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Abstract: Based on the previous studies on the stubbed-on locally resonant phononic crystal (LRPC)
double panel structure (DPS) made of a two-dimensional periodic array of a two-component cylin-
drical LR pillar connected between the upper and lower plates, the stubbed-on LRPC DPS with soft
shell surrounded and simplified model with additional springs surrounded are proposed. According
to the changes in structural form, the wider band gap is opened, and the novel formation mechanism
of the band gap is revealed. Finite element method (FEM) is applied to calculate the band structures.
Numerical results and further analysis demonstrate that the soft shell only affects the bands corre-
sponding to symmetric vibration mode and makes the bands shift up. In addition, the influences of
density and Poisson’s ratio of soft shell on the band gap can be ignored, but the starting frequency
keeps still, and band gap width increases first and then keeps constant with the increase of elasticity
modulus. All the results provide a theoretical basis for the study of vibration and noise resistance
in engineering.

Keywords: locally resonant phononic crystal; double panel structure; soft shell; band structure;
symmetric vibration mode

1. Introduction

Vibration and noise control is a vitally important problem in many engineering fields,
such as submarines, aircraft, automobiles, architecture, large generator units, and so
on [1–4], which illustrates that the theory of vibration and noise reduction has an ex-
tremely important position in the fields of national defense and civil use. Especially in
recent decades, the problem of vibration and noise pollution has attracted more and more
people’s attention with the great progress made in industry and transportation, which
promotes the academic and engineering circles that have been committed to researching
and solving this kind of hot issue. Through extensive theoretical and experimental research
on vibration and noise control techniques, traditional vibration, and noise reduction tech-
nology has developed into a complete system and tends to mature. Hence, the new control
method is urgently needed to meet the needs of people for a more comfortable vibration
and noise environment.

The propagation of vibration mostly takes a solid structure as the main medium, in
which the propagation distance is long, and the attenuation is small and keeps on radiating
noise outwards during the transmission process. Take the aircraft cabin as an example;
the structural vibration induced by engine vibration and aerodynamics propagates along
with the containment structure of the cabin and radiates noise to the cabin, which brings
a certain influence on passengers’ comfort. Consequently, vibration and noise control
are usually carried out from the propagation path if the vibration source or noise source
is given.
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The containment structures of industrial products mostly adopt different DPSs with
multifunctional properties such as lightweight, high rigidity, great load, and so on [5–7].
Take the typical airplane construction as an example; aircraft fuselage structure is generally
a semi-hard-shell structure composed of a transverse frame, longitudinal truss, beam, and
skin. In addition, the skin and inner decorative plate form a double-deck structure, and
the transverse frame, longitudinal truss, beam, and so on divide the interlayer between the
double plate structure into independent chambers. Therefore, researching the vibration
control of DPS will play an active role in reducing vibration and noise in engineering.

In recent years, PC has attracted a lot of attention from researchers, which is a kind of
artificial periodic composite material with an elastic band gap [8,9]. In the frequency range
of band gap, vibration cannot be propagated along with PC, thus it has broad prospects
in the field of vibration and noise control, which provides a new idea for restraining
vibration and reducing noise generated by the structure. PC can be divided into Bragg
scattering [8,10] and LR [9,11] PCs from the formation mechanisms of band gap. The
significant difference between them is that only LRPC can apply appropriate size to control
vibration propagation in the low-frequency region [9], which provides a new approach to
reducing vibration and noise in the unmanageable low-frequency region of engineering.

Up to now, research on plates with the design idea of PC introduced was mostly
concentrated on stubbed-on LRPC single plate, which is constructed by periodically at-
taching resonant units onto the surface of the base plate. Oudich et al. [12] studied the
band gap properties of two-component and three-component stubbed-on PC single plates
constructed by periodically attaching rubber stubs without and with Pb capped on the sur-
face of the base plate, and results showed that the extremely low-frequency band gap was
opened by the coupling between a localized mode in the stub and Lamb mode in the plate.
The two-component and three-component double-side stubbed-on LRPC single plates
were proposed and researched by Assouar et al. [13]. By comparing the corresponding
band structures, the proposed double-sided structure gives a stronger coupling between
the localized resonant modes and Lamb modes than one-sided structures, which leads to
widening the band gap effectively. Hsu [14] proposed a two-dimensional PC composed of
an array of stepped resonators on a thin slab. Research shows that the structure exhibits
LR and Bragg scattering band gaps simultaneously, and the polarization states of incident
slab modes influence the spectra of resonances, power transmission, and attenuation. Be-
sides simplifying the resonator of stubbed-on structure to “spring-mass,” Xiao et al. [15]
researched the propagation of flexural waves in an LR thin plate made of a two-dimensional
periodic array of spring-mass resonators attached to a thin homogeneous plate. Results
demonstrate that the resonant frequency of “spring-mass” has great relations with the band
gap. According to the low-frequency mechanical vibration generated by the power systems
on the ship, a single-phase spiral-shaped PC was designed and analyzed based on the
locally resonant modes by Ruan et al. [16]. The vibration characteristics of the PC plates
with different boundary conditions and loads were numerically simulated, and groups
of experimental tests were conducted to verify the abilities of vibration isolation for three
kinds of PCs.

In this paper, we investigated the propagation characteristics of flexural and longitudi-
nal vibrations in a stubbed-on LRPC DPS consisting of a two-layer plate with periodically
attached cylindrical LR pillars between the upper and lower plates in which the resonator
is surrounded by a soft shell. Furthermore, the simplified model with additional springs
surrounded is also proposed to help understand the effect of soft shell on the band gap.
Different from the previous LRPC DPS, the soft shell and additional springs are added.
According to the changes in structural form, the corresponding novel phenomenon and
formation mechanism of band gap change are studied. Further, the elasticity modulus,
Poisson’s ratio, and density are picked as the influencing parameters to investigate the
effects of the soft shell material on the band gap. All the results are expected to be of
theoretical significance in engineering application prospects in the field of vibration and
noise control.



Crystals 2022, 12, 609 3 of 11

2. Model and Method

As shown schematically in Figure 1a, the model proposed in this paper was con-
structed by periodically depositing the 2-component cylindrical LR pillars squarely onto
the surfaces of the upper and lower homogeneous LRPC plates. In addition, each resonator
unit was surrounded by a soft shell, as shown in Figure 1b. In a unit cell, the material of
the first and last layers in the pillar was rubber; the materials of the plates and middle
layer in the pillar were epoxy and Pb, respectively. The lattice constant, thickness of base
plates, radius of pillar, height of rubber layer in the pillar, height of Pb layer in the pillar,
outer radius of added soft shell, and inner radius of added soft shell was denoted by a,
e, r, h1, h2, RS1, and RS2, respectively. The materials’ parameters used in calculations are
displayed in Table 1, and all the materials were assumed to be elastically isotropic. In
addition, the density of the soft shell was assumed to be zero at first; that is the effect of
density on band structure was studied on the basis of the research on the stiffness of the
soft shell. The elasticity modulus Ea and Poisson’s ratio µa of soft shell are presupposed to
be 1.175 × 105 N/m2 and 0.469, respectively.
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Figure 1. (a) The stubbed-on LRPC DPS with resonator unit surrounded by soft shell (soft shell is
ignored), and (b) its unit cell (upper plate is ignored), a is the lattice constant, e is the thickness of
base plates, r is the radius of pillar, RS1 is the outer radius of added soft shell and RS2 is the inner
radius of added soft shell.

Table 1. Materials’ parameters used in calculations in Figure 2.

Material Mass Density
(kg/m3)

Young’s Modulus
(1010N/m2) Poission’s Ratio

Epoxy 1180 0.435 0.368
Rubber 1300 1.175 × 10−5 0.469

Pb 11,600 4.08 0.37

The finite element method (FEM) was applied to calculate the band structure of
the proposed DPS, and commercial software COMSOL Multiphysics was adopted to help
implement this. On account of the infinitely periodicity of PC structure in the x-y plane, only
the unit cell was needed to take into consideration, and the periodic boundary condition
was applied to the interfaces between the nearest unit cells [12,17].

ui(x + a, y + a) = ui(x, y)e−i(kxa+kya), (i = x, y, z) (1)

here, if i equals to x, y, and z, ui represents the components of 3-dimensional displacement
field u along x-direction, y-direction and z-direction, respectively. In addition, kx and ky
are the components of the Bloch wave vector k limited in the irreducible first Brillouin
zone (1BZ).
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The stress-free boundary condition was applied to all the other surfaces except for the
interfaces. In addition, the default tetrahedral mesh provided by the software was used
during the meshing of the unit cell.
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Figure 2. Band structures of stubbed-on LRPC DPSs (a) with and (b) without surrounded soft shell.

By substituting periodic boundary condition (Equation (1)) to free vibration character-
istic equation of FEM, it gives: (

K −ω2M
)

u = 0 (2)

here, what should be noted is that the elements in stiffness matrix K and mass matrix
M are coupled with the items containing the Bloch wave vector k, such as e−ikxa, e−ikya,
e−i(kxa+kya) and so on. They are not the original structural stiffness and mass matrices of
the classical FEM anymore.

As shown in Equation (2), it is a typical generalized eigenvalue problem for ω2,
which has been used to calculate band structures of different PC structures for several
years [12–20]. A series of eigenfrequencies can be obtained by solving the equation for each
given Bloch wave vector k. Finally, the band structure of LRPC DPS can be obtained by
scanning all k in the irreducible first Brillouin zone (1BZ).

3. Numerical Results and Analyses

In Reference [18], the formation mechanisms and influence rules of band gap of the
proposed stubbed-on LRPC DPS but without a soft shell surrounded were investigated
in detail. Numerical results and further analysis demonstrated that a band gap with a
low starting frequency and wide band width can be opened by the coupling between the
dominant vibrations of stubbed-on pillars and plate modes if the excitation and response
points are picked on different sides of the DPS. Then, the bands corresponding to symmetric
and antisymmetric vibration modes are displayed exclusively in DPS. In addition, the
influences of soft material viscidity and geometrical parameters such as pillar radius, plate
thickness, and lattice constant on the band gap are studied and explained.

In this paper, the effect mechanisms and rules of surrounded soft shell on the band
gap are studied emphatically and displayed below.
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3.1. Band Structures of LRPC DPSs with and without Surrounded Soft Shell

Figure 2a shows the band structure of stubbed-on LRPC DPS with a resonator unit
surrounded by soft shell. As a comparison, the band structure of LRPC DPS without a soft
shell surrounded was also calculated, as shown in Figure 2b. All the materials’ parameters
and geometric parameters used in calculations are shown in Tables 1 and 2, respectively. By
comparing Figure 2a,b, the added soft shell only has effect on the band corresponding to
symmetric vibration mode B8, but hardly any effect on the bands corresponding to modes
B1–B7 and B9 labeled in Figure 2b. Moreover, the band corresponding to B8 is shifted
upward by surrounding the soft shell.

Table 2. Geometric parameters used in calculations in Figure 2.

a(m) e(m) r(m) h1(m) h2(m) RS1(m) RS2(m)

0.1 0.005 0.04 0.01 0.03 0.046 0.043

In order to understand the influence mechanisms clearly, the simplified model of
stubbed-on LRPC DPS is proposed, as shown in Figure 3a. In the model, the upper and
lower plates were reduced to thin plates, and the resonant unit was reduced to spring and
mass; the surrounded soft shell was reduced to surrounded springs. Here, four springs
were taken into consideration. FEM was also used to calculate the band structures of the
simplified models [19]. Here, the elasticity modulus, Poisson’s ratio, and density of the
base plates are represented by E, µ, and ρ, respectively. The spring stiffness, mass, and one
additional spring stiffness are denoted by kR, mR, and kA. Moreover, the thickness of base
plates is h and the lattice constant is a. The distance between the additional spring and
spring in the resonator is a/4.
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Figure 4a,b show the band structures of simplified models of stubbed-on LRPC DPSs
with four and zero additional springs surrounded, respectively. All the materials’ parame-
ters and geometric parameters used in calculations are shown in Tables 3 and 4, respectively.
As shown in the figure, the additional springs only affect the bands corresponding to sym-
metric vibration mode but have no effect on the bands corresponding to antisymmetric
vibration mode, which is the same as the phenomenon of stubbed-on LRPC DPSs dis-
played in Figure 3. Furthermore, the springs added also make the bands corresponding to
symmetric vibration mode move up.



Crystals 2022, 12, 609 6 of 11

Crystals 2022, 12, x FOR PEER REVIEW  6  of  11 
 

 

Figure 4a,b show the band structures of simplified models of stubbed‐on LRPC DPSs 

with four and zero additional springs surrounded, respectively. All the materials’ param‐

eters and geometric parameters used in calculations are shown in Tables 3 and 4, respec‐

tively. As shown in the figure, the additional springs only affect the bands corresponding 

to symmetric vibration mode but have no effect on the bands corresponding to antisym‐

metric vibration mode, which is the same as the phenomenon of stubbed‐on LRPC DPSs 

displayed in Figure 3. Furthermore, the springs added also make the bands corresponding 

to symmetric vibration mode move up. 

Table 3. Materials’ parameters used in calculations in Figure 4. 

𝑬 𝐆𝐏𝐚   𝝁  𝝆 𝐤𝐠 ∙ 𝐦 𝟑   𝒌𝐑 𝐍𝐦 𝟏   𝒎𝐑 𝐤𝐠   𝒌𝐀 𝐍𝐦 𝟏  

77.6  0.35  2730  4 10   0.1  1 10  

Table 4. Geometric parameters used in calculations in Figure 4. 

𝒉 𝐦  𝒂 𝐦  𝑹𝒔 𝐦  
0.002 0.1 4 10  

The “base‐spring‐mass” simplified model of vibration modes has been widely used 

to help understand the formation mechanisms of the band gap [12,18,20]. Here, the model 

was also applied, as shown in Figure 5. For mode  B   labeled in Figure 2b, the correspond‐

ing displacement field is shown in Figure 6, which was also obtained by using FEM [18]. 

As shown in the figure, the middle Pb layer of the pillar remains stationary, which can be 

equivalent to base 𝑚  shown in Figure 5. In addition, the rubber layer of pillar and plates 

can be equivalent to spring  𝑘  and mass 𝑀. Hence, it can be understood that surrounding 

soft shell or adding springs makes the equivalent spring increase, which increases the fre‐

quency corresponding to  B   and leads the band to rise. However, for antisymmetric vi‐

bration mode, the two plates vibrate in the same phase, which leads the surrounding soft 

shell or adding springs to hardly work. 

 
 

(a)  (b) 

Figure 4. Band structures of simplified models of stubbed‐on LRPC DPSs with (a) four and (b) zero 

springs surrounded. 
Figure 4. Band structures of simplified models of stubbed-on LRPC DPSs with (a) four and (b) zero
springs surrounded.

Table 3. Materials’ parameters used in calculations in Figure 4.

E(GPa) µ ρ
(
kg·m−3) kR

(
Nm−1) mR(kg) kA

(
Nm−1)

77.6 0.35 2730 4 × 105 0.1 1 × 105

Table 4. Geometric parameters used in calculations in Figure 4.

h(m) a(m) Rs(m)

0.002 0.1 4 × 10−6

The “base-spring-mass” simplified model of vibration modes has been widely used to
help understand the formation mechanisms of the band gap [12,18,20]. Here, the model
was also applied, as shown in Figure 5. For mode B8 labeled in Figure 2b, the corresponding
displacement field is shown in Figure 6, which was also obtained by using FEM [18]. As
shown in the figure, the middle Pb layer of the pillar remains stationary, which can be
equivalent to base m shown in Figure 5. In addition, the rubber layer of pillar and plates
can be equivalent to spring k and mass M. Hence, it can be understood that surrounding
soft shell or adding springs makes the equivalent spring increase, which increases the
frequency corresponding to B8 and leads the band to rise. However, for antisymmetric
vibration mode, the two plates vibrate in the same phase, which leads the surrounding soft
shell or adding springs to hardly work.
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3.2. Influences of Soft Shell Parameters on Band Gap

As known from the above section, the additional soft shell plays an active role in
widening the band gap but does not affect the starting frequency. Here, the elasticity
modulus, Poisson’s ratio, and density of soft shell were picked to investigate the influences
of the materials’ parameters on the band gap. All the parameters except for the materials’
parameters of the soft shell are shown in Tables 1 and 2, and the materials’ parameters of
the soft shell were presupposed to be elasticity modulus Ea = 1.175 × 105 N/m2, Poisson’s
ratio µa = 0.469, and density ρa = 0 kg/m3, respectively. What should be noted is that all
the others are the default if one was chosen as the influencing parameter.

Figure 7 shows the band structures of LRPC DPSs if the densities of soft shell are
ρa = 10 kg/m3, ρa = 20 kg/m3 and ρa = 30 kg/m3, respectively. By comparing Figure 7
with Figure 2a, the density of soft shell has little effect on bands corresponding to B1–B9,
but has obvious influences on some flat bands, which makes the corresponding frequencies
of flat bands reduce and leads the flat bands to decline to the frequency region under the
band corresponding to B8. It can be understood that the increase of soft shell density makes
the equivalent mass of flat band modes increase, which leads the corresponding frequencies
to reduce. In fact, the effects of flat bands on band gap can be ignored if only a few flat
bands are located in the frequency range of the original band gap.
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Figure 8 displays the band structure of LRPC DPS if the Poisson’s ratio of soft shell is
µa = 0.2. By comparing Figure 8 with Figure 2a, the band structures are the same; that is,
Poisson’s ratio of the soft shell has no effect on the band structure. Because Poisson’s ratio
determines shear modulus if elasticity modulus is given, it illustrates that adding a soft
shell only affects the bands corresponding to flexural vibration mode, but not longitudinal
vibration mode.
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The band structures of LRPC DPSs are shown in Figure 9 if the elasticity moduli of
the soft shell are Ea = 1 × 106 N/m2 and Ea = 2 × 106 N/m2, respectively. By comparing
Figure 9 with Figure 2a, the elasticity modulus of the soft shell has no apparent effect on
bands corresponding to B1–B7 and B9, but has obvious influence on bands corresponding to
B8. It can be attributed to that for modes B1–B3 and antisymmetric vibration mode B9, the
upper and lower plates remain relatively static [18]; but for longitudinal vibration modes
B4–B7, the conclusion has been obtained from the previous analysis that adding a soft shell
only affects the bands corresponding to the flexural vibration mode.

In order to further illustrate the influence rule of elasticity modulus, the influences
of elasticity moduli on soft shell Ea on critical frequencies f3, f8, f9, and band gap width
fw are displayed in Figure 10. Here, f3, f8, and f9 are the frequencies corresponding to
vibration modes B3, B8, and B9, respectively. As shown in the figure, Ea has no effect on
f3 and f9 indeed. However, with the increase of Ea, f8 increases, which is on account of
that the restrain of soft shell on the band corresponding to symmetric vibration mode
strengthens with the increase of Ea. In addition, f8 > f9 if Ea > 5 × 105 N/m2, the band
gap width fw is determined by the constant starting frequency f3 and constant ending
frequency f9; f8 < f9 if Ea < 5 × 105 N/m2, the band gap width fw is determined by the
constant starting frequency f3 and increasing ending frequency f8. Hence, the starting
frequency keeps still, and the band gap width increases first and then keeps constant with
the increase of elasticity modulus.
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4. Conclusions

In this paper, the stubbed-on LRPC DPS with a soft shell surrounded and simplified
model with additional springs surrounded are proposed based on the stubbed-on LRPC
DPS made of a two-dimensional periodic array of a two-component cylindrical LR pillar
connected between the upper and lower plates. Further, the influence mechanisms and
rules of added soft shell on band gap are investigated by using FEM. The main conclusions
are as follows:

A complete band gap with a low starting frequency and wide band width is opened
if the excitation and response points are picked on different sides of DPS. Comparing the
band structures of DPSs with and without a soft shell surrounded and comparing the band
structures of simplified models with and without additional springs surrounded, what
can be concluded is that the soft shell only affects the bands corresponding to symmetric
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vibration mode and makes the bands shift up, which plays an active role in widening the
band gap.

The density of soft shell has little effect on bands formed in the original band gap, but
makes some flat bands move down to the frequency region of band gap. In fact, the effects of
flat bands on the band gap can be ignored if only a few flat bands located in the frequency
range of the original band gap. The Poisson’s ratio of soft shell has no effect on band
structure, which illustrates that adding a soft shell only affects the bands corresponding
to flexural vibration mode, but not longitudinal vibration mode. The elasticity modulus
of the soft shell only influences the bands corresponding to symmetric flexural vibration
mode, and the starting frequency keeps still, and the band gap width increases first and
then keeps constant with the increase of elasticity modulus.
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