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Abstract: Liquid crystal (LC) grating has drawn extensive attention due to its merits, including
tunability, easy preparation process, cost effectiveness, and high diffraction efficiency. However,
limited efforts have been made to explore LC grating for the generation of customized diffraction
patterns, despite the fact that the patterning size of LC molecular director orientation has been
tremendously reduced even to subwavelength scale via high-precision photoalignment techniques.
Here, we propose a versatile method based on the binary particle swarm optimization algorithm to
efficiently design aperiodic LC gratings for customized optical patterns generation, including needle
beam, multi-foci, and hollow beam. The optical performance of the LC gratings was simulated using
both the vectorial Rayleigh–Sommerfeld method (with discrete zero or π phase, in this article) and
the actual director orientations. These results matched each other well, which proves the effectiveness
of the optimization method based on discrete phase. This study paves the way for designing LC
gratings with engineered functionalities, which may find applications in optical tweezers, laser
delivery systems, and laser scanning imaging.

Keywords: liquid crystal grating; photoalignment; customized design; designable functionality;
beam shaping

1. Introduction

Diffractive grating is one of the most fundamental components of various optical
systems, ranging from optical rulers [1] and spectrometers [2,3] to two/three-dimensional
(2D/3D) displays [4,5] and LiDAR [6]. Generally, the diffractive gratings can be predomi-
nantly categorized into wire-grid grating [1,7–9], surface relief grating [4,10,11], holographic
grating [12–15], or liquid crystal (LC) grating [16–19]. Especially, LC gratings, consisting
of LC molecules with a patterned or self-assembled director configuration, have attracted
continuous attention in both industry and scientific research, owing to their high diffrac-
tion efficiency, tunability, simple preparation process, and polarization sensitivity [17–24].
Historically, the functionalities of conventional LC gratings were very limited due to the
lack of fabrication techniques that could pattern the alignment surfaces into microscopic or
nanoscopic domains. The fabrication process used to be arduous and challenging when the
alignment involved a large number of alignment angles [25]. Thanks to the rapid advances
in nanofabrication techniques, the last decade has witnessed tremendous progress in con-
trolling alignment surface accuracy [25–29]. Nowadays, patterning alignment surfaces
with micro/nanoscale features has become technically feasible [25–28], thus opening new
avenues for designing LC gratings with designable functionalities and multi-functional
devices [15,30].
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So far, several approaches have been developed to realize high-resolution alignment
surfaces with designable director distributions, including nanogroves [31], digital mi-
cromirror device (DMD) photolithography [26,32], photoalignment based on direct laser
writing [33], and plasmonic metamasks [27,28]. These methods have been demonstrated to
allow the fabrication of arbitrary surface patterns with resolution down to 1 µm [26] and
even smaller than the wavelength of blue light [28]. They are therefore highly promising op-
tions for designing LC devices with engineered director orientations. On the one hand, LC
gratings with designable directors, which rely on LC molecules and photoalignment agents,
help to abandon the fabrication of nanoscatters [1,4,5,34], making them cost-effective and
efficient. On the other hand, LC gratings based on tuning the in-plane azimuthal angles are
flat and compact. The LC thickness can be smaller than 2 µm in the visible spectrum, as it
merely has to satisfy the half-wave conditions. Although LC gratings can be equivalent
to metagratings based on metallic and dielectric materials [4,5,30,35], the efforts devoted
to studying LC gratings with designable functionalities are still very limited. Hence, the
optimization and customized method for designing LC gratings is urgently needed, es-
pecially when various computational approaches [36–38] have recently been reported for
metadevices [39,40] with engineered functionalities.

In this study, we propose a versatile method for efficiently designing aperiodic LC
gratings to realize various optical patterns, including optical needle, multi-foci, and hollow
beam. The director orientation (the in-plane azimuthal angle of the LC molecules) of the
LC grating was optimized and designed using the binary particle swarm optimization
(BPSO) algorithm [36]. The vectorial Rayleigh–Sommerfeld (VRS) method was employed
to simulate the optical performance of the LC gratings. We also simulated the optical
performance of the devices, based on the actual LC director distribution of the designed
LC gratings, which was realized by minimizing the Q-tensor free energy. The results
from these two methods match each other, which proves the effectiveness of the design
method based on discrete phases. This study paves the way for designing LC gratings with
engineered functionalities.

2. Theory and Methodology
2.1. Design Principle of LC Gratings Based on PB Phase

Figure 1a illustrates the principle of adopting aperiodic LC gratings for diverse optical
pattern generation. The core idea is to optimize the Pancharatnam–Berry (PB) phase
configuration and then obtain the rigid director orientations of the LC molecules. According
to the optical birefringence of LC materials, the LC devices should first satisfy the half-wave
condition, which means the thickness of the LC layer should be properly chosen so as to
make the accumulated dynamic phase retardation along the z-direction meet the half-wave
condition. Under this condition, the transmission of LC devices can be represented by the

Jones matrix J =
(

cos 2α sin 2α
sin 2α − cos 2α

)
, assuming that the in-plane azimuthal angle of the

LC director is α. For simplicity, the LC directors in this study are assumed to orient at π/4
and −π/4 (Figure 1b), corresponding to phase retardations of π and 0, respectively. As
a proof of concept, this study aims to optimize aperiodic LC gratings to realize multiple
optical patterns, including needle beam, multiple foci, and hollow beam (Figure 1c). When
the linearly x-polarized light impinges on the LC grating, the emitted electric field E is
given as:(

Eoutx
Eouty

)
= J±45◦ ·

(
Einx
Einy

)
=

(
cos(±2× 45◦) sin(±2× 45◦)
sin(±2× 45◦) − cos(±2× 45◦)

)(
1
0

)
=

(
0
±1

)
(1)

where Einx(x, y, 0) = 0 and Einy(x, y, 0) = 0 denote the incident electric field components
along the x and y directions, respectively. This implies that the transmitted light becomes
linearly y-polarized, as Eoutx(x, y, 0) = 0 and Eouty(x, y, 0) = ±1. We propose to simulate
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the propagation property of the diffracted light along the optical axis using the VRS
method [41], where the electric field components of the diffracted light can be written as

E±45◦x(u, v, z) = 0

E±45◦y(u, v, z) = ∓ 1
2π

s
R2

z exp(iknR)
R2 (ikn− 1

R )dxdy

E±45◦z(u, v, z) = ∓ 1
2π

s
R2 (y− v)×

[
exp(iknR)

R2 (ikn− 1
R )
]
dxdy

(2)

where R2 = z2 + (x − u)2 + (y − v)2, k is the wave number, n is the refractive index of
the medium space, and (u, v, z) represent the observation planes. The total field inten-
sity of the diffraction pattern in the observation plane can then be calculated as follows:
I =
∣∣Ex
∣∣2+∣∣Ey

∣∣2 +|Ez
∣∣2, according to Equation (2).
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illustration showing the generation of multiple patterns when x-polarized light is impinging on the 
LC grating. (b) The director orientation of the LC molecules corresponding to phase retardation of 
π and 0. (c) Multiple optical patterns including optical needle, multiple foci, and hollow beam. 

2.2. The Binary Particle Swarm Optimization Algorithm 
The building blocks of the LC grating are 0.5 μm wide rectangular strips, each with 

either π/4 or −π/4 director orientation, corresponding to a PB phase retardation of π or 0, 
respectively. The aim of the customized design is to find the optimal phase profile for the 
objective LC grating, based on the unit building blocks. The BPSO algorithm, which is 
proven to be suitable for generating 0 or π phase change with fast convergence [36,42], is 
proposed to optimize the orientation configuration of the target light field. The flow chart 
of BPSO for LC grating design is depicted in Figure 2a. First, a large number of 0 and 1 
arrays, corresponding to the phase distribution of 0 and π, are generated by the random 
function to initialize the population, where each phase distribution group represents a 
random LC grating. After that, the light intensity distribution generated by each group of 
phase profiles (namely the LC grating) is calculated using the VRS method. According to 
the optical performance of each random LC grating, the local optimum phase distribution 
is selected. A comparison between the local optimum and the global optimum is con-
ducted to update the new global optimum. Meanwhile, the position and speed of 0 and π 
phase distribution are updated in the iteration. The iteration ends after the focal spot cor-
responding to the globally optimal phase distribution meets the target termination condi-
tion. Otherwise, the iteration goes back to step 2. Figure 2b shows an example of the LC 
grating consisting of rectangular blue and yellow regions, where the smallest width is 0.5 
μm. 

Figure 1. The principle of adopting LC gratings for diverse optical pattern generation. (a) Schematic
illustration showing the generation of multiple patterns when x-polarized light is impinging on the
LC grating. (b) The director orientation of the LC molecules corresponding to phase retardation of π
and 0. (c) Multiple optical patterns including optical needle, multiple foci, and hollow beam.

2.2. The Binary Particle Swarm Optimization Algorithm

The building blocks of the LC grating are 0.5 µm wide rectangular strips, each with
either π/4 or −π/4 director orientation, corresponding to a PB phase retardation of π or
0, respectively. The aim of the customized design is to find the optimal phase profile for
the objective LC grating, based on the unit building blocks. The BPSO algorithm, which is
proven to be suitable for generating 0 or π phase change with fast convergence [36,42], is
proposed to optimize the orientation configuration of the target light field. The flow chart of
BPSO for LC grating design is depicted in Figure 2a. First, a large number of 0 and 1 arrays,
corresponding to the phase distribution of 0 and π, are generated by the random function
to initialize the population, where each phase distribution group represents a random LC
grating. After that, the light intensity distribution generated by each group of phase profiles
(namely the LC grating) is calculated using the VRS method. According to the optical
performance of each random LC grating, the local optimum phase distribution is selected.
A comparison between the local optimum and the global optimum is conducted to update
the new global optimum. Meanwhile, the position and speed of 0 and π phase distribution
are updated in the iteration. The iteration ends after the focal spot corresponding to the
globally optimal phase distribution meets the target termination condition. Otherwise, the
iteration goes back to step 2. Figure 2b shows an example of the LC grating consisting of
rectangular blue and yellow regions, where the smallest width is 0.5 µm.



Crystals 2023, 13, 300 4 of 12
Crystals 2023, 13, x FOR PEER REVIEW 4 of 12 
 

 

 
Figure 2. (a) The flow chart of BPSO for LC grating design. (b) Phase distribution of the LC grating. 

In the process of optimization, the LC grating director orientation field is considered 
to update the BPSO algorithm’s velocity and position during the iterative process. It can 
be expressed as [36]: 

[ ] [ ]1 2( ,:) ( ,:) ( ,:) ( ,:) ( ,:) ( ,:)best bestv k v k c rand p k x k c rand g k x kω= ⋅ + ⋅ ⋅ − + ⋅ ⋅ −  (3)

where ω is a dynamic weight, c1 and c2 are the learning factors, rand is an isolated random 
function to generate director orientation arrangement, x(k,:) and v(k,:) are the particle po-
sition and velocity respectively, and pbest(k,:) and gbest(k,:) are the local best and global best 
light field fitness, respectively. After abstracting with the sigmoid ambiguity function 
vs(k,:) = 1/(1 + e-v(k,:)), we can map the velocity change from v(k,:) to vs(k,:) with a value 
between 0 and 1. 

Similarly, we can establish a rectangle function to decide the particle position x(k,t) 

by changing the mapping to 0 or 1 using function 
1, ( , )

( , )
0, ( , )
vs k t rand

x k t
vs k t rand

>
=  ≤

, which corre-

sponds to the phase of 0 or π in the LC grating. Hence, different kinds of light fields can 
be realized and optimized by setting different objective functions and convergence condi-
tions, such as needle beam, multi-foci, or hollow beam. 

3. Results and Discussion 
3.1. LC Grating for Needle Beam 

We start by introducing how to design LC gratings for needle beam generation. We 
first construct a rectangle function as the objective function to define the needle beam, 
which is given as follows: 



 <<

=
)(,0

)(,1
)z( 21

else
zfz

Ineedle  (4)

where z1 and z2 are the front and rear endpoints of the target focus, respectively, and f is 
the focus position. We propose controlling the shape of the focal spot using a set of con-
vergence conditions for the needle beam, as follows: 

185 210
2 | z | 8h f

f

m f m
z

FWHM

μ μ
λ

λ

 < < × − ≥
 <

 (5)

where zh is the position with half-maximum intensity, zf is the center of the optical needle 
beam, and FHHMf is the full width at half maximum (FWHM) along the x-axis. Equation 
(4,5) helps to define a needle beam with subwavelength size along the x-axis and length 
larger than 8 λ. 
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In the process of optimization, the LC grating director orientation field is considered
to update the BPSO algorithm’s velocity and position during the iterative process. It can be
expressed as [36]:

v(k, :) = ω · v(k, :) + c1 · rand · [pbest(k, :)− x(k, :)] + c2 · rand · [gbest(k, :)− x(k, :)] (3)

where ω is a dynamic weight, c1 and c2 are the learning factors, rand is an isolated random
function to generate director orientation arrangement, x(k,:) and v(k,:) are the particle
position and velocity respectively, and pbest(k,:) and gbest(k,:) are the local best and global
best light field fitness, respectively. After abstracting with the sigmoid ambiguity function
vs(k,:) = 1/(1 + e−v(k,:)), we can map the velocity change from v(k,:) to vs(k,:) with a value
between 0 and 1.

Similarly, we can establish a rectangle function to decide the particle position x(k,t)

by changing the mapping to 0 or 1 using function x(k, t) =

{
1, vs(k, t) > rand
0, vs(k, t) ≤ rand

, which

corresponds to the phase of 0 or π in the LC grating. Hence, different kinds of light fields
can be realized and optimized by setting different objective functions and convergence
conditions, such as needle beam, multi-foci, or hollow beam.

3. Results and Discussion
3.1. LC Grating for Needle Beam

We start by introducing how to design LC gratings for needle beam generation. We
first construct a rectangle function as the objective function to define the needle beam,
which is given as follows:

Ineedle(z) =
{

1, (z1 < f < z2)
0, (else)

(4)

where z1 and z2 are the front and rear endpoints of the target focus, respectively, and f
is the focus position. We propose controlling the shape of the focal spot using a set of
convergence conditions for the needle beam, as follows:

185 µm < f < 210 µm
2×
∣∣∣zh − z f

∣∣∣≥ 8λ

FWHM f < λ

(5)

where zh is the position with half-maximum intensity, zf is the center of the optical nee-
dle beam, and FHHMf is the full width at half maximum (FWHM) along the x-axis.
Equations (4) and (5) helps to define a needle beam with subwavelength size along the
x-axis and length larger than 8 λ.
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For all the studies in this article, the working wavelength of incidence with linear
x-polarization is assumed to be λ = 632.8 nm. The length of the LC grating along the y-axis
is set to a = 200 µm, and the size of the unit pixel for building the grating is 0.5 µm. Based
on the MATLAB platform, the BPSO algorithm, together with the objective function in
Equation (4) and the terminate conditions in Equation (5), are coded to optimize the LC
grating for forming a needle beam. Table 1 shows one of the optimal LC grating geometrical
parameters for needle beam generation, which consists of 86 strips with designed phase
distribution. Each group of positions denotes the two margins (inner and outer) of each
strip with an identical phase (0 or π). Figure 3a depicts the simulated intensity distribution
of the needle beam in the xz-plane based on the VRS method. The polarization of the optical
pattern extending along the y-direction is linearly y-polarized. The FWHM of the needle
along the optical axis is 8 λ (Figure 3b), and the FWHM along the x-axis is 0.97 λ (Figure 3c).
These results reveal that the designed grating successfully realizes the objectives given by
Equations (4) and (5).

Table 1. The Optimal LC Grating Geometrical Parameters for Needle Beam Generation *.

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Inner Outer Inner Outer Inner Outer Inner Outer Inner Outer

1 0 2 19 28 30 37 47.5 49 55 64.5 69 73 85.5 86
2 2 2.5 20 30 31 38 49 50 56 69 70 74 86 87
3 2.5 4.5 21 31 34 39 50 51 57 70 70.5 75 87 88
4 4.5 6.5 22 34 35 40 51 51.5 58 70.5 72 76 88 88.5
5 6.5 12 23 35 37 41 51.5 52.5 59 72 72.5 77 88.5 89
6 12 12.5 24 37 37.5 42 52.5 53 60 72.5 73 78 89 90
7 12.5 14 25 37.5 38 43 53 53.5 61 73 73.5 79 90 90.5
8 14 14.5 26 38 38.5 44 53.5 55 62 73.5 75.5 80 90.5 92
9 14.5 15 27 38.5 39 45 55 57 63 75.5 76.5 81 92 94.5
10 15 15.5 28 39 39.5 46 57 57.5 64 76.5 79.5 82 94.5 96
11 15.5 19 29 39.5 40 47 57.5 59 65 79.5 80 83 96 97
12 19 21.5 30 40 40.5 48 59 59.5 66 80 81 84 97 97.5
13 21.5 22 31 40.5 41.5 49 59.5 61 67 81 81.5 85 97.5 99.5
14 22 22.5 32 41.5 42.5 50 61 61.5 68 81.5 82 86 99.5 100
15 22.5 25 33 42.5 43.5 51 61.5 63 69 82 83
16 25 25.5 34 43.5 44.5 52 63 63.5 70 83 83.5
17 25.5 26 35 44.5 47 53 63.5 64 71 83.5 84.5
18 26 28 36 47 47.5 54 64 64.5 72 84.5 85.5

* Odd number denotes phase retardation of zero, and even is π.

However, it should be noted that the simulation results (Figure 3a–c) assume that
the LC grating is composed strictly of strips with either zero or π phase modulation. This
may be different from the realistic director distribution or PB phase of the LC grating,
due to the director transition between neighboring strips with discrete PB phases, namely
jumping director orientations. Hence, we also simulated the LC director distribution of
the designed LC grating by minimizing the Q-tensor free energy [43]. We assumed that E7
(k11 = 11.1 pN, k22 = 7.4 pN, k33 = 17.1 pN, ne = 1.7396, and no = 1.522) was adopted
to produce the designed LC grating. The calculated light field distribution of the LC
grating (Figure 3d) shows a needle beam at the designed position, which matches well
with the result shown in Figure 3a. We also calculated the polarized optical microscope
(POM) image (Figure 3e) of the LC grating, based on the simulated spatial LC director
distribution. These results indicate that the optimized LC grating is capable of generating a
needle beam. In order to obtain the directors of LC molecules in the steady state, the phase
retardations of all the strips were set to zero or π (directors orient at + or −45 degrees)
according to the optimized phase profile of the LC grating at the beginning. However, in
real cases, the director in the middle region of the LC layer along the z-axis does not exactly
distribute according to the ideal orientations (+ or −45 degrees), due to the influence of the
orientations of adjacent stripes. Therefore, there is twist deformation due to the difference
in the azimuthal angle of the LC director in the z-direction, when the steady state of the
LC director configuration is realized after the lowest Q-tensor free energy is reached. This
phenomenon can be observed in Figure 3f, where the black curve plots the director angles
of LC molecules at the top of the LC layer as a function along the x-axis, and the dashed
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blue curve denotes the director angles in the middle of the LC layer. Here, the phase
retardation at the adjacent regions with different preset orientation angles is not strictly 0
or π in the steady state.
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Figure 3. Optimized LC grating for needle beam generation. (a) Intensity distribution along the
xz-plane. The white-circled dot represents that the polarization direction of the light is along the
y-axis. (b) Intensity distribution along the optical axis. (c) Transverse intensity distribution along the
focal plane. (d) The simulated light field distribution based on the simulated director distribution of
E7. (e) The simulated POM image of the LC grating. Scale bar: 50 µm. (f) The LC director angles of
the grating as a function of the x-axis.

3.2. LC Grating for Linear Multi-Foci

In the design of multi-foci, we assume that these foci are located linearly along the
optical axis. In order to achieve relatively pure and uniform focal spots without prominent
sidelobes, the variance of the peak and valley of each focus is adopted to construct the
objective function, which is expressed below:

Stri f oci = ∑3
i=1

1
3

(
Ih−avg − Ii

)2
+ ∑2

j=1
1
2

(
Il−avg − Ij

)2
(6)

where Ih-avg and Il-avg are the average intensities of the peak and valley of the foci along
the optical axis, respectively, and Ii and Ij are the average intensities of the foci. The
convergence condition is set as follows:

100 µm < fi < 135 µm (i = 1, 2, 3)
FWHMi < λ (i = 1, 2, 3)
Ii ≥ 0.9 & Ii ≤ 0.1

(7)

where fj is the position of each focus along the z-axis, and FWHMi is the FWHM of each
focus along the x-axis.

Table 2 shows one of the optimal LC grating geometrical parameters for multi-foci
generation, which consists of 109 strips with designed phase distribution. Figure 4a depicts
the simulated intensity distribution of the multi-foci in the xz-plane, which is linearly
y-polarized. The simulation results clearly show three foci at focal lengths of f1 = 110.7 µm,
f2 = 115.7 µm, and f3 = 124.2 µm (Figure 4b). The FWHM of the multi-foci is 0.67 λ along
the x-axis (Figure 4c). These results reveal that the designed grating successfully realizes
the objective given by Equations (6) and (7). We also simulated the LC director distribution
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of the designed LC grating and calculated the light field distribution of the LC grating
(Figure 4d). Our results match those shown in Figure 4a, except for the slight difference
in the purity of the foci and the sidelobes. This may be caused by the director transition
between adjacent strips with different PB phases. The POM image (Figure 4e) of the LC
grating was also simulated based on the simulated spatial LC director distribution. These
results indicate that the optimized LC grating is capable of generating multi-foci. We also
plotted the director angles of the LC molecules at the top and in the middle of the LC layer
as a function of the x-axis (Figure 4f), resulting in a trend similar to that in Figure 3f. It
can be inferred that the intensity difference between Figure 4a,d arises from the director
transition, which is depicted by Figure 4f.

Table 2. The Optimal LC Grating Geometrical Parameters for Linear Multi-foci Generation *.

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Inner Outer Inner Outer Inner Outer Inner Outer Inner Outer

1 0 1.5 23 20 20.5 45 37.5 38.5 67 58.5 59 89 78 78.5
2 1.5 2.5 24 20.5 21.5 46 38.5 39.5 68 59 59.5 90 78.5 80.5
3 2.5 3.5 25 21.5 22 47 39.5 40 69 59.5 61 91 80.5 82
4 3.5 5.5 26 22 24 48 40 40.5 70 61 61.5 92 82 83.5
5 5.5 6 27 24 24.5 49 40.5 41 71 61.5 62 93 83.5 84.5
6 6 6.5 28 24.5 25.5 50 41 41.5 72 62 62.5 94 84.5 86
7 6.5 7 29 25.5 26 51 41.5 42.5 73 62.5 63 95 86 87
8 7 8 30 26 26.5 52 42.5 43.5 74 63 67.5 96 87 88.5
9 8 8.5 31 26.5 28 53 43.5 45 75 67.5 68 97 88.5 89
10 8.5 9.5 32 28 29 54 45 46.5 76 68 68.5 98 89 92.5
11 9.5 10 33 29 30.5 55 46.5 48 77 68.5 69 99 92.5 93
12 10 11 34 30.5 31 56 48 49 78 69 70 100 93 94.5
13 11 12 35 31 32 57 49 49.5 79 70 70.5 101 94.5 95.5
14 12 12.5 36 32 32.5 58 49.5 50.5 80 70.5 72 102 95.5 96
15 12.5 13.5 37 32.5 33 59 50.5 52 81 72 72.5 103 96 96.5
16 13.5 16.5 38 33 33.5 60 52 53.5 82 72.5 74.5 104 96.5 97
17 16.5 17 39 33.5 34 61 53.5 55 83 74.5 75 105 97 97.5
18 17 17.5 40 34 34.5 62 55 55.5 84 75 75.5 106 97.5 98
19 17.5 18 41 34.5 35 63 55.5 56 85 75.5 76.5 107 98 98.5
20 18 18.5 42 35 36.5 64 56 57 86 76.5 77 108 98.5 99
21 18.5 19 43 36.5 37 65 57 57.5 87 77 77.5 109 99 100
22 19 20 44 37 37.5 66 57.5 58.5 88 77.5 78

* Odd number denotes phase retardation of zero, and even is π.
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Figure 4. Optimized LC grating for linear multi-foci generation. (a) Intensity distribution in the
xz-plane. The white-circled dot represents that the polarization direction of the light is along the
y-axis. (b) Intensity distribution along the optical axis. (c) Intensity distribution along the three
focal planes (ffocus1 = 110.7 µm, ffocus2 = 115.7 µm, ffocus3 = 124.2 µm). (d) The simulated light field
distribution based on the simulated director distribution of E7. (e) The simulated POM image of the
LC grating. Scale bar: 50 µm. (f) The LC director angles of the grating as a function of the x-axis.
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3.3. LC Grating for Hollow Beam

Hollow beam, also known as dark hollow beam, is a kind of beam with low or null
intensity in the center, surrounded by a strong-intensity region [12,44]. Different from a
conventional 2D hollow beam [44], the hollow beam based on an aperiodic LC grating
is a 1D beam with a hollow channel, where a dark channel is formed in the direction
perpendicular to the optical axis. Hence, the hollow channel beam should contain two
adjacent peaks along the optical axis. The valley between these two peaks should also be
the valley between the two lateral peaks along the x-axis. Similar to the design of multi-foci,
the variance of the peaks along the z-axis and those along the x-axis are adopted to construct
the objective function:

Shollow−pipe = ∑2
i=1

1
2
(

Iz−avg − Ii
)2

+ ∑2
j=1

1
2
(

Ix−avg − Ij
)2

(8)

where Iz-avg and Ix-avg are the average intensities of the two peaks along the z-axis and x-axis,
respectively. We can set the convergence conditions for the hollow beam as follows:

200 µm < fi < 230 µm (i = 1, 2)

Izmin ≤ 10−2

Iz−avg ≥ 0.9 & Ix−avg ≥ 0.9

5λ ≤ z2le f t − z1right ≤ 15λ

λ ≤ x2le f t − x1right ≤ 2λ

(9)

where Izmin is the intensity of the hollow beam in the center; fj is between two focus positions
on the z-axis; and z2left, z1right and x2left, x1right are the positions with half-maximum intensity
on the z-axis and x-axis, respectively.

Table 3 shows one of the optimal LC grating geometrical parameters for hollow beam
generation, which consists of 93 strips with designed phase distribution. Figure 5a depicts
the simulated light field intensity distribution of the hollow beam in the xz-plane, which
is linearly y-polarized. Figure 5b plots the light field intensity distributions along the
white dashed lines (p1 and p2) in Figure 5a, which reveal that a null field is encircled by a
high-intensity wall. The light field intensity distributions in the yz-plane at x = 0 (Figure 5c),
along the z-axis at x = 0 (Figure 5d), in the xy-plane at z = 215 µm (Figure 5e), and along
the x-axis at z = 215 µm (Figure 5f) are also plotted. These simulation results indicate that
the designed grating successfully realizes the objective given by Equations (8) and (9). The
size of the null field inside the hollow is estimated to be 10 λ by 1.8 λ. As in the studies of
needle beam and multi-foci, we also simulated the LC director distribution of the designed
LC grating and calculated the light field distribution of the LC grating (Figure 5g), which
matches the result shown in Figure 5a. The POM image (Figure 5h) of the LC grating was
also simulated based on the simulated spatial LC director distribution. In Figure 5i, we
plotted the director angles of the LC molecules at the top and in the middle of the LC layer
as a function along the x-axis, resulting in a similar trend to those seen in Figures 3f and 4f.
These results indicate that the optimized LC grating is capable of generating a hollow
beam. A one-dimensional pipe or channel with low energy (zero energy) in the center
is formed perpendicular to the propagation direction, which may inspire applications
in dark-field massive-particle manipulation [45]. It should also be mentioned that this
method can be extended to design LC gratings with other functionalities, similar to those
of metagratings [4,5,35,39]. However, the LC gratings with designable functionalities have
many advantages including an easy and cost-effective fabrication process, as it is no longer
necessary to fabricate nanoscatters [1,34] relying on sophisticated and time-consuming
lithography processes.
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Table 3. The Optimal LC Grating Geometrical Parameters for Hollow Beam Generation *.

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Number
Position (µm)

Inner Outer Inner Outer Inner Outer Inner Outer Inner Outer

1 0 2 20 22 22.5 39 40 41.5 58 59 59.5 77 85 85.5
2 2 3 21 22.5 25.5 40 41.5 42 59 59.5 60.5 78 85.5 86
3 3 4 22 25.5 27 41 42 43 60 60.5 61.5 79 86 86.5
4 4 4.5 23 27 27.5 42 43 43.5 61 61.5 62 80 86.5 88
5 4.5 5.5 24 27.5 28 43 43.5 45 62 62 63 81 88 89.5
6 5.5 6 25 28 30 44 45 45.5 63 63 64.5 82 89.5 90
7 6 8 26 30 30.5 45 45.5 46.5 64 64.5 65.5 83 90 91
8 8 8.5 27 30.5 31 46 46.5 47.5 65 65.5 67 84 91 91.5
9 8.5 9.5 28 31 31.5 47 47.5 49.5 66 67 68 85 91.5 92
10 9.5 10 29 31.5 32 48 49.5 50 67 68 70.5 86 92 92.5
11 10 11 30 32 33 49 50 50.5 68 70.5 71 87 92.5 93
12 11 11.5 31 33 34.5 50 50.5 51 69 71 72.5 88 93 93.5
13 11.5 13.5 32 34.5 35 51 51 52 70 72.5 73.5 89 93.5 95
14 13.5 15.5 33 35 35.5 52 52 53.5 71 73.5 75 90 95 95.5
15 15.5 16 34 35.5 36.5 53 53.5 55.5 72 75 76 91 95.5 97.5
16 16 16.5 35 36.5 38.5 54 55.5 56 73 76 76.5 92 97.5 99
17 16.5 20 36 38.5 39 55 56 57.5 74 76.5 77.5 93 99 100
18 20 21 37 39 39.5 56 57.5 58.5 75 77.5 84
19 21 22 38 39.5 40 57 58.5 59 76 84 85

* Odd number denotes phase retardation of zero, and even is π.
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distribution in the xy-plane at z = 215 μm. (f) Intensity along the x-axis at z = 215 μm. (g) The simu-
lated light field distribution based on the simulated director distribution of E7. (h) The simulated 
POM image of the LC grating. Scale bar: 50 μm. (i) The LC director angles of the grating as a function 
of the x-axis. 

In this study, the minimum orientation region of our device is assumed to be 0.5 μm, 
with an LC layer thickness of approximately 1.45 μm (to satisfy the half-wave condition). 
In principle, a transition status exists in the nematic LC molecules between two adjacent 
regions with different director orientations, as shown in Figures 3f, 4f, and 5i. The smaller 
the strips with similar orientation, the greater the transition effect. Theoretically, the line 
width could be smaller if the LC layer thickness is further reduced. However, it is rather 
challenging to reduce the LC thickness to less than 1 μm in the experiment, due to the 
availability of the nanospacers with high unity to create such a cell gap [25–27]. Hence, 
the line widths with a strictly identical phase cannot be made infinitely small. Indeed, 

Figure 5. Optimized LC grating for hollow beam generation. (a) The simulated light field intensity
distribution in the xz-plane. The blue arrows denote that the hollow beam is linearly y-polarized.
(b) The light field intensity distributions along the white dashed lines p1 and p2 in Figure 5a.
(c) Intensity distribution in the yz-plane at x = 0. (d) Intensity along the z-axis at x = 0. (e) Intensity
distribution in the xy-plane at z = 215 µm. (f) Intensity along the x-axis at z = 215 µm. (g) The
simulated light field distribution based on the simulated director distribution of E7. (h) The simulated
POM image of the LC grating. Scale bar: 50 µm. (i) The LC director angles of the grating as a function
of the x-axis.

In this study, the minimum orientation region of our device is assumed to be 0.5 µm,
with an LC layer thickness of approximately 1.45 µm (to satisfy the half-wave condition).
In principle, a transition status exists in the nematic LC molecules between two adjacent
regions with different director orientations, as shown in Figures 3f, 4f, and 5f. The smaller
the strips with similar orientation, the greater the transition effect. Theoretically, the line
width could be smaller if the LC layer thickness is further reduced. However, it is rather
challenging to reduce the LC thickness to less than 1 µm in the experiment, due to the
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availability of the nanospacers with high unity to create such a cell gap [25–27]. Hence, the
line widths with a strictly identical phase cannot be made infinitely small. Indeed, there is
a compromise between LC layer thickness and line width. The reported line width that can
be reached using plasmonic metamasks is in the order of one working wavelength [27,28],
which may enable the creation of various flat optics based on LC materials apart from the
aperiodic gratings with designable functionalities in this study.

4. Conclusions

In summary, a versatile method based on BPSO for efficiently designing aperiodic LC
gratings to produce customized optical patterns is proposed and theoretically demonstrated
in this study. Three kinds of typical optical patterns, optical needle, multi-foci, and hollow
beam, are successfully designed using LC gratings. We simulated the optical performance
of these LC gratings using both the VRS method (with discrete zero or π phase, in this
article) and the actual director orientations. We found that these results matched each other
well, thus proving the effectiveness of the optimization method based on discrete zero or
π phase. This study paves the way for designing LC gratings with engineered function-
alities, which may find applications in optical tweezers, laser delivery systems, and laser
scanning imaging.
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