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Abstract: In this paper, a new magneto-electro-elastic functionally graded Timoshenko microbeam
model is developed by using the variational formulation. The new model incorporates the extended
modified couple stress theory in order to describe the microstructure effect. The power-law variation
through the thickness direction of the two-phase microbeams is considered. By the direct application
of the derived general formulation, the static bending and free vibration behavior of the newly
developed functionally graded material microbeams are analytically determined. Parametric studies
qualitatively demonstrate the microstructural effect as well as the magneto-electro-elastic multi-field
coupling effect. The proposed model and its classic counterpart produce significant differences for
thin graded magneto-electro-elastic Timoshenko microbeams. The thinner the microbeam is, the
larger the difference becomes.

Keywords: Timoshenko beam; functionally graded material; magneto-electro-elastic beam;
microstructure effect; modified couple stress theory

1. Introduction

Currently, magneto-electro-elastic (MEE) materials have attracted more and more at-
tention. MEE materials can realize the mutual conversion between magnetic, electrical, and
mechanical energies. Such characteristics have found important applications in stability
controlling, actuating, health monitoring, medical ultrasonic, and some smart structure
technologies [1-3]. In addition, functionally graded materials (FGMs) are characterized by
continuous changes in material properties [4-6]. The mechanical properties of MEE materi-
als synthesized from functionally graded materials are of great significance in both research
and industrial fields [7,8]. In recent years, the research on investigating magneto-electro-
elastic functionally graded materials (MEE-FGMs) on thin beams and plates has become a
major trend. Bhangale and Ganesan [9] studied the free vibration behavior of anisotropic
and linear MEE-FGM plates. Sladek et al. [10] proposed a meshless method for the bend
analysis of circular MEE-FGM plates. Vinyas et al. [11] studied the effectiveness of utilizing
MEE-FGM plates in precise frequency responses control. Mahesh and Harursampath [12]
and Mahesh [13] evaluated nonlinear deflections of MEE-FGM porous flat panels and shells
subjected to mechanical, electrical, and magnetic loads, respectively. However, numerous
experiments [14,15] have proved that thin beams and plates usually exhibit size effects,
(i.e., the thinner, the stiffer). Such size effects arise from non-local interactions of material
particles at a very small scale, which cannot be described by classical theories at the micron
or nanometer level due to a lack of any material length scale parameters. Therefore, it is
necessary to develop thin MEE-FGM structure models based on non-classical theories.

In order to predict the size effects, numerous theories have been proposed with addi-
tional material parameters, such as non-local theories [16], couple stress theories [17-19],
strain gradient theories [20-22], and a series of simpler versions [23-28]. These theories
were successfully applied to develop size-dependent structure models for very small scales.
For example, based on nonlocal theories, a number of MEE/MEE-FGM beam and plate
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models have been developed to capture non-local size effects [29-32], in which a non-local
medium, including long-range material interactions, is adopted. Lim et al. [33] proposed a
non-local strain gradient theory to include both non-local and strain gradient effects, and
the bending, buckling, and free variation problems of FGM beams have been solved [34,35].
In addition, the modified couple stress theory (MCST) [24,25] contains only one additional
parameter for isotropic materials. This MCST and its extended versions only consider the
symmetrical part of the curvature tensor, which leads to fewer material parameters than
their classical counterparts. In view of the great difficulties for determining additional
parameters and interpreting the relevant microstructures, these modified theories have
been applied to build micro/nano-beam and periodic composite pipe models [36—41],
from which a microstructure-dependent stiffness is revealed. Recently, three such models
have been proposed for MEE Timoshenko homogeneous beams [39] and MEE homoge-
neous plates [42,43] based on the extended modified couple stress theory. However, to the
best of our knowledge, the extended modified couple stress theory is not applicable to
MEE-FGM microbeams, which are inhomogeneous and might be helpful for smart devices
miniaturization [44—48]. This motivated the present work.

The present work uses the extended modified couple stress theory to develop a MEE-
FGM Timoshenko microbeam model for the first time and analytically solves the static
bending and free vibration problems of the new model.

2. Materials and Methods

Consider a two-phase FGM microbeam with length L, width b and thickness k under
the combined electric, magnetic, and mechanical loadings, as shown in Figure 1. The
effective material properties P(z) (i.e., elastic stiffness, couple stress stiffness, piezoelectric
constant, piezomagnetic constant, dielectric constant, magnetic permeability constant,
magneto-dielectric constant and density) of the current microbeam change continuously in
the thickness direction based on a power-law distribution [36], where P and P, are the
material properties of material I and II, respectively. The functionally graded power-law
index n determines the material distribution across the thickness.

P(z) = (P — Py) (Z + ;) + P, (1)
5w 100% material [
"z
y
grare h
oM
b

100% material 11

Figure 1. Functionally graded microbeam configuration.

Based on the extended modified couple stress theory [42,49], the constitutive equations
for transversely isotropic magneto-electro-elastic materials are given by [39,42,50,51].
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where 0;, mjj, D;, B; are the Cauchy stress tensor, the deviatoric part of the couple stress
tensor, the electric displacements, and the magnetic fluxes, respectively. Cup («,p=1,2,...,
6) is the elastic stiffness tensor, A, p(a,=1,2,...,6)is the couple stress stiffness tensor,
e, and g;, are the piezoelectric and piezomagnetic tensors, s;; and p;; are the dielectric
and magnetic permeability tensors, d;; is the magneto-dielectric tensor, and ¢; and y;;
are, respectively, the infinitesimal strain and the symmetric curvature tensors, which are
defined by

+

1
&ij = E(ui,j + i), (6)

1
Xij = 7 (ipgta.pj + Ejpgtiq pi)s @)

with u; being the displacement, and ¢;j is the Levi-Civita symbol. In addition, Ex and Hy
are, respectively, the electric field intensity and magnetic field intensity read

Ey = =@y, Hy = —My, (8)

where @ and M are the electric and magnetic potentials.
For a MEE Timoshenko beam with a uniform cross-section shown in Figure 1, the
displacement field and electric and magnetic potentials can be given by [52-55]

up = u(x, t) —ze(x,t),uy = 0,uz = w(x, t), 9)
7T 2z 7T 2z
b= cos(ﬁz)'y(x,t) + 7 0 M=- cos(ﬁz)é(x,t) + 750, (10)

where 1 and w are the beam extension and deflection, ¢ represents the rotation angle, y
and ( are the spatial variations of the electric and magnetic potentials along the x-direction,
respectively. g and () are, respectively, the external electric and magnetic potentials.

By substituting Equations (9) and (10) into Equations (6)—(8) yields

xx — ax axl Xz — 2

= = Fr q)), others = 0, (11)

1/0%w  0¢
Xxy = ~1 (8x2 + ax>' others = 0, (12)
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E, = cos( p )(3,), E, = %sin(%z)’y — %’yo, E, =0, (13)

Hy = cos(%z) gé, H, = —% sin(%z)g - %go, H, = 0. (14)

Based on Equations (11)—(14), the constitutive equations in Equations (2)—(5) can be
obtained as

Oxx = Cr1€xx —€31E; — 5]3le/ Oxz = 2Cga8yx; — €15Ex — q15Hy, (15)

Myy = (All - AlZ)Xxyr (16)
Dy = 2e15ex; +511Ex +d11Hy, D; = e31exx + 533E; + d3zHy, (17)
By = 2q158x; + p11Hy +d11Ex, Bz = q31€xx + p33H; + d33E.. (18)

From Equations (11)—(18), the first variation of the total strain energy in the current
beam satisfying the extended modified couple stress theory over the time span [0, T] takes
the form [39,42]

SJudt = [ ¥ [ (0uxbery + 2008z + 2y Sy 19)
—Dy6Ey — D10E; — By6Hy — B.6H,)d Adxdt,

where A is the cross-sectional area.
The first variation of the kinetic energy of the Timoshenko beam over the time interval
[0, T]is given by [53]

duq dduq 8u38(5u3
5/ Kat = / / / (at ot at ot dAdxdt, 20)

where p is the mass density.
Furthermore, the virtual work performed by the applied forces acting on the current
Timoshenko beam over the time span [0, T] can be written as [55,56]

T T (L
5 / Wt = / / [fou + qow)dxdt, 1)
0 0 Jo
where f and g are, respectively, the x- and z-components of the body force per unit length

along the x-axis.
According to Hamilton’s principle [53,56],

T
5/0 K — (U — W)]dt = 0. 22)

Substituting Equations (19)—(21) into Equation (22), applying the fundamental lemma
of the calculus of variations [57], and considering the arbitrariness of du, dw, and Jd¢ yield

oN. o%u 02
S f=mo Sy —m S, (23)
~x TNeT g Mg —Migs (24)
aNxZ 1 BZny azw
ox T2 a2 TIT Mg (25)
oA
axx + AZ = 0/ (26)
oY
ax" +X,=0. (27)
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as the equation of motion, and

Nyy=0oru=uatx=0andx =1, (28)
1 _
Mxx—l—Eny:Oor(p:goatx:Oandx:L, (29)
10Yyy _

_N“_Eax =Qorw=watx=0and x =L, (30)
1 Jw Jdw
Enyzoorg:gatx:Oandx:L, (31)

Ay=0ory=%atx=0andx =1L, (32)
Yy=0or{=_atx=0andx =L (33)

as boundary conditions, where the overbar denotes the prescribed value. Note that the
stress, electric, magnetic resultants, and mass inertias can be expressed as

ou d

Nyy = /A OuedA = Au's — By a(” + A%y + ALT+ NE+ NF, (34)

du dg q E H
Moy = /Azaxdi Buge — Dix5t + B3y + Bho + ME + MY, (35)

ow a’Y 8@

d?w 9

ny = [quydA —ny<ax2+ai)>/ (37)

ow s dy d ag
Ax—/ DxCOS( )dA—ks <ax_q)> +A11$+A11£/ (38)

e Ou E)(p

ow ¢ 4 97

zx_/ Bxcos(h )dA_kA§5<a "’>+A§llax+A“ax’ (40)

ou d
s, = / B.Tsin(Tz)dA = 4%, 50— BLSY - AlLc - Afy - NGU-NEL @)

(mg, mq, mp) = /Ap(z)(l,z,zz)dA (42)
where k; denotes the shape correction factor [58,59], and
(Asx, Bax D) = [ Cu(2)(1, 2, )i, (43)
Ayz = /A Caa(z)dA, (44)
Fy = 1 [, (An(2) = An(2)da, (45)
(A3, By) = / 631(2)%5111(%2) (1, z)dA, (46)
A}, B / q31(z Sm )(L z)dA, (47)

(Nf, Mf) - /A e31(z)2hﬂ(1, 2)dA, (48)
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(N2, mlT) = [ 4a()52(1, 2)da, (49)
yan ) el o
R § ENEIEICE SRTE T ) P
) - [ fanroi () o (i (E)fon o
<N33, ) =/A{sss<z>2ho;: SEEINEE S INCE) I
(1 5) = [ oo () oo (P wi(E)Jon.

(N, NE) = / {m( ) gohsin(%z), d33(z)2hﬂ%sin(%z) }dA. (55)

Based on Equations (23)—(55), it is found that the current MEE-FGM beam model can
additionally capture the effects of couple stress, piezomagnetism, piezoelectricity, and MEE
coupling, when compared to the classical FGM Timoshenko beam model.

3. Analytical Solution

This section may be divided by subheadings. It should provide a concise and precise
description of the experimental results, their interpretation, as well as the experimental
conclusions that can be drawn.

In order to illustrate the newly developed model in Section 2, the static bending and
free vibration problems of the current beam are solved in this section.

According to Equations (28)—(33), the relevant boundary conditions of a simply sup-
ported beam can be identified as

Nyx =0, (56)
wly_g=wl,_ =0, (57)
Mxx\x:o = Mxx|x:L =0, (58)
Yyl .o = Yay|,—p =0, (59)
Vx=0 = Tzt =0, (60)
Cly—o = Cly=r = 0. (61)

It should be noted that the boundary of the electric and magnetic conditions given in
Equations (60) and (61) are for an open circuit.

3.1. Static Bending
Consider Fourier solutions for u(x), ¢(x), w(x), y(x), and {(x):

Z Uy cos (Lx) (62)

k=

2 & cos <k7zx) , (63)
(knx)

Z Wi sin , (64)

B

= ifksin(zx) (65)
k=1
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xX) = i Zy sin(errx> (66)
k=1

where Uy, @, Wy, Iy, and Z; are the Fourier coefficients to be determined. It can be
shown that the Fourier solutions in Equations (62)—(66) satisfy the boundary conditions in
Equations (56)—(61). In addition, the body force f is equal to zero, and the uniform load g(x)
can also be expanded in Fourier series as:

= . kmx
=) Qsin < (67)
k=1

where Qy is a Fourier coefficient calculated by g(x) = py in the current case as

Qe = 2211 — cos(kn) (69)

According to the Equations (23)—(27), (62)—(66) and (67), the equilibrium equations of
static bending problems can be written as

o%u 0%

0
o~ Bugp Lo

319y

TR

Axx 315,

=0, (69)

Bxx 8x2 + Dxx 8x2 Bgl gz Bgl gg 4 kZsz (@ o QD)

(70)
9 ) 23 9
kAﬁsaZ_kA%ag_%ny(WZg %) =0
Pw 9 02 azg w93
2 P ’Y Py _

Pw 9 0%y 0% ou 0
ks (8 ) ai)+A§j1aﬂ+Atf1a 32 T ANy B§1£—A§37—A§3C:0, (72)

Pw 9 0°( 0%y Jou 0
kﬂ“wfww+ﬂwﬁ%&w+%a B S0 - Aty - by =0, (73)

Substituting Equations (62)-(66) into Equations (69)—(73) results in

S11 Sz 0 S Si5 Uy 0
S12 S» S Sos Sy Dy 0
0 Sy S33 S3s Szs Wi | =1 —Qk |, (74)
S14 Sya S3a Sus Sus Iy 0
Si5 S»5 S35 Ss5  Sss Zy 0
where

2

S11 = _Axx<kfn , S12 = Bxx( ) S13 =0, S14 = A, (kL ) Si5 = Al (’%T),
2 2 3

Sy = _Dxx(kfn) - szxz + %ny(£> , S5 = kSsz (kfn> + %ny(kfn) ’

Sas = _Agl(kj) k A‘i5< ) S25 = Agl (kn) o kSA;is(kTﬂ>' (75)

S33 =

|

|
»
AN
S
R

IS
/"\ o

>
Rt
N—

1ny( ) Sy =k A15( )2, Sa5 = ksA§5(kTﬂ)2,
Su = Ay (’%) + A3 Sa5 = A‘ill (%T) + Agw S55 = A]fl (kfn)z + A§3.

According to Equation (74), the Fourier coefficients Uy, &y, Wy, I'y and Z; will be
solved. The solutions of u(x), @(x), w(x), y(x), and {(x) for the current simple supported
beam can also be given by inserting these results into Equations (62)—(66).



Crystals 2021, 11, 1206 80of 18

3.2. Free Vibration

In the free vibration problem of the current beam, both the external forces are vanished
(i.e., f = g = 0). Consider the following Fourier series expansions for u(x, t), ¢(x, t), w(x, t),

y(x, t), and {(x, t):

Z LI,Y cos( ) iwt (76)
k=1
- T iwyt
Z@k cos( T )e , (77)
- Vo krx iyt

) =Y W sm<L>e K (78)
k=1

ZTk sm(knx) Wt (79)
o oV (KT i

xt)=Y 7 sm()e k (80)
k=1 L

where wy is the kth vibration frequency, U,y , le CD,Y , I kV, and Z,Y are Fourier coefficients.
It should be noted that the Fourier series expansions in Equations (76)—(80) satisfy the
boundary conditions in Equations (56)—(61). Based on Equations (76)—(80) and Equations
(23)-(27), the equations of motion can be expressed as

A7 o 2 0%¢

0%u 02 0
Axx=—5 — Bxx ¢+Agi+ 31ax Oatz_mlatzr

ox2 ox2 3oy (81)
Bxx 7+ Dix 2 5o — By 31 B}, 35( + kA (aw - ‘P)
a 797 1 Pw ) Pu
—ksAfs 5y — ks Al ag — 3k ( w T 8x2) =Mom —Map,

2 2 4 3 2

(82)

ox2  ox 15a 2 55,2 oxt " 9x3 0527

Pw 0 927y 02g ou 9
ks (8 2~ az> +A§1@+A‘f1a s +A35, Bgla*f — ARy~ ALL =0, (84)

Pw 9 0% 9%y Ju d
ko (G~ g ) + Al AL GE AR B Akt by =0 @

Using Equations (76)—(80) in Equations (81)—(85), yields

Su S22 0 Su S5 uy mow?  —mw? 0 0 0 uy 0
Sz S» Ss3 Su S @ —mw;  Mpw? 0 0 0 kg 0
0 Sy Su Su S Wy + 0 0 mowi 0 0 wll=|0 (86)
Siu Su Smu Su Sss ry 0 0 0 0 0 ry 0
Si5 Sz S3s Sis Sss z! 0 0 0 0 0 zy 0

Therefore, the first natural frequency w1 of the current beam can be solved from the
smallest positive root of wy? (k = 1) of the Equation (86).

4. Numerical Results

The 50%-50% BaTiO3-CoFe,Oy is adopted for material I [39,42,60-62], and the material
II is taken to be epoxy [63], as listed in Table 1. Note that the couple stress constants A1y
and Aj, are estimates based on the formula provided in [14,39]. The magnitude of the
uniform load py is equal to 1/2000k N /m, the shear correction factor k; is 0.81/2, and the
cross-sectional shape is kept at b = 2h and L = 20h.
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Table 1. Material properties of the BaTiO3-CoFe,O4 [39] and epoxy [63].

Physical Parameter Material 1 Material 11

C11 (GPa) 226 4.889

Cus (GPa) 44.15 1.241
e15 (C/m?) 5.8 0
e31 (C/m?) —2.2 0
e33 (C/m?) 9.3 0
s11 (1079C2/(N-m?2)) 5.64 0
s33 (1072C2/(N-m?2)) 6.35 0
715 (N/(A-m)) 275 0
g31 (N/(A-m)) 290.15 0
33 (N/(A-m)) 349.85 0
di1 (10712Ns/(V-Q)) 5.38 0
dsz (107 12Ns/(V-C)) 2740 0
p11 (107°Ns?/C?) 297.5 0
t33 (107°Ns? /C?) 83.5 0

A (N) 11.7484 1.4014

A1 (N) 6.4980 0.6903

p (kg/m3) 5550 1180

In order to verify the correctness of the current model, a comparative study of the
deflection of a simply supported microbeam subjected to uniform load between the current
model (with Gradient index n = 0) and the model provided by Zhang et al. [39] are plotted
in Figure 2. The beam parameters are adopted from Zhang et al. [39].

0. 14 T T T T T T T T T
e-%-a
e S
N
0.12 F o oY i
4 N
/'O/ R
0.1 | , \ 4
z X
/ \
4 \
0.08 - 1
< % AN
= / \
0.06 F < S .
/ \
/ —— MCST from current \

;5 — — = Classical from current ®

0.04 |- , @ MCST from Zhang et al. [39] \ T
/ O Classical from Zhang et al. [39] \\
0.02 _
h=1442um, b =2h, L = 20h
0 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x/L

Figure 2. Comparison of the deflection of the simply supported microbeam subjected to a uniform load.

From Figure 2, it is obvious that the results of the classical and current model are the
same as those in Zhang et al. [39]. In addition, this validates the current model and shows
that the microstructure effect will always cause the deflection to decrease, as expected.

4.1. Static Bending

Figure 3 shows the distributions of the deformation, axial normal stress, and the
electric and magnetic potentials of the current beam. In order to facilitate the observation
of the deformation trend of the current beam, the x-component of the displacement vector
u of a point (x, y, z) on the beam cross-section has been enlarged by 10 times. In addition,
the thickness / is 20 um, and the gradient index  is 5.
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Figure 3. Distribution of (a) deformation, (b) axial normal stress, (c) electric potential, and (d) magnetic potential (Gradient

100

150

250 300 350

Axial normal stress (MPa)

-0.01

(b)
I

0016 -0.014 0012 -0.008

|
-0.006  -0.004  -0.002 0

Magnetic potential (A)

(d)

From Figure 3b, it can be observed that the axial normal stress in the middle of the
current beam is relatively small, and the axial normal stress at the top of the beam is
relatively large. From Figure 3c,d, it is clear that the distributions of electric and magnetic
potentials in the current beam are center-symmetrical, and the maximum magnitudes both
appear at the center of the beam.

Figures 4 and 5 show the deflections and rotation angles with different thicknesses
predicted by current and classical models. The gradient index # is 5. The numerical results
for the current model (solid lines) incorporating the couple stress effect (with A7 # 0
and A1y # 0) are directly calculated from Equations (62), (63) and (74), while those for the
classical model (dashed lines) are obtained using the same equations but with A;; = A1p = 0.

0.5

w/h

Current (£ =20 pm)
— — = Classical (4 =20 um)
Current (£ = 40 pm)
— — = Classical (h =40 um)
Current (2 = 100 pm)
— — - Classical (1 = 100 um)

0.4 0.5 0.6
x/L

Figure 4. Deflection of the MEE-FGM simply supported beam (Gradient index n = 5).
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0.1

0.05

T T T T

Current (7 20 pm)
= = = Classical (h = 20 um)
Current (4 = 40 pm)
— = ~ Classical (h = 40 um)
— Current (2 = 100 pm)
— — = Classical (A 100 um

)

b=2h L =20h

o/rad
(=]

0.05

0.2 0.3 0.4 0.5

x/L

0.6 0.7 0.8 0.9

Figure 5. Rotation of the MEE-FGM simply supported beam (Gradient index n = 5).

From Figures 4 and 5, it can be found that the deflections and rotation angles of
the current model are always smaller than those of the classical model in all cases. The
difference between the results of the current and classical models is obvious when the
beam thickness / is small, as expected.

Figure 6 shows the axial normal stress at the beam center (x = L/2) along the thickness
direction of the current and classical models. From Figure 6, it is clear that the magnitude
of the axial normal stress of the current model is always smaller than that of the classical
model. The differences between the axial normal stress predicted by the two models also
become smaller with the increase in the thickness .

0.5 ——— +
il e Current (A =20 pm) |
: — = =Classical (h=20 um)
Current (h =40 pm)
03} 7 — — = Classical (# =40 pm) | 9
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Figure 6. Axial normal stress of the MEE-FGM simply supported beam (Gradient index n = 5).

Figures 7 and 8 display the electric and magnetic potentials of the FGM simply
supported beam with different thickness of the current and classical models. From
Figures 7 and 8, it can be observed that the values of electric and magnetic potentials
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of the current model are always smaller than those of the classical model. When the beam
thickness /1 is small, the differences between the two sets of results are very large. However,
the differences become small when the beam thickness increases. This phenomenon also
indicates that the microstructure effect is significant for very thin beams.
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Figure 7. Electric potential of the MEE-FGM simply supported beam (Gradient index n = 5).
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Figure 8. Magnetic potential of the MEE-FGM simply supported beam (Gradient index n = 5).

To illustrate the material inhomogeneity, Figure 9 shows the variation of the maximum
deflections wmax (x = L/2) of the MEE-FGM beam with the different gradient index 7 for
h =20 pm and 20 mm, respectively. From Figure 9a, it can be seen that the maximum
deflections wmax increases with the increase of the gradient index—for both current and
classical models—and the deflection of the classical model is always larger than that of the
current model. From Figure 9b, it is found that when the thickness of the beam is large
enough, there is almost no difference in the prediction results of the maximum deflections
predicted by the two models, which further confirms that the microstructure effect is only
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important for very thin beams. In addition, from Figure 9a,b, it is shown that the gradient
index n does have a significant effect on the static bending response for all length scales.
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Figure 9. Maximum deflections of the MEE-FGM beam for different gradient index with (a) # = 20 um, (b) & = 20 mm.

Figure 10 shows the variation of the axial normal stress oy (L/2, z) of the current
MEE-FGM beam through the thickness for different gradient index n. From Figure 10, it
can be found that the axial normal distribution of current MEE-FGM beam is different
from that of a homogeneous beam for both /1 = 20 um and 20 mm cases. In addition, the
axial normal stress of homogenous beams on the geometric central axial (z = 0) is zero,
but the zero-valued stresses positions of the current FGM beam are varying with the n.
Furthermore, the axial normal stress of a homogeneous beam is linear, while those of
current MEE-FGM beam are nonlinear at all length scales.
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Figure 10. Axial normal stress of the current MEE-FGM beam through the thickness with (a) & = 20 pm, (b) / = 20 mm.

4.2. Free Vibration

Figure 11 shows the variation of natural frequency (with k = 1) of the MEE-FGM beam
of the current and classical models with different beam thickness. From Figure 11, it is
obvious that the natural frequencies of both the current and classical models decrease with
the thickness increases. The results also show that the current model incorporating the
couple stress effect always increases the value of the natural frequency (and thus increased
the beam stiffness). When the beam thickness is small enough, the couple stress effect
is significant.
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Figure 12 shows the variation of the natural frequency w (k = 1) of the current and
classical models with different gradient index n for 1 = 20 um and 20 mm. From Figure 12a,
it is clear that when the thickness of the beam is small (micro scale), the prediction results
of the two models are very different. However, from Figure 12b, when the thickness is
big enough (macro scale), the prediction results of the two models are almost the same. In
addition, the effect of the gradient index is found to be important for all length scales.

<107
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Natural frequency of the MEE-FGM beam for different gradient index with (a) 2 = 20 um, (b) & = 20 mm.

5. Conclusions

Based on the extended modified couple stress theory, a new graded magneto-electro-
elastic Timoshenko microbeam model is developed. The new model considers the effects of
both three-field coupling and couple stress. The equations of motion and complete bound-
ary conditions of the new microbeam model are determined through a variational approach.

As two direct applications of the new model, the static bending and free vibration
properties of a simply supported microbeam subjected to uniformly distributed loads are
analytically obtained. For the static bending problem, parametric studies demonstrate that
the deflections, rotations, axial normal stresses, electric and magnetic potentials predicted
by the current model are all smaller than those of the classical theory. The differences
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decrease with the increase in the microbeam thickness. For the problem of free vibration,
the natural frequency obtained from the current model is found to be higher than that
of the classical model. The difference increases as the thickness of the beam decreases.
Such a behavior also indicates that the microstructure effect tends to make the graded
magneto-electro-elastic microbeam stiffer, and the current model can predict the size
effect for magneto-electro-elastic functionally graded microbeam. In addition, it was
demonstrated that changing the gradient index significantly affects both the static and
vibrational properties of the graded magneto-electro-elastic microbeam at all length scales.
These findings are helpful in guiding the engineering design and optimization of graded
magneto-electro-elastic materials in MEMS and NEMS devices.
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Nomenclature

L b h Length, width and thickness of beam

P(z), Py, P, Material properties of the current beam, material I and II
n Functionally graded power-law index

ojj The components of Cauchy stress tensor

mj; The components of the couple stress tensor

D; Electric displacements

B; Magnetic fluxes

Cap The components of elastic stiffness tensor

Aup The components of couple stress stiffness tensor

eiy The components of piezoelectric tensor

Jin The components of piezomagnetic tensor

Sij The components of dielectric tensor

Hij The components of magnetic permeability tensor
djj The components of magneto-dielectric tensor

&j The components of infinitesimal strain tensor

Xij The components of the symmetric curvature tensor
U; Displacement components

Eijk Levi-Civita symbol

Ey, Hy Electric field intensity and magnetic field intensity
o, M Electric potential and magnetic potential

u, w Beam extension and deflection

1) Rotation angle

7 C The electric potential and magnetic potentials

Y0, Co External electric potential, external magnetic potential
A Cross-sectional area

0 Mass density

fq The x- and z-components of the body force per unit length
ks Shape correction factor

Uy, @, Wk, T'y, Z, Qr  Fourier coefficients

Wy The kth vibration frequency

U]Y , WIY CD,‘(/ , I kV, Z]Y Fourier coefficients
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