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Abstract: Phononic crystals and metamaterials have a unique band structure that allows for the
existence of topologically protected surface states. The topologically protected edge states can guide
elastic waves without significant scattering or loss of energy. One of the most promising applications
of topological insulators in wave guiding is in the field of acoustics, where they can be used to
design highly efficient and robust acoustic wave guides. However, the high efficiency, precision,
reconfigurability, and robustness of elastic waves remains challenging. The topological insulators
provide a feasible method to design high-efficiency, robust, and low-backscattering waveguides. In
this work, a novel design of hexagonal metamaterial plates composed of a base plate and piezoelectric
patches is proposed. The hexagonal metamaterial plate can generate robust topologically protected
edge waves via active control. The paths of the topologically protected edge waves can be tuned
by adjusting the control parameters. The robustness and efficiency of the proposed hexagonal
metamaterial plate are testified to by the numerical examples. These findings provide systematic
theoretical guidelines for designing reconfigurable wave guides, elastic wave splitters, and novel
elastic wave devices and hold great promise for the development of high-performance and versatile
wave guide technologies with potential applications in a wide range of fields.

Keywords: metamaterial; topological acoustic; piezoelectric; active control; band structure

1. Introduction

The study of elastic wave propagation in various structures and materials has remained
active in the past decades. Phononic crystals are periodic elastic composite materials that
have broad application prospects in controlling and manipulating elastic waves due to
the existence of a phononic band gap. When an elastic wave propagates in a phononic
crystal, a special dispersion relationship or energy band can be produced. The frequency
domain covered by the dispersion curve is called the passband, and the uncovered part
is the stopband, namely the band gap. Theoretically, elastic waves in the band gap are
forbidden to propagate in the phononic crystal, while elastic waves in the passband can
propagate without energy loss. If there are point or line defects in the phononic crystal,
the elastic waves within the band gap will be localized or propagate along the defects.
Therefore, phononic crystals can be used to block or control elastic waves. The study of
phononic crystals will not only give rise to developments in solid-state physics, materials
science, and acoustics but also open up a variety of possible applications in vibration and
sound control. Currently, phononic crystals and metamaterials offer effective solutions to
the suppression, guidance, and modulation of elastic waves [1–8]. The traditional methods
of elastic wave guidance are mainly based on the defect states and directional propagation
properties of phononic crystals. However, the precision of the elastic wave control is largely
affected by the strong elastic wave scattering effect when elastic waves propagate to the
boundary or defects [9–14].
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In recent years, the theory of topological physics has been introduced into the study of
acoustics, mechanics, condensed matter physics, quantum physics, and the commonality
between matter waves and classical waves [15–17]. Topology is a branch of mathematics
that introduces the topological principles of mathematics into the field of condensed matter
physics, and the resulting topological states have always garnered significant attention
from researchers [18–22]. In the field of condensed matter physics, the discovery of the
quantum hall effect, i.e., a phenomenon unique to quantum systems, has opened up
the possibility of realizing materials with phase transitions, symmetries, and non-trivial
topological properties [23–25]. Realizing phenomena similar to the quantum hall effect in
the study of acoustic waves can provide new research ideas and implementation methods
for elastic wave propagation and control.

Inspired by the topological phase transition and topological material theory, the elastic
wave topological insulator is proposed by analogy with the idea of a topological insulator
under the photoelectric wave band [26–31]. The essence of elastic wave propagation in
an elastic wave topological insulator is the result of the action of surface states (boundary
states). Compared with ordinary periodic waveguide structures [32–34], the elastic wave
topological insulator breaks the time-reversal symmetry of elastic wave propagation and
realizes the single control of elastic waves [35–37]. For example, in the case of acoustic or
elastic waves, bulk waves with unidirectional backscattering immune topological edge
states can be observed in a time-dependent elastic superlattice. Furthermore, the elastic
wave topological insulator has obvious back scattering suppression and defect immunity
for the regulation of elastic waves, which provides a new technical method for the precise
regulation of elastic waves. The elastic wave topological insulator opens new avenues for
the design of acoustic devices with special properties and functionalities on edges, surfaces,
and interfaces [38–44].

Since the common material properties used to construct elastic wave topological insu-
lators are insensitive to magnetic fields, the time inversion symmetry cannot be broken with
reference to the method of the electron system. According to the method of breaking the
time inversion symmetry, elastic wave topological insulators can be divided into two types:
active elastic wave topological insulators and passive elastic wave topological insulators.

Active elastic wave topological insulators are usually constructed by an applied source
field or external energy. If the source field or external energy can break the time-reversal
symmetry, then the topological boundary states can be achieved by this spatio-temporal
modulation method. The theory and design of a spatio-temporally modulated, fully linear,
compact acoustic circulator based on effective acoustic indices are proposed [45]. The
non-reciprocal propagation of elastic waves can be realized at any desired frequency. Topo-
logical boundary states can also be achieved by coordinate-dependent coupling waveguides
that contribute two synthetic dimensions [46]. From a theoretical perspective, a gyroscopic
structure with rotational inertia embedded periodically in the structure is designed, thus
targeting topological edge states for both longitudinal and transverse waves in the struc-
ture [39]. All the above methods are based on the addition of an applied source field to the
structure or medium to break the time-reversal symmetry to obtain the topological edge
state, which has some limitations in engineering applications. Due to the limitations of
active-type elastic wave topological insulators in engineering applications, there is a need
to explore a method to construct elastic wave topological insulators without the need for
an applied source field.

It is shown that breaking the spatial inversion symmetry of the structure can construct
the quantum pseudo-spin hall effect of the elastic wave and realize the “topological phase
transition” of the structure. The spatial structure inversion symmetry of the structure can be
broken by a simple spatial structure design to construct an elastic wave topological insulator
that does not require an external source field, which is called a passive type of elastic wave
topological insulator. Xiao et al. [47] design a one-dimensional elastic wave topological
insulator structure for the elastic waveguide. The topological phase transition is achieved
by periodically designing the rectangular cross section, and the topological edge states of
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the longitudinal and transverse waves are experimentally verified. Miniaci et al. [48] design
a novel two-bit elastic wave topological insulator for structural elastic waves with a series
of triangular holes and a circular hole. It could generate a double Dirac cone, and then this
Dirac cone can be broken by breaking the symmetry along the thickness direction. Then
the acoustic pseudo-spin state is achieved, and the topologically protected helical mode
in the elastic plate is investigated both numerically and experimentally. According to the
current research on topological insulators, elastic wave topological insulators have achieved
extensive results in terms of physical mechanisms and structural designs. Whereas the
design of new structures to reduce the topological phase transition band in engineering
applications still needs to be studied in depth.

In recent years, topological devices have been extensively studied [49–51]. Multiple
optimization methods [52,53] and artificial intelligence [54] have been used to design the
topological insulators. Different from traditional acoustic devices, frequency-selective
transporters can be designed and manufactured based on topological insulators [55]. Fur-
thermore, the topological insulators can be further utilized for energy harvesting [56].
Combining with the rainbow trapping phenomenon [57,58], the topological interfaces can
be used as sensors, which could enhance signals [59].

In this work, we propose a hexagonal metamaterial with shunted piezoelectric patches.
The topological valley hall effect is realized in the hexagonal metamaterial plate by active
control. The propagation paths of elastic waves can be tuned by adjusting the control
parameters. Taking advantage of this characteristic, the schematic diagram of an elastic
wave splitter can be realized as shown in Figure 1, which is composed of two different
topology types, namely type I and type II. The topology types are presented by different
distributions, with red and blue in hexagons. The elastic waves are assumed to propagate
normally from the bottom to the top boundaries of the elastic wave splitter. The different
topologies of type I and type II unit cells are constructed by assigning different control
parameters. Subsequently, the transmittance of the topologically protected edge waves
along different paths can be examined. The results show that the topological insulators have
potential applications in material parameter testing [60–63], energy harvesting, acoustic
devices, and so on.
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2. Design of the Hexagonal Metamaterial Plate

The hexagonal metamaterial plate is composed of a base plate and piezoelectric patches
(PZT) (shaded by oblique lines), as shown in Figure 2a,c. The length of the base plate (lb) is
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defined as 1 mm. The width of the base plate (lw) is defined as 0.3 mm. The PZT patches
have a length lp = 0.75lb and a width (lpw) defined as 0.078 mm. The thickness of the base
plate and PZT patches is the same: lt = ltp = 0.1 mm. In this study, aluminum (E = 70 GPa,
ν = 0.33, ρ = 2700 kg·m−3) is chosen as the base plate, while PZT-5H (c11 = 60.6 GPa,
ν = 0.29, ρ = 7500 kg·m−3, e31 = −6.623 C·m−2, κ33 = 1433.6 × 10−9 C2·N−1·m−2) is used
as the PZT patches. The governing equation of the hexagonal metamaterial plate can be
written as [64,65]:

m
∂2w
∂t2 + D∇2∇2w = 0 (1)

in which

m =

{
ρblt ltp= 0

ρblt + 2ρpltp ltp 6= 0
(2)

and

D =


Db = Elt3

12(1−ν2)
ltp= 0

Db +
2Ep

3(1−ν2
p)

[(
lt
2 + ltp

)3
− lt3

8

]
+ (1 + gd)

e2
31

κ33hp

[(
lt
2 + ltp

)2
− lt2

4

]
ltp 6= 0

(3)

where E is the Young’s modulus of the base plate, ν is the Poisson’s ratio of the base plate,
c11 is the elastic constant of the PZT patches, νp is the Poisson’s ratio of the PZT patches,
e31 is the piezoelectric constant, κ33 is the permittivity constant under constant strain,
and gd is the displacement control parameter. Then the band structures of the hexagonal
metamaterial plate can be calculated by the finite element analyses. The most common
method to analyze the propagation characteristics of the flexural wave in the hexagonal
metamaterial plate is the investigation of the dispersion relations or band structures by
considering a unit cell, as shown in Figure 3, where the Bloch periodic boundary conditions
are applied to the two opposite boundaries of the unit cell.
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Figure 2. (a) Top view of the unit cell of the hexagonal metamaterial plate and geometrical parameters.
(b) The corresponding first Brillouin zone of the hexagonal lattice. (c) Side view of the unit cell of
the hexagonal metamaterial plate and geometrical parameters. (d) The band structures of hexagonal
metamaterial plates with an open circuit.

Then the band structures of the unit cell are analyzed by the finite element method
(FEM) via a common commercial FEM software. However, the real active control system is
difficult and inefficient to carry out in the common commercial FEM software. Equation
(1) can provide an alternative path. Based on Equation (1), the effects of active control and
the piezoelectric effect can be considered as adding positive or negative stiffness to the
base plate. Then the unit cell of the hexagonal metamaterial plate can be considered a pure
elastic plate. By discretizing the unit cell by quadratic Lagrange elements with quadratic
shape functions, following the standard procedure of the FEM, and taking into account
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the Bloch–Floquet periodic boundary conditions. The discrete eigenvalue equation in the
frequency domain can be obtained as

(K−ω2M) ·w = 0 (4)

in which K and M are the stiffness and mass matrices under consideration of the Bloch–
Floquet periodicity, respectively, ω is the eigenfrequency, and w is the transverse displace-
ment vector of the element nodes.
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Brillouin zones are polyhedral in reciprocal space in crystalline materials. Physi-
cally, Brillouin zone boundaries represent Bragg planes that reflect (diffract) waves having
particular wave vectors so that they cause constructive interference. Therefore, the eigen-
frequencies, each of which represents the propagation properties of the elastic waves, can
be computed by varying the wave vector k along the boundaries of the first irreducible
Brillouin zone of the unit cell, as shown in Figure 2b. When performing the parameter
scanning along the boundaries of the first Brillouin zone in Figure 2b, the eigenvalue
problems are solved by FEM with a 2D plate element by the ARPACK solver. Therefore,
the eigenmodes in Figure 2d are all out-of-plane flexural modes.

Previous studies [43] have illustrated that the quantum valley hall effect can be realized
in discrete hexagonal lattices. While two sufficient conditions must be satisfied to guarantee
the existence of the topologically protected edge waves. The unit cell should satisfy C3
symmetry, while mirror symmetry must be violated.

In this case, to violate the mirror symmetry but maintain the C3 symmetry, the PZT
patches are rotated clockwise or anti-clockwise, as shown in Figure 3. With the rotation of
the PZT patches, the mirror symmetry is broken. The results turn out to be the opening of
the Dirac cone at the K point in Figure 2d and forming a band gap. The band gap bounding
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frequencies are marked by R+ (red line) and R− (black line), as shown in Figure 3. However,
the band gap is relatively narrow.

Since the rotation of the PZT patches has little effect on the band gap. To further break
the mirror symmetry, different control parameters are assigned to the PZT patches based on
the anticlockwise rotation, as shown in Figure 3. When the different control parameters are
applied to the PZT patches, the eigenmodes R+

u and R+
I change to R−u and R−I . Furthermore,

the assigned control parameters further break the mirror symmetry while maintaining the
rotation symmetry. It can be seen that the band gap expands massively due to the break in
the mirror symmetry.

The eigenmodes and phase of the bounding frequencies R+ and R− are shown in
Figure 4. It can be observed that the bound frequencies have a refection change. That is
because of the break in the C3v symmetry. It should be noted that the R−u has a clockwise
polarization while the R−I has an anti-clockwise polarization. The changes in polarization
suggest that the topologically protected edge waves exist along the interface between a
lattice with different pairs of control parameters.
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3. Results

To further study the topologically protected edge waves, the band structure of an
elastic wave splitter including a finite number of unit cells is studied, as shown in Figure 5a.
The elastic wave splitter consists of 10 type I and 10 type II unit cells with different
topologies, as shown in Figure 3. The top and bottom boundaries of this elastic wave
splitter are set as Bloch periodic boundary conditions. To isolate additional boundary
modes, the left and right boundaries of this elastic wave splitter are considered to be
in continuity.

The band structure of this elastic wave splitter can be calculated and shown in
Figure 5b. All of the flexural modes are marked by gray dots, while the two different
interface modes are marked by red and blue dots, respectively. These two additional
eigenmodes A and B that appeared in the band gap can be easily observed, as shown in
Figure 5b.

To further figure out the two additional different interface modes A and B, the cor-
responding distributions of displacement fields at modes A and B are calculated and
presented in Figure 6. The results show that these two modes are interface modes, both of
which are located at the interfaces between type I and type II unit cells. It can be clearly
observed that the largest amplitude of the displacement field appears consequently at the
interfaces of the type I and II unit cells, which indicates that the different symmetries of
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the topological state of this designed elastic wave splitter shown in Figure 3 lead to the
topologically protected edge waves.
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4. Discussion

The above analyses illustrate the existence of topologically protected edge waves. The
novel design of hexagonal metamaterial plates brings great advances for the real-time
turnability of the topologically protected edge waves under active control. Therefore,
the real-time target path turnability of the flexural waves in the elastic wave splitter
with different topology types is examined in this section. In this section, the hexagonal
metamaterial plate consisting of 20 × 20 unit cells is employed. Extend layers as damping
domains are added at the top and bottom ends of the finite structure with an isotropic
loss factor of 5. While other boundaries are set as free boundary conditions. To clearly
illustrate the topologically protected edge waves, the amplitudes of the displacement fields
are normalized to the amplitude of the stimulations. That is, if the amplitudes at certain
points are equal to those of the stimulations, the normalized amplitudes should be regarded
as 1.

Firstly, a straight path is considered, as shown in Figure 7. The point source is given
at the lower boundary between the interface of type I and type II unit cells. It can be
noticed that the topologically protected edge waves can transmit along the straight path.
The largest normalized amplitude is localized around the interface of type I and type II
unit cells. That illustrates the good back scattering suppression ability of the designed
hexagonal metamaterial plate.
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Later, to study the robustness and defect immunity of the designed hexagonal meta-
material plate, two sharp bends (120◦ and 240◦) are added to the interfaces between type
I and type II unit cells. The Z-shaped path with sharp corners is examined in Figure 7.
The topologically protected edge waves can still propagate through the Z-shaped path,
similar to the straight path case. The largest normalized amplitude is also localized at the
interfaces between type I and type II unit cells. The absence of significant backscattering at
two sharp bends illustrates the robustness and defect immunity of the designed hexagonal
metamaterial plate. The high efficiency of the topologically protected edge waves can be
testified by the high normalized amplitudes at the top boundary of the interfaces between
type I and type II unit cells in Figures 7 and 8.
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In a word, the topologically protected edge waves can be tuned by adjusting the control
parameters. Real-time arbitrary propagation paths of the elastic waves with high robustness
turn out to be realized. Considering the hexagonal metamaterial plate is designed as an
acoustic or elastic device for different experiential testing techniques, only numerical
simulations are carried out. The real-time path tuning of the flexural waves can be realized
in the experiment, but it is inefficient to carry out in the numerical simulations. Therefore,
only two typical paths are found in the numerical simulations. Further experiments can be
carried out based on the numerical simulations to meet desirable targets.

5. Conclusions

In conclusion, a novel design of hexagonal metamaterial plates composed of a base
plate and piezoelectric patches is proposed. The propagation paths of elastic waves can be
tuned by adjusting the control parameters. The Dirac cone of the hexagonal metamaterial
plate is opened by rotating the PZT patches under active control. By assigning different
control parameters, type I and type II unit cells with different topologies are proposed.
The topologically protected edge waves are found at the interfaces between the type
I and type II unit cells. Subsequently, the transmittance of the topologically protected
edge waves along different paths is examined. The paths can be tuned by adjusting the
control parameters. The results show that the topologically protected edge waves can
propagate past sharp corners without backscattering. It testified to the robustness of the
novel hexagonal metamaterial plate. This work provides a theoretical basis for designing
reconfigurable wave guides, elastic wave splitters, and novel elastic wave devices. Those
findings show that the topological insulators have potential applications in sensing, energy
harvesting, and acoustic devices and hold great promise for the development of high-
performance and versatile waveguide technologies with potential applications in a wide
range of fields.
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