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Abstract: In this work, within the framework of the linear piezoelectricity theory of quasicrystals,
the three-dimensional and two-dimensional Green tensors for arbitrary piezoelectric quasicrystals
are derived. In the piezoelectricity of quasicrystals, where phonon, phason and electric fields exist,
we introduce the corresponding multifields by developing a hyperspace notation for piezoelectric
quasicrystals. Using Fourier transform and the multifield formalism, the three-dimensional Green
tensor for piezoelectric quasicrystals as well as its spatial gradient necessary for applications, are
derived. The solutions for the “displacement”, “distortion” and “stress” multifields in the presence
of a “force” multifield in a piezoelectric quasicrystal as well as the solution of the generalised Kelvin
problem, are given. In addition, the two-dimensional Green tensors of piezoelectric quasicrystals as
well as of quasicrystals, are determined.
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1. Introduction

Nowadays, piezoelectric materials are an intriguing class of materials with broad use
in technology, including energy conversion and sensing as well as in energy harvesting and
transducer devices (see, e.g., [1]). For a piezoelectric material, the elastic and electric response
is coupled and anisotropic (see, e.g., [2–4]). The Green functions or fundamental solutions
of partial differential equations play an essential role in the solution of many problems in
various scientific areas, like mathematics, physics, engineering science and material science.
In general, the importance of Green functions is at least twofold. A Green function is the
fundamental solution of a partial differential equation and can be used to clarify various
approximative methods, such as finite element and boundary element methods for the study
of defects like cracks, dislocations, disclinations, point defects and inclusions. The three-
dimensional elastic Green tensor was derived by Lord Kelvin [5] for isotropic materials and
by Lifshitz and Rosenzweig [6], Kröner [7] and Willis [8] for hexagonal materials. Lifshitz and
Rosenzweig [6] and Synge [9] (see also [10,11]) derived the three-dimensional elastic Green
tensor for arbitrary anisotropic materials. The two-dimensional Green tensor of anisotropic
elasticity was derived by Wang and Achenbach [12], Wang [13] and Lazar [14] using Radon
transform and Fourier transform, respectively. In analogy to the three-dimensional Green
tensor of anisotropic elasticity given by Synge [9], the three-dimensional Green tensor for
arbitrary piezoelectric materials was derived by Deeg [15], Chen [16], Dunn [17], Akamatsu
and Tanuma [18], Pan and Tonon [19], Li and Wang [20] and Nowacki [21]. The three-
dimensional Green tensor for hexagonal piezoelectric crystals with point group 6mm has been
calculated by Michelitsch [22]. The two-dimensional Green tensor of piezoelectricity has been
given by Wang [23].

To date, quasicrystals represent an interesting class of novel materials due to their
particular properties, such as physical, structural, chemical, electronic and magnetic prop-
erties among others. Quasicrystals were discovered by Shechtman in 1982 and reported by
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Shechtman et al. [24] in 1984. In 2011, Shechtman received the Nobel Prize in Chemistry
for the discovery of quasicrystals. Quasicrystals belong to aperiodic crystals and possess
long-range orientational order but no translational symmetry. The basis of the continuum
theory of solid quasicrystals is set up by two elementary excitations: the phonons and
the phasons [25,26]. Quasicrystals possess piezoelectric effects, attracting interest for their
applications in technology, for example, in electronic systems as sensor and actuator de-
vices by which an electric voltage can induce an elastic deformation and vice versa. There
is considerable interest in the subject of piezoelectric quasicrystals, which is an ongoing
important and active research field (see, e.g., [27–29]).

Concerning Green functions in quasicrystals, De and Pelcovits [30] found the two-
dimensional Green functions for pentagonal quasicrystals and Ding et al. [31] found the
explicit expressions of two-dimensional Green tensors for various forms of planar qua-
sicrystals. Bachteler and Trebin [32] gave an approximative solution for the elastic Green
tensor of three-dimensional icosahedral quasicrystals, assuming that the coupling between
phonons and phasons is small. Lazar and Agiasofitou [33] derived the three-dimensional
elastic Green tensor for arbitrary quasicrystals.

In the theory of piezoelectric quasicrystals, the phonon fields as well as the phason
fields are coupled with the electric field (see, e.g., [34,35]). It is clear that, due to this
fact, the piezoelectric behaviour of quasicrystals is much more complicated than that of
conventional piezoelectric crystals. An improvement to the existing constitutive modelling
of piezoelectric quasicrystals has been recently given by Agiasofitou and Lazar [36] with a
focus on the tensor of phason piezoelectric moduli, which is proved to be fully asymmetric
without any major or minor symmetry. Moreover, it has been shown that piezoelectric
effects in quasicrystals can exist only due to phonons or only due to phasons or due to both
phonon and phason fields, depending, in general, on the Laue class as well as on the point
group (see [35,36]). Using group representation theory, Hu et al. [35] studied piezoelectric
effects in all two-dimensional quasicrystals with crystallographic and non-crystallographic
symmetries, and in three-dimensional icosahedral and cubic quasicrystals. Agiasofitou
and Lazar [36] have investigated piezoelectric effects in all one-dimensional quasicrystals
with crystallographic and non-crystallographic symmetries. The interested reader can
find concrete results concerning which crystallographic point groups possess piezoelectric
effects and which do not, and if these are induced only by phonons or only by phasons or
due to both phonon and phason fields in [36] and the references therein.

Regarding Green functions in piezoelectric quasicrystals, Green functions have been
given only for particular cases of one-dimensional piezoelectric quasicrystals in the lit-
erature (see, e.g., [37–39]). In this work, we derive exact analytical expressions for the
three-dimensional and two-dimensional Green tensor functions for arbitrary piezoelectric
quasicrystals, that means for one-dimensional, two-dimensional and three-dimensional
piezoelectric quasicrystals.

The paper is organized as follows. In Section 2, the basic framework of the generalised
linear piezoelectricity theory of quasicrystals is presented. In Section 3, the hyperspace no-
tation of piezoelectric quasicrystals is introduced, being an essential tool for the derivation
of the three-dimensional Green tensor for arbitrary piezoelectric quasicrystals, which is
done in Section 4 using the Fourier transform and the multifield formalism. Additionally,
Section 4 includes other fundamental properties, such as the solution of the generalised
Kelvin problem for piezoelectric quasicrystals and the derivation of the two-dimensional
Green tensors for arbitrary piezoelectric quasicrystals as well as for arbitrary quasicrystals.
Conclusions are given in Section 5. In Appendix A, the major symmetry of the multifield
tensor of the material moduli in the hyperspace notation is proved. In Appendix B, the
multifield tensor of the material moduli in the hyperspace notation is explicitly given for
one-dimensional, two-dimensional and three-dimensional piezoelectric quasicrystals.
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2. Basic Framework of Piezoelectric Quasicrystals

In this section, the basic framework of the generalised linear piezoelectricity theory
of quasicrystals [36], which is the generalisation of the linear (compatible) elasticity of
quasicrystals [40] towards the piezoelectricity of quasicrystals, is given.

An (n − 3)-dimensional quasicrystal can be generated by the projection of an n-
dimensional periodic structure to the three-dimensional physical space (n = 4, 5, 6). The
n-dimensional hyperspace En can be decomposed into the direct sum of two orthogo-
nal subspaces,

En = E3
∥ ⊕ E(n−3)

⊥ , (1)

where E3
∥ is the three-dimensional physical or parallel space of the phonon fields and E(n−3)

⊥
is the (n − 3)-dimensional perpendicular space of the phason fields. Here, ⊕ denotes the
direct sum. For n = 4, 5, 6, we speak of one-dimensional, two-dimensional and three-
dimensional quasicrystals with the dimension of the corresponding hyperspace being
4D, 5D, and 6D, respectively. Here, indices in the parallel space are denoted by small
letters i, j, k, l, with i, j, k, l = 1, 2, 3, and indices in the perpendicular space are denoted by
Greek letters α, γ, with α, γ = 3 for one-dimensional quasicrystals (with quasiperiodicity
in the z-direction), α, γ = 1, 2 for two-dimensional quasicrystals, and α, γ = 1, 2, 3 for
three-dimensional quasicrystals. Throughout the text, phonon fields will be denoted by
(·)∥ and phason fields by (·)⊥. All field quantities (phonon and phason fields) depend on
the so-called material space coordinates (or spatial coordinates) x ∈ R3. Note that in the
linear theory of quasicrystals, the material space coincides with the parallel space.

In the theory of the generalised compatible elasticity of quasicrystals, the (elastic)
phonon and phason distortion tensors, β

∥
kl and β⊥

γl , are defined as the gradient of the phonon

displacement vector u∥
k and of the phason displacement vector u⊥

γ , respectively,

β
∥
kl = u∥

k,l , β⊥
γl = u⊥

γ,l (2)

and they fulfill the compatibility conditions

ϵijl β
∥
kl,j = 0 , ϵijl β

⊥
γl,j = 0 , (3)

where ϵijl is the three-dimensional Levi–Civita tensor. The subscript comma denotes the
partial differentiation ∂j = ∂/∂xj with respect to the spatial coordinates xj. The phonon
strain tensor is given by

e∥kl =
1
2
(u∥

k,l + u∥
l,k) . (4)

Using the two different coordinate systems and indices, it can be seen that a phason strain
tensor cannot be defined (see the relative discussion in [36]). On the other hand, the electric
field strength vector El is defined as the negative gradient of the electrostatic potential φ

El = −φ,l (5)

and it satisfies the Bianchi identity

ϵijlEl,j = 0 , (6)

which is the compatibility condition for the electric field. Equation (6) is nothing but the
electrostatic version of the Faraday law [41].
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For piezoelectric quasicrystals, the (force) equilibrium conditions read [36,42]

σ
∥
ij,j + f ∥i = 0 , (7)

σ⊥
αj,j + f⊥α = 0 , (8)

and the Gauss law of electrostatics (see, e.g., [41]) reads

Dj,j = q . (9)

Here, σ
∥
ij and σ⊥

αj are the phonon and phason stress tensors, respectively, Dj is the electric

displacement vector or electric excitation, f ∥i is the conventional phonon body force density, f⊥α is
the phason body force density (see, e.g., [33]) and q denotes the body charge density. Note that
the phonon stress tensor is symmetric, σ

∥
ij = σ

∥
ji, whereas the phason stress tensor σ⊥

αj is an

asymmetric two-point tensor, σ⊥
αj ̸= σ⊥

jα (see also [33,42]).
Following the improved constitutive modelling for linear piezoelectric quasicrystals

given recently by Agiasofitou and Lazar [36], the constitutive relations are

σ
∥
ij = Cijkle

∥
kl + Dijγl β

⊥
γl − elijEl , (10)

σ⊥
αj = Dklαje

∥
kl + Eαjγl β

⊥
γl − flαjEl , (11)

Dj = ejkle
∥
kl + f jγl β

⊥
γl + ε jlEl . (12)

In Equations (10)–(12), it can be seen that the electric field strength vector contributes to the
phonon and phason stress tensors and that the elastic phonon strain tensor and phason
distortion tensor contribute to the electric displacement vector for a linear piezoelectric
quasicrystal. The constitutive tensors, which are the physical property tensors, possess the
following symmetries [36]. The tensor of the elastic moduli of phonons Cijkl possesses the major
symmetry and the minor symmetries

Cijkl = Cklij , Cijkl = Cijlk = Cjikl . (13)

The tensor of the elastic moduli of phasons Eαjγl possesses only a major symmetry

Eαjγl = Eγlαj , (14)

whereas the tensor of the elastic moduli of the phonon–phason coupling Dijγl possesses only a
minor symmetry with respect to the first two indices

Dijγl = Djiγl . (15)

In addition, the tensor of the phonon piezoelectric moduli ekij possesses a minor symmetry with
respect to the last two indices

ekij = ekji , (16)

the tensor of the phason piezoelectric moduli f jγl is a fully asymmetric tensor possessing neither
a major symmetry nor a minor symmetry with respect to the last two indices

f jγl ̸= f jlγ (17)

and the tensor of the dielectric moduli εij exhibits the major symmetry

εij = ε ji . (18)
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Substituting Equations (10)–(12) into Equations (7)–(9), and using Equations (2), (4) and
(5), the coupled equations of equilibrium for the phonon and phason displacement fields and the
electrostatic potential are given by

Cijklu
∥
k,l j + Dijγlu⊥

γ,l j + elij φ,l j = − f ∥i , (19)

Dklαju
∥
k,l j + Eαjγlu⊥

γ,l j + flαj φ,l j = − f⊥α , (20)

ejklu
∥
k,l j + f jγlu⊥

γ,l j − ε jl φ,l j = q , (21)

which are inhomogeneous partial differential equations with the body forces and body
charges as source terms.

The electric enthalpy density Ψ for piezoelectric quasicrystals is given by [36]

Ψ(e∥ij, β⊥
αj, Ej) =

1
2

σ
∥
ije

∥
ij +

1
2

σ⊥
αj β

⊥
αj −

1
2

DjEj , (22)

which, using Equations (10)–(12), takes the form

Ψ =
1
2

Cijkle
∥
ije

∥
kl +

1
2

Dijγle
∥
ijβ

⊥
γl −

1
2

elijEle
∥
ij

+
1
2

Dklαje
∥
kl β

⊥
αj +

1
2

Eαjγl β
⊥
αjβ

⊥
γl −

1
2

flαjEl β
⊥
αj

− 1
2

ejklEje
∥
kl −

1
2

f jγlEjβ
⊥
γl −

1
2

ε jlEjEl . (23)

The form of the electric enthalpy density (23) is useful in order to write the constitutive
tensors of the material moduli as a multifield tensor in the hyperspace notation, which
follows in the next section.

3. Hyperspace Notation and Multifields for Piezoelectric Quasicrystals

Throughout this paper, we introduce the hyperspace notation appropriate for the
description of piezoelectric quasicrystals. The hyperspace notation for piezoelectric quasicrystals
is the unification of the notation introduced by Barnett and Lothe [43] for piezoelectric
materials and of the hyperspace notation introduced by Lazar and Agiasofitou [33] for
quasicrystals towards piezoelectric quasicrystals.

For a piezoelectric quasicrystal, the corresponding hyperspace is an (n+1)-dimensional
hyperspace E(n+1) which is decomposed into three orthogonal subspaces, E3

∥, E(n−3)
⊥ , and E1

φ,

E(n+1) = E3
∥ ⊕ E(n−3)

⊥ ⊕ E1
φ , (24)

where the additional space E1
φ is the one-dimensional space of the electrostatic potential.

For n = 4, 5, 6, we speak of one-dimensional, two-dimensional and three-dimensional
piezoelectric quasicrystals, and the dimension of the corresponding hyperspace being 5D,
6D, and 7D, respectively. The obtained fields which “live” in the hyperspace E(n+1) are
called multifields. An index associated with a multifield is denoted by a capital letter, e.g.,
I, K = 1, . . . , n + 1. In the hyperspace notation, we define the following multifields:

• The “displacement” multifield vector UK = (u∥
k , u⊥

γ , φ) ∈ E3
∥⊕E(n−3)

⊥ ⊕E1
φ or UK ∈ E(n+1)

UK =


u∥

k , K = 1, 2, 3 ,
u⊥

γ , K = 4, . . . , n ,
φ , K = n + 1 .

(25)
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• The “distortion” multifield tensor BKl ∈
(
E3
∥ ⊕ E(n−3)

⊥ ⊕ E1
φ

)
⊗ E3

∥ or BKl ∈ E(n+1) ⊗ E3
∥

BKl =


β
∥
kl , K = 1, 2, 3 ,

β⊥
γl , K = 4, . . . , n ,

−El , K = n + 1 ,
(26)

which has one multifield index and one index in the parallel space. Above, ⊗ denotes
the tensor product. It is easy to see that

BKl = UK,l . (27)

• The “stress” multifield tensor ΣI j ∈
(
E3
∥ ⊕ E(n−3)

⊥ ⊕ E1
φ

)
⊗ E3

∥ or ΣI j ∈ E(n+1) ⊗ E3
∥

ΣI j =


σ
∥
ij , I = 1, 2, 3 ,

σ⊥
αj , I = 4, . . . , n ,

Dj , I = n + 1 ,

(28)

which has one multifield index and one index in the parallel space.
• The “body force density” multifield vector FI = ( f ∥i , f⊥α ,−q) ∈ E3

∥ ⊕ E(n−3)
⊥ ⊕ E1

φ or

FI ∈ E(n+1)

FI =


f ∥i , I = 1, 2, 3 ,
f⊥α , I = 4, . . . , n ,
−q , I = n + 1 .

(29)

• The multifield tensor of the material moduli CI jKl ∈
(
E3
∥ ⊕ E(n−3)

⊥ ⊕ E1
φ

)
⊗ E3

∥ ⊗
(
E3
∥ ⊕

E(n−3)
⊥ ⊕ E1

φ

)
⊗ E3

∥ or CI jKl ∈ E(n+1) ⊗ E3
∥ ⊗ E(n+1) ⊗ E3

∥

CI jKl =



Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dijγl , I = 1, 2, 3 ; K = 4, . . . , n ,
elij , I = 1, 2, 3 ; K = n + 1 ,
Dklαj , I = 4, . . . , n ; K = 1, 2, 3 ,
Eαjγl , I = 4, . . . , n ; K = 4, . . . , n ,
flαj , I = 4, . . . , n ; K = n + 1 ,
ejkl , I = n + 1 ; K = 1, 2, 3 ,
f jγl , I = n + 1 ; K = 4, . . . , n ,
−ε jl , I = n + 1; K = n + 1 .

(30)

The tensor CI jKl retains a major symmetry in the hyperspace notation (see Appendix A)

CI jKl = CKlIj . (31)

In matrix form, Equation (30) reads

CI jKl =

 Cijkl Dijγl elij
Dklαj Eαjγl flαj
ejkl f jγl −ε jl

. (32)

The multifield tensor of the material moduli CI jKl in the hyperspace notation is explic-
itly given for one-dimensional, two-dimensional and three-dimensional piezoelectric
quasicrystals in the Appendix B.

Strictly speaking, the tensors BKl , ΣI j and CI jKl appearing in Equations (26), (28)
and (30), respectively, are double tensor fields [44] or two-point tensors [45] since they have
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indices in two spaces, namely the hyperspace and the parallel space. Specifically, BKl and
ΣI j are two-point tensors of rank two, and CI jKl is a two-point tensor of rank four.

Using the hyperspace notation for piezoelectric quasicrystals, the basic equations can
be now written in a simple “compact” form, which is easy to handle. The compatibility
conditions (3) and (6) are simply written

ϵijl BKl,j = 0 . (33)

The constitutive relations (10)–(12) can be written in the form

ΣI j = CI jKl BKl (34)

and the equilibrium conditions (7)–(9) read

ΣI j,j + FI = 0 . (35)

By substituting Equation (34) into Equation (35) and using Equation (27), the coupled
equations of equilibrium for the “displacement” multifield vector UK read as follows

CI jKl UK,l j + FI = 0 . (36)

Equation (36) is the “compact” form of the coupled equations of the equilibrium for the
phonon and phason displacement fields and the electrostatic potential, Equations (19)–(21),
using the hyperspace notation, and it is a Navier-type partial differential equation for
the “displacement” multifield vector UK. Finally, the electric enthalpy density (23) in the
hyperspace notation reads as

Ψ =
1
2

BI jCI jKl BKl , (37)

where the major symmetry (31) can be easily seen.

4. Fundamental Properties of Piezoelectric Quasicrystals

In this section, we derive the three-dimensional Green tensor for homogeneous piezo-
electric quasicrystals, which is used to calculate the “displacement”, “distortion” and
“stress” multifields in the presence of a “force” multifield in a piezoelectric quasicrystal. By
considering a Kelvin-type “force” multifield, the generalised Kelvin problem for piezoelec-
tric quasicrystals is solved. The section ends with the derivation of the two-dimensional
Green tensor for homogeneous piezoelectric quasicrystals. It should be mentioned that the
Green functions and the corresponding Kelvin solutions serve, in general, as a pertinent
basis of important numerical methods, such as the boundary element method [46].

4.1. Three-Dimensional Green Tensor of Piezoelectric Quasicrystals

The method of Green functions (see, e.g., [47]) is usually used to solve linear inho-
mogeneous partial differential equations like Equation (36). The Green tensor GKM(R),
K, M = 1, . . . , n + 1 of the three-dimensional Navier-type Equation (36), describing the
electro-elastic fields in piezoelectric quasicrystals, is defined by

CI jKl GKM,l j(R) + δIM δ(R) = 0 , (38)

where I, K, M = 1, . . . , n + 1, j, l = 1, 2, 3, δIM is the (n + 1)× (n + 1) unit matrix in the
hyperspace, R = x − x′, and δ(R) is the three-dimensional Dirac delta function. GKM(R)
represents the “displacement” multifield in the hyperspace in the K direction at the point
x, arising from a unit point “force” multifield in the M direction applied at the point x′.
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Therefore, GKM(R) is also a multifield Green tensor. The Green tensor GKM(R) satisfies the
symmetry relations

GKM(R) = GMK(R) = GKM(−R) , (39)

that is, GKM(R) is symmetric and is an even function of R. The fact that the Green tensor
GKM(R) is a symmetric tensor of rank two in the hyperspace is a direct consequence of the
major symmetry (31).

Using the three-dimensional Fourier integral representation of the Green tensor

GKM(R) =
1

(2π)3

∫ ∞

−∞
GKM(k) eik·R dk (40)

and of the Dirac delta function

δ(R) =
1

(2π)3

∫ ∞

−∞
eik·R dk , (41)

Equation (38) can be transformed to an algebraic equation in the Fourier space

CI jKl k jkl GKM = δIM . (42)

If we introduce the unit vector in the three-dimensional Fourier space with k ∈ R3

κ = k/|k| (43)

and the notation

(κCκ)IK = κjCI jKlκl =

 κjCijklκl κjDijγlκl κjelijκl
κjDklαjκl κjEαjγlκl κj flαjκl
κjejklκl κj f jγlκl −κjε jlκl

 , (44)

the multifield Green tensor can be written in the Fourier space as follows:

GKM(k) =
1
k2 (κCκ)−1

KM , (45)

which is a homogeneous function of k of degree −2. The matrix (κCκ)−1
KM is the inverse of

(κCκ)KM and is given by

(κCκ)−1
KM =

AKM(κ)

D(κ)
, (46)

where D(κ) and AKM(κ) are the determinant and the adjoint of the matrix (κCκ)KM,
respectively. Substituting Equation (45) into Equation (40), the three-dimensional Fourier
integral can be reduced to a line integral along the unit circle in the plane orthogonal to R
(see, e.g., [9,11,33]) ∫ ∞

−∞
GKM(k) eik·R dk =

π

R

∫ 2π

0
GKM(n)dϕ . (47)

Here, n is a unit vector “scanning” the circle of integration and remaining orthogonal to R
thus n · R = 0 and R = |R|. Note that n is a function of ϕ. Combining Equations (40), (45)
and (47), the (n + 1)× (n + 1) Green tensor GKM(R) of piezoelectric quasicrystals can be
written in the form

GKM(R) =
1

8π2R

∫ 2π

0
(nCn)−1

KM dϕ , (48)



Crystals 2024, 14, 835 9 of 16

which represents the three-dimensional Green tensor of piezoelectric quasicrystals. One can see
that the Green tensor (48) is the generalisation of the three-dimensional Green tensors of
the anisotropic elasticity (see, e.g., [9–11,48,49]), of piezoelectricity (see, e.g., [19–21]) and of
the elasticity of quasicrystals [33] towards the piezoelectricity of quasicrystals. The integral
in Equation (48) can be computed by standard numerical methods if CI jKm is given.

The Green tensor GKM(R) of piezoelectric quasicrystals can be decomposed into its
phonon, phason and electric parts, and their coupling

GKM(R) =

 G∥∥
km(R) G∥⊥

kµ (R) G∥ 
k n+1(R)

G⊥∥
γm(R) G⊥⊥

γµ (R) G⊥ 
k n+1(R)

G ∥n+1 m(R) G ⊥n+1 µ(R) G  n+1 n+1(R)

 (49)

with the symbol  denoting the electric contribution, and it has the following
physical interpretation:

G∥∥
km(R) is the phonon displacement at x in the ek caused by a unit phonon point force

at x′ in the em direction, k, m = 1, 2, 3;
G∥⊥

kµ (R) is the phonon displacement at x in the ek direction caused by a unit phason
point force at x′ in the eµ direction, k = 1, 2, 3, µ = 4, . . . , n;

G∥ 
k n+1(R) is the phonon displacement at x in the ek direction caused by a unit electric

point charge at x′, k = 1, 2, 3;
G⊥∥

γm(R) is the phason displacement at x in the eγ direction caused by a unit phonon
point force at x′ in the em direction, m = 1, 2, 3, γ = 4, . . . , n;
G⊥⊥

γµ (R) is the phason displacement at x in the eγ direction caused by a unit phason
point force at x′ in the eµ direction, γ, µ = 4, . . . , n;
G⊥ 

γ n+1(R) is the phason displacement at x in the eγ direction caused by a unit electric
point charge at x′, γ = 4, . . . , n;
G ∥

n+1 m(R) is the electrostatic potential at x caused by a unit phonon point force at x′

in the em direction, m = 1, 2, 3;
G ⊥

n+1 µ(R) is the electrostatic potential at x caused by a unit phason point force at x′ in
the eµ direction, µ = 4, . . . , n;
G  

n+1 n+1(R) is the electrostatic potential at x caused by a unit electric point charge
at x′.

4.2. “Displacement”, “Distortion” and “Stress” Multifields in the Presence of a “Force” Multifield

The three-dimensional Green tensor (48) of piezoelectric quasicrystals can be applied
to calculate the phonon, phason and electric fields caused by phonon and phason body
forces and a body charge in homogeneous piezoelectric quasicrystalline materials.

For an arbitrary “body force density” multifield vector FM (see Equation (29)), the
solution of the partial differential Equation (36) can be written as

UK = GKM ∗ FM , (50)

where ∗ denotes the three-dimensional spatial convolution. Using the Green tensor (48),
Equation (50) gives the “displacement” multifield vector caused by a “body force density” multi-
field in a piezoelectric quasicrystal

UK(x) =
1

8π2

∫
V

FM(x′)
R

( ∫ 2π

0
(nCn)−1

KM dϕ

)
dV′ . (51)

It is worth noticing that Equation (51) represents the generalisation towards the piezoelec-
tricity of the quasicrystals in the following problems:

• The solution of the displacement for an arbitrary body force density known from
anisotropic elasticity [9];
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• The solution of the electrostatic potential for an arbitrary body charge density known
from electrostatics [41];

• The solution of the “extended” displacement for an arbitrary “extended” force density
known from piezoelectricity [21].

Combining Equations (27) and (50), the “distortion” multifield tensor reads in terms
of the gradient of the Green tensor (48)

BKl = GKM,l ∗ FM , (52)

where the spatial gradient of the Green tensor is given by (see also [33])

GKM,l(R) = − 1
8π2R2

∫ 2π

0

(
τl(nCn)−1

KM − nl FKM

)
dϕ (53)

with

FKM = (nCn)−1
KN

[
(nCτ)NP + (τCn)NP

]
(nCn)−1

PM (54)

and τ = R/R is the unit vector along R. Substituting Equation (53) into Equation (52),
we obtain the “distortion” multifield tensor caused by a“body force density” multifield in a
piezoelectric quasicrystal

BKl(x) = − 1
8π2

∫
V

FM(x′)
R2

( ∫ 2π

0

(
τl(nCn)−1

KM − nl FKM

)
dϕ

)
dV′ . (55)

Using the constitutive relation (34), the corresponding“stress”multifield tensor for piezoelectric
quasicrystals reads

ΣI j(x) = − 1
8π2

∫
V

FM(x′)
R2

( ∫ 2π

0
CI jKl

(
τl(nCn)−1

KM − nl FKM

)
dϕ

)
dV′ . (56)

Generalised Kelvin Problem in Piezoelectric Quasicrystals

Here, we examine the generalised Kelvin problem towards piezoelectric quasicrystals.
We specify a Kelvin-type “force” density multifield vector with strength f̂M

FM(x′) = f̂M δ(x′) , (57)

which is a point “force” density multifield in three dimensions. Then, Equation (50) becomes

UK(x) = f̂MGKM (58)

and Equation (51) reduces to

UK(x) =
f̂M

8π2r

∫ 2π

0
(nCn)−1

KM dϕ , (59)

where r = |x| =
√

x2 + y2 + z2. Equation (59) is the Kelvin-type “force” multifield solution for
the “displacement” multifield vector for piezoelectric quasicrystals. In this case, Equation (55)
reduces to

BKl(x) = − f̂M

8π2r2

∫ 2π

0

(
τl(nCn)−1

KM − nl FKM

)
dϕ , (60)
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which is the Kelvin-type “force” multifield solution for the “distortion” multifield tensor for
piezoelectric quasicrystals. Analogously, Equation (56) yields to

ΣI j(x) = − f̂M

8π2r2

∫ 2π

0
CI jKl

(
τl(nCn)−1

KM − nl FKM

)
dϕ , (61)

which is the Kelvin-type “force” multifield solution for the “stress” multifield tensor for piezoelec-
tric quasicrystals.

It is interesting to examine that for some particular cases, the solution (59) leads to
well-known results from classical anisotropic elasticity, isotropic elasticity and electrostat-
ics. Indeed:

• If the phason modes and the electric effects are absent, that is, considering only
classical anisotropic elasticity, then Equation (59) reads

uk(x) =
f̂m

8π2r

∫ 2π

0
(nCn)−1

km dϕ , (62)

which is the displacement vector caused by a point force with strength f̂m in anisotropic
elasticity (see, e.g., [9]).
Next, if we consider additionally that the medium is isotropic with the tensor of elastic
moduli to be given by

Cijkl =
2µν

1 − 2ν
δijδkl + µ

(
δikδjl + δilδjk

)
, (63)

where µ is the shear modulus and ν is the Poisson ratio, then Equation (62) reduces to

uk(x) =
f̂m

16πµ(1 − ν)r

(
(3 − 4ν)δkm +

xkxm

r2

)
, (64)

which is the well-known Kelvin solution of a point force with strength f̂m in an infinite
isotropic body (see, e.g., [5,50]).

• If only electric effects are considered, then Equation (59) gives

φ(x) =
q̂

8π2r

∫ 2π

0
(nεn)−1 dϕ , (65)

which is an integral representation of the electrostatic potential φ caused by a point
charge with strength q̂ in anisotropic electrostatics.
Next, if we consider the tensor of the dielectric permittivity εij = δijε0 with ε0 the
permittivity of the free space, then Equation (65) reduces to the well-known formula
of the electrostatic potential of a point charge with strength q̂ (see, e.g., [41])

φ(x) =
q̂

4πε0

1
r

. (66)

4.3. Two-Dimensional Green Tensor of Piezoelectric Quasicrystals

In this section, the two-dimensional Green tensor for arbitrary piezoelectric quasicrys-
tals is derived. Moreover, the two-dimensional Green tensor for arbitrary quasicrystals in
the framework of elasticity is given here for the first time.

The Green tensor GKM(R) with K, M = 1, . . . , n + 1 of the two-dimensional Navier-
type equation is defined by

CI jKl GKM,l j(R) + δIM δ(R) = 0 , (67)
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where I, K, M = 1, . . . , n + 1, j, l = 1, 2, R = x − x′ ∈ R2, and δ(R) is the two-dimensional
Dirac delta function. The two-dimensional Fourier transform of the Green tensor in
Equation (67) reads (k ∈ R2)

GKM(k) =
1
k2 (κCκ)−1

KM , (68)

where κ denotes the unit vector in the k1k2-plane of the two-dimensional Fourier space (κj

with j = 1, 2) defined by κ = k/k with k = |k|. Here, the matrix (κCκ)−1
KM is the inverse of

(κCκ)KM given in Equation (44) with j, l = 1, 2.
The two-dimensional Green tensor in the two-dimensional real space is obtained by

the inverse Fourier transform of Equation (68) as follows:

GKM(R) =
1

(2π)2

∫
R2

(κCκ)−1
KM cos(k · R)

k2 dk

=
1

(2π)2

∫ 2π

0
(κCκ)−1

KM

∫ ∞

0

cos(k κ · R)

k
dk dϕ . (69)

In Equation (69), dk = k dk dϕ indicates the two-dimensional volume element in Fourier
space in polar coordinates, and ϕ (0 < ϕ ≤ 2π) is an appropriate polar angle scanning a
unit circle κ2 = 1. The integration in k is performed using the relation∫ ∞

0

cos(k κ · R)

k
dk =

1
2

∫ ∞

−∞

1
k

eik κ·R dk (70)

and the principal value integral [47]

P
∫ ∞

−∞

1
k

eikt dk = −2γE − 2 ln |t| , (71)

where γE denotes the Euler constant and P means the principal value. The constant term
can be neglected for the Green tensor (see, e.g., [47]). Using Equations (70) and (71), the
two-dimensional Green tensor (69) can be expressed as integral over the unit circle in
Fourier space

GKM(R) = − 1
(2π)2

∫ 2π

0
(κCκ)−1

KM ln |κ · R|dϕ . (72)

Because κ(ϕ) varies with ϕ, the integrand (κCκ)−1
KM is a function of the integration variable

ϕ and n ≡ κ(ϕ), and the (n + 1)× (n + 1) Green tensor GKM(R) becomes

GKM(R) = − 1
(2π)2

∫ 2π

0
(nCn)−1

KM ln |n · R|dϕ , (73)

which represents the two-dimensional Green tensor of piezoelectric quasicrystals.
If the piezoelectric effects are not considered, that is, if only the elasticity of qua-

sicrystals is considered, then the piezoelectric (n + 1) × (n + 1) Green tensor GKM(R),
K, M = 1, . . . , n + 1, Equation (73), reduces to the elastic n × n Green tensor of quasicrystals

GKM(R) = − 1
(2π)2

∫ 2π

0
(nCn)−1

KM ln |n · R|dϕ (74)

with K, M = 1, . . . , n. Equation (74) represents the two-dimensional Green tensor of quasicrystals.
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In the limit to piezoelectricity, that is, if the phason modes are absent, then the Green
tensor (73) reduces to the two-dimensional Green tensor of piezoelectricity

GKM(R) = − 1
(2π)2

∫ 2π

0
(nCn)−1

KM ln |n · R|dϕ (75)

with K, M = 1, . . . , 4, which is in agreement with the two-dimensional Green tensor of
piezoelectricity given by Wang [23].

In the limit to anisotropic elasticity, that is, if the phason modes and electric fields
are absent, then the Green tensor (73) reduces to the two-dimensional Green tensor of
anisotropic elasticity

Gkm(R) = − 1
(2π)2

∫ 2π

0
(nCn)−1

km ln |n · R|dϕ (76)

with k, m = 1, 2, 3. Note that the Green tensor (76) is in agreement with the two-dimensional Green
tensor of anisotropic elasticity given by Wang and Achenbach [12], Wang [13] and Lazar [14].

5. Conclusions

In this work, the three-dimensional Green tensor and its spatial gradient have been
calculated for arbitrary piezoelectric quasicrystals. With this aim, the hyperspace notation
for piezoelectric quasicrystals has been developed, and the corresponding multifields have
been defined. Using the three-dimensional Green tensor, we have given a solution for the
“displacement”, “distortion” and “stress” multifields in the presence of a “force” multifield
in a piezoelectric quasicrystal as well as the solution of the generalised Kelvin problem.
These solutions allow for the consideration of all elastic, dielectric and piezoelectric material
properties in piezoelectric quasicrystals. Moreover, the two-dimensional Green tensors of
piezoelectric quasicrystals and of quasicrystals have been calculated. The derived Green
tensors may be used for the study of dislocation, fracture, interface and inclusion problems
in piezoelectric quasicrystals.
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Appendix A. The Symmetry of the Multifield Tensor of the Material Moduli CI jKl

In this Appendix, the major symmetry (see Equation (31)) of the multifield tensor of
the material moduli CI jKl in the hyperspace notation is proved. Indeed,

CKlIj =



Cklij , K = 1, 2, 3 ; I = 1, 2, 3 ,
Dklαj , K = 1, 2, 3 ; I = 4, . . . , n ,
ejkl , K = 1, 2, 3 ; I = n + 1 ,
Dijγl , K = 4, . . . , n ; I = 1, 2, 3 ,
Eγlαj , K = 4, . . . , n ; I = 4, . . . , n ,
f jγl , K = 4, . . . , n ; I = n + 1 ,
elij , K = n + 1 ; I = 1, 2, 3 ,
flαj , K = n + 1 ; I = 4, . . . , n ,
−ε l j , K = n + 1; I = n + 1 ,

(A1)



Crystals 2024, 14, 835 14 of 16

which corresponds to the electric enthalpy density

Ψ =
1
2

Cklije
∥
kle

∥
ij +

1
2

Dklαje
∥
kl β

⊥
αj −

1
2

ejklEje
∥
kl

+
1
2

Dijγle
∥
ijβ

⊥
γl +

1
2

Eγlαjβ
⊥
γl β

⊥
αj −

1
2

f jγlEjβ
⊥
γl

− 1
2

elijEle
∥
ij −

1
2

flαjEl β
⊥
αj −

1
2

ε l jElEj . (A2)

Making use only of the major symmetries Cijkl = Cklij, Eγlαj = Eαjγl and ε l j = ε jl , it is easy
to see that

CKlIj =



Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dklαj , I = 4, . . . , n ; K = 1, 2, 3 ,
ejkl , I = n + 1 ; K = 1, 2, 3 ,
Dijγl , I = 1, 2, 3 ; K = 4, . . . , n ,
Eαjγl , I = 4, . . . , n ; K = 4, . . . , n ,
f jγl , I = n + 1 ; K = 4, . . . , n ,
elij , I = 1, 2, 3 ; K = n + 1 ,
flαj , I = 4, . . . , n ; K = n + 1 ,
−ε jl , I = n + 1; K = n + 1 ,

= CI jKl . (A3)

Appendix B. The Multifield Tensor of the Material Moduli CI jKl

In this Appendix, we give the multifield tensor of the material moduli CI jKl in the hy-
perspace notation explicitly for one-dimensional, two-dimensional and three-dimensional
piezoelectric quasicrystals.

(i) For one-dimensional piezoelectric quasicrystals

CI jKl =



Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dijγl , I = 1, 2, 3 ; K = 4 ,
elij , I = 1, 2, 3 ; K = 5 ,
Dklαj , I = 4 ; K = 1, 2, 3 ,
Eαjγl , I = 4 ; K = 4 ,
flαj , I = 4 ; K = 5 ,
ejkl , I = 5 ; K = 1, 2, 3 ,
f jγl , I = 5 ; K = 4 ,
−ε jl , I = 5; K = 5 ,

(A4)

where i, j, k, l = 1, 2, 3 and α, γ = 3.
(ii) For two-dimensional piezoelectric quasicrystals,

CI jKl =



Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dijγl , I = 1, 2, 3 ; K = 4, 5 ,
elij , I = 1, 2, 3 ; K = 6 ,
Dklαj , I = 4, 5 ; K = 1, 2, 3 ,
Eαjγl , I = 4, 5 ; K = 4, 5 ,
flαj , I = 4, 5 ; K = 6 ,
ejkl , I = 6 ; K = 1, 2, 3 ,
f jγl , I = 6 ; K = 4, 5 ,
−ε jl , I = 6; K = 6 ,

(A5)

where i, j, k, l = 1, 2, 3 and α, γ = 1, 2.
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(iii) For three-dimensional piezoelectric quasicrystals,

CI jKl =



Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dijγl , I = 1, 2, 3 ; K = 4, 5, 6 ,
elij , I = 1, 2, 3 ; K = 7 ,
Dklαj , I = 4, 5, 6 ; K = 1, 2, 3 ,
Eαjγl , I = 4, 5, 6 ; K = 4, 5, 6 ,
flαj , I = 4, 5, 6 ; K = 7 ,
ejkl , I = 7 ; K = 1, 2, 3 ,
f jγl , I = 7 ; K = 4, 5, 6 ,
−ε jl , I = 7; K = 7 ,

(A6)

where i, j, k, l = 1, 2, 3 and α, γ = 1, 2, 3.
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