
crystals

Communication

Dispersion Diagram of Trigonal Piezoelectric Phononic
Structures with Langasite Inclusions

Edson Miranda, Jr. 1,2,3,* , Clodualdo Aranas, Jr. 4 , Samuel Rodrigues 2 , Hélio Silva 3 , Gedeon Reis 2 ,
Antônio Paiva 2 and José Dos Santos 3

����������
�������

Citation: Miranda, E., Jr.; Aranas, C.,

Jr.; Rodrigues, S.; Silva, H.; Reis, G.;

Paiva, A.; Dos Santos, J. Dispersion

Diagram of Trigonal Piezoelectric

Phononic Structures with Langasite

Inclusions. Crystals 2021, 11, 491.

https://doi.org/10.3390/cryst

11050491

Academic Editor: Shujun Zhang

Received: 14 March 2021

Accepted: 20 April 2021

Published: 28 April 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Federal Institute of Maranhão, IFMA-EIB-DE, Rua Afonso Pena, 174, São Luís CEP 65010-030 , MA, Brazil
2 Federal Institute of Maranhão, IFMA-PPGEM, Avenida Getúlio Vargas, 4, São Luís CEP 65030-005, MA, Brazil;

samuel.filgueiras@ifma.edu.br (S.R.); gedeonreis@ifma.edu.br (G.R.); ernandes@ifma.edu.br (A.P.)
3 University of Campinas, UNICAMP-FEM-DMC, Rua Mendeleyev, 200, Campinas CEP 13083-970, SP, Brazil;

heliovitorcantanhede@gmail.com (H.S.); zema@unicamp.br (J.D.S.)
4 Department of Mechanical Engineering, University of New Brunswick, Fredericton, NB E3B 5A3, Canada;

clod.aranas@unb.ca
* Correspondence: edson.jansen@ifma.edu.br

Abstract: The dispersion relation of elastic Bloch waves in 1-3 piezoelectric phononic structures
(PPnSs) with Langasite (La3Ga5SiO14) inclusions in a polymeric matrix is reported. Langasite presents
promising material properties, for instance good temperature behaviour, high piezoelectric coupling,
low acoustic loss and high quality factor. Furthermore, Langasite belongs to the point group 32 and
has a trigonal structure. Thus, the 2-D bulk wave propagation in periodic systems with Langasite
inclusions cannot be decoupled into XY and Z modes. The improved plane wave expansion (IPWE) is
used to obtain the dispersion diagram of the bulk Bloch waves in 1-3 PPnSs considering the classical
elasticity theory and D3 symmetry. Full band gaps are obtained for a broad range of frequency. The
piezoelectricity enhances significantly the band gap widths and opens up a narrow band gap in lower
frequencies for a filling fraction of 0.5. This study should be useful for surface acoustic wave (SAW)
filter and 1-3 piezocomposite transducer design using PPnSs with Langasite.

Keywords: periodic structures; metamaterials; Bragg-type band gaps; anisotropy

1. Introduction

The phononic structures (PnSs) [1] are artificial composites designed to achieve special
properties, for instance, vibration reduction [2], topologically protected wave propaga-
tion [3], acoustic reduction using acoustic black hole [4], wave attenuation using nanostruc-
tures [5,6], energy harvesting [7], among others. The PnSs are traditionally composed by
1-D [5,8], 2-D [1,2,6] or 3-D [2] inclusions embedded in a matrix. The acoustic performance
of the PnSs depends on the inclusion geometry and material for both 2-D and 3-D cases.
The most common geometries of the PnS inclusions are the cylindrical and spherical [9,10].
Moreover, the disk-shaped inclusion geometry presents promising properties [11]. There
are also the smart PnSs which exploit the piezoelectricity [12–14], piezomagnetism [15] or
both [16–18] for mechanical wave manipulation. In this context, the PnSs have also been
proposed for transducer design [19,20]. Langasite (La3Ga5SiO14) has been studied in recent
years for sensor application [21], because of its unique piezoelectric properties [22,23].
Therefore, Langasite is a potential candidate for the piezoelectric material of transducers us-
ing PnSs, thanks to the good material properties, such as good temperature behaviour [23],
high piezoelectric coupling, low acoustic loss, high Q factor [24] and mass density com-
pared to quartz [25]. Motivated by these issues, the dispersion diagram of 1-3 piezoelectric
phononic structures (PPnSs) with Langasite inclusions in a polymeric matrix is reported
for the first time, to the best of our knowledge. In these dispersion diagrams, the formation
of full Bragg-type band gaps is observed. The piezoelectricity influences significantly the
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dispersion relation of the 1-3 PPnSs with Langasite. The Lagansite piezoelectric properties,
point group 32, trigonal structure and D3 symmetry [26] modify the band gap behaviour of
the smart PnSs.

2. Langasite Phononic Structure Modelling

The improved plane wave expansion (IPWE) method [18,27–29] is used to compute
the dispersion diagram of the 1-3 PPnS with trigonal Langasite cylindrical inclusions in a
square lattice (see Figure 1).
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Figure 1. Transverse cross section of the 1-3 PPnS with trigonal Langasite cylindrical inclusions in a
square lattice (a). First Brillouin zone for the square lattice (b).

The trigonal structure can be defined as a crystal system that presents some specific
classes, i.e., 3, 3 m, 3, 32 and 3 m, however, only the classes 3, 32 and 3 m have piezoelectric-
ity [30]. In this study, the class 32 (Hermann-Mauguin)/D3 (Schönflies) is considered [26].
It should be pointed out that some studies have already calculated the dispersion diagram
of PnSs with trigonal quartz inclusions, with [31] and without [32] piezoelectricity, using
the PWE approach. The PWE has the disadvantage of lower convergence than IPWE used
in this study [18,27–29]. Moreover, the Langasite inclusions (Figure 1a) are not rotated in
this study. The inclusion rotation is an interesting strategy for the tunability of band gaps
when anisotropic inclusions are regarded [32].

There are other approaches that can be used to compute the dispersion diagrams, such
as the finite element (FE) [29,33] and the wave finite element (WFE) [2] methods. However,
the dispersion relation computed by IPWE presents a considerably lower computational
cost [29], since it is a semi-analytical approach, and it is not necessary to consider a large
number of degrees-of-freedom (DOFs) as with FE and WFE. In this communication, the
wave propagation is in the xy plane, the media are linear and there is no electro source. For
1-3 isotropic [6] and transversal isotropic [13,17] PPnSs, the longitudinal-transverse (XY
modes) and transverse (Z modes) vibrations are decoupled, and piezoelectricity influences
only the Z modes. On the other hand, for 1-3 trigonal PPnSs, the XY and Z modes are
coupled, and piezoelectricity affects both modes. This coupling is observed because of the
D3 symmetry of the Langasite inclusions, which affects the Van Dyke matrix [26,34]. The
IPWE formulation is not derived for brevity.

3. Simulated Examples

The physical parameters of Langasite cylindrical inclusions (A) [26] and polymeric
matrix (B) [18] are listed in Table 1. The values of the lattice parameter and filling fraction
reported in Table 1 were chosen just as a starting point for the simulation. The 441 plane
waves to calculate the dispersion diagrams are regarded. The dispersion diagram is
plotted in the principal symmetry directions of the first Brillouin zone (FBZ) (Figure
1b), considering the reduced Bloch wave vector, <(k)a/2π, where k is the Bloch wave
vector, versus the reduced frequency, Ω = <(ω)a/2πct, where ω is the angular frequency



Crystals 2021, 11, 491 3 of 9

and ct = c44B/ρB is the transverse wave velocity in the polymeric matrix. For the IPWE
calculation, it is only considered the values of ω 6= 0 and ω ≥ 10−5.

Table 1. Physical parameters of Langasite cylindrical inclusions (A) and polymeric matrix (B).

Geometry/Property Value

Lattice parameter (a) 0.022 m
Filling fraction ( f ) 0.5

Mass density (ρA , ρB) 5739 kg/m3, 1150 kg/m3

Elastic constant (c11 A, c11B) 188.49 × 109 N/m2, 7.8 × 109 N/m2

Elastic constant (c12 A, c12B) 104.07 × 109 N/m2, 4.7 × 109 N/m2

Elastic constant (c14 A, c14B) 14.15 × 109 N/m2, 0 N/m2

Elastic constant (c44 A, c44B) 53.71 × 109 N/m2, 1.6 × 109 N/m2

Elastic constant (c66 A, c66B) 42.21 × 109 N/m2, 1.55 × 109 N/m2

Piezoelectric coefficient (e11 A, e11B) −0.402 C/m2, 0 C/m2

Piezoelectric coefficient (e14 A, e14B) 0.13 C/m2, 0 C/m2

Dielectric coefficient (ε11 A, ε11B) 0.1737 × 10−9 C2/Nm2, 0.0398 × 10−9 C2/Nm2

In an experimental point of view, the proposed 1-3 trigonal PPnSs with Lagasite
inclusions can be manufactured in microscale or nanoscale [35] by means of the multi-
photon lithography [36,37] or micro-stereolithography [38,39]. Moreover, neglecting size
effects, similarly to other studies [6,13], the dispersion diagrams reported in this study
(a = 0.022 m) should be the same of those in microsize (a = 22 µm) or nanosize (a = 22 nm),
since the dispersion diagrams are plotted in terms of the reduced frequency. It should be
pointed out that it is possible to align the crystallographic axes of the inclusions during the
fabrication by means of the Czochralski method [40–42].

Figure 2 shows the dispersion diagrams of the 1-3 PnS with cylindrical Langasite
inclusions in a square lattice, without (a) and with (b) piezoelectricity, until a reduced
frequency of 3. Two (a) and three (b) full band gaps (FBG) for the cases without and with
piezoelectric effect, respectively, can be seen. Therefore, the bulk wave attenuation can be
expected between 0.877–1.035 (1st FBG) and 1.101–1.353 (2nd FBG) for the case without
piezoelectricity (a) and between 0.7001–0.7045 (1st FBG), 0.9199–0.9332 (2nd FBG) and
1.127–1.407 (3rd FBG) for the case with piezoelectricity (b). The piezoelectricity (b) opens
up an additional narrow FBG in lower frequencies and broadens the last one, however, the
middle FBG is shortened.
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There is always uncertainty associated with the manufacturing processes [43], thus
some of the narrow FBGs observed in Figure 2b could not be opened up to the question
of whether uncertainties in the geometric and material parameters are considered [44].
Figure 3 illustrates the dispersion diagram comparison between the cases without (black
circles) and with (blue asterisks) piezoelectric effect. When piezoelectricity is considered in
1-3 PPnSs with transversal isotropic cylindrical inclusions in a square lattice, the piezoelec-
tricity affects only the branches (Z modes) of higher frequencies [13,17,45], shifting them
to lower frequencies. In Figure 3, a different behaviour is observed and the branches are
dissimilar even for lower frequencies.
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Shown in Figures 4 and 5 are the wave modes (considering the piezoelectricity) of the
first narrow FBG at lower (Figure 4) and upper (Figure 5) edge frequencies (see Figure 2b),
i.e., at a reduced frequency of 0.7001, at M of the FBZ (Figure 4), and at a reduced frequency
of 0.7043, on ΓX direction of the FBZ (Figure 5). The displacement field patterns are
reported in all directions, that is to say ux, uy and uz, in Figures 4 and 5a–c, respectively. At
the lower edge frequency of the first FBG (Figure 4), the highest amplitude is observed for
ux and the lowest for uz, thus the main contribution of this mode is associated with the x
component. Moreover, the displacement patterns in Figure 4 are different in all directions.
For the upper edge frequency (Figure 5), the uz shows the highest amplitude and ux the
lowest one. The wave modes in y and z directions present a similar pattern. The shape
of these displacement fields in Figures 4 and 5 is only related to Bragg-type band gaps,
however, there are also the wave modes associated with locally resonant band gaps [2,46]
for the case of mechanical metamaterials.
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Figure 4. Wave modes (at the lower edge frequency of the first FBG, 0.7001, and at M of the FBZ) for the 1-3 PPnS with
Langasite cylindrical inclusions in a square lattice with piezoelectricity (a–c).

Figure 6 shows the band gap widths (∆Ω/Ωc) of the first two FBGs without (a) and
with (b) piezoelectricity, where ∆Ω is the band width and Ωc is the centre frequency of
the band gap. The piezoelectricity increases the range of filling fraction where the first
two FBGs can be opened up. The best behaviour regarding piezoelectric effect (b) is
observed between 0.405–0.56 for both FBGs, with a maximum band gap width at 0.51.
Moreover, without piezoelectricity (a), the higher band gap width is observed for 0.46 and
0.41 considering the first and second FBGs, respectively. Lin and Huang [32] reported
a maximum band gap width at a filling fraction of 0.55 considering quartz cylindrical
inclusions (without piezoelectricity) in an epoxy matrix with square lattice. They [32]
observed that the FBGs are opened up between 0.35–0.6. In general, the first two band
gap widths of the 1-3 PPnS with Langasite cylindrical inclusions in a square lattice do
not present a typical smooth curve [6,13,17,18]. Another issue is that a minor variation
of filling fraction changes the band width significantly and sometimes in an unexpected
way. Furthermore, the influence of the disorder and shape of Langasite inclusions on the
dispersion diagram should be investigated in the future.
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Figure 5. Wave modes (at the upper edge frequency of the first FBG, 0.7043, and on ГX direction of 

the FBZ) for the 1-3 PPnS with Langasite cylindrical inclusions in a square lattice with piezoelectricity. 
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Figure 5. Wave modes (at the upper edge frequency of the first FBG, 0.7043, and on ΓX direction of the FBZ) for the 1-3
PPnS with Langasite cylindrical inclusions in a square lattice with piezoelectricity (a–c).
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4. Conclusions

The dispersion relation of 1-3 PPnSs is investigated considering Langasite cylindrical
inclusions in a square lattice using the IPWE. The 2-D elastic wave propagation in this
periodic system with Langasite inclusions is complex, because the XY and Z modes are
coupled. This coupling exists since the Lagansite presents a trigonal structure, point group
32 and D3 symmetry. Full Bragg-type band gaps are opened up for a broad spectrum of
frequency. Piezoelectricity broadens the last band gap and creates a narrow band gap in
lower frequencies for a filling fraction of 0.5. Moreover, the wave modes in all directions
are reported for the edge frequencies of the first band gap for the case with piezoelectricity.
The piezoelectric effect enhances the filling fraction range where the FBGs are opened
up. The 1-3 trigonal PPnSs with Langasite inclusions enlarge possible applications for the
surface acoustic wave (SAW) filter and transducer design.
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