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Abstract

:

A new model of non-classical phononic crystal (PC) microbeam for the elastic wave bandgap generation is provided, incorporating microstructure, piezomagnetism, piezoelectricity and temperature effects. The wave equation of a general magneto–electro–elastic (MEE) phononic crystal microbeam is derived, which recovers piezoelectric- and piezomagnetic-based counterparts as special cases. The piezomagnetic and piezoelectric materials are periodically combined to construct the PC microbeam and corresponding bandgaps are obtained by using the plane wave expansion (PWE) method. The effects of the piezomagnetism, piezoelectricity, microstructure, geometrical parameters and applied multi-fields (e.g., external electric potential, external magnetic potential, temperature change) on the bandgaps are discussed. The numerical results reveal that the bandgap frequency is raised with the presence of piezo and microstructure effects. In addition, the geometry parameters play an important role on the bandgap. Furthermore, large bandgaps can be realized by adjusting the external electric and magnetic potentials at micron scale, and lower bandgap frequency can be realized through the temperature rise at all length scales.
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1. Introduction


Phononic crystal (PC) structures, known as periodic composite structures, exhibiting bandgaps with piezoelectric/piezomagnetic/magnetoelectric phases, have been investigated in recent years, which can find important applications in harmonic signal processing, vibration reducing, noise controlling, filtering, and other MEMS/NEMS devices [1,2,3,4,5,6,7,8,9,10]. The bandgap for elastic wave propagation arises from the Bragg scattering and local resonance [11,12,13]. As a result, thin structures (e.g., rods, beams, plates and shells) usually exhibit size-dependent effects at small scales [14,15,16,17,18,19,20,21,22,23,24,25], which cannot be captured by the existing classical theories. The same phenomenon also happens in bandgaps made of micro-/nano-PC structures.



Many higher-order/non-classical theories have been proposed to explain this phenomenon, which describes the size effects by attaching additional material parameters, such as nonlocal theories [26,27], surface elasticity theories [28], strain gradient theories [17,29,30] and couple stress theories [31,32,33]. These theories and their extended versions are widely applied to predict the bandgap at the micron and nanometer scales. For example, Qian et al. [34] and Song et al. [35] examined the effects of external electric and temperature fields on the bandgap for piezoelectric PC nanobeams and nanoplates based on the nonlocal theory. Qian [36] also studied the surface effect on bandgaps in a PC nanobeam. Zhang et al. [37] established a piezomagnetic PC nanobeam based on the nonlocal theory and explored the effects of nonlocal parameter, geometric parameters, magnetic field and pre-stress on the bandgap. The bandgaps of 1D, 2D and 3D PCs based on the modified coupled stress theory (MCST) and the surface elasticity theory were symmetrically investigated [38,39,40,41,42,43], and Espo et al. [8] extended this to a piezoelectric PC beam model. This MCST or its extended versions have been given a direct physical interpretation based on material microstructures [44], which can successfully describe the microstructure effects for thin structures at very small scale.



On the other hand, in purely elastic PCs, the bandgap performance is fixed once the inclusion geometry and material are given. However, PCs made of piezoelectric/piezomagnetic/ magnetoelectric materials and incorporating the thermoelastic effect can manipulate the bandgap size in real time by varying the external multi-physical fields, which have important application in MEMS/NEMS devices. Hence, the prediction of the bandgap for magneto–electro–elastic phononic crystal (MEE-PC) structures at the micro scale is very desirable. However, based on the authors’ knowledge, within the context of the MCST or its extended versions, no model that is able to predict the bandgaps has been proposed for a MEE-PC beam at the micron scale. This motivated the current work.



In this paper, a new MEE-PC beam model incorporating microstructure, piezomagnetism, piezoelectricity and temperature effects is presented based on the extended MCST. With the help of the extended MCST, the current model can obtain more accurate bandgaps in a MEE-PC beam at the micron scale. This configuration requires uniform cross section and perfect bonded conditions, which can be additively manufactured. The wave equation of a general MEE-PC microbeam is derived and applied to determine the bandgaps made of piezomagnetic and piezoelectric materials using the plane wave expansion (PWE) method. A parametric study is then performed to examine a series of factors. The current model can be used to guide the design of resonator components, tunable filters and other functional MEMS devices.




2. Formulation


As shown in Figure 1, consider a MEE-PC beam that continues indefinitely along the x-axis with a uniform rectangular cross section. The unit cell consists of two perfect bonded beams of material A with length   a 1   and material B with length   a 2  , and the lattice constant   a =  a 1  +  a 2   . The MEE-PC beam is subjected to applied z-axis polarized electric potential  Φ , magnetic potential  Γ  and a uniform temperature change   Δ T  .



Based on the extended MCST [45,46], the constitutive equations of a MEE Euler beam incorporating microstructure and temperature effects can be expressed as follows [36,46,47]:


      σ x  =  C 11   ε x  −  e 31   E z  −  q 31   H z  −  C 11  α Δ T ,     



(1)






      D z  =  e 31   ε x  +  κ 33   E z  +  d 33   H z  +  p 1  Δ T ,     



(2)






      B z  =  q 31   ε x  +  d 33   E z  +  μ 33   H z  +  β 1  Δ T ,     



(3)






      m  x y   =  (  A 11  −  A 12  )   χ  x y   ,     



(4)




where   σ x   is the axial stress;   D z   is the electric displacement;   B z   is the magnetic flux;   m  x y    is the couple stress;   C 11   is the elastic constant;   A 11   and   A 12   are couple stress constants;   e 31   and   κ 33   are, respectively, piezoelectric and dielectric constants;   q 31   and   μ 33   are the piezomagnetic and magnetic constants, respectively;   d 33   is the magneto-dielectric coupling constant;  α  is the coefficient of thermal expansion;   p 1   and   β 1   are pyroelectric and pyromagnetic constants, respectively;   Δ T   is the temperature change; and    ε x  ,  χ  x y     are, respectively, axial linear strain and symmetric curvature in Bernoulli Euler beam given by


      ε x  = − z    ∂ 2  w  ( x , t )    ∂  x 2    ,     



(5)






      χ  x y   = −  1 2     ∂ 2  w  ( x , t )    ∂  x 2    ,     



(6)




with   w ( x , t )   being the deflection. The electric field   E z   and magnetic field   H z   are related to the electric potential  Φ  and the magnetic potential  Γ  through


      E z  = −   ∂ Φ   ∂ z   ,     



(7)






      H z  = −   ∂ Γ   ∂ z   .     



(8)







In addition, the balance equations for the current case can be written as [48]


       ∂  D z    ∂ z   = 0 ,     



(9)






       ∂  B z    ∂ z   = 0 .     



(10)







Substituting Equation (5) into Equations (2) and (3) yields


      D z  = −  e 31  z    ∂ 2  w  ( x , t )    ∂  x 2    +  κ 33   E z  +  d 33   H z  +  p 1  Δ T ,     



(11)






      B z  = −  q 31  z    ∂ 2  w  ( x , t )    ∂  x 2    +  d 33   E z  +  μ 33   H z  +  β 1  Δ T .     



(12)







Determining   ∂ z   of Equations (11) and (12), with the help of Equations (7)–(10), leads to


      e 31     ∂ 2  w  ( x , t )    ∂  x 2    +  κ 33     ∂ 2  Φ   ∂  z 2    +  d 33     ∂ 2  Γ   ∂  z 2    = 0 ,     



(13)






      q 31     ∂ 2  w  ( x , t )    ∂  x 2    +  d 33     ∂ 2  Φ   ∂  z 2    +  u 33     ∂ 2  Γ   ∂  z 2    = 0 .     



(14)







The boundary conditions of the magnetic and electric fields for the beam are assumed as


     Φ  ( z =  h 2  )  =  V 0  , Φ  ( z = −  h 2  )  = 0 ,       Γ  ( z =  h 2  )  =  Ω 0  , Γ  ( z = −  h 2  )  = 0 .     



(15)







Substituting Equation (15) into Equations (13) and (14) then leads to


     Φ = −   η 1  2     ∂ 2  w  ( x , t )    ∂  x 2       z 2  −   h 2  4    +   V 0  h  z +   V 0  2  ,     



(16)






     Γ = −   η 2  2     ∂ 2  w  ( x , t )    ∂  x 2       z 2  −   h 2  4    +   Ω 0  h  z +   Ω 0  2  ,     



(17)




where    η 1  =    e 31   μ 33  −  q 31   d 33     κ 33   μ 33  −  d  33  2    ,   η 2  =    q 31   κ 33  −  e 31   d 33     κ 33   μ 33  −  d  33  2    .  



Combining Equations (7), (8), (16) and (17) yields


      E z  =  η 1     ∂ 2  w  ( x , t )    ∂  x 2    z −   V 0  h  ,     



(18)






      H z  =  η 2     ∂ 2  w  ( x , t )    ∂  x 2    z −   Ω 0  h  .     



(19)







Substituting Equations (18) and (19) into Equation (1) results in


   σ x  =    e 31   V 0  +  q 31   Ω 0   h  −    C 11  +  e 31   η 1  +  q 31   η 2    z    ∂ 2  w  ( x , t )    ∂  x 2    −  C 11  α Δ T .  



(20)







Integrating Equation (20) and its product with z over the cross section of beam, it follows that


     P =  ∫ A   σ x  d A = b    e 31   V 0  +  q 31   Ω 0    − b h  C 11  α Δ T ,     



(21)






     M = −  ∫ A   z  σ x   d A =   b  h 3   12     C 11  +  e 31   η 1  +  q 31   η 2       ∂ 2  w  ( x , t )    ∂  x 2    ,     



(22)




where A is the area of the beam cross section.



According to the generalized Young–Laplace equations [49,50], the governing equation including couple stress [15] can be written as


     ∂ 2  M   ∂  x 2    +    ∂ 2   Y  x y     ∂  x 2    − P    ∂ 2  w  ( x , t )    ∂  x 2    = − ρ A    ∂ 2  w  ( x , t )    ∂  t 2    ,  



(23)




where


   Y  x y   = −  ∫ A   m  x y   d A  



(24)







Substituting Equations (21), (22) and (24) into Equation (23), and eliminating the beam width b, the wave equation in term of w can be obtained as


       ∂ 2   ∂  x 2        h 3  12     C 11  +  e 31   η 1  +  q 31   η 2  +  6  h 2    A 11  −  6  h 2    A 12       ∂ 2  w  ( x , t )    ∂  x 2                        −      e 31   V 0  +  q 31   Ω 0    − h  C 11  α Δ T      ∂ 2  w  ( x , t )    ∂  x 2    = − ρ h    ∂ 2  w  ( x , t )    ∂  t 2    .     



(25)







When the piezoelectric and piezomagnetic effects are suppressed (i.e., setting    e 31  =  κ 33  =  q 31  =  μ 33  =  d 33  = 0  ), the wave equation given in Equation (25) will reduce to


       ∂ 2   ∂  x 2        h 3  12     C 11  +  6  h 2    A 11  −  6  h 2    A 12       ∂ 2  w  ( x , t )    ∂  x 2      + h  C 11  α Δ T    ∂ 2  w  ( x , t )    ∂  x 2    = − ρ h    ∂ 2  w  ( x , t )    ∂  t 2    ,     



(26)




as the microstructure-dependent wave equation for an Euler beam with temperature effect.



When the microstructure effect is suppressed by setting    A 11  =  A 12  = 0  , Equation (25) becomes


       ∂ 2   ∂  x 2       h 3  12    C 11  +  e 31   η 1  +  q 31   η 2      ∂ 2  w  ( x , t )    ∂  x 2                       −    e 31   V 0  +  q 31   Ω 0   − h  C 11  α Δ T     ∂ 2  w  ( x , t )    ∂  x 2    = − ρ h    ∂ 2  w  ( x , t )    ∂  t 2    ,     



(27)




as the wave equation for a MEE-Euler beam with temperature effect.



The bandgap is calculated by using PWE. According to Bloch’s theorem [51] and the periodicity of the model, the form of the elastic wave   w ( x , t )   can be given as


  w  ( x , t )  =  W k   ( x )   e  i ( k x − ω t )   ,  



(28)




where  ω  is the wave angular frequency, i is the imaginary unit, Bloch wave vector k limited to the first Brillouin zone   [ − π / a , π / a ]   and    W k   ( x )    is an amplitude.



The material properties and the elastic wave   w ( x , t )   are expanded into a Fourier series in reciprocal space and then put into the corresponding wave equation, which can be converted into solving the eigenproblem. For a certain value of k, the corresponding eigenfrequencies can be obtained by solving the eigenequation. The bandgaps of the MEE-PC microbeam can be then be identified as the ranges of  ω  over which there is no real value of k [40]. In addition, bandgaps in the composite PC microbeams with piezoelectric or piezomagnetic inclusions can be determined as special cases. From Equations (25)–(27), it can be shown that the current model recovers the MCST-based elastic model and classical MEE model as special cases.



Note that the current model possesses the same limitations as those of the classical case using the plane wave expansion method. For a finite or complicated structure, the finite-element method might be an alternative choice. In addition, in reality, the bandgaps can be affected by various reasons, such as the non-uniformity of the beam, bonded conditions and microdefects. Furthermore, some experimental cases could be constructed at very small scales.




3. Numerical Results


To quantitatively illustrate the new model, numerical results are presented in this section. In generating these results, material A is taken to be piezomagnetic (PM) material    CoFe 2   O 4   , and material B is chosen to be piezoelectric (PE) material   BaTiO 3  . The parameters are listed in Table 1. Note that the bandgap calculated by the wave equation in Equation (25) is considered to be the current model, while the classical bandgap is identified in Equation (27). Furthermore, only the first bandgap is calculated and discussed in subsequent sections, unless otherwise noted.



3.1. Validation


To verify the correctness of the current model provided from Section 2, an example in comparison with another study was carried out. The geometric and physical parameters of the model in this section are adopted from Qian et al. [34]. The specific bandgaps of the current model are gained by suppressing the microstructure and piezomagnetic effects of the model (i.e., setting    A 11  =  A 12  =  q 31  =  μ 33  =  d 33  = 0   in Section 2), as shown in Figure 2a,b. For the convenience of comparison, bandgaps without a size effect (i.e., not applying nonlocal theory) provided by Qian et al. [34] are also plotted in Figure 2a. It is shown that bandgaps predicted by the current model without microstructure and piezomagnetic effects are in good agreement with those by Qian et al. [34]. In addition, to validate the PWE method in the current model, the bandgaps predicted by the transfer matrix method (TMM) with the same conditions have also been plotted in Figure 2b. Note that the TMM method has been successfully proved to predict bandgaps in the multifield PC beams at macron scale [52,53,54]. It can be observed that the numerical results of both the PWE and TMM methods are the same.




3.2. Effects of Piezoelectricity and Piezomagnetism on Bandgap


In this section, the geometric parameters of PC microbeams are   h = 2  mm  ,   a = 10 h  ,    a 1  =  a 2  = 0.5 a  . The other parameters are   Δ T = 20  ° C ,  V 0  = 0  V ,  Ω 0  = 0  A   (i.e., turn off external electric and magnetic potentials). The first bandgap of the current model is shown in Figure 3a. It is worth noting that the bandgap without piezoelectricity and piezomagnetism effects can be produced by setting    e 31  =  κ 33  =  q 31  =  μ 33  =  d 33  = 0   (see Equation (26)), as shown in Figure 3b.



In Figure 3a, the first bandgap range of the current model is 12.54–15.37 kHz, and the bandgap range without piezoelectricity and piezomagnetism effects is 12.49–15.31 kHz (see Figure 3b). It is seen from Figure 3 that the frequency values forming the first bandgap for the current model are always higher than those for the case without the piezo effect, as expected [55].




3.3. Effect of Microstructure (Beam Thickness) on Bandgap


The geometric parameters of the PC microbeams in this section are   a = 10 h  ,    a 1  =  a 2  = 0.5 a  , the beam thickness h varies from 10 μm to 70 μm, and other parameters are   Δ T = 20   °C,    V 0  = 0.2  V  ,    Ω 0  = 0.2  A  . The bandgap (i.e., black square line) predicted by the current model is shown in Figure 4. For comparison purposes, the bandgap (i.e., red circular line) predicted by the classical model (i.e., eliminating the microstructure effect) is also plotted in Figure 4.



From Figure 4, it is observed that both the bandgap frequencies of the current and classical models decrease with the increase in beam thickness h. However, with the increase in beam thickness h, the difference between the two models gradually decreases. In addition, both the upper and lower frequency values of the current model are always higher than those of the classical model. This indicates that the microstructure effect leads to an increased beam frequency, thereby stiffening the beam as expected [19]. Furthermore, at the macroscopic scale, the microstructure effect can be neglected.




3.4. Effect of Lattice Constant on Bandgap


Figure 5 displays variation of bandgap as a function of the normalized lattice constant   a / h  , of the current model (i.e., black square line) and the classical model (i.e., red circular line). Here,   h = 10   μm,   a / h   varies from 10 to 50 and other parameters are kept to be the same as Section 3.3. As the lattice constant a increases, the frequency and size of the bandgap gradually decrease, which can be seen from Figure 5 for both models. This reveals that a lower frequency bandgap can be adjusted by the lattice constant. Moreover, it is not difficult to see that the bandgap frequency of the current model is always higher than that of the classical model.




3.5. Effect of Volume Fraction on Bandgap


In Figure 6, the bandgap of the current and classical models varies with   V f  ( A )    which is defined as the volume fraction of material A (   CoFe 2   O 4   ) (i.e.,    a 1  / a  ), and values of the bandgap are provided in Figure 6 and Table 2. The geometric parameters are   h = 10   μm,   a = 10 h  , and the other parameters are the same as those in Section 3.3.



From Figure 6 and Table 2, the bandgap of the current model increases with the increase in   V f  ( A )    before attaining its maximum of 722.67 kHz at    V f  ( A )   = 60 %  , after which the bandgap size decreases. The bandgap of the classical model is similar to that shown in the current model. This indicates that a larger bandgap can be generated by manipulating the volume fraction of the material.




3.6. Tunable Bandgap through the External Electric Potential


This section shows the bandgap can be adjusted through the external electric potential of the current and classical models. The external electric potential   V 0   varies from 0 to 2000 V, and the beam thickness   h = 10   μm in Figure 7a, while   h = 2   mm in Figure 7b. The remaining parameters are fixed as those in Section 3.3 (i.e.,   a = 10 h  ,    a 1  =  a 2  = 0.5 a  ,   Δ T = 20   °C,    Ω 0  = 0.2  A  ).



From Figure 7a, it is seen that the bandgap size of the current model gradually increases with the increase in applied electric potential when the beam size is small (with   h = 10   μm here), while the frequency decreases. The bandgap of the classical model has a similar trend. In addition, the bandgap frequency of the current model is always higher than that of the classical model, which is consistent with the conclusion in previous sections.



When the beam size is large (with   h = 2   mm here), the change in the bandgap is not obvious with the applied electric potential. Meanwhile, the frequency and size of bandgap predicted by the current and classical models are almost the same, as shown in Figure 7b. By comparing Figure 7a with Figure 7b, it can be found that the effect of external electric potential on micro-scale PCs is greater than that of large scale.




3.7. Tunable Bandgap through the External Magnetic Potential


In this section, the effect of external magnetic potential on the bandgap is studied with   h = 10   μm and   h = 2   mm. The applied magnetic potential   Ω 0   varies from 0 to 50 A,    V 0  = 0.2  V  , and other parameters are kept the same as those in Section 3.6.



For   h = 10   μm, the frequency and size of bandgap of the current and classical models are positively correlated with the external magnetic potential. However, the bandgap frequency of the current model is higher than that of the classical model. For   h = 2   mm, the fluctuation of the bandgap is not obvious. At the same time, the bandgap frequency and size predicted by the two models are almost the same, as shown in Figure 8b. This shows that the microstructure effect and applied magnetic potential on the bandgap are significant only when h is very small.




3.8. Tunable Bandgap through the Temperature Change


Figure 9 plots the bandgap of the current and classical models with temperature variation at   h = 10   μm and   h = 2   mm. Temperature change   Δ T   varies from −100 to   100  ° C ,  V 0  = 0.2  V   and other parameters are the same as Section 3.6.



From Figure 9a, with the increase in   Δ T  , the bandgap frequency of the two models decreases. From Figure 9b, the variation trend of the bandgap is like that for   h = 10   μm. In addition, Figure 9b shows that in the case of   h = 2   mm, the bandgap size of the current model is the same as that of the classical model. From Figure 9, it indicates that the effect of temperature on bandgaps is present at all length scales.





4. Conclusions


In this paper, based on the extended MCST, a new model of piezoelectric/ piezomagnetic/ magnetoelectric PC microbeam is proposed to determine the bandgap. The wave equation for a general MEE-PC microbeam is obtained. The bandgap of the MEE-PC microbeam is determined, which reduces to the piezoelectric- and piezomagnetic-based counterparts as special cases.



The numerical results show that the piezo effects result in an increased beam frequency. The microstructure effect is large when the beam is very small but diminishes as the beam thickness increases. In addition, the numerical results show that the bandgap size varies significantly with the lattice constant and volume fraction. Moreover, external electric and magnetic fields are more likely to affect the bandgaps at small scale, which can be used to manipulate bandgaps in MEMS devices. However, the bandgap sizes can be tailored by adjusting the temperature rather than the external electric and magnetic fields at all length scales.
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Figure 1. Schematic of a MEE-PC beam. 
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Figure 2. Comparison of bandgaps of the current model without microstructure and piezomagnetic effects with (a) Qian et al. [34], and (b) TMM model. 
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Figure 3. Bandgaps of the current model (a) with and (b) without piezomagnetic and piezoelectric effects. 
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Figure 4. Bandgaps of the current and classical models varying with the beam thickness h. 
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Figure 5. Bandgaps of the current and classical models varying with the normalized lattice constant   a / h  . 
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Figure 6. Bandgaps of the current and classical models varying with the   V f  ( A )   . 
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Figure 7. Bandgaps of current and classical models under different external electric potentials with (a)   h = 10   μm, and (b)   h = 2   mm. 
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Figure 8. Bandgaps of current and classical models under different external magnetic potentials with (a)   h = 10   μm, and (b)   h = 2   mm. 
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Figure 9. Bandgaps of current and classical models under different temperature changes with (a)   h = 10   μm, and (b)   h = 2   mm. 
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Table 1. Parameters of    CoFe 2   O 4    and   BaTiO 3   [46,47].
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	Meterial Parameters
	     CoFe 2   O 4   ( PM )     
	     BaTiO 3   ( PE )     





	   ρ ( kg /  m 3  )   
	5300
	5800



	    C 11   ( GPa )    
	286
	166



	    A 11   ( N )    
	15.366
	8.134



	    A 12   ( N )    
	9.295
	3.773



	    e 31   ( C /  m 2  )    
	0
	−4.4



	    κ 33   (  10  − 9    C 2  /  Nm 2  )    
	0.093
	12.6



	    q 31   ( N / Am )    
	580.3
	0



	    μ 33   (  10  − 6    Ns 2  /  C 2  )    
	157
	10



	    d 33   ( Ns / VC )    
	0
	0



	   α (  10  − 6   / K )   
	10
	15.7
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Table 2. Bandgap size of current and classical models with different values of   V f  ( A )   .
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     V f  ( A )    ( % )     

	
Bandgap Size (kHz)




	
Current Model

	
Classical Model






	
0

	
0

	
0




	
10

	
173.99

	
131.08




	
20

	
347.14

	
165.44




	
30

	
507.5

	
392.57




	
40

	
634.74

	
499.07




	
50

	
711.86

	
569.63




	
60

	
722.67

	
588.9




	
70

	
656.09

	
544.64




	
80

	
508.63

	
430.46




	
90

	
285.18

	
246.47




	
100

	
0

	
0
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