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Abstract: A model of the estimation of the ferroelectric-based phase-shifter figure of merit concerning
the material properties and phase-shifter design parameters is presented. The influence of ferroelectric
material tunability and losses on phase-shifter characteristics are analyzed. Two approaches to phase-
shifter design (transmission line and band-pass filter) are considered. The review of the published
results on the ferroelectric phase-shifter design was performed to approve the method proposed.
Recommendations to optimize the phase-shifter development process are suggested on the basis of
the elaborated model and analysis performed.

Keywords: ferroelectrics; tunable capacitor; tunable transmission line; phase-shifter; figure of merit;
insertion loss; band-pass filter

1. Introduction

Phase-shifter can be considered a key element of modern microwave electronics.
Excluding digital phase shifters, switching a different number of transmission line sections,
there are several methods to design the phase-shifters with an analog control: tunable
transmission lines (regular or periodically loaded), tunable wideband band-pass filters and
reflection-type phase-shifters. The first two methods are considered in the present work.

The main characteristic of the yield of a phase-shifter is a figure of merit (FoM)
defined as

FoM =
∆φ

L
, (1)

where ∆φ is the phase-shift (actually the difference between phase-shifts for two states—
zero bias voltage and maximum bias voltage for voltage-controlled devices) and L is the
insertion loss of a phase-shifter.

Application of ferroelectric (FE) films for the microwave devices requires a preliminary
estimation of the device’s parameters, relying on the electrophysical characteristics of the
FE tunable element (capacitor) or the FE film itself, to choose the optimal design option.
Commonly, the estimation of FE films’ applicability from the point of their microwave
properties is carried out based on the FE capacitor figure of merit (commutation quality
factor (CQF)) proposed by Vendik [1–5]

CQF =
(K− 1)2

K tan δ1 tan δ2
, (2)

where K = C1/C2 is tunability of the capacitance C under the bias voltage Ub from the
initial capacitance C1 = C(0) to the capacitance under bias C2 = C(Ub) and tan δ1 and
tan δ2 are values of the loss tangent of the capacitor with and without bias, respectively.
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The CQF parameter allows choosing the best one from a number of tunable capacitors with
various combinations of tunability and dielectric losses.

The development task requires taking into account the features of the design, particu-
larly losses in the other parts of the device except for the FE tunable element. The estimations
of the figure of merit have been developed for the phase-shifters based on the regular trans-
mission line [1–3,6] and on the periodically loaded transmission line [7] and for reflection
type phase-shifters [5,8]. The figure of merit has also been introduced for the ferroelectric
based band-pass filters (BPF) [9,10]. However, the figure of merit for the phase-shifter based
on the microwave band-pass filter (BPF) has not yet been considered.

There is another concern in the ferroelectrics application at microwaves. The mi-
crowave losses of the FE tunable capacitor depend on a control voltage, which leads to a
variation of the microwave device’s insertion loss. Thus, undesired amplitude modulation
emerges. This effect can be compensated by changing the inclusion of the tunable element
into the device. Such compensation has been considered for the periodically loaded trans-
mission line [7]. However, the application of the ferroelectrics in a condition of the variated
inclusion requires the special estimation of the ferroelectrics figure of merit.

In the present work, an approach to estimate the figure of merit of a microwave phase-
shifter based on the band-pass filter structure compared with the one based on a tunable
transmission line is considered in detail. The above definition of the CQF parameter
is expanded, considering the possibility of the FE capacitor inclusion variation into a
microwave device.

2. Methods
2.1. Figure of Merit of the Transmission Line Based Phase-Shifter

The figure of merit for the phase-shifters based on the transmission line is considered
in previous publications for the cases of lossless conductors [1,3] (superconductor phase-
shifter) and lossy conductors [6]. However, we deliberately derive all expressions again to
keep the continuity of the presentation.

Phase-shifter can be designed based on the transmission line section, where the
propagation constant β can be changed (for example, by the tuning of a ferroelectric by a
bias voltage). The phase in transmission line is defined as φ = βl, β = 2π/Λ, Λ = λ

√
ε,

where l is the length of the section, Λ is the wavelength in the transmission line, λ is the
wavelength in a free space and ε is the effective permittivity of the transmission line so that√
ε = λ/Λ.

Phase in the transmission line can be changed by the tuning the ε so that phase-shift
∆φ is

∆φ = 2πl
1

λ0
(
√
ε1 −

√
ε2), (3)

where λ0 is the operating wavelength of the phase-shifter and ε1 = ε(0) and ε2 = ε(Ub)
are the permittivity at zero voltage and under bias, respectively.

Insertion loss per unit of the transmission line length α can be defined as [11]

α = 8.68π

√
ε

Q λ
, (4)

where Q is transmission line Q-factor. The mean insertion loss value of the line being
tuned is

αmean = 8.68π
4
√
ε1ε2√

Q1Q2 λ
. (5)

The mean Q-factor, in turn, is

Qmean =
√

Q1Q2 =
Q0

1 +
√

tan δ1 tan δ2 Q0
, (6)
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where tan δ1 and tan δ2 are dielectric loss tangent values at zero voltage and bias volt-
age, respectively, and Q0 is the inherent Q-factor of transmission line determined by the
conductive loss (see Appendix A).

The length of the line required to shift the phase by 2π is defined from Equation (3),
substituting ∆φ = 2π:

lline =
λ√

ε1 −
√
ε2

. (7)

Then, the mean insertion loss for the tunable transmission line with the length lline
that shifts the phase by 2π can be written from Equations (5)–(7) as

Lmean = αmean lline = 8.68π
1

Q0

4
√
ε1ε2√

ε1 −
√
ε2

+ 8.68π
4
√
ε1ε2
√

tan δ1 tan δ2√
ε1 −

√
ε2

. (8)

Equation (8) can be transformed, taking into account the tunability, to Kε = ε1/ε2, as

Lmean = 8.68π
1

Q0

4
√

Kε√
Kε − 1

+ 8.68π
4
√

Kε

√
tan δ1 tan δ2√
Kε − 1

. (9)

The tunability Kε can also be expressed as K = C1/C2 as in Equation (2), but, in this
case, C1 and C2 are the capacitances of the transmission line at zero voltage and at bias
voltage, respectively.

From Equation (9), the figure of merit of the transmission line can be defined as

qline =

√
K−1
4√K√

tan δ1 tan δ2
, (10)

and the insertion loss in the phase-shifter based on the tunable transmission line can be
written as

L = 8.68π
1

Q0
4√K√
K−1

+ 8.68π
1

qline
. (11)

The figure of merit qline defined by Equation (10) compares with the CQF defined by
Equation (2) as

q2
line = CQF. (12)

The insertion loss defined by Equation (11) is transformed to figure of merit of phase-
shifter as

FoM = 360 deg/L. (13)

It can be shown that the insertion loss L transformed to FoM by Equation (13) cor-
responds to the expressions published earlier (see [1,3] at Q0 = ∞, lossless conductors,
and [6]).

Note that Equation (11) is valid for the regular tunable lines as well as for the periodi-
cally loaded tunable lines.

2.2. Figure of Merit of the Tunable Element Included in the Microwave Resonator

The efficiency of tuning the resonant frequency of a resonator by tuning the capacitance
of a capacitor included in it depends on both the capacitance of the capacitor and the
characteristics of the resonator. To define this efficiency, a parameter was introduced by
Kozyrev et al. [12]: the inclusion coefficient. Unfortunately, there is no detailed derivation
of the expressions associated with this parameter in the reviewed publications. Therefore,
we define the inclusion coefficient and its relationship with the Q-factor of the resonator
in Appendix A, and the derivation of formulas for calculating the inclusion coefficient is
presented in Appendix B.
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For a the tunable resonator with a capacitor, as a tuning element, one can write (see
Equation (A29) in Appendix B).

d f
f

= − ξ

2
dC
C

, (14)

where ξ is the inclusion coefficient.
The value of ξ depends both on the size and design of a particular resonator and on

the value of the capacitance C. In Figure 1 (see Appendix B), ξ is plotted versus capacitance
for f0 = ω0/2π = 1 GHz and Z0 = 50 Ohm and examples of the various behavior of
ξ(C) are shown. Curves refer to the resonator with short-circuit (SC) and open-circuit (OE)
conditions at the termination, and n is an integer referring to the resonance order.

Figure 1. The dependence of the inclusion coefficient on capacitance value.

Different sections of the ξ(C) curves can be approximated as

ξ = ξ0 Cm, (15)

where ξ0 is the constant with the dimension of C(−m) and m is an integer. The sections near
the maximum of the curves can be approximated with m = 0 and the other sections with
m 6= 0.

The frequency tuning can be found by integrating Equation (14) from C1 = C(0)
to C2 = C(Ub) and from initial resonance frequency f1 to the frequency under bias f2,
substituting ξ with the the specific dependence (Equation (15)). For the region of the
constant inclusion coefficient m = 0, one can integrate

−
∫ C2

C1

ξ0

2
dC
C

=
∫ f2

f1

d f
f

, (16)

−
∫ C2

C1

ξ0

2
dC
C

= − ξ0

2
(ln(C2)− ln(C1)) =

ξ0

2
ln

C1

C2
=

ξ0

2
ln K, (17)

∫ f2

f1

d f
f

= ln
f2

f1
= ln

f1 + ∆Ft

f1
≈ ∆Ft

f
, (18)

where ∆Ft is the frequency tuning of the resonator, ∆Ft = f2 − f1 � f1, f is the reso-
nance frequency, K = C1/C2 is the tunability of the capacitor and C1 > C2, f1 < f2.
From Equations (17) and (18), one can write that

ξ0 = 2
∆Ft

f
1

ln K
. (19)
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The unloaded Q-factor of a microwave resonator with a real tuning element (tan δ 6= 0)
can be expressed as (Appendix A)

Q =
Q0

1 + ξQ0 tan δ
. (20)

where tan δ is the loss tangent of the capacitor and Q0 is the inherent quality factor of the
resonator with a lossless capacitor. One can see that the modulation of tan δ under the tuning
can be compensated by choosing the proper section of the ξ(C) dependence (Figure 1).

Substituting Equation (19) into Equation (20), one can calculate the Q-factor of the
resonator for the initial and final capacitances C1 and C2:

Q1,2 =
Q0

1 + 2 ∆Ft
f

1
ln K Q0 tan δ1,2

. (21)

If the inherent Q-factor of the resonator is very high so that ξQ0 tan δ� 1, then

Q1,2 ≈
1

2 ∆Ft
f

ln K
tan δ1,2

, (22)

and the mean Q-factor of the resonator can be defined as

Qmean =
√

Q1Q2 =
1

2 ∆Ft
f

ln K√
tan δ1 tan δ2

. (23)

Let us define the figure of merit for the tunable capacitor as

q =
ln K

2
√

tan δ1 tan δ2
. (24)

Since Qmean = f /∆ fmean, where ∆ fmean is the mean bandwidth of the resonator,
the figure of merit q value is the resonator frequency tuning in units of the bandwidths
q = ∆Ft/∆ fmean.

In the general case ξQ0 tan δ ≈ 1 of Equation (23),

Qmean =
Q0

1 + 2 ∆Ft
f

Q0
q

. (25)

For the regions with varying inclusion coefficient (Figure 1), where it is defined by
Equation (15) with m 6= 0, one can write

∆Ft

f
= −

∫ C2

C1

ξ0Cm

2
dC
C

= − ξ0

2

∫ C2

C1

Cm−1dC =
ξ0

2
Cm

1 − Cm
2

m
, (26)

ξ0 = 2
∆Ft

f
m

Cm
1 − Cm

2
. (27)

Substituting Equation (27) into Equation (20), the figure of merit of the capacitor for
m 6= 0 is

q =
1

2m
Km − 1
Km/2

1√
tan δ1 tan δ2

. (28)

A limit of Equation (28) at m→ 0 leads to Equation (24).

2.3. Parameters of the Microwave Bandpass Filter Based on FE Tunable Element

Several tunable microwave resonators can be arranged in a bandpass filter (BPF).
Estimation of the efficiency of such structure is a complicated task because the magnitude
and phase characteristics of the filters are described by the complicated semi-empirical
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expressions and tables [13]. The approach to obtain the closed-form expressions for cal-
culating the figure of merit of the phase-shifter based on BPF tuned by the FE tunable is
presented below.

To analyze the BPF parameters, the Q-factor of the resonator (see Equations (19) and (20))
is useful to write as

1
Q

=
1

Q0
+

1
q

∆Ft

f
(29)

The insertion loss in the bandwidth of the BPF LBPF is defined as [13]

LBPF ≈ 8.68
Cn

Q ω
, (30)

where Cn is the coefficient defined by the number of resonators n, Q is the Q-factor of each
resonator composing the BPF, ω = ∆ f f / f is the relative bandwidth, ∆ f f is the absolute
bandwidth of BPF and f is the central frequency of the filter that is equal to the resonance
frequency of the resonator.

Substituting Equation (29) into Equation (30), one can write

LBPF = 8.68Cn
1

Q ω
+ 8.68Cn

1
q

∆Ft

∆ f f
. (31)

A similar equation was obtained by Kozyrev et al. [9].

2.4. Figure of Merit of the Band-Pass Filter Based Phase-Shifter

The basic operating principles of a BPF-based phase-shifter can be explained with
reference to Figure 2. In the figure, the frequency response L (solid lines, where blue is
for U = 0 and red is for U = Ub) and the phase response φ (dashed lines) are presented.
When the filter is tuned (central frequency f0 is shifted by ∆Ft), both L and φ are shifted,
thus the phase-shift ∆φ (difference of the phase response) is achieved in the bandwidth of
the phase-shifter ∆ fPS = ∆ f f − ∆Ft (marked by wide green line).

� f f

f0

�A
L�

��

L , �

f

m
agnitude

ph
as
e

�Ft

Figure 2. Frequency response of the phase shifter based on the band-pass filter.
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Since Chebyshev filters are the most effective as a phase-shifter, this type of filter was
used to analyze the frequency response and phase response. The approximation of the
phase-shifter figure of merit requires determining the phase shift and insertion loss in the
bandwidth. However, these parameters, in turn, depend on the filter center frequency
shift, the number of resonators and their Q-factors. The phase shift’s dependencies on the
number of resonator n at the ∆Ft/∆ f f for different values of the ripple ∆A are presented
in [13]. In Figure 3, the dependencies are shown for ∆A = 0.011 dB (for other values of ∆A,
the dependencies are similar).

Figure 3. Phase shift versus the number of resonators.

The phase-shift can be approximated with good accuracy by the following expression

∆φ = (n− n0)
∆Ft

∆ f f
, (32)

where n0 ≈ 1.5. The φ0 value (i.e., the slope of the ∆φ(n) dependence) varies slightly
with ∆Ft/∆ f f , changing no more than 10%, and, at ∆A = 0.011 dB, φ0 = 104 deg.
The calculations demonstrate that φ0 increases with the increase of the ripple ∆A.

Insertion loss in the filter bandwidth is defined by Equation (31), which includes the
parameter Cn. This parameter is defined in [13] and the dependence of Cn on n can be
linearly approximated as

Cn = (n− n0)Cn0, (33)

where Cn0 is the constant depended on ∆A.
Substituting Equation (33) into Equation (31) and dividing by Equation (32), one can

obtain LBPF/∆φ, which is the inverse figure of merit of BPF-based phase-shifter:

1
FoM

=
LBPF

∆φ
=

8.68 Cn0

Q0 φ0
∆ f f

f

+
8.68 Cn0

q φ0
. (34)
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For the values of ripple considered, it was found that Cn0/φ0 is constant and Cn0/φ0 ≈ 0.5
(in rad−1) with an error no more than 10%. One can obtain the insertion loss of the BPF-based
phase-shifter for the ∆φ = 2π phase-shift as

L =
8.68 π

Q0
∆Ft

f

+
8.68π

q
. (35)

Supposing that the inclusion coefficient ξ = ξ0 = const and ∆Ft/ f = (ξ0/2) ln K
(from Equation (19)), Equation (35) can be written as

L =
8.68 π

Q0 ξ0
ln K

2

+
8.68π

q
. (36)

3. Results and Discussion
3.1. Comparison of the Figures of Merit for Phase-Shifters Based on the Transmission Line and the
Band-Pass Filter

One should note that the phase response of the transmission line-based phase-shifter
changes slope with the tuning of the line [14–23]. It means that the phase-shift difference
∆φ is linearly increasing with a frequency (up to the first cut-off frequency in the case of
periodically loaded line). At the same time, the group delay is maintained constant versus
the frequency (but, of course, is changed with the tuning).

On the other hand, the phase response of the BPF shifts in parallel with the tuning
of the filter (see Figure 2). It means that the phase-shift difference ∆φ remains constant
across the bandwidth of the phase-shifter [24–26] and the group delay does not change
with the tuning.

It is apparent that the periodically loaded transmission line behaves as a regular one
up to the first cut-off frequency and behaves as a band-pass filter at higher pass bands.

Then, let us consider the factor in the definition of line and capacitor figures of merit
qline and q that is related to the tunability K. In Figure 4, these factors are plotted versus
tunability. One can see that, up to K = 5, which corresponds to the maximum tunability
observed for the FE materials used at microwaves, the factors are equal to each other with
a negligible error.

Figure 4. Tunability-related factor versus tunability.

Thus, the figures of merit for the transmission line qline and the capacitor included in
resonator q with the constant inclusion coefficient ξ0 are equal. One can state in this case
that q2

line = q2 = CQF. In the same way, the term in the insertion loss L that depends on q
(second term) is equal for the transmission line based and BPF-based phase-shifters. If the
inclusion coefficient ξ is not constant, this statement does not work.

The insertion loss related to the inherent Q-factor in the phase-shifter structure Q0
(first term in the L definition) depends on tunability—the higher is the tunability, the lower
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is the loss. Thus, among the capacitors or lines with a similar figure of merit q, the one with
higher tunability should be chosen to decrease the insertion loss of the phase-shifter.

The first term in the insertion loss L for the BPF-based phase-shifter contains the
inclusion factor ξ0 < 1. Thus, the loss related to the inherent Q-factor is higher for this
phase-shifter type compared to the one based on a transmission line. If ξ0 → 1, then
Equations (11) and (36) become the same. In other words, the inclusion factor for the
phase-shifter based on a transmission line is always ξ0 = 1.

3.2. Analysis of the Experimental Phase-Shifter

Several published works on the FE based phase-shifter design were reviewed. The
parameters of the FE material (capacitors) (k, q and tan δmean) and the parameters of
the phase-shifters (operating frequency f0 and figure of merit (FoM)) were extracted.
The inclusion factor ξ0 was supposed to be constant, stated equal to 1 for the transmis-
sion line phase-shifters and calculated from the tuning of the filter by Equation (19).
The parameters of the model were calculated. Insertion losses for phase-shift of 2π by
Equations (11) and (36) were re-calculated to FoM by Equation (13). The inherent Q-factor
Q0 was calculated as a fitting parameter to approximate the experimental value of FoM
with the simulated by the model. The extracted and calculated parameters of reviewed
phase-shifters are presented in Table 1.

Table 1. Experimental parameters of phase-shifters reviewed.

# Ref Type f0, GHz tan δmean K q FoM, deg/dB ξ0 Q0

1 [14] regular 30 0.035 1.48 5.7 70 1 500
2 [15] loaded 10 0.56 3 9.95 28.7 1 5
3 [16] loaded 65 0.08 5 10.3 23 1 2.5
4 [17] loaded 30 0.062 1.7 4.3 13 1 4.8
5 [18] loaded 20 0.047 1.75 6 32 1 14.5
6 [19] loaded 20 0.33 2 10.4 45.7 1 14.9
7 [20] loaded 10 0.05 1.6 4.7 22 1 11
8 [21] loaded 12 0.05 4 14.1 33 1 4.3
9 [22] loaded 12 0.01 4.5 7.7 26 1 3.45

10 [17] loaded 30 0.06 4.5 12.8 26 1 3.0
11 [23] regular 60 0.07 1.7 3.8 32 1 25
12 [24] filter 10 0.06 1.6 3.9 26 0.85 20
13 [25] filter 20 0.03 1.2 3 30 0.55 180
14 [26] loaded 60 0.12 1.7 2.2 22 0.19 135

The figure of merit of the phase-shifters is plotted in Figures 5–7 by
Equations (11), (13) and (31), using the parameters listed in Table 1, versus figure of merit of ca-
pacitor or line q, inherent Q-factor of phase-shifter Q0 and tunability K. Symbols correspond
to the experimental data.
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Figure 5. Figure of merit of phase-shifter versus figure of merit of capacitor or line.

Figure 6. Figure of merit of phase-shifter versus inherent Q-factor.
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Figure 7. Figure of merit of phase-shifter versus tunability.

The position of the experimental data point on the calculated curve for the figure
of merit allows estimating the importance of the parameter for the design considered.
If the experimental point falls on a steep segment of the curve, then improvement of the
parameter plotted on the x-axis is of critical importance. If the experimental point falls on
the flat segment, the improvement of the parameter is not needed. Analysis of Figures 5–7
allows setting a list of improvement priorities for the parameters, as presented in Table 2.

Table 2. Priorities to improve the phase-shifter parameters.

# Ref Type f0, GHz Must Be Improved May Be Improved No Need to Improve

1 [14] regular 30 q - K, Q0
2 [15] loaded 10 Q0 K q
3 [16] loaded 65 Q0 K q
4 [17] loaded 30 Q0, K q -
5 [18] loaded 20 Q0, K q -
6 [19] loaded 20 Q0, K q -
7 [20] loaded 10 Q0, K - q
8 [21] loaded 12 Q0, K - q
9 [22] loaded 12 Q0 K q

10 [17] loaded 30 Q0 K q
11 [23] regular 60 q Q0, K -
12 [24] filter 10 Q0, K q -
13 [25] filter 20 q, K - Q0
14 [26] loaded 60 q - Q0, K

3.3. Suppression of the Amplitude Modulation by the Inclusion Coefficient Control

The behavior of the ferroelectric dielectric loss under the bias voltage application
can be different. The loss can decrease [14,27,28] (that is the most common case), remain
constant [27] or increase [14]. To suppress the undesirable amplitude modulation in the
phase-shifter, one can choose the proper region of the ξ(C) dependence (see Appendix B).
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Taking into account Equations (A8)–(A11) and (A29), the inclusion coefficient can be
plotted versus Z0/|XC| (Figure 8), where XC = −i/ω0C. One can see that the ξ-curves
have a maximum corresponding to Z0/XC ≈ 1, and there are ascending and descending
regions of the dependence (except for the short-circuited resonator with n = 0). Parameter
n = 0 cannot be set for the open-ended resonator because the resonance condition is not
met in this case.

Figure 8. Inclusion coefficient versus Z0/XC.

Figure 8 shows that, for example, in the case of decreasing loss tangent under bias,
when the capacitance is also decreased (and Z0/|XC| as well), one should choose the falling
region of the curve (|XC| < Z0). Therefore, the loss tangent decrease will be compensated by
the inclusion coefficient rise, so the Q-factor of the tunable resonator can be kept constant.

If the varying inclusion coefficient is used, then the figure of merit of the tunable
capacitor should be calculated by Equation (28).

4. Conclusions

A model of the estimation of the ferroelectric-based phase-shifter figure of merit
considering the material properties and phase-shifter design parameters is elaborated.

Closed-form expressions for the insertion loss of the phase-shifter based on FE material
are derived considering the two main design approaches: tunable ferroelectric-based
transmission line and tunable band-pass filter on the base of FE capacitors. The expressions
derived are shown to be quite similar for both approaches. The insertion loss is presented
as the sum of the terms depending on the figure of merit of a FE capacitor or transmission
line and on the inherent Q-factor of the device without the influence of dielectric loss (or
conductive loss only). It is shown that the inherent insertion loss depends on the tunability
of a ferroelectric. Thereby, in the case of FE capacitors or lines with equal figures of merit,
the one with a greater tunability should be chosen.

The undesirable amplitude modulation in the phase-shifter due to the modulation of
dielectric losses is considered. The variation of the inclusion coefficient by the selection
of the proper capacitance value is suggested to solve the problem. The special defini-
tion of the figure of merit of the tunable capacitor is derived for the case of variating
inclusion coefficient.

The published results on FE phase-shifters were reviewed. The figure of merit for the
FE capacitor or line was calculated based on the results published. The inherent Q-factor
of the device could not be extracted from the review, so it was calculated for all reviewed
works as the fitting parameter to equal the insertion loss calculated to the insertion loss
published. Dependence of the FE phase-shifters figure of merit on the key parameters of
the devices (tunability, figure of merit of the ferroelectric and inherent Q-factor connected
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to conductive loss) is presented as a basis for the recommendation to the improvement of
the devices.
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Appendix A. Inclusion Coefficient and Q-Factor of Resonator

If the microwave resonator consists of a capacitor included into a section of the
transmission line, then one can define the parameter that shows what part of the total
energy stored in resonator W is stored in the capacitor—the inclusion coefficient:

ξ =
WC

WC + Wline
, (A1)

where WC is the energy stored in capacitor, Wline is the energy stored in transmission line
and W = WC + Wline. Then, the quality factor of the capacitor QC and the quality factor of
the whole resonator Q are determined by the energy dissipated in the capacitor Wdiss C and
the energy dissipated in the line Wdiss line as follows:

QC =
WC

Wdiss C
= ξ

W
Wdiss C

(A2)

Q =
W

Wdiss C + Wdiss line
. (A3)

For the total quality factor of the resonator Q, one can express

1
Q

=
Wdiss C

W
+

Wdiss line
W

= ξ
1

QC
+

1
Q0

, (A4)

where Q0 = W/Wdiss line is the quality factor of the resonator with lossless capacitor. The
quality factor of the capacitor can be expressed as QC = 1/ tan δ, where tan δ is the effective
loss tangent of the capacitor. Thus, the total quality factor of the resonator can be written as

Q =
Q0

1 + ξ Q0
QC

=
Q0

1 + ξQ0 tan δ
. (A5)

Appendix B. Calculation of Inclusion Coefficient

Appendix B.1. Resonance Conditions

Let us consider the microwave resonator consisting of the capacitor with a capacitance
of C included in a transmission line, as depicted in Figure A1. The transmission line has a
length of l, a characteristic impedance of Z0, a propagation constant of β0 and is loaded
onto the termination load with an impedance of Zload.
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z

Z0 Zload

0 l

C

Figure A1. Electrical equivalent circuit of the resonator including a capacitor and a section of a
transmission line.

The load impedance is transformed to the position of the capacitor (z = 0) according
to the well-known impedance transformation formula

Z(z) = Z0
Zload + iZ0 tan(β0l)
Z0 + iZload tan(β0l)

, (A6)

so the resonance condition at a resonance frequency of ω0 can be written as

XC = (iω0C)−1 = Z(l), (A7)

where XC is the impedance of the capacitance.
One can suggest that the load condition of the line can be a short-circuit (Zload = 0) or

an open-end (Zload = ∞), thus the resonance conditions are as follows:

C =
1

ω0Z0
cot β0l, (A8)

C = − 1
ω0Z0

tan β0l, (A9)

where Equation (A8) corresponds to short-circuit and Equation (A9) corresponds to open-end.
The argument of the trigonometric functions in Equations (A8) and (A9) can be

referred to as the electrical length (or phase length) of the section of the transmission line
at the resonance measured in radians:

φ = β0l = arctan
|XC|
Z0

+ πn, n = 1, 2..., (A10)

φ = β0l = arctan
Z0

|XC|
+ πn, n = 1, 2..., (A11)

At the frequency of resonance ω0, the propagation constant can be defined as

β0 =
ω0

v
=

2π

Λ0
(A12)

where v =
√

µε−1 is the light velocity in the transmission line, µ and ε are effective
permeability and permittivity of the line and Λ0 is the wavelength in the line at the
resonance frequency.

Appendix B.2. Energy Stored in the Transmission Line Section

Let us consider the regular TEM-mode transmission line. The cross-section of the
simplest line—the parallel-plane line—is presented in Figure A2.
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d

w

z

Figure A2. Cross-section of the simplest transmission line.

The characteristic impedance of the line in Figure A2 can be defined as

Z0 =

√
L0

C0
, (A13)

where L0 = µl d
w is the inductance of the line and C0 = εwl

d is the capacitance of the line.
Thus, the impedance can be written as

Z0 =

√
µld
w

d
εwl

ε

ε
. (A14)

Accounting for the light velocity v, one can state that

wε

d
=

1
Z0v

. (A15)

The energy stored in the transmission line section with the length l is defined as

Wline =
1
2

∫
V
εE2 dV, (A16)

where V is the volume of the line and E is the electric field strength. For the line considered
V = w d l and E = U/d, where U is the voltage in the TEM-mode line. Since the line is
regular, dV = w d dz and Equation (A16) can be written as

Wline =
ε

2
w
d

∫ l

0
U(z)2 dz. (A17)

The distribution of the voltage along the transmission line (starting from the line end)
is defined as

U(z) = Umax sin(−β0z) = −Umax sin(β0z), (A18)

U(z) = Umax cos(−β0z) = Umax cos(β0z), (A19)

where Umax is the amplitude of the microwave signal.
Thus, the energy stored in the line is

Wline =
εw
2d

U2
max

∫ l

0
sin2(−β0z) dz =

εw
4d

U2
max

(
l − 1

2β0
sin(2β0l)

)
=

U2
max
4

1
Z0v

l
(

1− sin(2β0l)
2β0l

)
,

(A20)

Wline =
εw
2d

U2
max

∫ l

0
cos2(−β0z) dz =

U2
max
4

1
Z0v

l
(

1 +
sin(2β0l)

2β0l

)
, (A21)

Appendix B.3. Energy Stored in the Capacitor

Energy stored in the capacitor is defined as

WC =
C U2

C
2

, (A22)
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where UC is the voltage across the capacitor.
For the short-circuited transmission line, the voltage is

UC = Um sin(−β0l), (A23)

and, for the open-ended transmission line, it is

UC = Um cos(−β0l). (A24)

Substituting Equations (A23) and (A24) into Equation (A22), and taking into account
Equations (A8) and (A9), one can write for the short-circuited and open-ended lines respec-
tively

WC =
1
2

U2
C

1
ω0Z0

cot β0l sin2(−β0l) =
1
4

U2
C

1
ω0Z0

sin(2β0l) (A25)

WC =
1
2

U2
C

(
− 1

ω0Z0

)
tan β0l cos2(−β0l) = −1

4
U2

C
1

ω0Z0
sin(2β0l) (A26)

Appendix B.4. Inclusion Coefficient

Substituting Equations (A20), (A21) and (A25), (A26) into Equation (A1), one can write
for the inclusion coefficients of the short-circuited and open-ended resonators, respectively,

ξ =
2

1 + 2β0l
sin(2β0l)

(A27)

ξ =
2

1− 2β0l
sin(2β0l)

(A28)

It can be shown that, if the capacitance versus resonance frequency dependence
is known, for example, if it is defined by Equations (A8) and (A9), then the inclusion
coefficient (Equations (A27) and (A28)) can be calculated as follows:

ξ = −2
C
ω0

dω0

dC
(A29)

Equation (A29) is also valid when the dependence of a capacitance on a resonant
frequency is defined in any other way, for example, by polynomial approximation of the
experimental data.
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