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Abstract: We propose a new method to determine the absolute structure of chiral crystals, which
is based on the chiral asymmetry of multiple scattering diffraction. It manifests as a difference in
the azimuthal dependence of the forbidden Bragg reflection intensity measured with left and right
circularly polarized X-ray beams. Contrary to the existing ones, the suggested method does not use
X-ray anomalous dispersion. The difference between the Renninger scans with circularly polarized
X-rays has been experimentally demonstrated for the 001 reflection intensities in the right- and left-
handed quartz single crystals. A Jmulti-based code on model-independent three-wave-diffraction
approach has been developed for quantitative description of our experimental results. The proposed
method can be applied to various structures including opaque, organic and monoatomic crystals,
even with only light elements. To determine the type of isomer, the Renninger plot of a single
forbidden reflection is sufficient.

Keywords: chirality; many-wave X-ray diffraction; renninger scan

1. Introduction

Many biomolecules and medicines are chiral, i.e., can exist as right- or left-handed
optical isomers. Such isomers are almost indistinguishable in physical and chemical
properties, but differently interact with polarized light and with other chiral compounds.
However, sometimes the properties of the isomers are also different. The sign of chirality is
critical for the effectiveness of drugs [1,2]. The most famous chiral example is thalidomide,
one optical isomer of which has a therapeutic effect, and the other one is teratogenic [3]. The
determining of absolute atomic structure of chiral crystals is a significant and non-trivial
problem. Visible optical methods are used only for transparent substances. In conventional
X-ray diffraction the phase of a scattered wave is lost, which is why X-ray diffraction
patterns always contain an inversion center and look similarly for right and left optical
isomers. Thus X-ray diffraction can determine the spatial arrangement of the atoms, but
don’t distinguish the model of chirality. However, there are some ways to determine the
chiral configuration using X-rays [4–6], and in this work we propose the new one.

Anomalous dispersion method exploits the special properties of real and imaginary
parts of a scattering amplitude close to absorption edges, i.e., the incident radiation energies
caused the excitation of electrons from the core levels to the empty states above the
Fermi level [7–9]. However, this method can be applied to the absorption edges of atoms
heavier than chlorine. As a result of anomalous scattering and absorption, the Friedel
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law F(hkl) = F∗(−h− k− l) is violated, and the phase of the scattering amplitude can be
determined. The diffraction pattern divides into pairs of spots which are connected by
an inversion center, but differ in intensity. Anomalous X-ray dispersion is widely used
for determining the absolute atomic structure of inorganic compounds, but there are a
number of difficulties in applying it for crystals consisting of identical atoms (like Te) and
for biologically important crystals consisting of atoms lighter than chlorine (C, H, N, O, F).

In the recent years, synchrotron radiation is widely used to solve light atom problems
and decipher the organic structures commonly. For this purpose, several structural methods
are developed such as MAD (multi-wave anomalous diffraction [10–12]) and SAD (single-
wave anomalous diffraction [13]). Both of them are realized at the energies not very far
from absorption edges, which need a presence or implantation of heavy atoms into organic
structure. This requires some complicated chemical procedures. Interesting possibilities are
given by the multicrystal SAD method [14], which combines the data from multiple crystals.

New possibilities to study the absolute structure of matter appeared due to the ap-
plication of circularly polarized X-rays. It was first demonstrated in a study of X-ray
natural circular dichroism (XNCD) in a crystal of α-LiIO3 [15], and since then, circular
X-ray dichroism was observed in many other structures [16–19]. Recent development of
XNCD was demonstrated in the visualization of chiral domain distribution by scanning
over the sample surface with a small beam with circular polarization [20,21].

Another way to determine the absolute crystal structure is a study of the energy and
azimuthal dependence of forbidden reflections in REXS (Resonant Elastic X-ray Scatter-
ing) [22–25]. If the energy of the incident radiation is close to the absorption edge of atoms
in crystal, then the azimuthal dependence and intensities of forbidden reflections differ for
right and left-handed crystals or (in opposite) for two different circular polarizations of the
incident radiation. Such effects were observed in crystals with helical screw axes such as
quartz (SiO2) [26], berlinite (AlPO4) [27] and tellurium [28,29]. However, the difference be-
tween the energy spectra of forbidden reflections for the right and left circularly polarized
incident radiation can be observed not only in chiral crystals, but also for all substances
without inversion center [30], and not only in forbidden reflections [31]. A study of a
dichroism in forbidden reflections was also used for the visualization of chiral domains in
DyFe3(BO3)4 [32]. Both XNCD and REXS studies are perfomed at photon energies close to
absorption edges, which can hardly be applied to crystals consisting of low Z atoms.

In the present paper, we propose a new X-ray method to determine the absolute atomic
structure of crystals using only one crystal, one reflection and giving some flexibility in a
choice of the wavelength of the incident radiation. However, this method is rather sophisti-
cated because it uses a circularly polarized X-ray radiation, which is a strong restriction for
its application, and, in addition, the method includes multiple-wave diffraction events.

The intensity of each Bragg reflection is composed of the main two-wave scattering
and of the many-waves contributions. Figure 1 shows an example of two-wave (Bragg)
reflection and roundabout three-wave reflection, for which the wave vectors of the out-
going waves are the same. Far from atomic absorption edges, two-wave scattering is not
sensitive to the chirality of a sample and is not changed when the crystal rotates around
the reciprocal lattice vector. If the reflection is forbidden because of crystal symmetry, two-
wave contribution vanishes whereas multiple scattering part is not zero. If we perform the
Renninger scan (rotating the crystal about the axis perpendicular to scattering plane [33])
using right or left circularly polarized beams, we can see that the azimuthal dependence of
the forbidden reflection intensity looks different for two opposite helicities of the incident
radiation or similarly for the right- or left-handed crystal samples (Figure 2). This kind
of measurement is now available at the modern synchrotrons and can be realized for the
forbidden Bragg reflections. To test our method, we choose two quartz crystals with right-
and left-handed configuration (Figure 3). The absolute atomic structure of these crystals
were optically tested, which allows for checking the correctness of our results and confirms
the effectiveness of the method.
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Figure 1. In general, the X-ray reflection intensity is composed of two-wave and three-wave parts.
Here, in the case of two-wave reflection (blue line), the incident wave with the wave vector k is
reflected from the family of planes (002) and on the output has a wave vector k′ , where k′ = k + Q.
In the case of three-wave reflection (orange line), the wave k is reflected first by the planes (−220),
then by the planes (2− 22) and on the output has the same wave vector k′, where k′ = km +Q−Qm.

Figure 2. Schematic diagram of experiment. A circularly polarized X-ray radiation with an incident
wave vector corresponding to the forbidden reflection falls on the crystal. The crystal rotates around
the azimuthal axis by an angle of Ψ. The intensity curves look mirror-like for the left (blue curve)
and right (red curve) polarizations of the incident beam.

Figure 3. Right and left α-quartz structure.
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2. Method Description

In this section, we show that the intensity of Renninger reflections depends on the
polarization of an incident radiation, providing a kind of circular dichroism, which is
most obvious at the azimuthal angles between the adjacent multiple peaks. The sign of
this circular dichroism is opposite for two enantiomorphous structures, which allows the
determination of the absolute structure of a sample.

In conventional X-ray diffraction, the waves with eigen-polarizations σ and π do not
change their polarizations during the scattering, and thus the σ polarization remains σ,
and π transforms to π′. Various kinds of dichroism appear when the energy of an incident
wave comes close to the absorption edges of crystal constituents. In this case, the scattering
factor becomes a second rank tensor Fαβ, where α and β correspond to the linear (σ and
π) or circular (right = + and le f t = −) polarizations. The first index corresponds to the
scattered radiation, and the second corresponds to the incident radiation. However, the
change of the polarization can appear even far from absorption edges due to the multiple
scattering, providing a good chance to determine the absolute structure of a crystal.

Below, we shall consider the difference of the intensities of the scattered waves corre-
sponding to the right and left circular polarizations of the incident waves:

∆(hkl) = I(hkl)+ − I(hkl)−. (1)

In this paper, we do not consider the resonant processes because the energy of an
incident radiation is supposed to be far from absorption edges. However, we consider the
forbidden Bragg reflection, for which the scattering factor in two waves approach comes to
be zero due to extinction laws of a space group. In this case, a multiple diffraction becomes
most important.

Any Bragg reflection can be induced not only directly (k′ = k + Q) but also via a
multiple-wave process: first diffraction from the incident direction k to an intermediate
wave with the wave vector km = k + Qm and then the second diffraction process from km
to k′ = km + Q−Qm. We can obtain the scattering amplitude of this double-diffraction
process using the infinite system of the dynamical diffraction equations [34,35]

(k2
m − k2)Dm = ∑

n
χm−n

(
k2

mDn − km(km ·Dn)
)

(2)

where Dm are the Fourier harmonics of the X-ray field, and χm are the Fourier harmonics
of the crystal X-ray susceptibility: χm = −re

4π
k2V (FT(Qm) + Fres(Qm)), the structure factors

F(Qm) include the Thompson charge scattering and anomalous corrections but in our case
the anomalous corrections are negligibly small, re is classical electron radius. Supposing
that all Dn (n 6= 0) are small in comparison with the incident wave D0 we obtain in the
first approximation

Dn = χn
k2

nD0 − kn(kn ·D0)

k2
n(1− χ0)− k2 . (3)

Substituting D0 and Dn into Equation (2), we obtain the multiple-wave contribution
to the charge scattering tensor considered reflection Q [36–38]:

FQ(e′∗ · e) = −re(e′∗ · e)F(Q) + (4)

+r2
e

4π

k2V ∑
n

F(Q−Qn)F(Qn)
k2

n(e′∗ · e)− (kn · e′∗)(kn · e)
Q2

n + 2(k ·Qn)− k2
nχ0

.

Because of the forbidden reflection F(Q) = 0, the scattering amplitude is completely
determined by a sum over n.
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Let us demonstrate why sharp peaks appear on the azimuthal dependence of the
intensity of multiple-wave reflections. Consider the coordinate system in which z ‖ Q and
describe in it the direction of Qn by the angles αn and φn, so that

Qn = |Qn|(sin αn cos φn, sin αn sin φn, cosαn). (5)

Let the incident radiation vector equal

k = |k|(cos(θB) cos(Ψ), cos(θB) sin(Ψ),− sin(θB)), (6)

where Ψ describes the rotation of a scattering plane around the Q. Then

k ·Qn = −|k| · |Qn|sin(θB − αn). (7)

During rotation around Q, some atomic planes satisfy the condition φn = Ψ. In
this case, k ·Qn = −|k| · |Qn| sin(θBn), |Qn| = 2|k| sin(θBn), so the denominator of the
expression (4) becomes

Q2
n + 2(k ·Qn)− k2

nχ0 = 4|k|2 sin2(θBn)− 4|k|2 sin2(θBn)− k2
nχ0 = −k2

nχ0. (8)

Because χ0 ∼ 10−5 − 10−6, k2
nχ0 has a small value, thus FQ in (4) strongly increases,

providing a multiple diffraction peak. Thus, during the rotation around Q we usually
see a set of multiple scattering peaks arising due to three waves diffraction from various
atomic planes. However, the scattering intensity is also observed between the peaks due to
the tails of various multiple scattering peaks. Certainly, the nearest peaks give the main
contribution to the intensity between the peaks, but the contributions of all others also
have to be considered.

Below, for simplicity, we shall neglect the absorption effects so that we calculate the
difference between the forbidden reflection’s intensity provided by multiple scattering of
circularly polarized right and left beams as following:

∆(hkl) ∼| F(Q)++ |2 + | F(Q)−+ |2 − | F(Q)+− |2 − | F(Q)−− |2 . (9)

Let us consider the term in (4) depending on polarizations and introduce the circular
polarization vectors as follows: e+ = 1√

2
(ieσ + eπ), e− = 1√

2
(ieσ − eπ), e′+ = 1√

2
(ieσ +

e′π), e′− = 1√
2
(ieσ − e′π). Direct calculations of the polarization factors Pαβ = k2

n(e′∗ · e)−
(kn · e′∗)(kn · e) corresponding to a separate n-th multiple scattering process provides
the following:

Pn
++ = Pn∗

−− =
1
2
[k2

n(1 + cos 2θB)− (kn · eσ)
2 − (kn · e′π)(kn · eπ) (10)

−i(kn · e′π)(kn · eσ) + i(kn · eσ)(kn · eπ)],

Pn
+− = Pn∗

−+ =
1
2
[k2

n(1− cos 2θB)− (kn · eσ)
2 + (kn · e′π)(kn · eπ) (11)

−i(kn · e′π)(kn · eσ)− i(kn · eσ)(kn · eπ)].

This provides | F(Qn)++ |2=| F(Qn)−− |2, | F(Qn)+− |2=| F(Qn)−+ |2, so that
∆ = 0. This means that there is no essential circular dichroism at the azimuthal angles
corresponding to the maximum of a certain multiple peak. But it is not so if we consider
interference between the different multiple contributions with n 6= m, which is more
important at the azimuthal angles between the main multiple peaks, where the intensity is
rather small.
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The intensity of the reflection is proportional to the square modulus of (4) and contains
the cross terms (n 6= m):

In,m
αβ ∼ ∑

n 6=m
{F(Q−Qn)F(Qn)Pn

αβF∗(Q−Qm)F(Qm)P∗mαβ + (12)

F∗(Q−Qn)F∗(Qn)P∗nαβ F(Q−Qm)F(Qm)Pm
αβ}{(Q2

n +

2(k ·Qn)− k2
nχ0)(Q2

m + 2(k ·Qm)− k2
mχ0)}−1.

The explicit expressions for the ∆nm are very cumbersome, and it is easier to make
the numerical calculations. To demonstrate that ∆ 6= 0 we can consider the interference
between two nearest multiple peaks. We denote that F(Qi) =| F(Qi) | exp iΦi, RePi

αβ and

ImPi
αβ are the real and imaginary parts of the polarization factors. In this case, ∆ is equal to:

∆(hkl) ∼| F(Q−Qn)F(Qn) || F(Q−Qm)F(Qm) | (13)

(sin Φm cos Φn − sin Φn cos Φm)(ImPn
++RePm

++ +

ImPn
−+RePm

−+ − RePn
++ ImPm

++ − RePn
−+ ImPm

−+) 6= 0.

In reality, the sums in (12) contain many terms, and it is clear that ∆nm 6= 0 and its
value depend on a sum over many tails of multiple peaks. However, the intensity of
the contributions given by (12) is much less that the intensity of the main peaks, whose
magnitudes are determined by a growth of the denominators in (4) at the azimuthal
angles ψn. Thus, it is more convenient to measure a circular dichroism at the azimuthal
angles between the main multiple-wave peaks. Also, we can see from (13) that for two
enantiomorphous structures, for which r → −r, Φi → −Φi, F(Qi) → F∗(Qi), so that
∆nm → −∆nm. Thus, signs of a circular dichroism corresponding to enantiomorphous
structures are opposite. It opens the experimental possibility to determine an absolute
structure from the measurement of the sign of the circular dichroism in a limited range of
azimuthal angles.

3. Experiment Details

The experiments were performed at the ESRF beamline ID12, which offers full control
of polarization state of incident X-rays in the photon energy range from 2 to 15 keV. For
the experiments at 4.5 keV (far from the absorption edges of Si and O), we used the
fundamental harmonic of radiation emitted by a helical undulator of Helios-II type with
a magnetic period of 52 mm. Note that in a pure helical mode, only the fundamental
harmonic is emitted on the axis the of helical undulator. We have carefully aligned the
primary slits to reduce the presence of the third harmonic below the detection limit. A fixed
exit monochromator was equipped with a pair of Si 〈111〉 crystals diffracting in the vertical
plane. At the photon energy of the experiment the Bragg angle of the monochromator was
close to 26 degree. This caused a reduction of the degree of circular polarization by a factor
of 0.7. The experimental set-up is essentially a high-vacuum three-circle diffractometer
operating in horizontal scattering geometry with a sample and detector arm rotations
driven from outside the vacuum chamber by the Huber goniometer with a very high
accuracy [30].

With this set-up, we have measured the azimuthal dependencies of the 001 forbidden
reflection intensity (the Renninger scan) for the right and left circularly polarized X-rays
one after the other on two quartz single crystals of opposite handedness. High quality
right- and left-handed crystals (space groups P3121 and P3221) are the plates of about one
cm2 cut perpendicular to the screw axis. Crystals were optically pre-tested, so that their
absolute structures were known in advance.

4. Modelling of Three-Wave Multiple Reflections with Circular Polarizations

We have developed the Jmulti code for the calculations of the azimuthal dependence
of the three-wave reflections intensity [39]. The Jmulti code implements the perturbation



Crystals 2021, 11, 1389 7 of 10

theory calculation of the azimuthal dependencies of three-wave reflections in accordance
with the expression (4). It can be used both for the linear or circular polarizations. Jmulti
considers the interference between different three-wave scattering channels and can specify
the indexes of reflections which give the largest contribution to the corresponding multiple
peaks. This program can also be used to find the value of photon energy and azimuthal
angle for which the difference in intensity4(hkl) for the right- and left-handed crystals is
maximal, which means that it is most convenient to determine the type of isomer.

We applied Jmulti to calculate the azimuthal dependence of multiple-wave peaks
with right and left circular polarization of the incident radiation and for the right-handed
and left-handed quartz crystals. The figure (Figure ??) shows the measured and calculated
Renninger plots for the right-handed quartz sample, with indication of which atomic
planes provide the three-waves multiple peaks. We see a good agreement between the
measured and calculated curves, which confirms the correctness of the used approach
taken into account only the three-waves scattering. Jmulti was also applied to simulate the
three-waves multiple peaks positions on the azimuthal dependence of the intensity of 002
reflection in paratellurite [38]. The calculation showed good agreement with the experiment
made at the P23 beamline of the PETRA III synchrotron facility with linear polarization [40].
It allows to rely on such calculations when simulating multi-wave diffraction in structures
other than quartz.
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Figure 4. Azimuthal dependence of intensity of three-wave reflections at the photon energy E = 4.5 keV in
the geometry of the forbidden reflection (001) in the right α-quartz.

The figure (Figure 5) shows in more details the calculated (two top pictures) and
measured (bottom pictures) differences between the intensity of the 001 reflection for the
right (red line) and left (blue line) circular polarization and right- and left-handed quartz
crystals at the azimuthal angle between two adjacent multiple peaks in the center of the
Renninger plot. The measured azimuthal dependencies of the 001 reflection intensity looks
mirror-symmetric for right- and left-handed quartz, it is shown in the (Figure 5). Compari-
son of experimental results with calculations made it possible to determine the absolute
structure of the samples and establish its agreement with the data of optical measurements.
(Figure 5). We can see a mirror symmetry between the pictures corresponding to different
helicities of the incident radiation or between the chirality of a sample. It means that it is
possible to study only one sample to determine its absolute structure using two kinds of
the incident radiation helicities.

As it was shown in [41,42], the positions of the multiple-wave peaks can be used to
determine the cell parameters of the crystal with high accuracy. By varying the parameters
of the crystal cell, we determined the values that would ensure the coincidence of the
positions of the experimental and calculated peaks with a minimum error. The best
coincidence of the peaks were obtained for the right quartz sample with the a = b = 4.914 Å,
c = 5.406 Å, and for the left quartz with the a = b = 4.913 Å, c = 5.404 Å.
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Figure 5. Difference in azimuthal dependence of the 001 reflection intensity of right and left quartz
observed with right (red line) and left (blue line) circular polarization of x-ray beam at the azimuthal
angle between the adjacent multiple-wave peaks.

5. Conclusions

In the paper, we described and experimentally validated a new approach for the
determination of the absolute atomic structure of chiral crystals from the azimuthal de-
pendencies of Renninger plot measured for the forbidden Bragg reflection with right and
left circularly polarized X-rays. The experimental demonstration was performed on the
ESRF ID12 beamline by studying the right-handed and left-handed crystals of α-quartz.
We show that the azimuthal curves measured with opposite circular polarizations are
mirror imaged, and that there is a difference in intensities at a fixed azimuthal angle. This
difference is largest between the adjacent multiple peaks. A similar effect is observed if
we use only one polarization, but change the right-handed sample to the left-handed one.
A theoretical approach that takes into account only three-wave multiple peaks describes
all the observed features and forms the basis of the Jmulti code. It is free and allows
to simulate the azimuthal dependencies of Bragg reflections for different energies of the
incident radiation.

Three advantages of the proposed approach are: it is model independent, it is rather
flexible in choosing the wavelength of X-rays and it needs only one forbidden reflection.

The main drawback is that it requires circularly polarized synchrotron radiation,
which is not widely available. Unfortunately, the method cannot be applied in the case of
structures for which there are no forbidden reflections. However we are developing further
this approach to extend it to allowed reflections.
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