The coefficient matrix is defined as

A(n1n2)(q1q2)
=
∫

Hx

ωq1q2(|ξ|)ξ
n1+q1
1 ξ

n2+q2
2 dV (7)

The right-hand term is
bp1 p2

n1n2 = n1!n2!δn1 p1 δn2 p2 (8)

For N = 1, the coefficient matrix A, the matrix of unknown coefficients a, and the
vector b in Equation (6) can be written as [35]:

A =
∫

Hx

ωq1q2(ξ)

 1 ξ1 ξ2
ξ1 ξ2

1 ξ1ξ2
ξ2 ξ1ξ2 ξ2

2

dV (9)

a =

 a00
00 a10

00 a01
00

a00
10 a10

10 a01
10

a00
01 a10

01 a01
01

 (10)

and

b =

 1 0 0
0 1 0
0 0 1

 (11)

Determination of the unknown coefficients through a = A−1b establishes the PD
functions gp1 p2

N (ξ).

2.3. Application of the EE–PDDO Method in 2D PBE

The computational domain is rectangular in two internal coordinates, which is
[ar1 , br1 ] × [ar2 , br2 ]. We use a rectangular grid (r1(i), r2(j)), where r1(i) = ar1 + (i − 1

2 ) ·
∆r1, (i = 1, 2, · · · , Mr1) and r2(j) = ar2 + (j − 1

2 ) · ∆r2, (j = 1, 2, · · · , Mr2). The step sizes
are ∆r1 = (br1 − ar1)/Mr1 and ∆r2 = (br2 − ar2)/Mr2 . The time points at which we will
compute the solution are labeled as t0, t1, · · · , tMt . We use a uniform time step ∆t; there-
fore, the time points are tk = k · ∆t, (k = 0, 1, · · · , Mt). The time interval is 0 ≤ t ≤ tend.
Therefore, ∆t and Mt are connected through the equation ∆t = tend/Mt.

Substituting the point (r1(i), r2(j), tk) into Equation (1), one obtains

∂ f (r1(i),r2(j),tk)

∂t +
∂{G1(r1(i),r2(j),c(tk),T(tk)) f (r1(i),r2(j),tk)}

∂r1
+

∂{G2(r1(i),r2(j),c(tk),T(tk)) f (r1(i),r2(j),tk)}
∂r2

= h( f (r1(i), r2(j), tk), c(tk), T(tk))
(12)

We use the EE method for discretizing the time derivative and obtain the follow-
ing equation:

f k+1
i,j = f k

i,j + ∆t ·
[

hk
i,j − G1

∂ f
∂r1

∣∣∣∣
r1=r1(i),t=tk

− f k
i,j

∂G1

∂r1

∣∣∣∣
r1=r1(i),t=tk

− G2
∂ f
∂r2

∣∣∣∣
r2=r2(j),t=tk

− f k
i,j

∂G2

∂r2

∣∣∣∣
r2=r2(j),t=tk

]
(13)

Here, f (r1(i), r2(j), tk), G1(r1(i), r2(j), c(tk), T(tk)), G2(r1(i), r2(j), c(tk), T(tk)), and
h( f (r1(i), r2(j), tk), c(tk), T(tk)) are abbreviated as f k

i,j, G1, G2, hk
i,j, respectively. The crystal

growth rate G1(r1, r2, c(t), T(t)), G2(r1, r2, c(t), T(t)), and the source term h( f (r1, r2, t), c(t), T(t))
are usually given in specific cases. To discretize the internal crystal-size derivatives,
∂ f
∂r1

∣∣∣
r1=r1(i),t=tk

and ∂ f
∂r2

∣∣∣
r2=r2(j),t=tk

become important.
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Using the PDDO method for discretizing the internal variables and taking the polyno-
mial degree N = 1, we obtain the following equation:

∂ f
∂r1

∣∣∣
r1=r1(i),t=tk

=
N(i)

∑
y=1

f k(r1(y))g10
1 (ξ1(y,i), ξ2(y,i))∆Ay

∂ f
∂r2

∣∣∣
r2=r2(j),t=tk

=
N(j)

∑
y=1

f k(r2(y))g01
1 (ξ1(y,j), ξ2(y,j))∆Ay

(14)

where ξ1(y,i) = r1(y) − r1(i), ξ2(y,j) = r2(y) − r2(j), ∆Ay = ∆r1∆r2, and the PD function is
constructed according to Equation (4).

When solving the hyperbolic equations, the direction of characteristics must be con-
sidered. Madenci et al. [21] reported an upwind weight function for solving hyperbolic
equations. Here, the crystal growth rate is considered to be non-negative, which means
Gk

1 ≥ 0 and Gk
2 ≥ 0. We construct the following weight function (Figure 2):

ω(ξ1, ξ2) =

e−4( ξ1
σ1
)

2

e−4( ξ2
σ2
)

2

ξ1, ξ2 ≤ 0
0 elsewhere.

(15)

or

ω(ξ1, ξ2) =

{
1 ξ1, ξ2 ≤ 0
0 elsewhere.

(16)Crystals 2024, 14, x FOR PEER REVIEW 6 of 18 
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2.4. Stability Analysis of the EE–PDDO Method

We analyze the stability with the simplest form of PBE

∂ f
∂t

+ G1
∂ f
∂r1

+ G2
∂ f
∂r2

= 0 (17)

Here, we ignore the impact of the source term and set the crystal growth rates G1, G2
as constants. The corresponding EE–PDDO formula is as follows:

f k+1
i,j = f k

i,j − ∆t[G1 ·
N(i)

∑
y=1

f k(r1(y))g10
1 (ξ1(y,i), ξ2(y,i))∆Ay + G2 ·

N(j)

∑
y=1

f k(r2(y))g01
1 (ξ1(y,j), ξ2(y,j))∆Ay] (18)

Taking the horizon as δ1 = ∆r1, δ2 = ∆r2, Equation (18) can be written as Equation (19).
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f k+1
i,j = f k

i,j − ∆t · G1 ·
(

∆r1∆r2
1
∑

q=−1
f k
i−1,j+qg10

1 (−∆r1, q∆r2) + ∆r1∆r2
1
∑

q=−1
f k
i,j+qg10

1 (0, q∆r2) + ∆r1∆r2
1
∑

q=−1
f k
i+1,j+qg10

1 (∆r1, q∆r2)

)

−∆t · G2 ·
(

∆r1∆r2
1
∑

q=−1
f k
i+q,j−1g01

1 (q∆r1,−∆r2) + ∆r1∆r2
1
∑

q=−1
f k
i+q,jg

01
1 (q∆r1, 0) + ∆r1∆r2

1
∑

q=−1
f k
i+q,j+1g01

1 (q∆r1, ∆r2)

) (19)

By using Equations (9)–(11) and (15), we obtain the coefficients in PD function as fol-
lows: 

a10
00 = 0.9820

∆r1
2∆r2

a10
10 = 54.6013

∆r1
3∆r2

a10
01 = 0.0013

∆r1
2∆r2

2


a01

00 = 0.9820
∆r1∆r2

2

a01
10 = 0.0013

∆r1
2∆r2

2

a01
01 = 54.6013

∆r1∆r2
3

(20)

Under the assumption of ∆r1 = ∆r2 = ∆r, G1 = G2, we develop the numerical scheme
of Equation (17) as

f k+1
i,j = f k

i,j − λ[−0.036 f k
i−1,j−1 − 0.9634 f k

i−1,j − 0.9634 f k
i,j−1 + 1.968 f k

i,j] (21)

where λ = G1
∆t
∆r is the Courant number.

The Fourier analysis [36] is used to explore the stability. In particular, the solution
of Equation (21) has the form f k+1

i,j = Wk+1eαr1 (i) Ieβr2 (j) I (where
√

I = −1 and α, β are
positive constants). Therefore, the amplification factor can be obtained as follows:

κ =
Wk+1

Wk
= 1 − λ[−0.036 cos((α + β)∆r) + 0.036I sin((α + β)∆r)

−0.9634(cos(α∆r) + cos(β∆r)) + 0.9634I(sin(α∆r) + sin(β∆r)) + 1.968]
(22)

The stability requirement is |κ|2 ≤ 1. Thus, the stability condition is shown in
Equation (23).

0 < λ ≤ 0.5183 (23)

Similarly, taking the horizon as δ1 = ∆r1, δ2 = ∆r2, by using Equations (9)–(11) and (16),
we obtain the coefficients in PD function as follows:

a10
00 = 1

2∆r1
2∆r2

a10
10 = 1

∆r1
3∆r2

a10
01 = 0


a01

00 = 1
2∆r1∆r2

2

a01
10 = 0

a01
01 = 1

∆r1∆r2
3

(24)

The corresponding numerical scheme is

f k+1
i,j = f k

i,j − λ[− f k
i−1,j−1 + 0 f k

i−1,j + 0 f k
i,j−1 + f k

i,j] (25)

and the amplification factor is

κ = 1 − λ + λ[cos((α + β)∆r)− I sin((α + β)∆r)] (26)

The stability requirement is |κ|2 ≤ 1. Thus, the stability condition is shown in
Equation (27).

0 < λ ≤ 1 (27)

2.5. Other Numerical Schemes

In this section, we focus on the discretization in the internal crystal-size derivative. In
order to be comparable with various schemes, the time derivative is discretized using the
EE method.
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2.5.1. HR Scheme

The HR scheme for solving PBE Equation (1) can be written as [2,17,19,22]

f k+1
i,j = f k

i,j + ∆t

hk
i,j −

[
(G1 f )k

i+ 1
2 ,j − (G1 f )k

i− 1
2 ,j

]
∆r1

−

[
(G2 f )k

i,j+ 1
2
− (G2 f )k

i,j− 1
2

]
∆r2


where

(G1 f )k
i+ 1

2 ,j = (G1)
k
i+ 1

2 ,j

(
f k
i,j +

1
2 φ

(
rk

i+ 1
2

)(
f k
i+1,j − f k

i,j

))
(G2 f )k

i,j+ 1
2
= (G2)

k
i,j+ 1

2

(
f k
i,j +

1
2 φ

(
rk

j+ 1
2

)(
f k
i,j+1 − f k

i,j

)) (28)

in which rk
i+ 1

2
=

f k
i,j− f k

i−1,j

f k
i+1,j− f k

i,j
, rk

j+ 1
2
=

f k
i,j− f k

i,j−1

f k
i,j+1− f k

i,j
, φ(r) = |r|+r

1+|r| , ∆t is the time step, and ∆r1, ∆r2

are the spatial step size in r1, r2 direction, respectively.

2.5.2. Fifth-Order WENO Scheme

We use a conservative form for discretizing Equation (1) in space and obtain [19]

f k+1
i,j = f k

i,j + ∆t

{
hk

i,j −
∂(G1 f )

∂r1

∣∣∣∣
(r1(i),r2(j))

− ∂(G2 f )
∂r2

∣∣∣∣
(r1(i),r2(j))

}
(29)

where ∂(G1 f )
∂r1

∣∣∣
(r1(i),r2(j))

and ∂(G2 f )
∂r2

∣∣∣
(r1(i),r2(j))

are constructed by the upwind idea. Taking the

first one as an example,

∂(G1 f )/∂r1|(i,j) =
{

(G1 fr1)
−
i,j (G1)i ≥ 0

(G1 fr1)
+
i,j (G1)i < 0

(30)

In the fifth-order WENO scheme, to determine the (G1 fr1)
−
i,j, it covers six cells and

three stencils. We do not present the implementation of the WENO scheme here; one can
refer to our previous work [19] for more details.

3. Numerical Experiments

In order to compare the accuracy of the numerical methods, we define the errors as
Equation (31).

L1 − error =
N
∑

i=1

M
∑

j=1

∣∣∣ f e
i,j − fi,j

∣∣∣∆r1∆r2

L2 − error =

√
N
∑

i=1

M
∑

j=1

(
f e
i,j − fi,j

)2
∆r1∆r2

(31)

where f e
i,j is the exact solution.

3.1. Size-Independent Growth (Smooth Distribution)

We first consider a homogenous PBE with size-independent growth. In this case, crystal
aggregation, nucleation, and breakage are neglected, which means h( f (r1, r2, t), c(t), T(t)) = 0.
The corresponding PBE is expressed as

∂ f (r1, r2, t)
∂t

+
∂[G1 f ]

∂r1
+

∂[G2 f ]
∂r2

= 0 (32)
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In this example, we set the computational domain as [0, 1 µm]× [0, 1 µm], the crystal
growth rate is G1 = G2 = 0.1 µm/s, and the initial distribution is set as

f (r1, r2, 0) = exp
{
−100 × ((r1 − 0.25)2 + (r2 − 0.25)2)

}
(33)

The exact solution to this problem has the following form [19]:

f (r1, r2, t) = f (r1 − G1t, r2 − G2t, 0) (34)

Figure 3 shows the comparison of crystal size distribution between the exact solutions
and the numerical solutions obtained from different schemes at t = 5 s. The internal
crystal-size step is set as ∆r1 = ∆r2 = 0.01. The time step is chosen as ∆t = 0.001 in both
the HR and fifth-order WENO schemes. For the EE–PDDO scheme, the solution is obtained
by considering a uniform time step size of ∆t = ∆r1

G1
= 0.1 with the horizon δ = ∆r1 (m = 1)

and the upwind weight function in Equation (16). From Figure 3, it is noticeable that the
results obtained using the fifth-order WENO and PDDO schemes agree with the exact
solution very well, while the HR scheme presents a lower peak and shows some diffusion.
Table 1 shows the L1 and L2 errors calculated using different schemes. It is evident that the
fifth-order WENO and PDDO methods have smaller errors, while HR has the biggest error.
It should be mentioned that the EE–PDDO method varies a lot when using the different
weight functions and integer parameter m. In this example, by comparing the errors of
EE–PDDO for different m, the upwind weight function in Equation (16) is superior, and
m = 1 is suggested. In the case of ∆t = ∆r1

G1
, which means λ = 1, Equation (25) deduces to

f k+1
i,j = f k

i−1,j−1. This implies that the solution propagates along the characteristics.
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Table 1. L1 errors and L2 errors for predicting crystal size distribution with different schemes in
size-independent growth with smooth distribution.

Method HR Fifth-Order WENO EE–PDDO, N = 1, m = 1, Upwind Weight (Equation (16))

L1-error 3.08458 × 10−3 4.05432 × 10−5 3.40151 × 10−4

L2-error 1.07827 × 10−2 1.31731 × 10−4 6.74667 × 10−4

3.2. Size-Independent Growth (Non-Smooth Distribution)

We again consider a homogenous PBE with size-independent growth, and Equation (32)
is used. This time, we consider the non-smooth distribution in initial size distribution,
which is

f (r1, r2, 0) =

{
1 0.1 ≤ r1, r2 ≤ 0.3
0 elsewhere.

(35)

The computational domain is set as [0, 1 µm]× [0, 1 µm], and the crystal growth rate
is chosen as G1 = G2 = 0.1 µm/s. The solution is obtained by considering the internal
crystal-size step ∆r1 = ∆r2 = 0.01 and the time step ∆t = 0.1. The exact solution of this
example is the same as Equation (34).

Figure 4 shows the comparison of crystal size distribution between the exact solutions
and the numerical solutions obtained from different schemes at t = 6 s. In the implemen-
tation of the EE–PDDO method, the upwind weight function shown in Equation (16) is
used. In this example, results obtained using HR and fifth-order WENO schemes show
some dissipation, while the result obtained using the EE–PDDO method does not cause
any deviation from the exact solution. The result indicates that the EE–PDDO method has
high accuracy and less dissipation, and there is no oscillation at the sharp front. Table 2
shows the L1 and L2 errors calculated using the different schemes. It can be seen that the
error of the EE–PDDO methods is smallest, while the HR method and fifth-order WENO
method are comparable.

Table 2. L1 errors and L2 errors for predicting crystal size distribution with different schemes in
size-independent growth with non-smooth distribution.

Method HR Fifth-Order WENO EE–PDDO, N = 1, m = 1, Upwind
Weight (Equation (16))

L1-error 1.15517 × 10−2 6.35183 × 10−3 4.10000 × 10−3

L2-error 6.26252 × 10−2 4.23699 × 10−2 6.40312 × 10−2

Table 3 shows the L1, L2 errors and CPU time of the EE–PDDO scheme in different ∆t
or different Courant number λ. The program runs on a personal computer with 6 cores
and a 3.30 GHz processor. The results show that when the integer parameter m = 1 in the
EE–PDDO scheme, the L1 and L2 errors reach the minimum at ∆t = ∆r1

G1
= 0.1 (λ = 1),

and the CPU time is the shortest. As mentioned in Section 3.1, when λ = 1, the EE–PDDO
scheme implies the solutions propagation along with the characteristics. Therefore, the
EE–PDDO method perfectly replicates the exact solution.

Table 3. Errors and CPU time of EE–PDDO scheme in different ∆t.

∆t(λ) 0.001 (λ=0.01) 0.005 (λ=0.05) 0.01 (λ=0.1) 0.05 (λ=0.5) 0.1 (λ=1)

L1-error 3.69075 × 10−2 3.64740 × 10−2 3.59031 × 10−2 2.96320 × 10−2 4.10000 × 10−3

L2-error 1.17296 × 10−1 1.16245 × 10−1 1.14873 × 10−1 1.00555 × 10−1 6.40312 × 10−2

CPU time(s) 125.303 50.537 47.131 35.818 35.508
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3.3. Size-Dependent Growth

We now consider the PBE in the case of size-dependent growth. Similarly, the aggrega-
tion and breakage are neglected. The corresponding PBE is as follows:

∂ f (r1, r2, t)
∂t

+
∂[G1(r1) f ]

∂r1
+

∂[G2(r2) f ]
∂r2

= 0 (36)

The growth rate is assumed to be increased linearly with the crystal size, which means
G1(r1) = G0r1 and G2(r2) = G′

0r2, with G0 and G′
0 as the constants.

The initial size distribution satisfies the following equation:

f (r1, r2, 0) =
N0

L
exp

(
− r1 + r2

L

)
(37)

Here, L is the average size of the distribution, and N0 is the total number of initial particles.
The exact solution of this example is [19]

f (r1, r2, t) =
N0

L
exp

(
− r1

L
e−G0t − G0t − r2

L
e−G′

0t − G′
0t
)

(38)
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The parameters used in this example are as follows: the computational domain is
[0, 0.1 µm]× [0, 0.1 µm], the step sizes are ∆r1 = 10−3 µm and ∆r2 = 10−3 µm, respectively,
L = 10−2 µm, N0 = 1, G0 = 0.1 µm/s, G′

0 = 0.2 µm/s, and the simulation ended at
t = 4 s.

Here, due to the dependency of crystal growth rate and crystal size, the hyperbolic
property of PBE decreases. Correspondingly, the PBE becomes a convection–reaction equa-
tion, which can be solved through a regular numerical scheme. In this example, in the imple-
mentation of the EE–PDDO method, the upwind weight function shown in Equation (15)

and the corresponding normal weight function with ω(ξ1, ξ2) = e−4( ξ1
σ1
)

2

e−4( ξ2
σ2
)

2

are used.
The comparison of the final crystal size distributions between the exact solution and the
numerical solutions obtained using different schemes are shown in Figure 5. In Figure 5d,
normal weight function is used in the EE–PDDO method. The reason will be given later.
From Figure 5, it is evident that the results obtained through EE–PDDO agree with the exact
solution very well. Both EE–PDDO and fifth-order WENO methods have good resolution.
The corresponding errors listed in Table 4 also prove that.
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Table 4. L1 errors and L2 errors for predicting crystal size distribution with different schemes in
size-dependent growth.

Method HR Fifth-Order WENO EE–PDDO, N = 1, m = 1
Upwind Weight (Equation (15))

EE–PDDO, N = 1, m = 1
Normal Weight

L1-error 5.50266 × 10−4 1.35244 × 10−4 4.29756 × 10−4 1.00368 × 10−5

L2-error 1.95435 × 10−2 9.82604 × 10−3 7.59137 × 10−3 1.73679 × 10−4

Table 4 lists the L1 and L2 errors for predicting crystal size distribution with different
schemes. The results shows that the errors of the EE–PDDO scheme with normal weight
function are the smallest, while the errors of the EE–PDDO scheme with upwind weight
function are bigger than those of the fifth-order WENO method but smaller than those of
the HR method. This is expected, because the PBE is a convection–reaction equation in this
example and the reaction term reduces the hyperbolic property of the PBE. In hyperbolic
equations, the feature velocity determines the speed at which information is spread. In the
case of small feature velocity or a wave spread speed slower than the mesh size, the upwind
scheme may introduce too conservative numerical dissipation, resulting in a decrease in the
accuracy of the numerical results. Therefore, in the case of size-dependent growth, normal
weight function is superior to upwind weight function.

3.4. Nucleation and Size-Independent Growth for 2D Batch Crystallization

We now consider the example of nucleation and size-independent growth. Here, we
examine the potassium dihydrogen phosphate (KDP) crystal, whose shape is shown in
Figure 6. The corresponding PBE can be written as

∂ f (r1, r2, t)
∂t

+
∂[G1(c, T) f ]

∂r1
+

∂[G2(c, T) f ]
∂r2

= B0(c, T)δ(r1)δ(r2) (39)

where r1 and r2 are the width and length of the crystal, respectively, and the volume of the
single crystal is given by Equation (40) [2].

Vc =
1
3

r3
1 + (r2 − r1)r2

1 (40)
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The crystal growth rates are independent of r1 and r2 and have the following forms [2]:

G1(c(t), T(t)) = kg1 Sg1

G2(c(t), T(t)) = kg2 Sg2
(41)
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where S = c(t)
csat(T)

− 1 is the relative supersaturation, c is the solute concentration, and csat is
the saturated solute concentration, which can be expressed as [2]

csat

(
T) = 9.3027 × 10−5T2 − 9.7629 × 10−5T + 0.2087 (42)

Here, T is the temperature, and it decreases linearly with the form

T(t)(◦C) = 33 − t
720

(43)

The nucleation rate term is [2,22]

B0(c(t), T(t)) = kbSbV(t) (44)

Here, b is the nucleation index, and the total volume of the crystal V(t) is given by
Equation (45) [37].

V(t) =
∫ ∫ ∞

0
f (r1, r2, t)Vc(r1, r2)dr1dr2 (45)

The solution concentration is

dc(t)
dt

= −ρc

∫ ∫ ∞

0
f (r1, r2, t)×

(
2G1

(
r1r2 − r2

1

)
+ G2r2

1

)
dr1dr2 (46)

The initial crystal size distribution is set as

f (r1, r2, 0) =
{

−3.4786 × 10−4 ×
(
r2

1 + r2
2
)
+ 0.1363609(r1 + r2)− 26.5486 180 ≤ r1, r2 ≤ 212

0 elsewhere
(47)

The parameters of this example are as follows: the computational domain is
[0, 700 µm]× [0, 1000 µm], the step sizes are ∆r1 = 3 µm and ∆r2 = 3 µm, respectively,
g1 = 1.48, kg1 = 12.21 µm/s, g2 = 1.74, kg2 = 100.75 µm/s, kb = 7.49 × 10−8/µm3/s,
b = 2.04, and ρc = 2.338 × 10−12g/µm3.

Figure 7 shows the comparison of the crystal size distribution obtained using different
methods at t = 7200 s. There is no exact solution in this example. Therefore, we use the
numerical solution of the fifth-order WENO method on very fine grids (2100 × 3000) as
the “exact” solution. In the EE–PDDO method, the upwind weight function shown in
Equation (15) is used. As can be seen in Figure 7a, there are mainly two distributions in the
final crystal size distribution, one in which crystals grow from the seeds and another in
which the crystals grow from nuclei. The crystals that grow from the seeds have an average
length of about 800 µm and an average width of about 450 µm. They grow by gradually
elongating. The size of new nuclei at the origin is small, and as time passes, the nucleated
crystals grow larger. By comparing with the “exact” solution in Figure 7a, it is evident that
the EE–PDDO method is the best for predicting the distribution related to crystals grown
from nuclei, but is the worst for predicting the distribution related to crystals grown from
seeds. In all, the EE–PDDO method exhibits higher accuracy than the HR method and the
fifth-order WENO method.
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Figure 7. The comparison of crystal size distribution between the exact solution and the numerical
solutions in nucleation and size-independent growth. (a) Exact; (b) HR; (c) Fifth-order WENO;
(d) EE–PDDO.

3.5. Nucleation and Size-Dependent Growth for 2D Batch Crystallization

We now consider the example of nucleation and size-dependent growth in 2D batch
crystallization. The PBE is shown in Equation (39), and the growth rates G1 and G2 are
size-dependent, which are given in Equation (48) [22].

G1(r1, c(t), T(t)) = kg1 Sg10.1(1 + 0.6r1)
G2(r2, c(t), T(t)) = kg2 Sg20.1(1 + 0.6r2)

(48)

Here, the temperature is expressed as follows [22]:

T(t)(◦C) = 32 − 4(1 − e−t/310) (49)

The initial condition is assumed as [4]

f (r1, r2, 0) =
{

−0.0034786
(
r2

1 + r2
2
)
+ 1.363609(r1 + r2)− 26.5486 18 ≤ r1, r2 ≤ 21

0 elsewhere
(50)
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The saturated solute concentration csat, nucleation rate B0, and solute concentration c
are the same as in Section 3.4. The kinetic parameters of g1, kg1 , g2, kg2 , kb,b, and ρc are also
the same as in Section 3.4.

Figure 8 shows the comparison of crystal size distribution between the exact solu-
tions and the numerical solutions obtained using different schemes at t = 160 s. The
“exact” solution is obtained through the fifth-order WENO method on a fine spatial grid
(∆r1 = ∆r2 = 0.1), and the other results are obtained with a spatial grid size of ∆r1 = ∆r2 = 1.
As illustrated in Figure 8d, the result of the EE–PDDO method is obtained by using the
upwind weight function in Equation (15). Here, we choose the polynomial degree N = 2
and the integer parameter m = 2. From Figure 8, it is obvious that the results obtained using
the fifth-order WENO and EE–PDDO methods agree with the exact solution very well,
while the results obtained using the HR method show some diffusion. The accuracy of the
EE–PDDO method is comparable to that of the fifth-order WENO method. However, the
stencils used in EE–PDDO are less than those used in fifth-order WENO.
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4. Conclusions

This study presents the EE–PDDO method to solve 2D PBEs in crystallization. Five ex-
amples are considered, namely, size-independent growth with smooth and non-smooth dis-
tributions, size-dependent growth, nucleation, and size-independent/dependent growth.
The results of the EE–PDDO method are compared with the exact solution and other
numerical methods. We draw the following conclusions:
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(1) The EE–PDDO method shows a strong ability to solve 2D PBEs. The accuracy of
the EE–PDDO method is better than the HR method and is comparable to the fifth-
order WENO method. In the case of size-independent growth with smooth and
non-smooth distributions, results obtained using the EE–PDDO method perfectly
replicates the exact solution. In the nucleation and size-dependent/independent
growth cases, results obtained using the EE–PDDO method exhibit non-oscillation
and high accuracy, especially in cases of sharp crystal size distribution.

(2) The Fourier analysis is used to explore the stability of the EE–PDDO method with the
simplest form of PBE. In the case of polynomial degree N = 1 and integer parameter
m = 1, the stability condition is 0 < λ ≤ 0.5183 for the upwind weight function in
Equation (15), and the stability condition is 0 < λ ≤ 1 for the upwind weight function
in Equation (16) with λ as the Courant number. The optimal time step size needs to
be satisfied with λ = 1 for the size-independent growth with smooth and non-smooth
distributions.

(3) The weight functions of the EE–PDDO method are discussed for different examples. In
the example of size-independent growth with smooth and non-smooth distributions,
the upwind weight function in Equation (16) is recommended; in the example of

size-dependent growth, the normal weight function of ω(ξ1, ξ2) = e−4( ξ1
σ1
)

2

e−4( ξ2
σ2
)

2

is
recommended; in the example of nucleation and size-dependent/independent growth
cases, the upwind weight function in Equation (15) is recommended.
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