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Abstract: The forming limit is an important failure criterion for polycrystalline sheet metals when
approving the forming process. Recent developments in strain measurement technology, e.g., digital
image correlation (DIC), enable the strain evolution to be captured continuously and accurately. This
new technology would improve the forming limit measurements if the onset of the necking detection
method was developed accordingly. This paper proposes a new method based on the bifurcation
phenomenon in strain evolution to detect the onset of localized necking through DIC measurements.
This detection method was inspired by a physical understanding and experimental observations
of the necking phenomenon. The method eliminates the derivative calculation from the traditional
method, while it can directly determine the onset of localized necking through strain evolution curves.
The robustness and accuracy of the method are also investigated through experiments. Imperfection
and non-defect analyses, based on non-associated and associated flow rules, were utilized and
compared to the determined results. The detection method provides satisfactory forming limit results
and can be used as an alternative method to determine the forming limit diagram (FLD).

Keywords: localized necking; forming limits; bifurcation analysis; digital image correlation

1. Introduction

A forming limit diagram (FLD) is a criterion for judging whether the obtained sheet
metal component is safe or necked. The accuracy of its representation directly affects
decisions to approve the forming process. Localized instability analysis, proposed by
Hill [1] in 1952, laid the theoretical foundation for the prediction of the tensile instability of
sheet metals. In 1965, Keeler [2] proposed the concept of forming limit diagrams in an SAE
report, which was further supplemented by Goodwin [3] in 1968. When localized instability
(or the bifurcation phenomenon) occurs, a groove appears on the surface, and the crack
expands rapidly, causing the failure of the sheet [4,5]. The bifurcation phenomenon of the
sheet metal means a localized deformation in a narrow band, while the deformation remains
homogeneous elsewhere [6,7]. Therefore, the localized instability stage (also known as
localized necking) is generally considered as the maximum allowable deformation of the
sheet, and the strain at the beginning of the localized instability stage is used as the limit
strain for judging whether the sheet has failed [8].

The most commonly used test method for establishing a forming limit diagram at
present is the Nakazima hemispherical bulging test [9] or the modified flat punch bulging
test by Marciniak et al. [10]. The acquisition of a reliable limit strain is one of the most
concerning issues in the study of forming limits. A new development in strain measuring,
referred as digital image correlation (DIC), allows the strain evolution to be recorded
continuously and accurately for the entire experimental procedure. This certainly provides
the possibility of obtaining more accurate necking limits in the strain space. However, the
core challenge is to propose a method to determine the onset of localized necking.
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DIC technology tracks the speckle movement on the top surface of the specimen and
further calculates the strain field according to time. In general, two essential points should
be determined through the experimental procedure: (i) the instant of localized necking to
indicate the timing and (ii) the location of localized necking to indicate the limit strain.

One popular method is the so-called space-dependent method, where the major strain
of the points on the cross section perpendicular to the crack growth direction after fracture
is used to fit an inverse parabola, and the limit strain is determined by the vertex of the
inverse parabola [9]. Generally, the space-dependent method only considers a certain
deformation state of the specimen and does not pay attention to the deformation history.
The emergence and development of digital image correlation technology have led to the
development of analysis and measurement methods based on strain history.

Huang et al. [11] obtained the relationship between the second derivative of strain and
time. They believed that the increase in the second derivative near the fracture indicates
the beginning of localized necking, and the limit strain is determined correspondingly.
Merklein et al. [12] performed regression analysis on the major strain rate in the center of
the necking region. The extreme point of specific parameters obtained from the regression
analysis was considered to be the start of localized necking. Hotz et al. [13] used the
first derivative of the thickness strain versus the punch position to determine the onset
of localized necking and put forward constructive comments on the calculation of the
derivative. Martínez-Donaire et al. [14] suggested that the major strain rate at the boundary
point of the instability zone first increases and then decreases with the deformation of the
sheet. The extreme point of the major strain rate corresponds to the onset of localized
necking. Min et al. [15] compared the forming limit diagrams of several different sheet
metals. It was found that the circular mesh strain analysis technique always overestimates
the limit major strain of the material, but the method of the ISO standard [9] underestimates
the limit strain. Therefore, they proposed that if the limit strain is to be more accurately
obtained, it is necessary to consider the spatial and time factors in order to capture the
subtle changes in the sample when localized necking occurs, due to the fact that localized
necking is an unstable physical process with both spatial and temporal characteristics.

From the perspective of physical understanding, parameters related to the thickness
strain (ε3) may be more worthy of attention. The physical interpretation of localized necking
is the sudden thinning of the sheet in the thickness direction (or bifurcation phenomenon);
thus, relevant parameters of ε3 directly reflect the deformation of the polycrystalline sheet
metal along the thickness direction. Wang et al. [16] selected two points on the cross-section
of their sample perpendicular to the crack growth direction. One point was selected at
the center of the crack, and the other was away from the center. The difference between
the heights of the two points was recorded. The first derivative of the height difference
(∆Z) could then be calculated, and it was considered that the sudden increase in the first
derivative represented the onset of localized necking. Di et al. [17] used the local surface
curvature of the sample to determine the onset of localized necking. Min et al. [18] proposed
a two-dimensional curvature criterion based on the ordinate value of the cross-section of
the crack growth direction.

In many deterministic approaches to localized necking, the first derivation is necessary
to capture the timing and the strain limit. From a practical point of view, if the DIC signal
is not prepared properly, the derivation will be too noisy to use. Thus, such an approach
requires extensive operator experience and could be tedious and labor-intensive. This paper
aims to develop an approach to determine the onset of localized necking in polycrystalline
sheet metals, while eliminating the derivative calculation. The physical interpretation
of localized necking under uniaxial tension is also utilized to shed light on this necking
deterministic approach. The experimental results and theoretical prediction are compared
to help us achieve an in-depth understanding of the correlation between the bifurcation in
strain evolution and localized necking.

To achieve this purpose, we (i) first introduce the tested materials and the experimental
procedures used in this study; (ii) investigate the bifurcation phenomenon in the strain



Crystals 2023, 13, 272 3 of 16

evolution under uniaxial tension tests; (iii) provide the detailed detection procedure based
on the bifurcation phenomenon to capture the limit strains; and (iv) compare and analyze
the final forming limits to illustrate the effectiveness of the proposed method.

2. Technical Details and Methods
2.1. Material Characterization and Properties

High-strength steel sheets with an approximate 600 MPa yield stress grade and low-
carbon steel sheets were employed in this study. The high-strength steel sheets were tested
using the standard Nakazima tests [9]. The low-carbon steel sheets were tested using
home-made mini-Nakazima tests since the strength of this material is within the output
load range of the universal testing machine.

To obtain the mechanical properties of the material under simple tension loading,
the uniaxial tension test was conducted on 0.7 mm thick sheets of low-carbon steel and
1.4 mm thick sheets of high-strength steel. The dog bone shape of the sample was employed
according to the standard. In order to study the anisotropy of the material, three sets of
samples were prepared along different directions. The moving speed of the chuck was
set at 5 mm/min, which results in a strain rate of approximately 0.001 s−1. The Young’s
modulus E = 205 GPa and Poisson’s ratio υ = 0.33 were obtained during the experiments.
The r-value was calculated through the strain ratio of the thickness strain to the width
strain. The detailed expression can be given as rα = εw/εt, where rα is the obtained r-value
along the α direction, εw is the width strain, and εt is the thickness strain. Figure 1 presents
the uniaxial tension curves along 0, 45, and 90 degrees for both low-carbon steel (Figure 1a)
and high-strength steel sheets (Figure 1b). According to these curves, the hardening and
initial yield properties can be obtained through the power law function (K(ε)n). K and n
are material constants. The detailed material parameters are listed in Tables 1 and 2 for the
tested low-carbon steel and high-strength steel sheets, respectively.
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Figure 1. Uniaxial tension tests for (a) low-carbon steel sheet and (b) high-strength steel sheet.

Table 1. Material parameters along different directions (low-carbon steel).

Direction r-Value K (MPa) n-Value Yield Stress (MPa)

0 2.26 547.17 0.286 154
45 2.52 560.90 0.286 150
90 2.21 557.96 0.295 141

Table 2. Material parameters along different directions (high-strength steel).

Direction r-Value K (MPa) n-Value Yield Stress (MPa)

0 0.899 1120 0.212 341
45 0.946 1125 0.21 340
90 1.066 1128 0.209 331
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2.2. The Forming Limit Tests

The experimental procedure for the Nakazima test was performed for the high-strength
steel according to the ISO 12004-2:2008 [9]. The mini-Nakazima test was conducted, as
shown in Figure 2a, for the low-carbon steel sheets. The test pieces recommended in the
ISO 12004-2:2008 [14] were also used and modified in the experiments. The outer diameters
of the samples were all 100 mm, but the remaining blank width was designed as 70 mm,
50 mm, 40 mm, and 30 mm, respectively. These four different specimen geometries were
utilized to obtain different strain paths according to the finite element simulation results. A
hemispherical punch with a 30 mm diameter was used. The specimen was clamped to the
die with a blank holder force of 60 kN provided by the binder. A suitable number of draw
beads were used to prevent slippage. The lubrication layer was placed between the punch
and the specimen. According to the requirements of the standard, the lubricant system
was composed of 0.06 mm thick polyethylene film and oil. The punch speed was set at
0.2 mm/s. At least three tests were repeated for each test piece geometry.
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(unit: mm): (a) experimental setup; (b) tested specimens.

The standard Nakazima test was conducted on 1.4 mm thick sheets of high-strength
steel with the remaining specimen widths of 25 mm, 50 mm, 70 mm, 90 mm, 110 mm,
135 mm, and 180 mm (see Figure 2b). Similar lubrication was employed and static de-
formation was performed. The GOM Aramis optical strain measurement system was
utilized. Before the measurement, a black and white random pattern was painted on the
specimen surfaces for strain measurement. The image resolution, step size, and filter size
were set as 0.051 mm/pixel, 5 pixels, and 3, respectively. Thus, the virtual strain gauge
length (VSGL = resolution × step size × filter size) was 0.8 mm. The shooting frequency
of the camera was set at 20 Hz in order to accurately record the relationship of strain over
time [19–21].
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2.3. Theoretical Models and Necking Interpretation
2.3.1. The Imperfection Method

Imperfection analysis assumes a pre-existing thickness defect denoted as a weak region
in the form of a groove perpendicular to the principal strain direction in sheet metal. The
loading direction and necking band orientation are along the X–Y and n–t coordinates,
respectively. Strain localization occurs in the region of the groove when the strain increment
in the weak band is 10~100 times greater than the strain increment in the normal region.
The imperfection band rotates incrementally when the small strain increment is imposed,
step by step, into the normal region. Typically, an initial band angle searching procedure
from 0◦ to 90◦ at intervals of 1◦ is performed until the minimum localized necking strain is
obtained. The detailed formulation of imperfection analysis refers to previous work [22,23].

The onset of localized necking in imperfection analysis can be understood as a bifurca-
tion from a state of stable deformation. When the deformation concentrates in the weak
band, a huge difference in the strain rate (or strain increments) can be found, as indicated
in imperfection analysis, which manifests the beginning of an unstable deformation mode
(or a bifurcation phenomenon in deformation). This bifurcation phenomenon satisfies
a minimum energy principle for the plastic deformation of a sheet metal. Thus, stable
plastic deformation, which is considered to be another deformation mode, will violate this
principle and consume more energy to sustain.

2.3.2. The Non-Defect Method

Non-defect analysis under a continuum mechanics framework is also able to provide
an alternative, but similar, understanding of the localized necking behavior of sheet metals.
The strain concentrates in a certain band area that is eventually presented as a necking band
with an initial crack in it. According to Stören and Rice [24], Zhu et al. [25], and Li et al. [26],
the non-defect approach indicates that the condition of the necking onset will be satisfied if
the non-zero solution of the difference in the rate of deformation (i.e., the bifurcation in
deformation rate) exists. If only the zero solution of the difference in the rate of deformation
is found, it then means that the deformation is still uniform between the inside and outside
of the band. This implies an interesting material flow behavior in that the material close to
the necking band will deform against the original trajectory to make the solution non-zero
when necking occurs, which can be referred to as a bifurcation phenomenon.

2.4. Necking Evolution and Detection

Figure 3 shows the necking evolution of a 0.7 mm thick sheet of low-carbon steel with
a remaining blank width of 40 mm. At the beginning of the experiment, a small area at
the top of the hemispherical punch was in contact with the specimen. At this time, the
strain was concentrated in the center of the specimen. As the experiment progressed, the
area with the largest main strain gradually moved from the top to the side due to the
limitation of the lubrication conditions. After 100 s of punch movement, two very obvious
localized necking areas were formed. As shown in Figure 3, stage (d) was the last frame
prior to fracture. This demonstrates that the strain showed localization during the forming
limit experiments, and the necking groove was visible in the DIC-shaded surface image.
Conversely, the sample almost no longer deformed outside the necking area. This process
clearly shows that localized necking started with a narrow band and the material outside
the band sustained no further plastic deformation after the observation of the necking band.

To detect localized necking, we first plotted the evolution curves for the major and
minor strains versus time at different section points. A series of points were selected
intensively in multiple cross-sections perpendicular to the direction of the necking band.
These points were equidistant from the center of the necking zone to the outer region of the
instability zone. In this scenario, three sections were studied, and five points were selected
in each section. In the selected curves experiencing the bifurcation process, the maximum
major strain value of the strain plateau of the selected material points was taken as the
determined limit major strain; this was because this strain plateau indicates an obvious
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strain bifurcation phenomenon during deformation, consistent with the theoretical and
physical interpretations mentioned above. The moment corresponding to the achievement
of maximum major strain was recorded and treated as the localized necking instant. The
limit minor strain could then be easily determined since we already knew the corresponding
necking instant, as well as its major strain.
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Figure 3. The necking formation in Nakazima tests (the legend denotes the true strain): (a) at the
beginning of the experiment; (b) during the experiment; (c) after forming localized necking bands;
and (d) prior to fracture.

The forming limit major and minor strain values for each section were obtained
through the process illustrated above. The maximum limit major and minor strain for all
sections (or the average of all obtained limit strains) can be used as the forming limit major
and minor strains, respectively. The cross-section through the necking groove was created
according to the DIC-shaded image. The results required for a detailed section view are
almost insensitive to its alignment with the groove. The experimental results show little
difference in the determined limit strain between the different sections (see the next section).
This method is also insensitive to the geometry of the tooling, as both the Nakajima and
Marciniak tests can be applicable since the detection process only considers the bifurcation
in deformation.

3. Results and Discussion
3.1. The Bifurcation in Uniaxial Tension Test

This section discusses the high-strength steel test. Figure 4 shows the detailed material
point selection on the uniaxial tension specimen. Five points were chosen across the strain
localization area according to the strain concentration results of the DIC. Differences in
both strain and strain rate evolution for material points 1~5 were expected since they were
located inside and outside the necking band.

Figure 5a–c shows the experimental results for force, major strain rate, and major
strain evolution during the uniaxial tension tests. Diffuse necking was determined through
the maximum force principle. The instant of localized necking was also indicated in these
figures, determined through the maximum strain rate. In Figure 5, the strain evolution
shows the bifurcation phenomenon outside the necking band (see the strain plateau in
Figure 5c) and continuous deformation behavior inside the band after localized necking.
However, it shows that no such bifurcation phenomenon occurred during the diffuse
necking in the selected material points (see Figure 5c).

Another interesting phenomenon indicates that the strain rate method determines lo-
calized necking based on the strain rate information of material point 2, which shows a
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continuous deformation characteristic in its major strain evolution, as shown in Figure 5b,c.
The strain rate method was proposed based on the first derivative calculation of major strain
evolution. A convex curve is found in this calculation and its maximum value can be used
to determine the instant of necking. However, its physical meaning is not completely under-
stood. Another technology, named electronic speckle pattern interferometry (ESPI) [27], can be
further utilized to help explain the physical meaning of DIC observations because this method
appears to have better spatial resolution than the DIC for these types of measurements.
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Furthermore, Figure 5 suggests that the major strain plateau can be used as an indicator
to show the strain concentration in the necking band. In such a circumstance, the strain
increment in the necking band becomes a hundred times bigger than the strain increment
outside the band. This major strain plateau can be explained as a bifurcation in strain
evolution from a state of continuous deformation (see material points 1 and 2 in Figure 5c).
Thus, the major strain plateau can be utilized to indicate the formation of the limit strain,
which shows a similar limit strain value as the value determined by the strain rate method
(see Figure 5c).

To further compare the difference in strain rate for material points 1~5, we plotted the
difference in major strain rates in Figure 6. The strain rate of material point 1 was treated as
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the rate information inside the necking band, while other material points were assumed to
be located outside the band. The non-zero value of the difference in major strain rates could
be observed at the 335 s, which is earlier than the instant detected by the strain rate method
(368 s). The results in Figure 6 show that the occurrence of the difference in strain rates
inside and outside the thinning band provides a distinct localized necking strain, which
underestimates the forming limits.
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Figure 6. The difference in major strain rate of high-strength steel.

3.2. Localized Necking in Low-Carbon Steel

Figures 7–9 show the evolution of major strain and its rate in three independent tests
based on the same specimen geometry of 40 mm width. The strain rate method was also
employed to make a comparison. The instant of the localized necking onset was determined
through the maximum major strain rate of the material, following which the relative strain
inside the band was taken as the forming limit strain, which is similar to the methodology
proposed by Martínez-Donaire et al. [14]. For each single test, three sections (referred to as
a, b, and c) were analyzed to identify the differences from section to section. Five material
points were selected; these were equidistant from the center of the necking zone to the
outer region of the instability zone, as indicated in the section above.
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For the 40 mm wide specimens, all experimental major strain results show an obvious
strain plateau, which can be taken as a detector of the strain concentration in the weak
band. Figures 7–9 show that the bifurcation (or the major strain plateau) in the major strain
evolution indicates almost the same forming limit major strain as the strain rate method.
However, the instant of the localized necking onset was different, as also shown in these
figures. One noteworthy point is that as the strain rate signals were obtained through the
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major strain derivative, noisy data were present and required mathematical smoothing
treatment before limit strain detection. For the proposed method, only a strain signal
was utilized, and no further mathematical treatment was necessary. As can be seen in
Figures 7–9, different sections of the same tests provided similar limit major strains, which
serves as evidence of the stability of the proposed method in terms of its cross-section
selection. These nine different plots also act as direct experimental evidence demonstrating
that the proposed method provides a similar necking limit strain as the strain rate method.

Table 3 summarizes the determined forming limit major strains and necking instants
for the three independent tests using the proposed method. The difference in final results
is not significant. This suggests the proposed necking detection approach can be used as a
stable method to extract experimental results.

Table 3. Summary of the limit major strain of low-carbon steel sheet with 40 mm width specimen of
three independent tests.

Specimen
Section a Section b Section c

Limit
Strain

Necking
Time

Limit
Strain

Necking
Time

Limit
Strain

Necking
Time

1 0.39 108.6 s 0.41 109 s 0.38 109.4 s
2 0.345 107.3 s 0.349 106 s 0.349 107.8 s
3 0.368 107.5 s 0.382 108.4 s 0.368 108.5 s

For other linear path experiments on low-carbon steel, in Figures 10 and 11, we present
the test results for 70 mm wide and 30 mm wide specimens. The major strain evolution
results for two independent tests are shown separately in (a) and (b). Clearly, the strain
plateau could be directly observed at the end of its strain evolution, and the final forming
limit strains were almost the same. However, in these tests, the strain rate method could
barely distinguish the maximum rate value before the drop, for which a more advanced
smoothing method should be utilized to achieve satisfactory results. Fortunately, the strain
rate method was not the focus of this study, although it serves as a comparison against the
new proposed method.
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3.3. Localized Necking in DP Steel Sheets

Standard Nakajima tests were performed using DP steel sheets, where seven different
specimens were utilized to determine necking strain and further verify the stability of the
proposed method. Specimens with widths of 25 mm (uniaxial tension), 110 mm (plane
strain tension), and 180 mm (balanced biaxial tension) were taken as demonstrators in
this section. Figures 12–14 present the detailed major strain and strain rate evolutions for
two independent tests. For the uniaxial tension mode in Figure 12, the strain rate method
produces a convex curve, where the maximum strain rate indicates the forming limit strain.
The results of plane strain deformation mode in Figure 13 also show satisfactory agreement
for the two independent tests, where a similar necking strain can be obtained through the
new method. However, the experimental results for the balanced biaxial tension mode in
Figure 14 show no strain plateau, and the strain evolution of all selected material points
monotonously increased without bifurcation phenomenon. The strain rate method offers a
sudden drop in major strain rate evolution, but its physical meaning is not explicit.
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The thickness of several material points on three cross-sections perpendicular to the
crack direction was measured to reflect the final necking condition, as shown in Figure 15a.
The balanced biaxial tension specimen shows a small difference (approximately 7% dif-
ference) in thickness distribution from the crack edge to the outer region of the instability
zone. For uniaxial and plane strain tension modes, thinning that exceeds 0.15 mm can
be observed in Figure 15a, which suggests a severe necking procedure before the fracture
occurred. An enlarged crack edge can be observed in the balanced biaxial tension specimen
presented in Figure 15b. Almost no thinning phenomenon can be seen in the crack edge,
and the fracture surface aligns at approximately 45◦. The obtained information suggests
that failure under the balanced biaxial tension mode of the high-strength steel was caused
by a direct fracture rather than localized necking.
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3.4. Forming Limit Diagram

All obtained experimental forming limit strains for the high-strength steel sheet are
summarized in Table 4. The final results from the three independent tests for each test
piece geometry are all presented. The forming limit strains of low-carbon steel are further
presented in Table 5. Keeler’s equation [2] was also utilized as a compensation for the ex-
periments (see Figure 16a,b). Non-defect and imperfection predictions were both employed
to predict the forming limits and compared with experimental data, as shown in Figure 16.
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Table 4. Summary of the forming limit strain of high-strength steel sheet.

Specimen Width (Unit: mm) Test Major Strain Minor Strain

25
1 0.445 −0.176
2 0.416 −0.165
3 0.413 −0.167

50
1 0.426 −0.124
2 0.433 −0.133
3 0.439 −0.132

70
1 0.382 −0.067
2 0.327 −0.051
3 0.341 −0.054

90
1 0.304 −0.013
2 0.282 −0.010
3 0.277 −0.010

110
1 0.250 0.016
2 0.252 0.016
3 0.251 0.016

135
1 0.206 0.050
2 0.213 0.074
3 0.245 0.062

180
(strain rate method)

1 0.348 0.328
2 0.386 0.350
3 0.333 0.328

Table 5. Summary of the forming limit strain of low-carbon steel sheet.

Specimen Width (Unit: mm) Test Major Strain Minor Strain

30
1 0.448 −0.064
2 0.476 −0.051
3 0.468 −0.054

40
1 0.391 0.017
2 0.35 0.029
3 0.382 0.018

50
1 0.375 0.081
2 0.377 0.087
3 0.424 0.081

70
1 0.478 0.186
2 0.398 0.189
3 0.427 0.187
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Figure 16. Comparison of the experimental data and predicted results using non-defect analysis,
imperfection analysis, and Keeler’s equation: (a) high-strength steel; (b) low-carbon steel.

In non-defect analysis, the r-value was directly used to determine the coefficients of
the yield function [26]. Another strategy would be to use the yield stress to determine
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the anisotropic coefficients; however, this would cause more deviation since the forming
limit prediction was largely affected by the plastic flow direction (or r-value) when necking
occurred. When imperfection analysis was performed, the non-associated flow rule was
adopted through Hill’s 48 function [23], where the yield stress and r-values were all
considered in constitutive model. This would be expected to be a more reasonable predictor
with limited parameters. The anisotropy ic material parameters were determined for both
yield surface and plastic potential and are further summarized in Tables 6 and 7. Fy~Ny
were anisotropic yield coefficients determined by yield stresses, while Fp~Np were plastic
flow coefficients determined by r-values.

Table 6. Summary of the anisotropic coefficients of low-carbon steel.

Material Fy Gy Hy Ny Fp Gp Hp Np

Low-carbon steel 0.64 0.45 0.55 1.56 0.31 0.31 0.69 1.87

Table 7. Summary of the anisotropic coefficients of high-strength steel.

Material Fy Gy Hy Ny Fp Gp Hp Np

High-strength steel 0.55 0.48 0.52 1.5 0.44 0.53 0.47 1.4

Figure 16a,b show a comparison between the imperfection analysis prediction and
the experimental data. On the left-hand side of the forming limit curve, all predictions
produced a consistent and reliable performance. The deviation between the prediction and
the experimental data is not significant. However, at the right-hand side, the non-defect
analysis largely underestimates the forming limit curve in scenarios with low-carbon steel
sheets, but it presents broadly good prediction when it is compared with the data for
high-strength steel sheets. This phenomenon results from the more complicated anisotropic
behavior of low-carbon steel, which cannot be accurately captured by Hill’s 48 function.
However, to consider a more advanced yield function (high order or more parameters) in
non-defect analysis, a cumbersome deduction is required, which is not the focus of this
study. It seems that the non-associated flow rule model with Hill’s 48 function based on
imperfection analysis can also be used to reliably estimate the forming limit results. This
comparison helps to verify the quality of the obtained forming limit strains, as well as the
proposed necking deterministic approach.

4. Conclusions

In this paper, a new deterministic approach to localized necking for experimental
forming limit strains, based on the physical understanding of the necking process, was
proposed. Two different sheet-metal steels were utilized through the Nakazima and mini-
Nakazima tests to verify the proposed method. Imperfection and non-defect analysis were
performed, utilizing the non-associated and associated flow rules by using the baseline
material test data, while comparisons between the predictions and experiments were
performed. Several conclusions are provided as follows:

1. The proposed localized necking deterministic approach can reliably capture the form-
ing limits, and the obtained strain limit is similar to the results determined by the
strain rate method. This method is based on the bifurcation phenomenon (or the strain
plateau) of sheet metals without the derivative calculation of strain evolution, which
implies a localized deformation in a narrow band, while the deformation remains
homogeneous elsewhere to form the strain plateau during localized necking.

2. The proposed method shows a good agreement on the left-hand side when compared
to a theoretical prediction. For low-carbon steel sheets, the new method shows
satisfactory agreement between the imperfection prediction, Keeler’s equation, and
the experiments. For high-strength steel sheets, more tests are still necessary to achieve
a full comparison.
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3. The failure mode of the high-strength steel sheets tested in this study under balanced
biaxial tension shows a very complex mechanism. Based on the thickness measure-
ment, as well as crack edge observation, it is suggested that a direct fracture occurred
before localized necking.
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