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Abstract: Precision laser spectroscopy of the 229-thorium nuclear isomer transition in a solid-state
environment would represent a significant milestone in the field of metrology, opening the door to the
realization of a nuclear clock. Working toward this goal, experimental methods require knowledge
of various properties of a large band-gap material, such as calcium fluoride doped with specific
isotopes of the heavy elements thorium, actinium, cerium, neptunium, and uranium. By accurately
determining the atomic structure of potential charge compensation schemes by using a generalized
gradient approximation within the ab-initio framework of density functional theory, calculations
of electric field gradients on the dopants become accessible, which cause a quadrupole splitting of
the nuclear-level structure that can be probed experimentally. Band gaps and absorption coefficients
in the range of the 229-thorium nuclear transition are estimated by using the G0W0 method and by
solving the Bethe–Salpeter equation.

Keywords: DFT; calcium fluoride; thorium; neptunium; actinium; uranium; cerium; optical
properties; electric field gradient; charge compensation

1. Introduction

The 229-thorium isotope has an exceptionally low-lying metastable nuclear excited
state (229mTh) [1]. Current best estimates assign its value as 8.2(2) eV [2–4], being comparable
to electronic transition energies and notably within the range of laser spectroscopy [1,5,6].
Taking advantage of this unique property, a number of precision spectroscopy experiments
have been proposed, which could help detect certain types of dark matter or physics
beyond the standard model [6,7].

Several experimental challenges prohibit an immediate measurement, most notably
because of the fact that the isomeric energy is not precisely known [8–11]. Doping 229Th
into a solid-state host crystal would allow one to probe a mesoscopic number of nuclei (1010

to 1015) and lock the nuclei into the crystal lattice for observation [6,12]. Photons absorbed
and emitted during excitation and de-excitation must pass the host material unperturbed;
hence its band gap needs to exceed the isomer energy. Because of additional desirable
features, a suitable host crystal is the calcium fluoride (CaF2) compound [13,14].

Localized electronic states around the dopants may be energetically located in the band
gap of pristine CaF2, reducing the material’s optical transmission range [13]. Even so, pre-
vious estimates for the energetically favored structural arrangement indicate transparency
at the isomer energy [13].

However, the extreme scarcity (only ∼mg being globally available for research) and
the need for further energy measurements prompted other proposals to populate the
Th nuclei to their first excited state [6]. Apart from direct laser excitation, there are two
experimentally viable sources of 229mTh: α-decay of the 233-uranium isotope and β− decay
of 229-actinium, which both are to decay within the host crystal after doping [6,15,16].
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Thus, optical properties of doped CaF2 crystals with these dopants and their favorable
charge compensation schemes after decay also need to be considered.

Apart from photon detection upon de-excitation, another way to verify that the 229Th
nuclei are in the excited state is by measuring the interaction of the crystal electric field
with the nuclear quadrupole moment (nuclear quadrupole resonance spectroscopy) [17].
Importantly, the resonance frequency depends only on the known quadrupole moment of
the nucleus and the electric field gradient (EFG) at the nucleus position [18]. In order to
set up experimental devices and provide reference samples, more accessible elements that
have similar properties with respect to their nuclear quadrupole moments are neptunium
and uranium [19].

Finally, impurities of oxygen and cerium, the latter originating from the chemical
process to prepare 229Th for doping, cannot be completely ruled out [20], which may give
rise to undesirable optical features of the doped system.

2. Materials and Methods

All simulations are performed with the Vienna Ab-initio Simulation Package (VASP)
version 6.1.0 [21–25], implementing density functional theory within the projector aug-
mented wave method [26]. We use the generalized gradient approximation (GGA) of
the exchange correlation functional as devised by Perdew et al. [27] (PBE) for structural
optimization and for the calculation of electric field gradients (EFGs) ∂2V

/
∂xi∂xj . The

single-shot variant of the GW approximation [28] (G0W0) with PBE orbitals is used for
band-gap calculations and the absorption coefficient is estimated via solution of the Bethe–
Salpeter Equation (BSE) [29]. Selected results are moreover calculated with the hybrid
functional HSE06 [30] in order to provide a reference for PBE calculations when a G0W0
comparison is not computationally feasible. Geometry optimization is performed with a

conjugate gradient algorithm and a convergence criterion of 10−3eV Å
−1

as the maximum
force acting on an ion.

Initial positions (before relaxation) for interstitial ions are along the lattice vectors
of the conventional cubic cell of pristine CaF2, at the regular Ca-F distance from the
dopant. Calcium vacancies are considered at nearest-neighbor positions. In total, there
are 6 and 12 possibilities for interstitial fluorines and calcium vacancies, respectively. In
cases where a fluorine is removed from the crystal, only the nearest neighbor F anions to
the dopant are considered, of which there are 8. Reducing these numbers further depends
on the symmetry of each scheme separately. Based on previous analysis and the local
chemical environment, it is reasonable to assume that the dopant will be situated on a
Ca site (substitutional doping) [13]. The number of investigated charge compensation
schemes depends on the amount of surplus fluorine and the extra charges introduced
by the dopant. The following is a complete list of compensation schemes considered in
this work (in Kröger–Vink notation [31]) along with the number of symmetrically unique
initial positions: no compensation (1), F′i (1), 2F′i (2), 3F′i (2), V′′Ca (1), 2V′′Ca (4), V′′Ca + F′i (3),
V′′Ca + 2 F′i (7), V′′Ca + 3 F′i (8), V′′Ca + VF (3), 2V′′Ca + 1F′i (13) and O′F (1).

Atoms that are ejected from the crystal due to substitutional doping or the creation of
vacancies, as well as residuary ions from the compound that initially contained the dopant,
must be accounted for in order to compare total energies between the compensation
schemes, which are calculated as Einside + Eenvironment. Here “inside” refers to all atoms
considered in the VASP calculation, and “environment” refers to the energetically favored
compounds, created by the beforementioned remnants.

Concerning the predictive capabilities of the resulting total energies, noteworthy
drawbacks stem from the idealized model of a static, infinitely extending bulk and not
necessarily from methodical reasons. In particular, surface energies and kinetic effects are
completely unaccounted for in this model. For instance, experimental evidence suggests
there is a high mobility of fluorine anions in the crystal bulk during annealing whereas
displacements of calcium ions may be hindered due to their increased mass and ionic
radius [32]. On the other hand, formation energies predicted by GGA-DFT are expected to
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deviate from the experiment by 0.1 eV [33], smaller than most energy differences between
compensation schemes observed in this work.

Initially, structures are relaxed at relatively high doping concentrations, with one
impurity per 31 calcium atoms in a 2× 2× 2 = 23 structure of the conventional unit cell of
CaF2. For computational reasons, optical calculations are also performed with this system
size. In order to determine the EFG, energetically favorable structures are again relaxed in
a 33 super structure (1 dopant per 107 Ca atoms).

The energy cutoff is converged at 675 eV with the criterion that the total energy
deviates at most by 3× 10−3 eV/atom to a reference calculation. All doped systems are
studied by using a Γ-point sampling of the first Brillouin zone. Furthermore, we use
Gaussian smearing with a smearing parameter of 0.05 eV, which may be smaller in cases
where partial occupancies would be observed by using this setting. In fully compensated
systems and for pristine CaF2, spin polarization is not considered. Scalar relativistic effects
are considered but corrections due to spin-orbit coupling are neglected.

Because a main concern of this work are optical properties, we use pseudopotentials
of the GW type whenever possible. For calcium, we choose the Ca_sv_GW variant whereas
for fluorine, the F_GW_new type is used. Cerium also has a Ce_GW type available; for all
other heavy elements, we choose the standard Ac, U, Th and Np versions.

In order to evaluate the important transmissive properties in a fully compensated
system, it is sufficient to consider whether the energy differences of the localized defect
states to the valence band are larger than the expected isomer energy. However, if not all
charges are compensated, the ground state features electrons in localized impurity states,
with relatively small energy differences to other localized states or to the conduction band
of the host crystal as is depicted in Figure 1. In this case, transparency at the isomer energy
range can only be deduced by considering the energy-dependent absorption coefficient.

valence band

Ecompensated
F

E[229mTh]

conduction band

impurity states
Enot compensated

F

E

≈ 3 eV

≈ 11 eV

Figure 1. Level scheme of doped CaF2 crystals. Energies of impurity states depend on the system
and compensation scheme. For some configurations, these states may lie below the isomer energy
E[229mTh] whereas for others they may even overlap with the conduction band. Note that the
impurity states do not form a band in the traditional sense but rather consist of flat hybridized atomic
orbitals. In schemes that do not fully compensate the extra electrons introduced by the dopant, the
Fermi level EF is located at an impurity state. Approximate widths for valence band and band gap
are calculated by the G0W0 method with PBE orbitals.

It has been shown that PBE + G0W0 calculations give fairly close estimates to the
experimental band gap for a range of semiconductors and insulators [34]. In the general
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case, the optical absorption coefficient is reasonably well approximated via the solution of
the Bethe–Salpeter by equation using G0W0 energies [29].

G0W0 calculations are performed with the spectral method and 24 frequency grid
points. Studies in pristine CaF2 use a total of 1536 bands, whereas for doped systems we
reduce the computational requirements based on convergence tests by lowering the cutoff
to 585 eV and 270 eV for the response function and using a total of 34,560 bands.

The BSE absorption coefficients are computed by considering the full valence band of
the system and an even greater number of conduction band states for electron-hole pairs,
as is explained in Section 3.1.

Unfortunately, the G0W0 + BSE approach demands considerable memory resources.
Even ≈ 6 TB of random-access memory limit the calculation of doped super structures
to the Γ-point in reciprocal space. As a consequence, absorption coefficients are not fully
converged and must be interpreted with care.

3. Results
3.1. Pristine CaF2

By using the setup mentioned above, we find satisfying structural accuracy, with an
equilibrium lattice constant of 5.51 Å and a bulk modulus of 77 GPA as compared to the
experimentally reported values of 5.46 Å and 84 GPA, respectively [35,36].

In Figure 2, the band structure for the functionals PBE, HSE, and energy values in the
G0W0 method at the Γ-point are shown. We follow the path as suggested by Setyawan and
Curtarolo [37] in reciprocal space and evaluate energies at 152 equidistant points.

∆
+1
+2
+3
+4

Γ X WK Γ L UW L K U X

EF

−1
−2

Figure 2. Band structure of pristine CaF2 calculated with the PBE (blue) and HSE (orange) functionals
and the G0W0 method at the Γ-point (gray). In each of these methods, the Fermi level and the band
gap ∆ are set to be equal in order to enable a visual comparison. Note the discontinuity on the y-axis
in the band gap, which we calculate as ∆PBE = 7.14 eV, ∆HSE = 9.23 eV and ∆G0W0 = 11.07 eV. The
PBE and HSE values are for the indirect band gap X → Γ, and the smallest direct band gap at Γ is
larger by 0.25 eV.

For PBE, HSE and the G0W0 method, valence band energy levels are almost identical.
Naturally the band gap is different and in addition we observe a distinction in difference
from first to second lowest energy value in the conduction band ∆ε12 = ε2 − ε1 at Γ, with
∆εPBE

12 ≈ 2 eV, ∆εHSE
12 ≈ 2.5 eV and ∆εG0W0

12 ≈ 4 eV.
Compared to the structural properties or the total energy, convergence of the absorp-

tion coefficient is not as easily attained; in particular, far more points in reciprocal space
are needed. Disregarding phonon-mediated indirect excitations, this can be qualitatively
understood in terms of Figure 2. The smallest direct band gap is at the Γ-point and because
the first energy level in the conduction band shows a steep ascent, a fine spacing around Γ is
needed in order to accurately sample enough transition possibilities around the band edge.

In the subsequent sections, doped super structures of CaF2 are studied. Ideally, a
Γ-only approximation would be used, substantially reducing computational and memory
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requirements. For the following optical calculations, the largest conceivable system is the
23 super structure of the conventional cell, containing 12× 8 = 96 atoms. Its joint density
of states JDOS(E) ∝ ∑o,v,k δ[E− (Evk − Eok)], where the indices o and v indicate occupied
and unoccupied (“virtual”) states respectively, is depicted in Figure 3.

10 15 20 25 30
0

1000

2000

3000

E (eV)

JD
O

S
(a

.u
.)

Figure 3. Joint density of states (JDOS) of a 23 super structure of the conventional CaF2 cell. Energy
values are obtained at Γ from a G0W0 calculation with PBE orbitals.

In Figure 4, we test this approximation on the absorption coefficient. In the indepen-
dent particle picture (PBE) and for the primitive cell, a 73 Monkhorst–Pack mesh with
nk = 20 k-points and even a 53 mesh with nk = 10 k-points already shows rough conver-
gence when compared to a 153 mesh (nk = 120), importantly for the onset of absorption.
BSE absorption coefficients would need an even finer mesh size for convergence as there
is still a prominent deviation between the nk = 20 and nk = 10 cases. In comparison, an
experiment found the onset of absorption at 9.72 eV [32]. Additionally, the Γ-only approxi-
mation on the super cell shows the first peak at close to 1 eV lower in value than the nk = 20
calculation. Regrettably, the inclusion of more k-points or a larger cell would exceed the
memory limitations of the used computational infrastructure at ≈ 6 TB. Using a smaller
cell is also not possible, as defect atoms would be in immediate proximity, breaking the
assumption of dilute doping. We thus have to continue with these parameters, keeping the
mentioned uncertainties in mind.

6 7 8 9 10 11
0

0.5

1

1.5

×105

E (eV)

α
(m

m
−

1 )

PBE

nk = 10
nk = 20
nk = 100

6 7 8 9 10 11
0

0.2

0.4

0.6

0.8

1

1.2

×105 ∆Γ
G0W0

E (eV)

α
(m

m
−

1 )

BSE

nk = 10
nk = 20
nk = 1

Figure 4. Convergence checks for the absorption coefficient of the pristine CaF2 crystal. The G0W0

band gap is marked by a vertical line. Note that a primitive unit cell is used except for the BSE
calculation with a single k-point, which was obtained by using a 23 super structure of the conventional
unit cell.

In the investigated energy range, the BSE absorption coefficients are converged with
respect to the number of no = 6 and nv = 9 occupied and virtual orbitals, respectively,
for the primitive cell and no = 192, nv = 229 for the 23 super structure. In the latter case,
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this resembles the inclusion of all electron-hole (e-h) pairs up to 19.56 eV; the maximum
considered energy difference of an e-h pair is 22.38 eV. Correspondingly, in Figure 3 it can
be observed that all electronic transitions up to the local minimum slightly below 20 eV are
encompassed in determining the solution of the BSE.

3.2. Actinium Doping

In the experiment performed at ISOLDE-CERN, Ac ions with a kinetic energy on the
order of 30 keV are implanted into a CaF2 crystal [16]. We assume that Ac ions recombine
with ambient electrons and enter the crystal in a neutral state. Ac has an oxidation number
of +3 and is expected to replace a calcium as AcCa. Because there are no accompanying
fluorines, an F′i scheme must originate from a unit of the CaF2 crystal. In order to include a
vacancy in this study we also calculate V′′Ca + VF. Furthermore, oxygen impurities from
molecules in the ambient air may also be introduced as a by-product into the lattice; in this
case, a fully compensated scheme is O′F.

Energies of the different charge compensation schemes are presented in Table 1. Dis-
regarding ambient oxygen, a F′i scheme is almost equal in energy as the uncompensated
variant. Though fully compensated, the V′′Ca + VF structure incurs an energy penalty of
0.7818242900 eV, possibly due to the number of defects. Interestingly, all doped crystals
are lower in energy than their pristine constituents. We reason that this is due to Ac being
considered in the gas phase, which is unfavorable as compared to a solid configuration.

Table 1. Energies of relevant charge compensation possibilties of a 23 super structure of the conven-
tional CaF2 cell doped with Ac in an environment where oxygen is not present (top) and where it is
present in its molecular allotrope (bottom).

Energy (eV) Inside Environment

1.43 32CaF2 Ac + CaF2
0.01 AcCa CaF2 + Ca
0.00 AcCa + F′i 1/2CaF2 + 3/2Ca
0.78 AcCa + V′′Ca + VF 3/2(CaF2 + Ca)

8.35 32CaF2 Ac + CaF2 + 1/2O2
1.02 AcCa CaF2 + CaO
1.00 AcCa + F′i 1/2CaF2 + CaO + 1/2Ca
1.79 AcCa + V′′Ca + VF 3/2CaF2 + CaO + 1/2Ca
0.00 AcCa + O′F 3/2CaF2 + 1/2Ca

When oxygen is taken into account, the O′F scheme is clearly favored, with an energy
difference of about 1.00377834 eV to the F′i and uncompensated schemes. This time, the
energy difference to the constituents is even greater than in the previous case, due to the
reactivity of molecular oxygen.

By using the G0W0 approximation in both fully compensated F′i and O′F structures, we
obtain band gaps at the Γ-point ∆F′i

= 9.97 eV and ∆O′F
= 7.73 eV (see Figure 5). Thus, the

oxygen impurity lowers the band gap by such an extent that the crystal may no longer be
transparent for the isomer energy. At this point, it is appropriate to note that most impurity
states are in fact not localized, contrary to what is observed for all other heavy isotopes
considered in this work.
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Figure 5. εG0W0 over εPBE for Ac:CaF2 for two fully compensated configurations F′i (left) and O′F
(right). εG0W0 refers to differences between unoccupied quasi-particle energies to the valence band
maximum. Similarly, εPBE refers to differences between unoccupied Kohn–Sham eigenvalues to the
valence band maximum. Color values indicate the degree of localization on the dopant. Most of the
defect states are not localized on the Ac ion. The band gap of the O′F scheme is significantly reduced.

The absorption coefficient (Figure 6) differs only slightly from the pristine CaF2 case. In
the optical range, the material absorbs only weakly. At higher energies, the absorption coef-
ficient follows that of pristine CaF2, indicating transmission at the expected isomer energy.

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1
×105

E (eV)
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1 )

Ac:CaF2
CaF2
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0

50

100

150

200
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C
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2
−

α
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aF
2

(m
m
−

1 )

Figure 6. Absorption coefficient calculated with G0W0+BSE for the Ac:CaF2 crystal without charge
compensations and compared to the pristine CaF2 case. To illustrate the contribution of the dopant on
the absorption spectrum, the difference αAc:CaF2 − αCaF2 is computed in the figure on the right-hand
side (negative values are omitted).

3.3. Uranium Doping

In an experiment aiming to populate the 229mTh state via α-decay of 233U, uranium
atoms are introduced to the CaF2 crystal via UF3 powder [15]. In principle, oxidation
numbers for uranium of up to +6 are observed, and it is no longer possible to fully
compensate the extra charge on the UCa site solely with interstitial fluorines from the
powder. Next to the obvious 1F′i, 2F′i, 3F′i, 1V′′Ca and 2V′′Ca possibilities, we also study mixed
arrangements 1F′i + V′′Ca, 2F′i + V′′Ca and 1VF + V′′Ca. The results are shown in Table 2.
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Table 2. Energies of relevant charge compensation possibilties of a CaF2 cell doped with U via the
UF3 compound. It is assumed that oxygen is removed from the environment.

Energy (eV) Inside Environment

0.00 32CaF2 UF3
12.45 UCa CaF2 + 1/2F2
1.00 UCa + F′i CaF2
2.60 UCa + 2F′i 1/2CaF2 + 1/2Ca
6.22 UCa + 3F′i Ca
2.65 UCa + V′′Ca 3/2CaF2 + 1/2Ca
11.74 UCa + 2V′′Ca 3/2CaF2 + 3/2Ca
6.66 UCa + 1F′i + V′′Ca CaF2 + Ca
11.01 UCa + 2F′i + V′′Ca 1/2CaF2 + 3/2Ca
2.01 UCa + VF + V′′Ca 2CaF2

Clearly, the F′i structure is energetically preferred. For this configuration, we calculate
the EFG to be Vzz = −225.10 V/Å

2
. The high symmetry of this compensation scheme

restricts η = 0.
Absorption coefficient calculations demonstrate a local maximum toward the edge

of the band gap of undoped CaF2, indicating a slight loss of transparency (see Figure 7).
Considering the uncertainty regarding sampling of reciprocal space, an interaction with
the isomer photon cannot be ruled out.

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1
×105

E (eV)

α
(m

m
−

1 )

CaF2
U:CaF2 αx
U:CaF2 αz

0 2 4 6 8 10
0

2000

4000
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α
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:C
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2
−

α
C

aF
2

(m
m
−

1 )

Figure 7. Absorption coefficient calculated with G0W0 + BSE for the U:CaF2 crystal plus a F′i charge
compensating anion and comparison to the pristine CaF2 case. The cubic symmetry of the host
crystal is broken by the interstitial fluorine; hence two principal axes x and z are necessary to describe
the absorption coefficient. To illustrate the contribution of the dopant on the absorption spectrum,
the difference αU:CaF2 − αCaF2 is computed in the figure on the right-hand side (negative values
are omitted).

3.4. Thorium Doping

In the experiments proposed in Dessovic et al. [13], Stellmer et al. [20] and Nickerson
et al. [38], thorium is doped into CaF2 at its melting point T = 1691 K with ThF4 powder in
an atmosphere deprived of oxygen [39]. Thorium’s oxidation state is +4; thus in principle
there are enough fluorines available to compensate the two extra charges upon ThCa doping.
Overall, relevant charge compensations are 1F′i, 2F′i and V′′Ca. Total energies can be viewed
in Table 3.
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Table 3. Energies of relevant charge compensation possibilties of CaF2 doped with ThF4 in an
oxygen-deprived environment.

Energy (eV) Inside Environment

0.00 32CaF2 ThF4
13.63 ThCa CaF2 + F2
7.69 ThCa + F′i CaF2 + 1/2F2
1.37 ThCa + 2F′i CaF2
1.54 ThCa + V′′Ca 2CaF2

As previously suggested, the 2 F′i configuration shows the lowest energy, and we also
find the bent arrangement of interstitial fluorines to be favored [13]. Its EFG values are
Vzz = 114.60 V/Å

2
and η = 0.31.

In Figure 8, calculations within the G0W0 approximation show a band gap of
∆2F′i

= 9.88 eV and ∆V′′Ca
= 9.90 eV for the fully compensated structures; thus both sys-

tems are expected to be transparent at the isomer energy range. Interestingly, the ordering
of quasi-particle and Kohn–Sham energy levels is not the same. A possible explanation
is that one of the defect states shows significantly less localization than the others and its
quasi-particle energy is reduced. Highly localized states show a considerable increase in
their G0W0 energy, such that they are now located within the conduction band of CaF2.

6.5 7 7.5 8
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(e

V
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2F′i
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ε G
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0
(e

V
)

V′′Ca
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0.4

0.6

0.8

1

Figure 8. Quasi-particle energies εG0W0 over Kohn–Sham eigenvalues εPBE for Th:CaF2 for the fully
compensated configurations 2F′i and V′′Ca. Color values indicate the degree of localization on the
dopant. Both schemes show a band gap larger than the estimated 229mTh energy.

Because both 229Ac and 233U can decay into the 229Th isomer, the optical properties of
the preferred charge compensation mechanism in CaF2 (F′i) also needs to be investigated.

For the results of Figure 9, it has to be noted that after the PBE self-consistency cy-
cle, two electronic energy levels lie extremely close together and partial occupancies are
unavoidable, even with an exceedingly small smearing parameter. The G0W0 method
alleviates this issue to some extent, although not completely, which would explain the dis-
crepancy of the peak location for the absorption coefficients in the doped system compared
to the CaF2 case.
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Figure 9. Absorption coefficient calculated with G0W0 + BSE for the Th:CaF2 crystal with a F′i charge
compensation and compared to the pristine CaF2 case. To illustrate the contribution of the dopant on
the absorption spectrum, the difference αTh:CaF2 − αCaF2 is computed in the figure on the right-hand
side, and negative values are not shown.

3.5. Neptunium Doping

To calibrate experimental apparatuses, neptunium is used as a dummy because it has
similar properties with respect to the quadrupole moments of thorium [19]. It is also doped
into CaF2 melt as NpF3. Neptunium’s electron configuration is [Rn]7s25f46d1, leaving a
maximum of five charges to be compensated upon substitutional replacement NpCa .
Therefore, we consider F′i, 2F′i, 3F′i, and V′′Ca, 2V′′Ca as well as V′′Ca + F′i, V′′Ca + 2F′i, V′′Ca + 3F′i,
2V′′Ca + F′i and V′′Ca + VF. Results are shown in Table 4.

Table 4. Energies of relevant charge compensation possibilties of CaF2 doped with Np via the NpF3
compound. It is assumed that oxygen is removed from the environment.

Energy (eV) Inside Environment

0.00 32CaF2 NpF3
6.50 NpCa CaF2 + 1/2F2
1.10 NpCa + F′i CaF2
3.41 NpCa + 2F′i 1/2CaF2 + 1/2Ca
7.90 NpCa + 3F′i Ca
3.42 NpCa + V′′Ca 3/2CaF2 + 1/2Ca
14.29 NpCa + 2V′′Ca 3/2CaF2 + 3/2Ca
8.55 NpCa + 1F′i + V′′Ca CaF2 + Ca
13.58 NpCa + 2F′i + V′′Ca 1/2CaF2 + 3/2Ca
19.75 NpCa + 3F′i + V′′Ca 2Ca
19.90 NpCa + 1F′i + 2V′′Ca CaF2 + 2Ca
1.91 NpCa + VF + V′′Ca 2CaF2

As was the case for U doping, the energetically favored scheme is the F′i configuration,
and its EFG on the Np position is Vzz = −190.21 V/Å

2
with symmetry restricting η = 0.

3.6. Cerium Doping

In many wet-chemical processes cerium is used as a carrier; hence, we expect Ce
impurities to be introduced as CeF4, similar as Th. Thus, the same charge compensation
schemes as in Section 3.4 are relevant and their energies are displayed in Table 5.
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Table 5. Energies of relevant charge compensation possibilties of CaF2 doped with CeF4 in an
oxygen-deprived environment.

Energy (eV) Inside Environment

0.00 32CaF2 CeF4
9.14 CeCa CaF2 + F2
3.67 CeCa + F′i CaF2 + 1/2F2
1.27 CeCa + 2F′i CaF2
1.21 CeCa + V′′Ca 2CaF2

Contrary to Section 3.4, the V′′Ca structure is energetically favored, although the energy
difference to 2F′i is relatively small. The G0W0 method increases excited state energies quite
substantially when compared to the PBE case (Figure 10). Still, both charge compensa-
tion schemes have a lower band gap than what is expected by the isomer energy, with
∆V′′Ca

= 6.97 eV and ∆2F′i
= 7.04 eV. Thus, Ce impurities may negatively affect the transmis-

sion qualities of the solid-state nuclear clock and should be avoided in the processing of
thorium.
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Figure 10. Quasi-particle energies εG0W0 over Kohn–Sham eigenvalues εPBE for Ce:CaF2 for two
fully compensated configurations, V′′Ca (top) and 2F′i (bottom). Color values indicate the degree of
localization on the dopant. The band gap of these systems is substantially reduced and is presumably
smaller than the thorium-isomer energy.

4. Discussion
4.1. Energies & Structures

For all dopants except actinium (which is implanted in the ISOLDE facility at CERN),
a fluoride compound in a specific stoichiometric ratio is mixed into the host crystal melt,
creating the possibility for a substituted Ca atom to bind with F2. Because the enthalpy of
formation of calcium fluoride is particularly large [36], compensation schemes that create



Crystals 2022, 12, 1128 12 of 15

integer number units of CaF2 while minimizing the amount of defects are generally favored.
Doping in a fluorinated atmosphere impacts the energetic comparison to a large extent as
Table 6 demonstrates on the example of U:CaF2.

Table 6. Energies of selected charge compensation possibilties for a 23 super structure of the conven-
tional CaF2 cell doped with uranium in a fluorinated environment where oxygen is not present.

Energy (eV) Inside Environment

0.00 UCa + 2F′i + V′′Ca 2CaF2 + (n− 3)F2
0.51 UCa + 4F′i CaF2 + (n− 3)F2
7.65 UCa + F′i CaF2 + (n− 3/2)F2

For large doping concentrations, the possibility for clustering of impurities increases.
In particular when the dopant’s charge is only partially compensated, it is likely energet-
ically favorable when dopants share interstitial fluorine atoms. Even in the case of fully
compensated defects, we found an energy difference of only 0.17 eV between a 2ThCa + 4F′i
structure and the 2× (ThCa + 2F′i) case, the latter being favored. This notably small differ-
ence demonstrates that the present study is limited to dilute doping.

4.2. Electric Field Gradients

Because the EFG is susceptible to its chemical environment, we check its conver-
gence with respect to the cell size and the functional used. The results for Th:CaF2 in the
2F′i structure is shown in Table 7. We conclude that the simplest converged setup is a PBE
calculation of a 33 super cell of the conventional CaF2 cell without considering spin-orbit
coupling (SOC).

Table 7. EFG values for Th:CaF2 + 2F′i for various cell sizes, functionals and with an investigation
into the inclusion of spin-orbit coupling (SOC).

Size Functional SOC Vzz(V/Å2) η

23 PBE No 157.65 0.10
23 PBE Yes 156.43 0.11
33 PBE No 114.60 0.31
33 HSE06 No 115.97 0.31
43 PBE No 111.05 0.37

4.3. Optical Properties
4.3.1. Charge Density

Compared to the other heavy isotopes considered in this work, excited dopant states
of Ac:CaF2 have a distinct property, which is reflected in its charge density. In Table 8,
slices of charge densities of the first (unoccupied) excited states through dopants and all
present charge compensating atoms for fully compensated Ac-, Th-, and Ce-doped CaF2 are
shown. Even though the interstitial fluorine in Ac:CaF2 breaks the symmetry of the lattice,
the charge density around the nucleus is surprisingly spherical. Though both depicted
states of Th:CaF2 and Ac:CaF2 show less localization relative to Ce:CaF2, the excited states
of Th:CaF2 and Ce:CaF2 are reminiscent of hybridized d- and f-orbitals, whereas that of
Ac:CaF2 appears to be s-like. Out of all defect states in Th:CaF2, the one depicted has by far
the least localization and lowest energy, whereas most Ac:CaF2 defect states are delocalized,
as is shown in Figures 5 and 8, respectively.
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Table 8. Slices in a (001)-plane of charge densities for the first unoccupied state in fully compensated
configurations of CaF2 doped with Ac (F′i), Th (2F′i), and Ce (2F′i) impurities. Only a part of the unit
cell around the dopant is shown. In each figure, the colors correspond to the same values of the
charge density. However, just for Ac:CaF2 are red and blue colors actually coinciding with the overall
maximum and minimum values. For Th:CaF2 and Ce:CaF2, red is used starting from roughly 50 %
and 4 % of the overall maximum respectively; hence these charge densities are even more localized
than the figure suggests. Evidently, the shape of the charge density for Ac:CaF2 exhibits a striking
difference compared to the others cases. Drawing produced by VESTA [40].

Ac:CaF2 Th:CaF2 Ce:CaF2

AcAcAcAcAcAcAcAcAcAcAcAcAcAcAcAcAcFFFFFFFFFFFFFFFFF

CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa

CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa

CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa

ThThThThThThThThThThThThThThThThThFFFFFFFFFFFFFFFFF

FFFFFFFFFFFFFFFFF
CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa

CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa

CaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCaCa

ThThThThThThThThThThThThThThThThThFFFFFFFFFFFFFFFFF

FFFFFFFFFFFFFFFFF

4.3.2. Spin-Orbit Coupling

Although it was shown that the EFG remains mostly unaffected by relativistic effects
due to SOC of the heavy isotopes’ valence electrons, the same cannot be equally stated
for the reported optical properties, which neglected these contributions. However the
present computational limits do not allow for including SOC contributions in the G0W0-BSE
calculations. We note that in fully compensated Ac:CaF2 and Th:CaF2, the first unoccupied
states are delocalized, weakening SOC corrections on their comparatively large band gaps.
In fact, inclusion of SOC in a PBE calculation of Th:CaF2 + 2F′i causes a reduction of the
band gap by 0.31 eV when compared to a scalar relativistic PBE calculation. Ce:CaF2
shows localized valence f-electrons but the system is estimated to interact with isomer
photons regardless of SOC effects. On the other hand, absorption coefficients of partially
compensated defects could be noticeably affected by electronic level splitting and the
treatment of spinors. A more detailed study including excitonic and SOC effects on the
same footing requires further methodological developments and is beyond the scope of the
current work.

5. Conclusions

In order to estimate important quantities toward the realization of a thorium nuclear
clock, we compare charge compensation schemes for specific stoichiometries when calcium
fluoride is doped with heavy isotopes of actinium, uranium, thorium, neptunium, and
cerium and find energetically favorable schemes: no compensation for Ac:CaF2; one inter-
stitial fluorine in Ac:CaF2, U:CaF2 and Np:CaF2; two interstitial fluorines and a calcium
vacancy in Th:CaF2 and Ce:CaF2. Furthermore, we report electric field gradients for U:CaF2
and Np:CaF2 for future nuclear quadrupole resonance spectroscopy. Although Ac:CaF2 is
expected to be transparent for the 229m-thorium energy, computational restrictions pose
limits to a similar estimation for the partially compensated U:CaF2 and Th:CaF2 crystals.
Utilization of improved hardware on modern scientific clusters is required for further
analysis.
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The following abbreviations are used in this manuscript:

PBE Exchange-correlation functional as devised by Perdew, Burke and Ernzerhof
HSE06 Exchange-correlation functional as devised by Heyd, Scuseria and Ernzerhof
BSE Bethe-Salpeter equation
EFG Electric field gradient
JDOS Joint density of states
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