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Abstract: With the continuous development of topological properties in condensed matter systems,
the current research focus has been expanded into phononic bosonic states. Compared with the
conventional electronic fermions, topological phonons exhibit very distinct features. In this study,
based on density functional calculations, we have systematically investigated the topological phonons
in the ternary phosphide compound BaLiP. Coincident nodal line and nodal surface states are
revealed in the middle part of the phononic spectrum and they are formed by the same two phonon
bands. Detailed band structure mechanism and symmetry operation formalism are provided. More
importantly, evident surface states are observed from the entire nodal line and they are all well
separated from the bulk state projection, very beneficial and preferable for future experimental
investigation. Lastly, the mechanical properties are also examined and several important parameters
are provided, which can be very useful for the practical application. Considering the multiple
advantages of the topological nodal states in this material, the corresponding experimental study can
be immediately inspired.

Keywords: nodal line state; nodal surface state; topological phonon; first principles calculation;
topological material; density functional theory; topological state

1. Introduction

Topological states in condensed matter scale have continuously been the research
focus in the field of solid state physics for tens of years since the discovery of topological
insulators [1–5]. They have not only deepened the understanding of basic science in the
crystalline materials but also opened a new scenario for the potential quantum applications.
Persistent research effort and scientific attention are still being dedicated into the search
of new topological states or phases from both theoretical and experimental points of
view, and, especially with the successful establishment of topological band theory and the
effective employment of high throughput calculation technique [6–24], several wonderful
topological material databases have been founded, for example, Materiae [12], Topological
Materials Database [10,11], Topological Materials Arsenal [20,21], Topological Magnetic
Materials Database [13,14], and Topological Phononics of Materials [23,24], which, in turn,
further arouse the great research interests and spark the tremendous scientific enthusiasms
in this research field.

As the intrinsic physical properties of crystalline lattices, topological ordered states
are produced from the inherent crystallography symmetry constraints and, more impor-
tantly, they are often accompanied with nontrivial surface states. For topological nodal
point, Fermi arc states are emitted and they generally connect different nodal points; for
topological nodal line, drumhead surface states are originated from the entire nodal line
and, actually, they can be regard as the connection of numerous Fermi arcs from each point
along the nodal line. Indeed, these exotic surface states correspond the ultimate aspects of
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the topological states, in particular for the final quantum applications. According to the
different band crossing conditions, different topological phases can be defined, such as,
nodal point [25–29], nodal line [30–38] and nodal surface [39–45] can be differentiated based
on the band crossing dimensionality; linear, quadratic [46,47] and cubic [47–50] topological
elements can be divided with respect to the compositive band dispersion; Weyl [51–55],
triple [27,56–61], Dirac [62–72], sextuple [73–78] topological states can be discriminated
in accordance with the band crossing degeneracy; Type-I [79], Type-II [28,36,80–85] and
Type-III [86,87] topological types can be distinguished from the crossing band dispersion
configuration. In specific for topological nodal lines, different spatial distributions and
combinations lead to diverse topological structures or configurations, like nodal ring or
loop [88–92], nodal link [93–96], nodal net [97–99], nodal chain [100–104], nodal knot [105],
nodal box [106,107], nodal sphere [108] and nodal cage [109–111].

Rapid progress and great development have been witnessed within this field for the
last decades and the recent research attention has also been further expanded from the
original electronic fermionic states into phononic bosonic ones [112–119]. In comparison
with the electronic counterpart, the topological phononic states exhibit multiple distinct
properties, such as the spin orbital coupling effect is absent and the Pauli exclusion principle
is not restricted [77,91,99,120,121]. These features render the superiority of phononic bosons
as the energy limitation can be removed and the topological states can be accessed in an
ideal manner. However, the study of topological phononics has been just started and
much fewer material candidates can be found, in contract to the enormous researches
and massive materials in the electronic systems. Consequently, the search for topological
phononic states, especially for the ideal ones, is in great need. Besides, the current studies
mainly focused on the isolated phononic nodal states or the separated phononic nodal
elements, and there are very few researches with combination of different nodal states
within the same band structure. Under this condition, we present an investigation of
the topological phononic states in the ternary phosphide compound BaLiP. Detailed first
principles calculations have been conducted and obtained results reveal that there is the
coincidence of topological nodal line and nodal surface phonons in the middle part of the
phononic spectrum around 8.2 THz to 9.2 THz, which leads to the formation of an exotic
topological nodal structure. Note that the nodal states in BaLiP are formed by the linear
band crossings, which are different from our previous study of quadratic nodal line [46],
and the distinct part is that the quadratic nodal line can leads to the formation of double
surface states. Systematic band formation mechanism has been provided and evident
surface states are separated from the bulk band projection. These advantageous properties
make the current material as an ideal platform for the examination of topological nodal line
and surface states and, considering this material has been synthesized, the corresponding
experimental characterization can be immediately advanced.

2. Computational Methodology

First principles calculations have been performed to study the ternary hexagonal
compound BaLiP and the Vienna AB Initio Simulation Package (VASP) [122] has been
applied under the basis of density functional theory [123]. The projector augmented
wave method [124] and the generalized gradient approximation of the revised Perder-
Burke-Ernzerhof formalism [125,126] were employed to deal with the ionic interaction and
exchange correlation protentional. After the initial convergence test, a plane wave cutoff
energy of 520 eV was set and a 5 × 5 × 2 Γ centered Monkhorst-Pack k mesh was selected.
The ground structural state is fully relaxed until the total force per atom was less than
10−5 eV/Å and the self-consistent loop was reached when the total energy variation per
atom was smaller than 10−6 eV. To examine the phononic property, a 3 × 3 × 2 supercell
was employed the density functional perturbation theory [127,128] was adopted to calcu-
lation the force constant as implemented within the PHONONPY program [129]. For the
topological phonon spectrum, a Wannier-type tight-binding Hamiltonian was constructed
and then the surface states were obtained by the WannierTools package [130].
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3. Results and Discussions

The single crystal of the ternary phosphide compound BaLiP has been previously
synthesized by stoichiometric chemical reaction method [131] and it crystalized in the
centrosymmetric hexagonal structure with space group P63/mmc, No. 194. As shown in
Figure 1a, the unit cell of BaLiP contains two Ba atoms located at the 2a (0, 0, 0) Wyckoff
site, two Li atoms located at the 2c (1/3, 2/3, 1/4) Wyckoff sites and two P atoms located at
2d (1/3, 2/3, 3/4) Wyckoff sites, respectively. Different atoms are represented by different
colors in the figure, as indicated by the text labels, and their bonding configurations
form multiple polyhdera as displayed by the color shaded areas, in which the Ba atoms
are allocated at the six corners and the Li and P atoms are alternately distributed at
the central position. To be specific, the BaLiP crystal also exhibits a layered structure
with the coplanar Li-P layer distributed between the Ba layer rotationally in the vertical
axis. The lattice constants from the fully optimized crystal structure are a = b = 4.486 Å,
c = 8.588 Å, which have a very good coincidence with the corresponding experimental
values [131], a = b = 4.500 Å, c = 8.605 Å. Since the deviation is less than 1%, this calculated
crystal structure is further taken into use for the following calculations and discussions.
Note that the currently studied material is different from the other consubstantial one in
Ref. [24] because they have both different crystal structures and containing atom numbers.
Detailed comparison between two materials and their different phonon spectra can be
found in the Appendix A.
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The phononic band structure of the ternary phosphide BaLiP has been calculated on 
the basis of the relaxed crystal structure by density functional perturbation theory and the 
results are shown in Figure 2. The high symmetry paths were chosen according to the 
corresponding crystallography as realized by the SeeK-path tool [132] and their spatial 
distribution in the first Brillouin zone can be referred to Figure 1b. From the phononic 
spectrum, several prominent features can be immediately observed. There are 18 phono-
nic bands in total, as counted by the different color lines, and they represent the 3 × 6 = 18 
vibrational modes for the six atoms in the unit cell. There is no soft phonon mode or im-
aginary frequency band present, indicating the dynamic stability of this BaLiP structure. 

Figure 1. The unit cell (a) of the ternary phosphide compound BaLiP with the centrosymmetric
hexagonal structure with space group P63/mmc, No. 194. The spheres of various colors represent
different atoms, as denoted by the text labels. Their bonding configurations form multiple polyhdera
as displayed by the color shaded areas, in which the Ba atoms are allocated at the six corners and the
Li and P atoms are alternately distributed at the central position. The corresponding bulk Brillouin
zone (b) with the high symmetry points and paths, as highlighted by red color. The translucent gray
color area stands for the (010) surface projection.

The phononic band structure of the ternary phosphide BaLiP has been calculated on
the basis of the relaxed crystal structure by density functional perturbation theory and
the results are shown in Figure 2. The high symmetry paths were chosen according to the
corresponding crystallography as realized by the SeeK-path tool [132] and their spatial
distribution in the first Brillouin zone can be referred to Figure 1b. From the phononic
spectrum, several prominent features can be immediately observed. There are 18 phononic
bands in total, as counted by the different color lines, and they represent the 3 × 6 = 18
vibrational modes for the six atoms in the unit cell. There is no soft phonon mode or
imaginary frequency band present, indicating the dynamic stability of this BaLiP structure.
Also, the low frequency acoustic branches are interwind with the high frequency optical
branches. The phononic bands in the entire range can be separated into three discrete
parts with different energy gaps distributed between them. Although all band crossings
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in the phonon spectrum can be accessed for the topological states, we still focus on the
middle part between 8.2 THz and 9.2 THz since there are only two phononic bands, with
band gaps of 1.24 THz and 0.63 THz from above and beneath bands, respectively, and
their topological features are relatively simple. To further examine the corresponding
phononic mode and vibrate direction of these two bands, we have decomposed the bands
with element contribution and vibration, from which we found the two bands are mainly
contributed from the two Li atoms in the primitive cell and they vibrate along the vertical
direction but against each other. Detailed information can be found in the Appendix A. The
local enlargement of this middle part from 8.2 THz to 9.2 THz is further displayed at the
bottom panel of Figure 2. It can be observed that the two band constitute bands degeneracy
in different positions. To be specific, the two bands form a crossing point at K point as
indicated by the pink arrow and they further become doubly degenerate convergence
along A-L-H-A and H-K paths as highlighted by the color shaded areas in the figure. Note
that the K point is located along the H-K path, the crossing point at K actually belong
to the double degeneracy along H-K path. Considering their different spatial location
and configural distribution of the two paths A-L-H-A and H-K, we can divide their band
crossing conditions into different topological states.
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Figure 2. The calculated phononic spectrum of the ternary phosphide compound BaLiP along high
symmetry paths. The bottom panel corresponds to the local enlargement of the two band distributions
at the frequency range from 8.2 to 9.2 THz. The color shaded areas along A-L-H-A and H-K highlight
the doubly degenerate convergence between these two bands. The band crossing at K point is
indicated by the arrow.

As shown in Figure 1b, the H-K path is located along one of the six vertical borders
of the hexagonal Brillouin zone and it has a straight line shape. Given that the two bands
form a linear crossing point at K point along M-K-Γ path, as indicated by the arrow in
the bottom panel of Figure 2, and the two paths M-K and K-Γ are perpendicularly located
with respect to the vertical H-K path, the double band degeneracy along H-K path should
correspond to a topological nodal line state. Similarly, considering the entire path A-L-H-A
is distributed completely within the kz = π plane, see Figure 1b, and the double band
convergence along this path is constituent of the linear band crossing from the transverse
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direction, such as along Γ-A and M-L paths, the double band degeneracy along A-L-H-A
path should correspond to a topological nodal surface state. This type of phononic nodal
line or nodal surface state has been reported and their symmetry determined nature has
also been theoretically analyzed [16]. To brief recall, the nodal line state is protected by
the threefold rotation symmetry C3z and the combined time reversal and spatial inversion

operation PT , and the nodal surface state is dictated by the combined antiunitary
∼
C2zT

symmetries, where
∼
C2z is the twofold screw axis along the ẑ direction. However, most

of the previous studies are focused on the electronic fermionic systems, in which the
spin orbital coupling effect often shifts the original topological states into other phases or
even destroy the topological features. Although some of the nodal line or nodal surface
states can be properly maintained under the spin orbital coupling effect, special symmetry
constraints or specific structural coordiations are required, which leads to the extreme
limit and great restriction of the available material candidates, not to mention the future
application potential. Compared with the tremendous studies in electronic systems, the
research in phononic system has just been started and the current study can provide an
effective platform for the examination of the phononic topological states. Furthermore,
since the spin orbital coupling effect is absent in the phononic state, these nodal line and
surface states can be ideally assessed.

To further examine these phononic nodal states and understand their formation
mechanism, we have calculated the phononic dispersion of the same two bands in the
kx = 0 plane, see the grey color shaded area within the Brillouin zone in Figure 1b, and the
obtained three dimensional band surface distribution is reported in Figure 3. The same
colors for the top and bottom bands are selected as the phonon spectrum in Figure 1. The
local coordination system is overlaid on the bottom. It can be seen that the two bands
only overlap with each other at the four rectangular borders and they are well separated
elsewhere and their crossing points at the borders are highlighted with different color
dots: green dots along K-H border and purple dots along H-A border. From this three
dimensional band surface, we can clearly find the double band degeneracies along H-A and
K-H are formed by the linear crossing of the same two bands from the transverse direction,
confirming their topological nature. The nodal line state along K-H stretches through the
entire Brillouin zone and its frequency variation is much smaller than that of the nodal
surface along H-A. According to the reverse dispersions of the crossing two bands, the
entire nodal line has a Type-I configuration. In combination with its vertical line shape, this
straight Type-I phononic nodal line has been scarcely reported and it has only been found
in few phononic systems with similar crystal structures.
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Figure 3. The three-dimensional phononic dispersion surface of the two bands in the middle part
for the ternary phosphide compound BaLiP in the kx = 0 plane. The band crossing points at the
rectangular border are highlighted with green and purple dots and the coordinate system is shown
on the bottom.

Given the very different frequency variations along the nodal line and nodal surface, a
precise band dispersion has been scanned along different path segments within the kx = 0
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plane and the results are shown in Figure 4, where the spatial distribution of the various
path segments can be referred to the bottom local coordinate system in Figure 3. Note
the lengths of the different path segments are scaled proportionally to their authentic
dimensions in the Brillouin zone. Besides, the same colors are applied for the two bands as
Figures 2 and 3. We can observe that the two bands form crossings at the right border of
each path segments and they actually correspond to the nodal line along K-H and nodal
surface along H-A. The crossing points are also highlighted by the same color dots as
Figure 3 and they are also connected to review their frequency variation. We can see the
crossing points along the left half segments have very small frequency variation for the
nodal line, less than 0.05 THz, whereas they exhibit much larger change along the right
half segments for the nodal surface, about 0.40 THz. Besides, from the band distributions
we can see the two bands have approximately the same linear dispersion range along
the nodal line; while, they take rapid variation in the reverse manner: shrink for the top
band of blue color and expand for the bottom band of red color, leading to the extreme
linear dispersion range variations, increase for the bottom band the decrease for the top
band, respectively. These different conditions for the frequency variation of the topological
nodal states are only related with the specific materials and they are not restricted by the
crystalline symmetries.
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For the symmetry determined topological states, they are often accompanied by the
nontrivial surface states, Fermi arcs for nodal points and drumhead states for nodal lines,
which are indeed the primary characteristics for the topological properties. However, in
most cases these surface states are mixed or covered with the bulk ones, leading to the
abolishment of the potential topological application. In some cases, relatively clean band
structures can be present and the topological surface states can be thus well separated
from the bulk ones. This special condition is quite limited around the Fermi energy
level for electronic fermionic systems; yet there is no such restraint for the topological
phononic states. Besides, these nontrivial surface states are generally applied to verify
the corresponding topological states for both electronic and phononic systems from both
theoretical and experimental points of view.

Based on the constructed Wannier-type tight-binding Hamiltonian, we have examined
the surface states of the nodal line and nodal surface in the ternary phosphide BaLiP. A
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30-layer slab system was cleaved along the (010) surface, on which the surface spectrum has
been calculated and the results are reported in Figure 5. In consideration of the nodal line
or the nodal surface with large spatial occupation in the Brillouin zone and, in particular,
the nodal line stretches through the Brillouin zone border, the surface spectrum has been
calculated along multiple path segments. The middle path segments a1-a2/b1-b2/c1-c2/d1-
d2 are evenly distributed between Γ-M and A-L paths. Since the slab layer structure along
the (010) surface has asymmetric termination condition, the surface spectra for the top and
bottom surfaces exhibit different distribution, see Figure 5a for the top termination and
Figure 5b for the bottom termination, respectively. The same frequency range from 8.2 THz
to 9.2 THz is applied for both plots. Prominent drumhead surface states are emitted from
the crossing points along the nodal line for both top and bottom termination surfaces, as
indicated by the red arrows in the figures. More importantly, these surface states are all
well separated from the bulk band projections along the different path segments, especially
for the top termination surface of Figure 5a. This feature can be very beneficial for future
experimental characterization or be very preferable for potential practical application. For
the A-L path, the surface state is buried within the bulk band projection. In previous works,
the phononic nodal line or nodal surface state has been reported; whereas, they are most
constituted by different bands or they are not directly connected. The coincidence of nodal
line and nodal surface states with the same two bands leads to the formation of exotic
nodal cage state, which is very rare and can provide an exotic platform to further studied
the possible correlation effect between different topological states.
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Except the dynamic perspective, the mechanical property for a material also plays
a crucial role regarding to its practical application. Consequently, we further assessed
the mechanical parameters of this ternary phosphide BaLiP. There are five independent
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elastic constants for this hexagonal compound, namely, C11, C12, C13, C33 and C44, and
they are estimated by the stress-strain method [133]. In addition, several other important
mechanical properties can be obtained with the Voigt-Reuss-Hill approximation [134],
including the Young’s modulus, shear modulus and Poisson’s ratio. All the mechanical
values are reported in Table 1. Furthermore, we also examined the mechanical anisotropy
by calculating the spatial dependent distribution of Young’s modulus, shear modulus and
Poisson’s ratio and their results are displayed in Figure 6. We can directly observe that the
Young’s modulus has its minimum value along [001] direction while shear modulus and
Poisson’s ratio exhibit the maximum value along the same direction. These mechanical
properties can provide a practical reference for its applied usage.

Table 1. The calculated various elastic constants (Cij), Young’s modulus E, shear modulus G and
Poisson’s ratio ν for the ternary phosphide BaLiP. All units are in GPa, except no unit for the
Poisson’s ratio.

C11 C12 C13 C33 C44 E G υ

99.85 22.88 33.10 65.30 38.488 79.80 32.52 0.227
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4. Conclusions

In conclusion, a systematic investigation has been conducted to examine the topo-
logical states in the ternary phosphide compound BaLiP. Theoretical calculation results
show that there are ideal nodal line and nodal surface states in the phononic spectrum.
The nodal line is distributed along the vertical border line of the hexagonal Brillouin zone,
whereas the nodal surface is located in the top/bottom surface, which is perpendicular
to the nodal line. Detailed band structure analysis and symmetry model argument are
provided. Different from previous studies, the nodal line and nodal surface are constituted
from the same two bands and they together form an exotic nodal cage. Based on the
constructed tight-binding Hamiltonian, the surface states for the topological phononic
states are examined. Evident drumhead surface states are observed and they are originated
from the entire nodal line and, more importantly, all the surface states are well separated
from the bulk band projection, which can be very preferable for both future experimental
detection and potential practical application. Besides, the mechanical properties are further
assessed and several important parameters are obtained, which can provide a useful refer-
ence for its final application. Overall, the topological phononic states found in current study
exhibit multiple advantageous properties and, especially, the coincidence of two different
nodal states can offer a platform to further examine their correlation effect, leading to the
inspiration of the relative studies from both theoretical and experimental perspectives.
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Appendix A

The studied BaLiP with space group P63/mmc (No. 194) has different crystal structure

with the other consubstantial one with space group P
−
6m2 (No. 187) in Ref. [24]. To be

specific, we put the two structures together in the following Figure A1. We can see that
the two crystal structures are very different not only in the lattice constants but also in the
containing atom number.
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colors represent different atoms, as also labeled by the color text. Note the two structures contain
different total number of atoms.

The BaLiP in Ref. [24] has space group P
−
6m2 (No. 187) and it has three atoms in

total whereas the other one with space group P63/mmc (No. 194) contains six atoms. This
different atom numbers can also be reflected from the different phonon bands, as plotted
in the following Figure A2. Note that the same phonon band structure is obtained for

BaLiP in space group P
−
6m2 (No. 187) as Ref. [24], which can also confirm the validity

of our calculation method. We can see the phonon spectrum for BaLiP with space group
P63/mmc in the left panel has 18 bands, equal to 3 × 6, where 6 stands for the containing

atom number in the primitive cell. For BaLiP with space group P
−
6m2 in the right panel of

Figure A2, there are only 9 bands, equal to 3 × 3, where 3 stands for the containing atom
number in the primitive cell. This different crystal structures and atom numbers would
lead to the distinct topological properties.
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Considering there are two Li atoms in the primitive cell, we further decompose the 
phonon spectra with vibration mode for the two Li atoms and the obtained results are 
displayed in Figure A4. It can be seen that the two focused bands between 8.2 THz and 
9.2 THz have mostly blue colors, which correspond to the vibration mode along vertical 
direction. The two insets exhibit the vibration direction for the two Li atoms as indicated 
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Figure A2. The phono band spectra for BaLiP materials under the two different crystal structures. The
corresponding crystal space groups are located on the top with different colors. To further examine
the phononic mode and vibrate direction of the studied two topological bands, we have decomposed
the bands with element contribution and vibration, and their results are reported Figures A3 and A4,
respective. From Figure A3, we found the entire phonon band can be divided into three parts from
the frequency range: low frequency bands from Ba element, middle frequency bands from P element
and high frequency bands from Li element. Especially, the two bands between 8.2 THz and 9.2 THz
are only contributed by the Li element.
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Figure A3. The phono band spectra with element contribution decomposition as overlaid by different
color weights: red color for Li, green color for P and blue color for Ba.

Considering there are two Li atoms in the primitive cell, we further decompose the
phonon spectra with vibration mode for the two Li atoms and the obtained results are
displayed in Figure A4. It can be seen that the two focused bands between 8.2 THz and
9.2 THz have mostly blue colors, which correspond to the vibration mode along vertical
direction. The two insets exhibit the vibration direction for the two Li atoms as indicated
by the color arrows, and it is found the two Li atoms have reverse vibration mode along
the vertical direction. Thus the topological feature of the two bands are mainly constituted
by the Li atoms with opposite vibration mode along the vertical direction. This clean
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phonon band with simple vibration mode can be very beneficial for the corresponding
experimental verification.
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