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Abstract: A phononic crystal waveguide is presented that consists of the inverse of a typical structure.
Instead of a defect waveguide within an extended phononic crystal, this waveguide consists of a
phononic crystal of finite width, and the phononic crystal itself is composed of a shallow array of holes.
The acoustic velocity is actually reduced in the phononic crystal region, which subsequently enables
the waveguiding of the acoustic wave underneath the micro-structured surface. As the width of the
waveguide increases with the number of inclusions, the waveguide morphs from an unstructured
surface to an extended phononic crystal with a transitional modal region of an intermediate number
of inclusions that is suitable for waveguiding. For the chosen phononic crystal parameters in terms of
the hole depth and filling fraction, the optimum waveguide width of four inclusions is determined.
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1. Introduction

The use of waveguides to control wave energy is now ubiquitous across many different
types of wave systems. Waveguides for radio-frequency (RF) electromagnetic radiation
are typically visualized as rectangular tubes, but the miniaturization of RF electronics
has provided well-designed transmission lines on the micron scale [1]. In optics, ridge
waveguides are materials with slower optical velocities surrounded by air or cladding
with higher velocities that limit coupling to the outer environment and maintain the one-
dimensional flow of wave energy [2]. With the advent of photonic crystal structures, the
cladding is replaced by a photonic crystal, offering a valuable platform on which to develop
a wide range of novel photonic crystal waveguide structures leading to optical circuits [3].

Similar to these other forms of wave energy, acoustics also has a compelling need
for waveguide structures. While historic waveguides include medical and musical in-
struments, the broad use of surface acoustic wave (SAW) devices [4] naturally leads to
the desire to better control and more efficiently transport this acoustic energy along well-
defined channels and potential SAW-based acoustic circuits. Early conceptualizations of the
slow layer for acoustic waveguiding have been discussed for thin films and homogeneous
waveguide cores with cladding [5,6], while also expanding the discussion towards con-
tiguous ridge and topographic waveguides, composite half-space waveguides and beam
waveguides [6,7]. The concept of a "slow" and "fast" material has been described for such
waveguides, indicating that mechanically soft and stiff materials (associated with slow and
fast phase velocities, respectively) are necessary for good waveguiding. Typically, the fast
material (or air) would be best suited for the cladding, and the slow material could then be
used as the waveguide core. As an alternative to topographic waveguides, a waveguide on
a planar substrate can be created by modifying the material properties near the surface by,
for instance, using ion implantation [8,9]. In such an implementation, the altered regions
become the slow waveguide layer with the original substrate becoming the cladding, or
vice versa.

In an extension of the ridge waveguide structure, a one-dimensional array of blocks
placed on a semi-infinite substrate has been shown to support the propagation of Rayleigh–
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Bloch waves [10]. This manner of waveguiding, using a phononic crystal (PnC) consisting of
a one-dimensional periodic structure, provides the localization of Rayleigh waves laterally
by slowing the phase velocity underneath the pillars. More recently, a periodic array of
cylindrical pillars on a surface has also been shown to guide surface elastic waves via mode
coupling of the pillars [11]. In addition to ridge waveguide and waveguide-like structures,
PnC waveguide geometries are possible that mimic the waveguides in photonic crystals.
Typical phononic waveguides therefore consider a PnC composed of holes in a material
with a linear defect consisting of a row of missing holes [12–16]. As with photonic crystals,
the waveguiding is enabled when the waveguide mode exists at a frequency inside the
PnC bandgap, thus limiting motion to the direction of the waveguide.

In an alternative approach, we present here a composite model for a defect-free
method of a PnC waveguide based on surface inclusions. The waveguide consists of a
square phononic crystal array of finite width, where the shallow, cylindrical inclusions
are a fraction of the acoustic wavelength (see Figure 1). An a priori understanding would
suggest that removing mass from the surface, and lowering its average density, would
not result in a "slow" layer compared to the pristine surface. However, the stiffness of the
metamaterial-like surface is also altered such that the PnC of cylindrical void inclusions
in GaAs indeed creates a slow layer. This concept can be seen in the phase velocity of the
Rayleigh SAW modes in a shallow hole PnC compared to that of the GaAs surface [17]. For
the shallow hole PnC on GaAs, the slow layer can be better suited as the waveguide core
instead of a linear defect-based waveguide core, specifically regarding waveguides of the
core cladding type.
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Figure 1. Phononic crystal waveguide geometry. The full computational volume for a four-inclusion
waveguide with 40 µm of cladding shows the exterior mesh (scale: microns). On the right is a unit
cell of the phononic crystal consisting of a GaAs matrix with a shallow inclusion. For this work,
a = 4 µm, d = 3.39 µm, hinclusion = 3 µm and hdomain = 50 µm.

2. Materials and Methods

The waveguide structure was modelled using the finite element method (FEM) in a
fully three-dimensional geometry using eigenfrequency analysis in COMSOL Multiphysics,
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version 5 [18], along with the Structural Mechanics Module and the MEMS module to
include piezoelectric effects. (See Section S1 of Supplemental Information.) The compu-
tational domain of the model consisted of a homogeneous half-space of (001)-cut GaAs
that was truncated to a depth of 50 µm and a length of 4 µm along the wave propagation
direction. The width of the domain varied from 60 µm to 104 µm depending on the simu-
lation performed, as discussed below. The cylindrical inclusions forming the PnC had a
surface filling fraction of 0.564 and uniform array depths of 3 µm. The PnC was composed
of a square lattice, with a lattice parameter of a = 4 µm, with Γ− X oriented along the
[110]-direction. The [110]-direction of this GaAs surface is significant as it possesses the
ability to support Rayleigh waves as well as being piezoelectric to enable the electrical
generation of SAWs. The PnC geometry parallels earlier work, where the 3 µm depth of
the inclusions was shown to allow them to act as a slow metamaterial with a significant
difference in phase velocity compared to the substrate [17]. For visual reference, Figure 1
depicts a computational geometry with the exterior mesh visible and showing a waveguide
core that is four inclusions wide along with 40 µm of cladding on either side; the maximum
mesh element size is a/4 with the minimum size being a/40.

In the computational volume, the values presented in Table 1 for the elastic stiffness
constants and density are those used previously for GaAs by Tanaka and Tamura [19],
and the piezoelectric properties are from COMSOL’s built-in Material Library. The surface
boundary, including the surface of the cylindrical voids, was specified as a free boundary
in COMSOL; hence, it was tractionless for the GaAs void to air interface. The bottom
z = −50 µm boundary was specified as a low-reflecting boundary [20], which was intended
to perfectly match the mechanical impedance of pressure and shear waves from the medium.
For the Bloch–Floquet boundary conditions, the x = ±2 µm extents (along the wave
propagation direction) had a reduced wavevector of q = k/kX = 0.5 applied, giving a
wavelength of 16 µm for the fundamental Rayleigh wave, which was four times larger than
the lattice parameter of the PnC. Here, k is the wavevector magnitude in the Γ−X-direction
and kX is the wavevector magnitude at the X-point of the Brillouin zone. Such a long
wavelength was previously considered in the band structures of similar PnCs [17]. Being
in the lowest frequency mode in the middle of the Brillouin zone (for an infinitely large
periodic array of this type), this Rayleigh mode exhibits nearly linear dispersion and is far
from higher-order modes or effects near the zone boundary. As a result, the mode with
its long wavelength, as it is used here, will experience a homogenized, metamaterial-like
waveguide behavior. This would suggest that the minimum finite length of a potential
waveguide should be comparable to the acoustic wavelength as a full wave would then be
impacted by the altered properties within the waveguide.

Table 1. The values for GaAs material properties used in COMSOL for modelling. The mass density
ρ and elastic constants Cij = Cji reflect those used previously by Tanaka and Tamura [19]. The
piezoelectric coupling and relative permittivity parameters are from the built-in piezoelectric material
constants in COMSOL.

Constant Value Unit

ρ 5360 kg/m3

C11 = C22 = C33 11.88 ×1010 Pa
C12 = C13 = C23 5.38 ×1010 Pa

C44 = C55 = C66 5.94 ×1010 Pa
e14 = e25 = e36 0.139785 C/m2

ε11 = ε22 = ε33 12.459

Many different solutions to the computational volume are provided by the solver,
and, as a result, a variety of different criteria have been applied to distinguish modes of
importance for this study. In particular, it is desirable to identify modes that reflect the
properties of a SAW on a free GaAs surface. As with a SAW, the modes should reside near
the surface. A surface strain energy ratio is therefore defined by Esurface/Edomain, with
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the integrated strain energy contained in a volume near the surface of the computational
domain (the upper 25 µm) or the entire computational domain for Esurface or Edomain,
respectively. Only modes with a surface strain energy ratio greater than 0.6 are considered.
The integrated strain energy in a target volume is determined by the relation

Evolume =
∫ 1

2
CijklSijSkldV, (1)

where Cijkl is the stiffness tensor, Sij is the strain tensor and the integral is performed over
the target volume. In addition, it is desired that the modes are polarized similarly to the
sagittally polarized Rayleigh modes in GaAs. The modes will then be characterized by a
squared polarization ratio defined by

r =
∫
(u∗xux + u∗z uz)dV∫

(u∗xux + u∗yuy + u∗z uz)dV
, (2)

where ux, uy and uz are components of the displacement field, which are integrated over
the entire computational domain [17,21,22]. A purely sagittal mode would therefore have
r = 1. To consider a broad array of possible modes while maintaining sagittal polarization,
only modes with a squared polarization ratio greater than 0.6 are considered.

To quantify a mode’s confinement within the waveguide, we also define the wave-
guide’s core strain energy ratio as Ecore/Edomain, where Ecore is the integrated strain energy
contained in the lateral region defined by the inclusion unit cells (Figure 1) and extending
from the surface to the bottom of the domain. A core strain energy ratio of 0.5 would
indicate that half of the waveguide mode is within the PnC core of the waveguide. To
ensure that a significant fraction of the wave energy is contained within the PnC waveguide,
a mode is defined as a core waveguide mode only if its core strain energy ratio is greater
than 0.6 and in addition to the surface strain energy and the polarization criteria above.

3. Results

With the simulation geometry outlined above, an eigenfrequency analysis of a linear
elastic and anisotropic GaAs material was conducted using COMSOL for PnCs of varying
widths as defined by the number of inclusions. While the core widths of the waveguides
were varied from a single row through 12 inclusions wide, the waveguide cladding was
maintained at 28 µm on either side, or seven lattice parameters wide. In addition, these
simulation models applied periodic boundary conditions to the lateral y-extents. Periodic
boundary conditions result in an infinite number of adjacent waveguides, largely decou-
pled from each other but without the edge effects experienced with absorbing boundary
conditions [23].

The real parts of the eigenfrequencies are plotted in Figure 2 for those modes with
frequencies below 225 MHz. In addition, only those modes are plotted that meet the
polarization and surface boundedness conditions. To help identify modes with the least
attenuation of their acoustic power, the points in Figure 2 are color-coded according to their
logarithmic reciprocal attenuation given by − log10[Im(ω)/Re(ω)] [17,24]. The reciprocal
attenuation values provide a measure of the leakage of the acoustic energy into the bulk and
away from the waveguide. The most resilient modes will therefore have larger reciprocal
attenuation (less actual attenuation) and should be the focus of study. From Figure 2a, the
higher-frequency modes are, generally, strongly attenuated.
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Figure 2. Real frequencies of the modes for waveguides of various PnC widths. The lines depict the
frequencies of the Rayleigh wave on a defect-free GaAs surface (177.99 MHz; red) and on a surface
with infinite inclusions (171.10 MHz; blue). The color of the points corresponds to the logarithmic
reciprocal attenuation. All eigenmodes below 225 MHz are displayed in (a), while only those with a
core strain energy ratio greater than 0.6 are shown in (b).

The frequency of the Rayleigh mode on a free GaAs surface (177.99 MHz) is given by
the red line in Figure 2. Given that waveguide frequencies less than that of the free GaAs are
targeted for waveguiding, the higher frequencies can be ignored, with the lower-frequency
modes of most interest. For reference, the displacement field map for the lowest-frequency
mode at each width of inclusion is provided in Section S3 of the Supplementary Materials.
Figure 2a also shows the frequency of the Rayleigh mode (171.10 MHz) on a surface with
infinite inclusions of the same type as the waveguide [17]. With this, the lowest-frequency
modes can typically be identified as the Rayleigh mode, as its frequency undergoes a
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transition from a GaAs surface-like mode for the narrowest waveguides to a PnC-like mode
for a waveguide of 10 inclusions wide (or 2.5× the SAW wavelength). This frequency
transition follows a sigmoidal curve, and the frequencies for PnC widths from three to
seven unit cells suggest that the mode is mixed between the PnC and unaltered surfaces.

To distinguish waveguide modes that are well contained by the PnC core, we used
the waveguide’s core strain energy ratio provided above as a waveguide boundedness
parameter. This criterion was applied to all modes in Figure 2a; the result after the removal
process is shown in Figure 2b. Interestingly, all modes except the Rayleigh modes were
removed from the plot. Further, the thinnest PnC core widths also disappeared as the
velocity differential was not sufficiently slow to confine the modes to the waveguide—they
remained more GaAs-substrate-like SAW modes. The introduction of this waveguide
boundedness parameter therefore reveals modes with the majority of their energy bound
within the PnC waveguide.

The widest PnC waveguide to pass the boundedness criterion (10 inclusions) is the
slowest layer in contrast to the GaAs surface, as may be expected. The fact that this
waveguide fulfilled the core strain energy ratio criterion may also be a result of it having
a larger physical waveguide-to-domain ratio. Note, however, that the modes in these
wider waveguide domains experience significantly higher attenuation. In contrast, the
more confined modes in the narrower waveguides have a marked reduction in attenuation.
This phenomenon seems to demonstrate that the tighter confinement and coupling to
the Rayleigh modes in the waveguide cladding provide an improvement in the SAW
attenuation for the narrower PnC core waveguides.

From Figure 2, a PnC geometry of four inclusions wide would therefore offer the most
promising waveguiding behavior to channel SAWs. It would enable the best localization
of a SAW due to its smaller lateral width, while also demonstrating that it can confine
the acoustic energy sufficiently within the waveguide. In addition, the mode for the
four-inclusion waveguide possesses the lowest attenuation of any mode, satisfying the
localization condition imposed by the core strain energy ratio.

To model the four-inclusion waveguide, piezoelectric effects were added to the solid
mechanics physics. The electrostatics in this model included piezoelectric charge con-
servation for the interior of the domain, Bloch-periodic conditions for the longitudinal
boundaries (x = ±2 µm) and a zero charge condition for all other domain boundaries. The
computational domain was also increased to provide 40 µm (10 unit cells) of cladding on ei-
ther side of the waveguide, giving a total width of 96 µm. In addition, the simulation model
had low-reflecting boundary conditions applied to the y-extents (the planes y = ±48 µm in
Figure 1) instead of periodic boundary conditions. Although the use of periodic boundary
conditions has merit in this application, it was important to determine wave dissipation
via bulk waves for this waveguide; thus, low-reflecting boundaries were chosen.

The eigenmode of the four-inclusion waveguide is a Rayleigh wave-like mode with
an eigenfrequency of 175.40 + 0.1143i MHz. This yields a phase velocity of approximately
2810 m/s, which is 40 m/s less than the free semi-infinite GaAs substrate phase velocity,
but 70 m/s faster than the infinite PnC [17]. The reciprocal attenuation was calculated
to be 7 × 10−4, which is higher than the attenuation value of 2 × 10−8 for the infinite
two-dimensional array PnC equivalent [17], which will be discussed below. Figure 3 plots
the magnitude of the (real) displacement field |u| for the eigenmode of the waveguide. As
expected, the displacement of the wave motion is well concentrated within the PnC core
region and near the surface.
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Figure 3. The magnitude of the total displacement field from the mode for the four-inclusion
waveguide consisting of 3 µm deep inclusions. Scale: microns.

4. Discussion

To examine the waveguide mode more closely, the components of the real displace-
ments ux, uy and uz are shown in Figure 4. The sagittal displacement components in the
xz-plane are well confined to the waveguide, which is expected given the requirements
of the polarization and core strain energy ratios. In contrast, the y-components of the
displacement are much less localized. This may be due to the sagittal wave scattering from
the inclusions and escaping laterally from the waveguide; however, there is no similarly
strong z-component in the cladding, which indicates that this is not a simple scattered
Rayleigh wave. This extended mode is therefore a delocalized shear component of the
mode. The interesting, anti-symmetric nature of the surface features along with the reversal
of the displacement below the inclusions further indicate that this shear component is not a
simple energy-scattering mechanism. The complete waveguide mode therefore resembles
a hybridization of the Rayleigh mode confined to the waveguide and this shear mode
extending into the cladding. The y-displacement component seems to be accommodating
strain from the sagittal waveguide mode. For the given phase of the waveguide mode prop-
agation in Figure 4, the z-displacement is into the bulk, and both the x- and y-displacements
are compressing the inclusions at the surface in a type of breathing mode. For the material
below the inclusions, the negative z-displacement compresses the bulk with the strain being
accommodated by lateral shear outwards from the waveguide. While the non-local extent
of uy reaches towards the lateral absorbing boundaries and this could also contribute to
the attenuation for this waveguide mode, a different aspect of this lateral shear component
is found to be the dominant source of loss in the waveguide. In a previous work [17], the
Rayleigh mode of an infinite PnC had a velocity below that of the longitudinal and shear
vertical modes (as expected), but the Rayleigh mode was supersonic relative to the shear
horizontal mode. As a result, the lateral shear component could couple to bulk modes
and radiate energy into the bulk. This can be seen in the animation included with the
Supplementary Materials, which shows acoustic energy radiating into the bulk with a
lateral extent beyond the waveguide. Even with the lateral shear component, the mode of
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the four-inclusion waveguide can still be considered as a primarily localized SAW mode,
with predominantly Rayleigh wave-like behavior. The uy displacement component, while
extending beyond the waveguide, is much weaker than the sagittal displacement compo-
nents, and, as shown in Figure 3, the total displacement is dominated by contributions
within the PnC waveguide.
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Figure 4. Displacement fields for the four-inclusion waveguide mode consisting of 3 µm deep
inclusions (175.40 MHz). The color scale shows the local displacement of the waveguide mode along
the (a) x-, (b) y- and (c) z-directions. Scale: microns.

Given the ability of this PnC waveguide to guide acoustic waves, one interesting
application of it would extend to previous work using SAWs to transport charge and
spin in GaAs nanostructures for quantum information processing. In previous attempts
to better control carriers, a variety of different configurations have been used to create
lateral control, such as electrostatic gates [25], quantum wires [26] and dynamic quantum
dots [27]. More recent work has shown that moving, piezoelectrically defined dots can
not only coherently transport spin carriers, but that the strain of the acoustic waves can
also modulate spin information within the coherence length of transport [28]. Moving
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forward, more complicated paths with good carrier localization could be used to extend
the ideas in these earlier works and potentially provide a platform for acoustically enabled
circuitry. SAW waveguides are one implementation that could allow the flexibility for
varied, acoustically enabled charge and spin transport paths as long as the piezoelectric
performance can mimic the lateral confinement of the strain waves. With these exciting
possibilities in mind, the piezoelectric potential generated by the four-inclusion waveguide
in GaAs studied above is plotted in Figure 5. The potential is very strong near the surface,
coinciding with the large displacements in the PnC waveguide core. However, there is
also a local maximum in both the depth and width underneath the inclusions that could
be coupled to quantum nanostructures. Given the linearity of the elastic system, the
excitation frequencies and PnC waveguide geometries could be scaled to reduce the spatial
dimensions needed to preserve spin coherence [29]. Such potential dots could then provide
the lateral confinement of electron spins needed to support long-range spin transport and
enable more complex geometries for the implementation of dynamic quantum dots.
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Figure 5. Electric potential from the mode for the four-inclusion waveguide consisting of 3 µm deep
inclusions (175.40 MHz). The 3D intensity map is provided in (a) and line plots along significant lines
are shown in (b), where the upper panel shows the depth dependence of the potential in the middle
of the computational domain and the lower panel provides the lateral dependence near the local
maximum at z = −8 µm. Scale: microns.

5. Conclusions

We have shown that well-localized wave motion can be achieved using a PnC wave-
guide of finite width. The PnC acts as the waveguide core and allows the wave to propagate
since the wavevector (with a wavelength longer than multiple unit cells) is chosen to be
far from the Brillouin zone edges where Bragg diffraction occurs. For a waveguide of four
inclusions wide, the SAW propagates along the metamaterial-like core, with the majority of
its energy in or near the waveguide core. The confinement of the Rayleigh modes within
the metamaterial PnC core is quite different than the resonating pillar modes that have been
previously reported [11]. In addition to the primary sagittal wave motion, there is a small
but important shear (uy) component of the waveguide mode, which seems to accommodate
the strain localized in the waveguide but is also a source of loss. This presentation of a
guided mode in the inverted phononic crystal surveys a small fraction of the parameter
space for this type of device. Consequently, there are numerous possibilities for potential
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improvements to the design to minimize the shear component to the mode. Further explo-
ration of the metamaterial-like nature of the waveguide could present a single material
platform to study other interesting physical phenomena that may occur within the Brillouin
zone, such as Dirac-like cone dispersion [30] or backward propagating waves [31].

It is also noted that the piezoelectric potential generated by the waveguide mode is lo-
calized below the waveguide inclusions and, given that piezoelectrically defined potentials
have provided some of the longest spin coherence lengths in GaAs, the PnC waveguide is
a potential candidate for the creation of lateral confinement for acoustically enabled spin
transport and control [28]. Future iterations of the waveguide design with varied inclusion
profiles could enable non-trivial structures and optimize acoustic confinement. Further,
the relatively minimal surface processing for this defect-free PnC waveguide could be
advantageous if used as a platform for acoustic circuits and potential acoustically enabled
circuits for quantum information processing.

Supplementary Materials: The following supporting information can be downloaded at: https://
www.mdpi.com/article/10.3390/cryst13111540/s1, Section S1: Materials and Methods: Additional
Information; Section S2: Additional Simulation Parameters; Section S3: Additional Simulation Results;
Video S1: Time dependence of the total displacement field for the 10-inclusion waveguide showing
coupling to bulk modes (171.29 MHz).
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