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Abstract: The design theory for electromagnetic metamaterials with negative refractive indices by
using a distributed transmission-line model is introduced to the design of acoustic metamaterials,
and a negative refractive index (NRI) acoustic lens is designed theoretically. Adjustments to the
negative refractive indices of metamaterials have been carried out by calculations with numerical
simulators in conventional design methods. As the results show, many calculations are needed to
determine the shape of the unit structures and there are issues in that it is difficult to design those
rigorously, meaning that limitations regarding the degree of freedom in the designs are many. On
the other hand, the transmission-line model can rigorously design the unit cell structures of both
the negative refractive index metamaterials and the background media with the positive refractive
indices by calculations with the design formulas and modifying the error from the theory with a small
calculation. In this paper, a meander acoustic waveguide unit cell structure is proposed in order to
realize a structure with characteristics equivalent to the model, and the waveguide width and length
for realizing an NRI acoustic lens are determined from the design formula of the model. The frequency
dispersion characteristics of the proposed structure are also computed by eigenvalue analysis and
the error in the waveguide length from the theoretical value is modified by a minor adjustment of
the waveguide length. In addition, the NRI acoustic lens is constituted by periodically arranging
the proposed unit cell structure with the calculated parameters, and the full-wave simulations are
carried out to show the validity of the design theory. The results show that the designed lens operates
at 2.5 kHz.

Keywords: negative refractive index acoustic metamaterials; transmission-line approach; negative
refractive index acoustic lens

1. Introduction

Acoustic metamaterials are artificial materials composed of unit cell structures whose
sizes are sufficiently smaller than the wavelength and can achieve unique physical phenom-
ena. For example, negative refractive index materials to be applied to negative refractive
index (NRI) acoustic lens [1–15], acoustic cloaks for hiding objects [4,16–22], and acoustic
illusion media for mimicking arbitrary objects [23,24] have been proposed and studied
widely. If we want to realize negative refractive indices, we must design acoustic metama-
terials in which both the mass density and the bulk modulus become negative. Resonance
structures [1–15] have often been adopted as the unit cell structures of NRI acoustic meta-
materials in the conventional design methods. To realize negative refractive indices based
on those methods, adjustments of the structural parameters such as the widths, lengths,
heights, or unit lengths have been required and we can carry those out by calculations with
numerical simulators. However, these require greater computational resources, and there-
fore it is difficult to design unit cell structures rigorously and there are many limitations
regarding the degree of freedom in the designs.
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We paid attention to the design methods of electromagnetic metamaterials to overcome
the issues in the designs of NRI acoustic metamaterials. Transmission-line models with
lumped elements and unit cell structures based on those models are often used to realize
metamaterials with negative (or zero) refractive index [25–29] in the field of electromagnetic
waves. The reason is that those abstract Maxwell’s equations and can lead to broadband and
low-loss properties and physical insights. These can easily design NRI metamaterials based
on physical insights, but many calculations for determining the structural parameters are
required since there are resonance circuit elements. Recently, the distributed transmission-
line models have been proposed [30–32] to solve the problems in the design methods
based on transmission-line models including lumped elements. The model has first been
applied to the design of full-tensor anisotropic electromagnetic metamaterials based on
transformation electromagnetics [30,31] and it has been demonstrated that we can uniquely
determine the line width and length of the unit cell structures by using design formulas
without requiring many calculations with numerical simulators. Furthermore, the model
has been adopted for the design of NRI electromagnetic metamaterials [32], the validity has
been shown through the design of an NRI electromagnetic lens and the analysis by circuit
simulations. At the time, we believed that we would be able to solve conventional issues in
the designs of NRI acoustic metamaterials if we could introduce this design method for
NRI electromagnetic metamaterials to NRI acoustic metamaterials. In the field of acoustic
waves, some methods based on the transmission-line theory have already been introduced
to designs of acoustic metamaterials because there is the duality between the acoustic
equations and Maxwell’s equations [33–38]. However, lumped element circuit models are
often used for their designs and many calculations requiring numerical simulators become
issues. Other transmission-line type structures also do not have design formulas relating to
structural parameters of unit cell structures.

In this paper, we introduce the design method with the distributed transmission-line
model for NRI electromagnetic metamaterials to NRI acoustic metamaterials, and we show
that we can design those by determining the structural parameters of the unit cell structures
from the design formulas and modifying the error from the theoretical value with a little
calculation. As an example, an NRI acoustic lens is designed based on the introduced
method and the operation is confirmed by full-wave simulations. In Section 2, the design
theory of the distributed transmission-line model is first recalled [30], and the design for-
mulas with materials’ parameters concerning acoustic waves are shown to determine the
structural parameters for NRI acoustic metamaterials. Furthermore, a proposed meander
acoustic waveguide unit cell structure for NRI acoustic metamaterials and a straight acous-
tic waveguide unit cell structure for background media are shown, and the waveguide
widths and lengths for realizing an NRI acoustic lens are theoretically determined from
the design formulas. In addition, those frequency dispersion characteristics are calculated
by eigenvalue analysis with COMSOL, and those waveguide lengths are optimized from
the theoretical waveguide lengths with a small number of calculations. In Section 3, the
results of the full-wave simulation are presented to show the validity of the design and it
is confirmed that a focus and a refocus are generated at those theoretical positions by the
designed lens. In Section 4, this paper is concluded.

2. Methods
2.1. Distributed Transmission-Line Model and the Design Theory

Figure 1 shows a distributed transmission-line model [16] for the design of negative
refractive index metamaterials. ∆d, Z0, β, and l are the unit cell length, the characteristic
impedance, the phase constant, and the line length, respectively, and βl means the electrical
length. If we define the phase constant as β = ω

√
ρ/K, we can apply the design theory of

the model to the design of negative refractive index acoustic metamaterials, where ρ and K
represent the mass density and the bulk modulus, respectively.
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Figure 1. Distributed transmission-line model for the design of NRI acoustic metamaterials. The red
arrows show the Γ-X pass (kx = k and ky = 0 or ky = k and kx = 0) in the Brillouin Zone.

The dispersion characteristics of the model can be calculated from the following
formula [28,29,32]: (

e−jkx∆d − 1
)2

e−jkx∆d +

(
e−jky∆d − 1

)2

e−jky∆d + 8 sin2 βl
2

= 0 (1)

k =
√

k2
x + k2

y (2)

This can be obtained by defining a 4-port ABCD-matrix and solving the eigenvalue
problem with Bloch–Floquet periodic boundary conditions [28,29,32]. kx and ky show the
wavenumbers in the x and y directions, respectively. Additionally, the formulas for the
dispersion characteristics along the Γ-X path, that is represented with the red arrows ((kx = k
and ky = 0 or ky = k and kx = 0)), and the refractive index (n) can be written as:

k∆d = cos−1
(

1− 4 sin2 βl
2

)
(3)

n =
c

ω∆d
cos−1

(
1− 4 sin2 βl

2

)
(4)

where c and ω are the sound velocity and the angular frequency, respectively. It is noted
that the refractive index is defined as the quantity compared with that of the vacuum for
the case with electromagnetics, but the refractive index for the case with acoustics do not
possess the defined quantity. However, we can define it ourselves by selecting the value of c
of the materials that become the standard [1–15,33–38]. Then, the refractive index becomes
negative when the arc cosign in (4) becomes negative, and therefore the condition for the
refractive index to be negative is as follows:

1
2

π(4m− 1) < βl < 2πm (m = 1, 2, 3, . . .) (5)

Furthermore, the line length in this case can be calculated from the following formula:

l =
c
ω

(
− cos−1 1 + cos ω

c n∆d
2

+ 2πm
)

(m = 1, 2, 3, . . .) (6)

It is noted that we need to set the line length to be longer than the unit cell length
(l > ∆d) when we want to set the operation frequency of the NRI acoustic metamaterials
to the region in which the wavelength becomes longer than ∆d. The reason is that the
propagation modes for negative refractions correspond to the higher modes [32]. Thus, a
meander acoustic waveguide unit cell structure is required to realize the model.
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The formula of the Bloch impedance for impedance matching in the x or y direction is

ZBloch =
Z0√

2

√
cos βl

cos2 βl
2

(7)

Additionally, this can be obtained by providing the periodic boundary conditions for
the models and solving the circuit equations [32]. Incidentally, the relation among those
electrical lengths (βBlB and βNRIlNRI) becomes:

βBlB = 2π − βNRIlNRI (m = 1) (8)

when the refractive index of the background medium (nB) agrees with the absolute value
of that of the negative refractive acoustic metamaterial (|nNRI|). In this case, we can solve
the impedance matching problem if we choose those characteristic impedances (Z0_B and
Z0_NRI) to the same value since those Bloch impedances (ZBloch_B and ZBloch_NRI) become
the same value automatically from (7).

2.2. Proposed Structure

Figure 2a,b shows the proposed meander acoustic waveguide unit cell structure
for NRI acoustic metamaterials and the straight acoustic waveguide unit cell structure
for background media, respectively. These acoustic waveguides are formed in an ideal
rigid body and filled with air (β = βAir, c = cAir), and the wall surfaces in the acoustic
waveguides are set to the sound hard boundary in the simulation with COMSOL of the
following subsection. The boundary corresponds to the Neumann boundary condition
that is the same as the perfect magnetic conductor for the TE incidence case in the analysis
of electromagnetic waves, and the wall’s impedance is the set to infinity in this case. lNRI
and lB are the waveguide lengths and ∆dNRI and ∆dB (=∆dNRI = lB) represent the unit
cell lengths, and these correspond to the line length and the unit cell length of the model
in Figure 1. wNRI and wB are the waveguide widths and these can be used to adjust the
characteristic impedance for impedance matching between the NRI acoustic metamaterials
and the background medium. Figure 3 shows the concept of an NRI acoustic lens. nNRI
and nB are the refractive indices, θB_i and θNRI_i the incident angles, θB_r and θNRI_r the
refractive angles, d1 is the distance between the acoustic wave source and the focus, and
d2 is the distance between the focus and the refocus. In Figure 3, these parameters are
assumed as |nNRI| = nB, θB_i = |θNRI_r| = θNRI_i = |θB_r|, and d2 = d1 in order to simplify
the design. We determine the structural parameters in Figure 2 for constituting the NRI
acoustic lens and the background medium of Figure 3 in the following.
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Figure 3. The concept of an NRI acoustic lens. |nNRI| = nB, θB_i = |θNRI_r| = θNRI_i = |θB_r|, d2 = d1

are assumed in this figure.

2.3. Acoustic NRI Lens Design

We first set the waveguide length in Figure 2b and the operating frequency of the NRI
acoustic lens to lB = ∆dB = ∆dNRI = 25 mm and f NRI = 2.5 kHz, respectively, for feasibility.
Additionally, we defined the refractive indices as the quantities compared with the air,
and obtained the refractive index of the background medium as nB =1.522 from (4) and
determined that of the lens as nNRI = –1.522 from the condition of |nNRI| = nB. Then, we
decided the waveguide length in Figure 2a to be lNRI = 113.5 mm by substituting f NRI
and nNRI for (6) with m = 1. Moreover, we chose the waveguide widths as wNRI = 1.2 mm
and wB = 1.2 mm for considering the feasibility. In this case, impedance matching is also
considered and Z0_B = Z0_NRI and ZBloch_B = ZBloch_NRI are held based on (7). Incidentally,
the mass density of the lens and the background medium become −4.038 × 102 and
4.038 × 102 kg/mm3 and those bulk moduli become −2.092 × 10−2 and 2.092 × 10−2 GPa,
respectively. These can be obtained from (4) and (7).

Next, we carried out eigenvalue analysis with COMSOL and calculated the frequency
dispersion characteristics along the Γ-X path for the unit cell structures in Figure 2a,b. The
results are shown in Figure 4a, and the black solid and broken lines represent the theoretical
values of Figure 2a,b calculated from (3), respectively, and the red and blue dots represent
their simulated values. Additionally, the intersection of the solid line and the broken one
corresponds to the operating frequency of the NRI acoustic lens. Then, the modes of 1–5
correspond to those in Figure 4b and the mode 1’ corresponds to that in Figure 4c. The
distributions of instantaneous values of the sound pressure in the acoustic waveguides are
shown in the figure. The propagation direction is assumed to x direction (k = kx and ky = 0).
Modes 1 and 1’ are the lowest modes and those phases only vary in the x direction. Modes
2 and 4 are known as flat band [6,14,35]. Modes 3 and 5 are identical higher modes and
acoustic waves propagate in the x direction while those resonate with one wavelength in y
direction. Additionally, the refractive indices become the negative and positive because the
slopes are the negative and positive, respectively.
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Figure 4. Calculated frequency dispersion characteristics for the NRI acoustic lens and the back-
ground medium (BM) at the Γ-X pass (k = kx and ky = 0), and modes of acoustic waves in the acoustic
waveguide. (a) Dispersion characteristics; (b) Distributions of instantaneous values of the sound
pressure of modes of 1–5 in (a); (c) Distributions of instantaneous values of the sound pressure of
mode 1’ in (a). The intersection of the solid line and the broken one in (a) corresponds to the operating
frequency of the NRI acoustic lens. The propagation direction of (b) assumes x direction.
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It is seen from Figure 4a that the frequency of the intersection of the simulated results
is slightly higher than the theoretical ones. The reason is that the effects of the junction
in the center of those structures or the bent waveguides in Figure 2a are not considered
in the design values by the models. Therefore, we changed those waveguide lengths.
Figure 5a,b shows the adjusted unit cell structures for the NRI acoustic lens and the
background medium, respectively. The waveguide lengths are selected as lNRI = 120.36 mm
and lB = 26.47 mm, and we determined those with the small number of calculations by
using the parametric sweep function of COMSOL. The frequency dispersion characteristics
are drawn in Figure 4a with the orange and green dots, respectively. It can be seen from
the figure that the frequency of the intersection of those dots agrees with the theoretical
model. Incidentally, the NRI lens operates by exciting the mode 3 with the mode 1’. It has
also been confirmed by the references of [6,8,9,14,15,35,36] that the higher modes operating
as the lens are excited by the lower modes of other structures or materials.
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Figure 5. Modified unit cell structures. (a) For the NRI acoustic lens (∆dNRI = 25 mm, wNRI = 1.2 mm,
and lNRI = 120.36 mm); (b) For the background medium (∆dB = 25 mm, wB = 1.2 mm, and
lB = 26.47 mm). These refractive indices are set as nNRI = −1.522 and nB = 1.522, respectively.

We constitute the NRI acoustic lens and the background medium with the unit cell
structures in Figure 5a,b, respectively, and confirm the operation of the lens by a full-wave
simulation in the next section.

3. Results and Discussion

Figure 6 shows the setup for the full-wave simulation of the designed NRI acoustic lens.
The size of the background medium and the lens are selected to be 20∆dNRI × 5∆dNRI =
500 mm × 125 mm, and the lens is sandwiched between two background media. Addition-
ally, the background medium and the lens are composed of the structures in Figure 5a,b,
respectively. An acoustic wave source is placed at the position where is separated by
d1/2 = d2/2 = 2.5∆dNRI = 62.5 mm (2.5 cell) from the lens. The nodes on all boundaries are
set to the sound absorption boundary to perfectly suppress reflected waves. Under the
conditions above, we calculated the complex sound pressure distributions in the acoustic
waveguide by using COMSOL.
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Figure 6. The setup for the full-wave simulation for the designed NRI acoustic lens (∆dB = ∆dNRI = 25 mm).
The size of the background medium and the lens are 20∆dNRI × 5∆dNRI = 500 mm × 125 mm, and
are composed of the structures in Figure 5a,b, respectively. An acoustic wave source is placed at the
position where it is separated by d1/2 = d2/2 = 2.5∆dNRI = 62.5 mm from the lens.

Figure 7a,b shows the calculation the amplitude and the phase distributions of the
sound pressure, respectively, and the frequency is set to 2.5 kHz which is the operating
frequency of the lens. The wavelength is λ = 3.92∆dNRI = 98.0 mm and the broken line
represents the typical theoretical trajectory of the incident acoustic wave from the source.
The intersection of the line in the area of the designed NRI acoustic lens represents the
theoretical position of the focus and that in the area of the right-hand side background
medium represents the theoretical position of the refocus.
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Figure 7. Calculated complex sound pressure distributions at 2.5 kHz. The wavelength is
λ = 3.92∆dNRI = 98.0 mm. The broken line represents an example of the theoretical trajectory
of the incident acoustic wave from the source. The intersection of the line in the area of the designed
NRI acoustic lens represents the theoretical position of the focus and that in the area of the right-hand
side background medium represents the theoretical position of the refocus. (a) Amplitude; (b) Phase.
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It can be seen from the result that the incident acoustic wave from the source prop-
agates along the theoretical trajectory and the absolute value of the incident angle and
the refraction angle agrees well. Then, the focus is formed in the center position of the
designed NRI lens, and the position agrees well with the theoretical one. The refocus is
also generated to the theoretical position that is separated by 2.5 cells from the lens, and the
amplitude is hardly attenuated from that of the acoustic wave source since the impedances
of the background medium and the lens agree well with each other. Furthermore, it can
be seen that some concentrations of the sound pressure can be generated on the boundary
between the background medium and the lens. This corresponds to a plasmonic surface
wave at the interface of the positive and the negative media and has been reported in the
field of electromagnetic metamaterials [29,39–41] as the unique physical phenomenon of
NRI lenses that are placed between two positive refractive index media. As is the case with
the field of acoustics, the surface wave has been reported in references [9,42–44], and the
propagating wave and the evanescent wave interact at the focus and the refocus when
the distance between the source and the lens is near. In the results of Figure 7, values of
the sound pressure between the focus and the refocus become large, and therefore it is
considered that those waves interact.

From the results above, it can be concluded that the operation of the designed NRI
acoustic lens and the validity of the design method extended from that of the case of NRI
electromagnetic metamaterials have been demonstrated.

4. Conclusions

The design theory with the distributed transmission-line model for NRI electromag-
netic metamaterials has been introduced to the design of NRI acoustic metamaterials. A
meander acoustic waveguide unit cell structure has been proposed to realize the same
characteristics as the model and an NRI acoustic lens has been designed using that. The
waveguide length and width have been determined based on the theory of the model
and the error of the waveguide length from the theoretical value by the effect of the bent
waveguide has been modified with eigenvalue analysis. A full-wave simulation has been
carried out and the complex sound pressure distributions in the acoustic waveguide have
been calculated. The results have shown that the NRI acoustic lens operates at 2.5 GHz and
the focus and the refocus are generated to those theoretical positions. Therefore, it has been
concluded that the proposed design method can rigorously design NRI acoustic metamate-
rials or lenses without the need for a small calculation by using the design formulas of the
transmission-line model and theoretically determining the structural parameters, such as
the waveguide width and length.
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