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Abstract: In this study, the properties of observed, difference, and hybrid syntheses (hybrid indicates a
combination of observed and difference syntheses) are investigated from two points of view. The first
has a statistical nature and aims to estimate the amplitudes of peaks corresponding to the model
atoms, belonging or not belonging to the target structure; the amplitudes of peaks related to the target
atoms, missed or shared with the model; and finally, the quality of the background. The latter point
deals with the practical features of Fourier syntheses, the special role of weighted syntheses, and their
usefulness in practical applications. It is shown how the properties of the various syntheses may
vary according to the available structural model and, in particular, how weighted hybrid syntheses
may act like an observed and difference or a full hybrid synthesis. The theoretical results obtained in
this paper suggest new Fourier syntheses using novel Fourier coefficients: their main features are
first discussed from a mathematical point of view. Extended experimental applications show that
they meet the basic mission of the Fourier syntheses, enhancing peaks corresponding to the missed
target atoms, depleting peaks corresponding to the model atoms not belonging to the target, and
significantly reducing the background. A comparison with the results obtained via the most popular
modern Fourier syntheses is made, suggesting a role for the new syntheses in modern procedures for
phase extension and refinement. The most promising new Fourier synthesis has been implemented
in the current version of SIR2014.
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1. Introduction

Since 1929, when Bragg demonstrated the usefulness of Fourier syntheses for the solution of a
diopside crystal structure [1], their calculation has become a central step in phasing and/or phase
refinement procedures. Fourier syntheses lose their role when the structure is solved by cryo-electron
microscopy, but they are still central when experimental diffraction data are collected, for example, in
the case of X-ray free electron laser or synchrotron data, when more traditional and more popular ab
initio, molecular replacement, and anomalous dispersion techniques are used. Many types of Fourier
syntheses may be used, according to the specific purpose of the calculations: their variety (up to
the 1970′s) may be observed in the textbook by Ramachandran and Srinivasan [2], which is entirely
dedicated to the subject. We anticipate the meaning of the symbols more frequently used in this paper.
According to Equation (1):

F =
∑N

j=1
f jexp

(
2πihr j

)
= |F|exp(iϕ) (1)
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F is the structure factor of the target structure; its modulus corresponds to the observed structure factor.
N is the number of atoms in the unit cell of the target structure, and f j, j = 1, . . . ., N represent the
corresponding atomic scattering (thermal parameters included). Furthermore (Equation (2)),

Fp =
∑p

j=1
f jexp

(
2πihrpj

)
=

∣∣∣Fp
∣∣∣exp

(
iϕp

)
(2)

is the structure factor of the model structure, where rpj = r j + ∆r j. ∆r j is the misfit between the
jth atomic positions in the target and the model structures, and p is the number of atoms in the
corresponding unit cell. In this paper Fp is the structure factor available by the application of molecular
replacement methods, or by subsequent phase refinement.

Today, only a few types of syntheses survive in modern crystallographic programs.

(a) The so-called observed Fourier syntheses (Formula (3))

|F|exp
(
iϕp

)
(3)

as the Fourier coefficient. They soon became obsolete, and were replaced by the observed
weighted syntheses [3–11] with (Formula (4)):

m|F|exp
(
iϕp

)
(4)

as Fourier coefficients, where m reflects the probability that the model phase is close to the target
phase. m is usually estimated according to Sim [12] or Srinivasan [13]. They play a central role in
any modern edm procedure.

(b) The difference electron density (Formula (5)), using(
|F| −

∣∣∣Fp
∣∣∣)exp

(
iϕp

)
(5)

as Fourier coefficients. Its properties were extensively studied by [14–16]. Caliandro et al. [17–19]
suggested an iterative refinement procedure involving both difference and observed Fourier
syntheses, generalizing current edm procedures.

(c) Main [20] proposed (Formula (6)) (
m|F| −

∣∣∣Fp
∣∣∣)exp

(
iϕp

)
(6)

as the coefficient of difference synthesis. A more recent probabilistic approach [21] generalized
Main’s formula for the case in which the target and model have different scattering powers, and
used it in the so-called VLD (Vive la Difference) phasing procedure [22–24].

(d) Read [25], on the basis of maximum likelihood considerations, suggested, for difference Fourier
synthesis, the coefficient (Formula (7))(

m|F| −D
∣∣∣Fp

∣∣∣)exp
(
iϕp

)
(7)

(e) More recently, the difference Fourier synthesis proposed by Burla et al. [26] used (Formula (8))

[
|F|2 +

∣∣∣Fp
∣∣∣2 − 2m|F|

∣∣∣Fp
∣∣∣]1/2

(8)

as the Fourier coefficient amplitude (it is the expected amplitude of the difference
∣∣∣F− Fp

∣∣∣2), and

the phase ϕp if |F| >
(
2−
√

m
∣∣∣Fp

∣∣∣), or ϕp + π if |F| <
(
2−
√

m
∣∣∣Fp

∣∣∣).
The difference syntheses mentioned above belong to the family of hybrid syntheses, which combine

observed and difference syntheses through suitable integral coefficients (e.g.,
(
2|F| −

∣∣∣Fp
∣∣∣)exp

(
iϕp

)
or
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(
|F| − 2

∣∣∣Fp
∣∣∣)exp

(
iϕp

)
may be used as Fourier coefficients). We will show that the observed synthesis is in

itself a combination of other syntheses.
The greater effectiveness of the phasing procedures is obtained by weighted hybrid syntheses (see

the next sections). Today, the general properties of the weighted and unweighted Fourier syntheses are
substantially known. However, a mathematical treatment able to estimate the expected amplitudes of
the peaks related to the target atoms and/or the model atoms and the quality of the background is still
not available. One of the latest contributions on the matter is that of Vijayan [27], who, using the theory
of Ramachandran and Srinivasan [2], estimated that the peak amplitude in the point rpj of a difference
electron density map is proportional to f j

[(
ΣN/2Σp

)
− 1

]
. However, the estimate is very rough because

it does not involve the quality of the model structure and therefore the average phase error.
The mathematical approach described in this paper is able to provide the properties of each Fourier

synthesis as an explicit function of the atomic misfit between the model and the target positions, of the
average phase error, of the prior knowledge of the atomic scattering factors, and of the data resolution.
Such an approach will clarify the predictive power of each synthesis, in particular, the capacity for
predicting the positions of the target missing atoms and the positions of the wrongly located model
atoms. That is the first purpose of this paper. The second aim is to verify if, in addition to the most
popular syntheses used today, new ones can be found with good and/or unexpected properties, e.g., if
some of them can help in the difficult transition from an imperfect model to the target structure. For
this purpose, the new Fourier syntheses proposed in this paper have been implemented in the current
version of SIR2014 and applied to practical cases (experimental data resolution in the range of 1.57–2.95
Å).

2. The Observed Fourier Synthesis

It is normal to write the structure factor of a given target structure as (Equation (9))

Fh =
∑N

j=1
f jexp

(
2πihr j

)
= |Fh|exp(iϕh) (9)

where the vector r j defines the target atomic positions and f j represents the corresponding atomic
scattering factors calculated for the given reflection h. It is also normal to represent the target electron
density by (Equation (10))

ρ(r) =
1
V

∑
h

Fhexp(−2πihr) (10)

where |Fh| is the observed structure factor amplitude.
Introducing Equation (9) into Equation (10) allows one to study the behavior of the electron

density versus the atomic positions (Equation (11)):

ρ(r) =
1
V

∑
h

∑N

j=1
f jexp

[
2πih

(
r j − r

)]
=

2
V

∑
h

∑N

j=1
f j cos

[
2πh

(
r j − r

)]
(11)

For Equation (11), as well as for all of the related following expressions, it is implicitly assumed
that, when the cosine function is used, the summation over h excludes Friedel opposite reflections.

When r coincides with one of the atomic positional vectors, e.g., when r = r j (Equation (12)),
we have

ρ
(
r j
)
=

2
V

∑
h

f j +
2
V

∑
h

∑N

k, j=1
fk cos

[
2πh

(
rk − r j

)]
(12)

Since the contribution of the second term on the right hand side of Equation (12) is statistically
negligible when h uniformly varies over all of the measured reflections (this hypothesis will always be
valid in this paper), it may be stated as presented in Equation (13):

ρ(r) =
2
V

∑
h

f j(h) (13)
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For r , r j, no remarkable background is present outside of the target atom positions: the electron
density vanishes everywhere except for the resolution ripples close to the r j. This does not occur if
Equation (11) involves a summation on a subset of the experimental indices: for example, in the case of
pseudo-translational symmetry with pseudo-translation vector u = a/3, if there are two heavy atoms
in positions r and r + a/3, a non-vanishing electron density at r + 2a/3 may be found if only reflections
with h = 3n are used in Equation (11). In this study, we will always assume that the h reflections are
uniformly distributed in the reciprocal space.

Let us now consider an imperfect model structure, whose atomic positions are defined by the
rpj = r j + ∆r j vectors. Then, the value of the calculated (from the model) electron density in a general
point r (Equation (14)) will be

ρp(r) =
2
V

∑
h

∑p

j=1
f j cos

[
2πh

(
rpj − r

)]
(14)

The ρp(r) maxima will vanish in all points of the unit cell, except at the model atomic positions: at
rpj, the density amplitude will be (Equation (15)):

ρp
(
rpj

)
=

2
V

∑
h

f j(h) (15)

which is perfectly equal to Equation (13). Obviously, this model density also does not show any
remarkable background except for the resolution ripples surrounding the model atoms.

Quite often, when a molecular model is not available and only a model electron density is
attainable, it is difficult to evaluate how many atoms are included in the current model. It is then
frequently assumed that N~p: this is the approximation we will adopt.

In this paper, we will make use of figures showing a one-dimensional simple target and model
densities for various Fourier syntheses. The figures cannot accurately represent the large variety of
three-dimensional syntheses which may be found in practical cases, but they are a useful didactical
tool for checking and describing the main properties of the syntheses. In particular, we will use two
pairs of one-dimensional target-model structures consisting of nine atoms each. In the first case, five
atoms of the model overlap with the target atoms, and in the second case, only three model atoms
overlap with the target atoms.

Figure 1a shows the calculated electron densities for the first pair of target-model structures.
The red lines correspond to the target density and the red circles denote the target atomic positions.
In the same figure, the blue lines correspond to the model density and the blue circles denote the model
atomic positions. Five atomic positions of the model structure perfectly overlapping with five target
atoms are marked by red-blue circles (this notation will be maintained for all of the figures). The peak
intensities agree with Equations (13) and (15).
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Figure 1. One-dimensional electron densities calculated for nine atom structures. (a) The target densities
are shown in red and the model densities are shown in blue. The red circles correspond to the target
atoms and the blue circles correspond to the model atoms. Five model atoms perfectly overlap with the
target atoms; their positions are marked by red-blue circles. The average phase error corresponding to
the model is 65◦; (b) F observed synthesis; (c) mF weighted observed electron synthesis.

Let us now consider again the case of an imperfect model: we want to calculate the so-called
observed Fourier synthesis, as is usually done when the model is under refinement (Equation (16)).
In this case,

ρo(r) =
1
V

∑
h
|Fh|exp

(
iϕph

)
exp(−2πihr) (16)

In Equation (16), the best approximation of the target phase (say ϕph) is combined with the
experimental estimate of the target structure factor. What do crystallographers want from this
synthesis? Let us distinguish four types of peaks:

T.no.M peaks, corresponding to the target atomic positions and not included in the set the
model atoms;

M.no.T peaks, corresponding to the model atomic positions which are not part of the
target structure;

T&M peaks, corresponding to the model and the target atomic positions;
No.T.no.M false peaks, without any correspondence with the model and the target atoms.
A good observed density is expected to emphasize the amplitudes of the T.no.M and T&M peaks,

deplete the amplitudes of the M.no.T, and make the intensity of the No.T no.M peaks negligible.
Let us see if these expectations may be satisfied by our mathematical approach. If we assume

ϕph = ϕh + ∆ϕh, Equation (16) may be rewritten as Equation (17):

ρo(r) = 1
V

∑
h
∑N

j=1 f jexp
(
2πihr j

)
exp(iϕh + i∆ϕh)exp(−2πihr)

= 1
V

∑
h

{
exp(i∆ϕh)

∑N
j=1 f jexp

[
2πih

(
r j − r

)]} (17)
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If we multiply the two exponentials and return to the cosine formulation (the sum over h now
refers to reflections not Friedel related), we obtain Equation (18):

ρo(r) =
2
V

∑
h

{∑N

j=1
f j cos

[
∆ϕh + 2πh

(
r j − r

)]}
(18)

Equation (18) provides us with the observed electron density in any general point of the unit cell
and in a form which depends on the phase errors. Let us now calculate the observed electron density
at the target and model atomic positions r j and rpj, respectively (Equations (19) and (20)):

ρo
(
r j
)
=

2
V

∑
h

f j cos(∆ϕh) +
2
V

∑
h

{∑N

k, j=1
fk cos

[
∆ϕh + 2πh

(
r j − rk

)]}
(19)

and
ρo

(
rpj

)
= 2

V
∑

h f j cos
(
∆ϕh − 2πh∆r j

)
+ 2

V
∑

h

{∑N
k, j=1 fk cos

[
∆ϕh + 2πh

(
r j − rpk

)]} (20)

Equations (19) and (20) describe the main expected features of the observed Fourier
synthesis and provide the key for the success and the limits of the observed electron density in
crystallographic applications.

The presence of the ∆ϕh shift angle in Equations (19) and (20) does not allow simple expressions
for the expected values of the amplitudes at the target and model atomic positions (say r j and rpj,
respectively) to be directly derived. In Appendix A, we describe a statistical treatment able to evaluate
the amplitudes (19) and (20). For the sake of simplicity, we will use there normalized structure factors.
Since the observed synthesis features do not substantially vary if we use or do not use normalized
structure factors, the generalization to structure factors of the statistical formulas derived in Appendix A
is very simple. Two trivial modifications are needed: 1

√
N

(scattering factor of the normalized structure
factors) is replaced by f , and Nre f l is substituted by a sum on the number of observed reflections.
Therefore, from the previous results and the Appendix A equations, we can finally obtain the following.

- The perfect target electron density (Equation (21)); the expected amplitude at the target atomic
positions is

〈ρ
(
r j
)
〉 =

2
V

∑
h

f j (21)

- The model electron density (Equation (22)); the expected amplitude at the model atomic positions is

〈ρ
(
rpj

)
〉 =

2
V

∑
h

f j (22)

- The observed electron density (Equation (23)); the expected amplitude at the model atomic
positions is

〈ρo
(
rpj

)
〉 =

2
V

∑
h

[
π
4
+

(
1−

π
4

)
σ2

A

]
f j (23)

- The observed electron density (Equation (24)); the expected amplitude at the target atomic
positions is

〈ρo
(
r j
)
〉 =

2
V

∑
h

f j cos(∆ϕh) (24)

Equations (21)–(24) suggest the following:
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(1) All of the peaks, Equations (23) and (24) included, are expected to be positive;
(2) A background, practically absent in calculated electron density maps, is present. We call the

background the distribution of the electron density outside the model peaks: in the background,
it is normal to find peaks corresponding to the target atoms not included int the model, as well as
false peaks. The source of the background is quite clear: if {|F|} and

{
ϕ
}

are the sets of amplitudes
and phases for a given crystal structure, respectively, the Fourier transform of |F|exp(iϕ) will
provide a vanishing electron density outside the model peaks. Any modification of the amplitudes
and/or of the phases will create a background which no longer vanishes outside the model atomic
peaks (examples are given in the following sections);

(3) Target and model peaks exhibit quite different behavior, unless the peak is related to both
the structures;

(4) The expected amplitudes of the model peaks are given by Equation (23). They are always large

and well-distinguishable from the background, and vary in a small range
[

2
V
π
4
∑

h f j, 2
V

∑
h f j

]
;

the low limit is attained for a random model structure, and the high limit is obtained for a high
quality model structure. The amplitude value is a smooth function of σ2

A;

(5) The expected amplitudes of the peaks corresponding to the target atoms (not part of the model)

are given by Equation (24). They may vary in a large range
[
0, 2

V
∑

h f j
]
, according to the model

quality. For bad or medium quality models, they are hardly distinguishable from the other
background peaks, and only for good models are they comparable with the model amplitudes.

Figure 1b shows the observed electron density for the same one-dimensional target-model pair
used in Figure 1a: the missed target atoms are in general dipped into the background because of the
moderately large phase error. A real distinction between the model atoms which are not part of the
target and the target atoms which are part of the model cannot be easily made at this stage as they
show very similar amplitudes.

Figure 2a displays the observed density corresponding to the second one-dimensional target-model
pair (only three of the nine model atoms overlap with the target atoms). As expected, a more noisy
background is present, so locating the missed target atoms is more complicated than in Figure 1b.

Crystals 2020, 10, x  7 of 28 

 

(1) All of the peaks, Equations (23) and (24) included, are expected to be positive; 

(2) A background, practically absent in calculated electron density maps, is present. We call the 

background  the  distribution  of  the  electron  density  outside  the  model  peaks:  in  the 

background, it is normal to find peaks corresponding to the target atoms not included int the 

model, as well as false peaks. The source of the background is quite clear: if  | |   and   

are the sets of amplitudes and phases for a given crystal structure, respectively, the Fourier 

transform of  | |  will provide a vanishing electron density outside the model peaks. 

Any modification of the amplitudes and/or of the phases will create a background which no 

longer  vanishes  outside  the model  atomic  peaks  (examples  are  given  in  the  following 

sections); 

(3) Target and model peaks exhibit quite different behavior, unless the peak is related to both 

the structures; 

(4) The expected amplitudes of the model peaks are given by Equation (23). They are always 

large  and  well‐distinguishable  from  the  background,  and  vary  in  a  small  range 

∑ , ∑ ; the low limit is attained for a random model structure, and the high limit 

is obtained for a high quality model structure. The amplitude value is a smooth function of 

; 

(5) The expected amplitudes of  the peaks corresponding  to  the  target atoms  (not part of  the 

model) are given by Equation (24). They may vary in a large range  0, ∑ , according to 

the model quality. For bad or medium quality models, they are hardly distinguishable from 

the other background peaks, and only for good models are they comparable with the model 

amplitudes. 

Figure 1b shows the observed electron density for the same one‐dimensional target‐model 

pair used in Figure 1a: the missed target atoms are in general dipped into the background because 

of the moderately large phase error. A real distinction between the model atoms which are not 

part of the target and the target atoms which are part of the model cannot be easily made at this 

stage as they show very similar amplitudes. 

Figure 2a displays the observed density corresponding to the second one‐dimensional target‐

model pair (only three of the nine model atoms overlap with the target atoms). As expected, a 

more noisy background is present, so locating the missed target atoms is more complicated than 

in Figure 1b. 

 
(a) 

Figure 2. Cont. 
Figure 2. Cont.



Crystals 2020, 10, 538 8 of 28Crystals 2020, 10, x  8 of 28 

 

 
(b) 

Figure  2.  One‐dimensional  electron  densities  calculated  for  nine  atom  targets  and  model 

structures. The red circles correspond to the target atoms and the blue circles correspond to the 

model atoms. Only three model atoms overlap with the target atoms; their positions are marked 

by red‐blue circles. The average phase error corresponding  to  the model  is 76°.  (a) F observed 

synthesis; (b) mF weighted observed electron synthesis. 

3. The Difference Fourier Synthesis 

The ideal difference synthesis should use the following Fourier coefficients (Equation (25)): 

| |   (25) 

The corresponding electron density (say  ) is expected to show large peaks at the 

positions of the target atoms which are not included in the model, to have negative peaks for the 

model atoms in false positions, and to vanish at the target atomic positions which are part of the 

model. 

Since    is unknown, it is normal to use the following substitute (Equation (26)): 

1
| | | | 2   (26) 

The unusual    notation	in Equation (26) is due to the fact that in the following sections 

of this paper, we will also study the so‐called hybrid Fourier syntheses, in particular, the 2–1 and 

1–2 syntheses, whose electron densities will be denoted by  	and  , respectively. 

What do crystallographers want to obtain from a  	synthesis? The algebraic expression 
of    suggests that for a good difference synthesis, the following should apply: 

(1) M.no.T peaks should be negative and strong; 

(2) T&M peaks should be weakly negative or, better, weakly positive; 

(3) T.no.M peaks should be positive and possibly large; 

(4) noT.no.M peaks should be vanishing. 

These expectations may not always be satisfied.  Indeed,  in accordance with Section 2, we 

may rewrite Equation (26) as Equation (27): 

2
cos Δ 2

2
cos 2   (27) 

so that (Equation (28)): 

  (28) 

Equation (27) provides the difference in electron density for any general point of the unit cell 

and in a form which depends on the phase errors. The use of Equation (28) allows us to describe 

the properties of  the difference  synthesis by using  the  results obtained  for  the observed  and 

calculated syntheses: 

(i) The expected peak amplitude corresponding to a model atom is equal (subtract Equation (22) 

from Equation (23)) to Equation (29): 

Figure 2. One-dimensional electron densities calculated for nine atom targets and model structures.
The red circles correspond to the target atoms and the blue circles correspond to the model atoms.
Only three model atoms overlap with the target atoms; their positions are marked by red-blue circles.
The average phase error corresponding to the model is 76◦. (a) F observed synthesis; (b) mF weighted
observed electron synthesis.

3. The Difference Fourier Synthesis

The ideal difference synthesis should use the following Fourier coefficients (Equation (25)):

Fq = F− Fp = |F|exp(iϕ) −
∣∣∣Fp

∣∣∣exp
(
iϕp

)
(25)

The corresponding electron density (say ρq = ρ − ρp) is expected to show large peaks at the
positions of the target atoms which are not included in the model, to have negative peaks for the model
atoms in false positions, and to vanish at the target atomic positions which are part of the model.

Since ϕ is unknown, it is normal to use the following substitute (Equation (26)):

ρ1−1(r) =
1
V

∑
h

(
|Fh| −

∣∣∣Fph
∣∣∣)exp

(
iϕph

)
exp(−2πihr) (26)

The unusual ρ1−1(r) notation in Equation (26) is due to the fact that in the following sections of
this paper, we will also study the so-called hybrid Fourier syntheses, in particular, the 2–1 and 1–2
syntheses, whose electron densities will be denoted by ρ2−1(r) and ρ1−2(r), respectively.

What do crystallographers want to obtain from a ρ1−1 synthesis? The algebraic expression of
ρ1−1 suggests that for a good difference synthesis, the following should apply:

(1) M.no.T peaks should be negative and strong;
(2) T&M peaks should be weakly negative or, better, weakly positive;
(3) T.no.M peaks should be positive and possibly large;
(4) noT.no.M peaks should be vanishing.

These expectations may not always be satisfied. Indeed, in accordance with Section 2, we may
rewrite Equation (26) as Equation (27):

ρ1−1(r) =
2
V

∑
h

∑N

j=1
f j cos

[
∆ϕh + 2πh

(
r j − r

)]
−

2
V

∑
h

∑N

j=1
f j cos

[
2πh

(
rpj − r

)]
(27)

so that (Equation (28)):
ρ1−1(r) = ρo(r) − ρp(r) (28)
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Equation (27) provides the difference in electron density for any general point of the unit cell and in
a form which depends on the phase errors. The use of Equation (28) allows us to describe the properties
of the difference synthesis by using the results obtained for the observed and calculated syntheses:

(i) The expected peak amplitude corresponding to a model atom is equal (subtract Equation (22)
from Equation (23)) to Equation (29):

ρ1−1
(
rpj

)
〉 =
−2
V

∑
h

[(
1−

π
4

)(
1− σ2

A

)]
f j (29)

Since 1 − π
4 ≈ 0.21, the amplitudes at the model atomic positions are expected to be weakly

negative: they asymptotically tend to vanish when the model is of a high quality (then σA is close
to 1);

(ii) The expected peak amplitude corresponding to a target atom (which is not part of the model)
coincides with the expected value of the same peak in the observed density (Equation (30)),

〈ρ1−1
(
r j
)
〉 =

2
V

∑
h

f j cos(∆ϕh) (30)

because the corresponding amplitude in the calculated density is zero;
(iii) In accordance with Section 2, the background present in the difference synthesis essentially

coincides with that of the observed density. As a consequence, the missed target atoms remain
hidden in the background, with weakly positive peak amplitude values. The basic advantage of
the difference synthesis is that model peaks are expected to be weakly negative, so identification
of the missed atoms among the positive peaks is easier.

The difference synthesis (Equation (27)) is shown in Figure 3a for the same model and target
structures used in Figure 1a. The reader can easily check the agreement of the figure with the theoretical
expectations (Equations (29) and (30)).
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4. General Expression for Hybrid Syntheses

Traditional hybrid Fourier syntheses correspond to Fourier coefficients (Formula (31)) of the form(
τ|Fo| −ω

∣∣∣Fp
∣∣∣)exp

(
iϕp

)
(31)

where τ and ω are integral numbers. Their density map exactly corresponds to Equation (32)

ρτ−ω(r) = τρo(r) −ωρp(r) (32)

In accordance with Equation (32) it is now very easy to define the main features of these densities.
Let us first consider the case τ < ω:

(i) The expected peak amplitude corresponding to a model atom is equal to Equation (33)

〈ρτ−ω
(
rpj

)
〉 =

2
V

∑
h

{
τ
[
π
4
+

(
1−

π
4

)
σ2

A

]
−ω

}
f j (33)

Since π
4 +

(
1− π

4

)
σ2

A < 1, no matter the quality of the model, if τ < ω, then τ
[
π
4 +

(
1− π

4

)
σ2

A

]
< ω,

regardless of the quality of the model. The peak amplitude is therefore expected to always
be negative, no matter the model quality: the greater the difference |τ−ω|, the larger the
negative amplitudes.

(ii) The expected peak amplitude corresponding to a target atom is given by Equation (34)

〈ρτ−ω
(
r j
)
〉 =

2
V

∑
h
τ f j cos(∆ϕh) (34)

The presence of the factor τ suggests that such amplitudes linearly increase with τ, but the reader
should not expect the probability of discovering target atoms not included in the model to be
enhanced, because the background is enhanced by the same factor τ (see Equation (33)).

The advantage of such hybrid synthesis is essentially the fact that the model peaks are eliminated
from the set of positive peaks, and picking up the missed target atoms may be easier, particularly
in automatic edm techniques. The only hybrid synthesis with τ < ω which has found application in
modern crystallography is 1–2 synthesis [24].

Let us now consider the case τ > ω. We can observe the following:

(i) The expected peak amplitudes at the model atomic positions are positive for high quality models
and remain negative for very low quality models. In the first case, a τ−ω synthesis shares the
features of an observed synthesis, and it is more similar to a difference synthesis in the second case;

(ii) The expected peak amplitudes corresponding to a target atom are given by Equation (34): as
for the τ < ω case, the probability of discovering target atoms not included in the model is
not enhanced;

(iii) An interesting feature may be found. Equation (33) suggests that model peaks present in τρo(r)
are also peaks of the τρo(r) −ωρp(r) map, but with smaller amplitudes. On the contrary, the
amplitudes of target peaks of τρo(r) remain unvaried in τρo(r) −ωρp(r) (e.g., because ρp(r) does
not contribute to the target peaks), so their ratio with the amplitudes of the model peaks increases.
Unfortunately, the other background peaks (e.g., those which do not correspond to the target
atoms) also remain unvaried, so the difficulty in identifying missed atom peaks among the
background false peaks still remains.

The most used hybrid synthesis with τ > ω is 2–1 synthesis [28], which is, in practice, the sum of
the observed ρo and ρ1−1 syntheses. Syntheses of type 3–1, 4–1, etc., are too similar to ρo to be useful.

Figure 3b,c show 1–2 and 2–1 syntheses, respectively, for the same target and model structures used
in Figure 1a. The reader can easily check the fitting of the figure with the mathematical expectations.
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Indeed, in Figure 3b, the strong negative peaks correspond to the model atoms (no matter if they are
part or not part of the target structure), the missed atoms correspond to weak positive peaks, and the
background is substantially identical to that of the observed and 1–1 difference syntheses. In Figure 3c,
where 2–1 synthesis is shown, the model and missed target peaks are positive, and the background is
emphasized, but has the same trend of the observed and 1–1 difference syntheses.

In accordance with the above considerations, there are currently two main limits for the hybrid
syntheses. Firstly, only 1–2 and 2–1 hybrid syntheses have been used for practical applications. In
this paper, we will show that other possible syntheses may be useful. Secondly, hybrid syntheses do
not substantially change the background: changing τ and ω modifies the background scale, but not
the relative amplitudes, of two background peaks. To overcome this drawback, many authors started
studying weighted syntheses (Section 5 onwards).

5. The Weighted Observed Fourier Syntheses

The popularity of the observed electron density essentially arose from the following observation:
during the phasing process, only |F| observed diffraction amplitudes,

∣∣∣Fp
∣∣∣ model amplitudes,

and corresponding phases ϕp are known. Therefore, the best approximation of the Fourier |F|exp(iϕ)
coefficient seems to be |F|exp

(
iϕp

)
.

It was soon realized that a better approximation could be found by using the probability that ϕp is
equal to ϕ. This is equivalent to using, for the calculation of the observed synthesis, the m|F|exp

(
iϕp

)
Fourier coefficient rather than the |F|exp

(
iϕp

)
coefficient. This change provides what is usually

called weighted observed ρow(r) synthesis, which is the observed synthesis preferred by modern
crystallographic packages.

An analysis of ρow(r) may be conducted by using the techniques employed for the analysis of
unweighted observed synthesis. In practice, Equations (23) and (24) are replaced by Equations (35)
and (36), respectively:

〈ρow
(
rpj

)
〉 =

2
V

∑
h

m
[
π
4
+

(
1−

π
4

)
σ2

A

]
f j (35)

and
〈ρow

(
r j
)
〉 =

2
V

∑
h

m f j cos(∆ϕh) (36)

where m, as well as f , are reflection-dependent, even if this dependence, for simplifying the notation,
has not been made explicit in the symbols.

The mF observed electron densities for the two model-target pairs are shown in Figures 1c and 2b,
respectively. A careful observation of such figures confirms the superiority of the weighted observed
synthesis with respect to the unweighted one shown in Figure 1b. Accordingly, the use of the weight
(with respect to the unweighted observed synthesis) leads to the following:

- A reduction in the amplitudes of the model and target peaks, as well as the background (see
Figure 1b,c). Such peaks remain positive;

- An increase in the ratio between the amplitudes of the target and the model peaks;
- Modification of the background of the unweighted observed synthesis and emphasis of the target

peak amplitudes.

The above properties are well-known and Equations (35) and (36) finally provide numerical
estimates of the peak amplitudes.

To check the properties of the weighted Fourier synthesis, the following criteria may be used:

CRIT1 = 〈I( j)〉T/〈I( j)〉M

CRIT2 = 〈I( j)〉T.no.M/〈I( j)〉M.no.T

CRIT3 = 〈I( j)〉T.no.M/〈I( j)〉pos
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The letter I represents peak amplitudes, and the averages of the sets T and M are calculated
for the target and model peaks, respectively. The averages of the T.no.M and M.no.T sets deal with
target peaks not included in the model and model peaks which do not correspond to the target atoms,
respectively. The average for the pos set is calculated for all of the pixels with a positive amplitude.
The three criteria deal with the desired ability of a Fourier map to deplete the peak amplitudes of
the model atoms which are not part of the target and to emphasize peak amplitudes corresponding
to the missed target atoms: the higher the CRIT1, CRIT2, and CRIT3 values, the greater the expected
usefulness of the map. Their values, for a number of weighted and unweighted observed Fourier
syntheses, are shown in Table 1: columns 2–4 refer to the model used in Figure 1b,c, and columns 5–7
refer to the model used in Figure 2a,b.

Table 1. CRIT1, CRIT2, and CRIT3 are shown for various weighted and unweighted one-dimensional
electron densities. Each Fourier synthesis is defined in column 1 through its Fourier coefficients (the
phase component is eliminated for brevity). The values in columns 2–4 correspond to the model with
five atoms perfectly overlapping with target atoms. The values in columns 5–7 correspond to the model
with only three atoms overlapping with target atoms. CRIT3 is multiplied by 100.

Model With
5 Overlapping Atoms 3 Overlapping Atoms

SYNTH. CRIT1 CRIT2 CRIT3 CRIT1 CRIT2 CRIT3

F 0.71 0.29 0.18 0.45 0.21 0.19
mF 0.80 0.46 0.24 0.54 0.34 0.27
mFp 0.66 0.19 0.12 0.42 0.13 0.13
w1F 0.87 0.64 0.27 0.61 0.44 0.30
w2F 0.81 0.45 0.34 0.51 0.30 0.37
w3F 0.87 0.60 0.39 0.57 0.39 0.43

F-(1-m)Fp 0.92 0.77 0.29 0.66 0.52 0.31

F-Fp 0.43 0.40
mF-DFp 0.60 0.53
mF-Fp 0.51 0.52
<Fq> 0.49 0.41

wq<Fq> 0.48 0.41
F-mFp 0.20 0.19

mF-(1-m)Fp 0.33 0.39
m(F-Fp) 0.45 0.43

(1-m)(F-Fp) 0.35 0.28
w1|∆F| 0.53 0.57

F-2Fp 0.46 0.44
mF-2Fp 0.50 0.54
F-2mFp −0.03 0.01

mF-2(1-m)Fp 0.38 0.45
mF-2DFp 1.13 1.15

2F-Fp 0.92 0.76 0.28 0.65 0.53 0.28
2mF-Fp 1.69 6.65 0.39 2.31 2.48 0.46
2F-mFp 0.74 0.36 0.19 0.47 0.26 0.20

2mF-(1-m)Fp 0.95 0.84 0.29 0.71 0.58 0.34
2mF-DFp 0.98 0.95 0.35 0.61 0.45 0.36

6. The Weighted Hybrid Fourier Syntheses

The typical coefficient of a hybrid Fourier synthesis, say
(
τ|Fo| −ω

∣∣∣Fp
∣∣∣)exp

(
iϕp

)
, may be weighted

according to a large number of schemes: good weights are expected to improve the usefulness of the
syntheses. In order to limit the possible alternatives, we will only consider Formula (37):

Fq =
[
τy1(m)|F| −ωy2(m)

∣∣∣Fp
∣∣∣]exp

(
iϕp

)
(37)
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where y1(m) and y2(m) may assume various algebraic forms, limited only by the request for a
reasonable simplicity and by its practical usefulness. For such synthesis, the amplitudes of the peaks
corresponding to the model atoms are (Equation (38)):

〈ρτ−ω
(
rpj

)
〉 =

2
V

∑
h

{
τy1(m)

[
π
4
+

(
1−

π
4

)
σ2

A

]
−ωy2(m)

}
f j (38)

and the amplitudes of the peaks corresponding to the target atoms are (Equation (39))

〈ρτ−ω
(
r j
)
〉 =

2
V

∑
h
τy1(m) f j cos(∆ϕh) (39)

Equation (39) suggests that peaks corresponding to missed target atoms are always expected to be
positive, while peak amplitudes corresponding to model atoms may be positive or negative, according
to the type of synthesis (e.g., according to the τ and ω values) and the model quality. Formula (37),
and consequently, Equations (38) and (39), do not imply that τ and ω are necessarily integral numbers;
they may be rational numbers. In general, large values of ω increase the negativity of the model peaks
and magnify the background generated by the use of the y2(m) weight (see below). Increasing τ
increases the positivity of the missed target atoms and magnifies the background generated by the use
of y1(m) (see below). A free use of the ratio ω/τ may conveniently rule these effects.

Accordingly, the background of the density calculated via Formula (37) is the combination of
two different backgrounds: the first is related to the background of the weighted observed synthesis
and the second to the background of the weighted model synthesis. Only if the model is sufficiently
good may the two background components be similar: in that case, the ρτ−ω background is depleted;
otherwise, it may increase at several points of the map.

In order to clarify this point, let us consider the case of the hybrid synthesis of type 1–1. While the
map calculated via the

∣∣∣Fp
∣∣∣exp

(
iϕp

)
coefficients has no background, the synthesis calculated via the

y2(m)
∣∣∣Fp

∣∣∣exp
(
iϕp

)
coefficients should show a non-vanishing background, unless y2(m) ≡ 1. Figure 4

shows the density calculated by using m
∣∣∣Fp

∣∣∣exp
(
iϕp

)
coefficients for the same model used in Figure 1a.

The background is quite visible and, in general, well-correlated, owing to the quality of the model,
with the background calculated by using m|F|exp

(
iϕp

)
coefficients. However, the two backgrounds may

be additive in some regions and subtractive in other regions. Both the backgrounds tend to disappear
for very high quality models.Crystals 2020, 10, x  14 of 28 
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Figure 4. Fourier synthesis calculated with m
∣∣∣Fp

∣∣∣exp
(
iϕp

)
coefficients for the same target and model

structures as in Figure 1a.

One detail in Figure 4 may surprise the reader: three peaks of the background correspond to
missed target atoms, in spite of the fact that structure factor amplitudes and phases of the model are
used for the synthesis calculation (see also the non-negligible values of CRITi, for i = 1, 2, 3 in Table 1).
In reality, that is not surprising: indeed, the weight m has been introduced, and this is the source of
the supplementary information, because it assigns large weights to the model reflections for which
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ϕp ≈ ϕ. Therefore, they become dominant in some way and help to reveal the position of the missed
target atoms.

The use of the weight for the hybrid syntheses has a further unexpected consequence: their nature
may change when the model changes. For example, mF− Fp and mF− (1−m)Fp syntheses simulate a
−Fp synthesis for quite bad models (then m is very close to zero): for high quality models, mF − Fp

simulates a 1-1 difference synthesis and mF− (1−m)Fp an observed weighted synthesis. Therefore,
the usefulness of a hybrid synthesis is strictly related to the purpose of its use and the features of
the model.

CRIT3 may be used to obtain a first estimate of the usefulness of the hybrid Fourier syntheses
(including the difference synthesis). Indeed, CRIT1 and CRIT2 criteria may be inadequate because, in
hybrid syntheses, the peaks corresponding to the model atoms frequently show negative amplitudes,
so the averages 〈I( j)〉M and 〈I( j)〉M.no.T may be close to zero or negative. However, the reader should
consider all of the criteria suggested above as statistical tools more suitable for eliminating the worst
syntheses than for choosing the best ones.

7. New Types of Observed Fourier Synthesis

The traditional (weighted or unweighted) observed, difference, and hybrid syntheses quoted
in Section 1 cannot exhaust the list of syntheses potentially useful in modern crystallography. The
research in this field ended in practice in the 90′s of the past century. The theory described so far
allows us to suggest alternatives to the classical Fourier synthesis: in particular, we are interested in
new forms of observed synthesis.

Reconsider the unweighted observed synthesis defined by Equation (16). It may be rewritten as
Equation (40)

ρo(r) = 1
V

∑
h

(∣∣∣Fph
∣∣∣+ ∆Fh

)
exp

(
iϕph − 2πihr

)
= ρp(r) + 2

V
∑

h ∆Fh cos
(
ϕph − 2πhr

) (40)

where ∆Fh =
∣∣∣Fh|−|Fph

∣∣∣. It is easy to recognize that the observed Fourier synthesis is the sum of the
model and the difference Fourier synthesis (Equation (41)):

ρo(r) = ρp(r) − ρ1−1(r) (41)

Equation (41) suggests that the superior utility of ρo(r) arises from its component ρ1−1(r) (ρp(r)
only provides information on the model), which, on the other hand, is fully responsible for the
background present in ρo(r). Therefore, any technique improving ρ1−1(r) may improve ρo(r).

According to Equation (41), the weighted observed Fourier synthesis may be written as
Equation (42)

ρow(r) = mρo(r) = mρp(r) + mρ1−1(r) (42)

with Formula (43) [
m
∣∣∣Fp

∣∣∣+ m
(
|F| −

∣∣∣Fp
∣∣∣)]exp

(
iϕp

)
(43)

as Fourier coefficients.
Again, Formula (43) suggests that the source of the great efficiency of the observed synthesis lies

in the information contained in the weighted 1-1 synthesis. We decided to increase its contribution by
replacing the Formula (44)

m|F| = m
∣∣∣Fp

∣∣∣+ m
(
|F| −

∣∣∣Fp
∣∣∣) (44)

with Formula (45)
m
∣∣∣Fp

∣∣∣+ my
(
|F| −

∣∣∣Fp
∣∣∣) = my

|F| − (my
−m)

∣∣∣Fp
∣∣∣ with y < 1 (45)
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There are other ways in which the role of the difference synthesis may be emphasized. For example,
Formula (43) may be replaced by

m
∣∣∣Fp

∣∣∣+ ym
(
|F| −

∣∣∣Fp
∣∣∣) = ym|F| − (y− 1)m

∣∣∣Fp
∣∣∣ with y > 1 (46)

Using Formula (46) is perfectly equivalent to using Formula (47):

m|F| −
(

y− 1
y

)
m
∣∣∣Fp

∣∣∣ (47)

The role of the difference density in the Formula (44) may also be emphasized by replacing this
identity with Formula (48)∣∣∣Fp

∣∣∣+ y
(
m|F| −

∣∣∣Fp
∣∣∣) = ym|F| − (y− 1)

∣∣∣Fp
∣∣∣ with y > 1 (48)

which may be rewritten as Formula (49)

m|F| −
(

y− 1
y

)∣∣∣Fp
∣∣∣ (49)

Two additional syntheses deserve to be analysed. The first is a particular case of the Formula (45),
occurring when y = 0: then, the coefficient reduces to Formula (50)

|F| − (1−m)
∣∣∣Fp|≡ m|Fp

∣∣∣+ (
|F| −

∣∣∣Fp
∣∣∣) (50)

The second synthesis, formally hybrid but acting like the observed one, has Fourier coefficients
(Formula (51)):

2m|F| −D
∣∣∣Fp

∣∣∣ = m|F|+
(
m|F| −D

∣∣∣Fp
∣∣∣) (51)

Formula (51), suggested by Read [25], is widely used in protein crystallography, and may be
considered as the sum of a weighted observed synthesis and of a difference synthesis.

The syntheses with coefficients as per Formulas (45), (46), (48), (50) and (51) aim to reduce the
amplitudes of the peaks corresponding to the model atoms with respect to the amplitudes of the
missed target atoms. Therefore, they are expected to show similar properties, so their coefficients
should be related by simple relationships. A good understanding of their behaviors may be obtained
by rewriting the Formulas (45), (46), (48), (50) and (51) in the simpler form w1F, w2F, w3F, w4F, and w5F,
respectively, where (Formulas (52)–(56))

w1 = my
− (my

−m)

∣∣∣Fp
∣∣∣
|F|

with y < 1 (52)

w2 = m−
(

y− 1
y

)
m

∣∣∣Fp
∣∣∣
|F|

with y > 1 (53)

w3 = m−
(

y− 1
y

) ∣∣∣Fp
∣∣∣
|F|

with y > 1 (54)

w4 = 1− (1−m)

∣∣∣Fp
∣∣∣
|F|

(55)

w5 = 2m−D

∣∣∣Fp
∣∣∣
|F|

(56)
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Formulas (52)–(56) suggest that w may be negative for sufficiently large values of
∣∣∣Fp

∣∣∣/|F| for all
five syntheses. That is equivalent to using positive Fourier coefficients (by taking the absolute value of
w) and simultaneously assigning them the ϕp + π phase value.

The above considerations clarify the similarities between the Formulas (45), (46), (48), (50) and
(51), and the difference between them and the classical observed synthesis, whose m weight is always
positive. It is also clear that any hybrid synthesis may be formally represented as an observed synthesis
with w|F| coefficients: the price to pay is that w may be negative and may frequently lie out of the range
(0,1). The transformation is also possible for the difference syntheses, e.g., the synthesis m|F| −D

∣∣∣Fp
∣∣∣

may be rewritten as wd|F|with wd = m−D |
Fp|

|F| .

8. The First Check of the Fourier Syntheses for One-Dimensional Ideal Structures

For a first check of the properties of the Fourier syntheses, we considered many one-dimensional
target structures and for each of them, several different models. For simplicity, in Table 1, we only
report the results obtained for the two one-dimensional target structures of nine atoms and their
corresponding models used in Figures 1–7. The average phase error is 65◦ for the target-model pair
used in Figure 1a, and 76◦ for the pair used in Figure 2.

We devised a number of weighting schemes by arbitrarily changing the algebraic forms of y1(m)

and y2(m) (obviously, many other choices may be made), and for each of them, we calculated the
corresponding Fourier maps. The values of CRITi, for i = 1, 2, 3 are only given for the syntheses which
mainly act like traditional observed syntheses (e.g., peaks corresponding to the model atoms and the
missed target atoms are expected to be positive): this condition is usually verified for the syntheses
for which τ > ω. Only the CRIT3 value is given for the other syntheses. The results are shown in
Table 1, separated according to the formal type of synthesis (e.g., observed, 1-1, 1-2, and 2-1 syntheses,
respectively) even if, as stated before, a synthesis may change its nature according to the model.

In Table 1, a great variety of syntheses are presented. Some of them show small CRIT values,
and others display large values. The application described in Section 9 shows that large CRIT values
usually select the most useful syntheses. The three Formulas (45), (46) and (48) are represented in
Table 1 by wi|F|, I = 1 . . . ,3 symbol: each CRITk, value corresponds to the yk value which maximizes
the kth criterion. For the Formulas (50) and (51), the |F| − (1−m)

∣∣∣Fp
∣∣∣ and 2m|F| −D

∣∣∣Fp
∣∣∣ notations are

preferred, respectively. Let us consider the results.
Observed syntheses. The values of CRIT1 and CRIT2 for the Formulas (45), (46), (48) and (50) are

significantly larger than those corresponding to the classical mF synthesis, and much better than the
values calculated for the F synthesis: thus, they are of potential interest for applications. Additionally,
the synthesis 2m|F| −D

∣∣∣Fp
∣∣∣ has the same property.

1-1 hybrid syntheses. We first calculated CRIT3 for the classical F − Fp, mF − DFp, mF − Fp,
and wq〈Fq〉 syntheses. The most promising ones are the mF − DFp and mF − Fp syntheses:
the corresponding CRIT3 values are larger than those corresponding to F− Fp and wq〈Fq〉 syntheses.
Their densities are shown in Figure 5a,b, respectively (they should be compared with the F − Fp

synthesis shown in Figure 3a).
The synthesis with mF− (1−m)Fp coefficients, which is formally a weighted difference synthesis,

shows quite good features in Figure 5c, where it is easily seen that the amplitudes of the T.no.M. peaks
are emphasized with respect to those calculated via the mF−DFp and mF− Fp syntheses. However,
the corresponding CRIT3 value in Table 1 is small, essentially because it originates from the positivity
of all the target and model peaks: in some way, the mF − (1−m)Fp synthesis acts like an observed
synthesis (the calculated CRIT1. and CRIT2 values are 1.24 and 1.94, respectively).
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1-2 Hybrid syntheses. The most promising 1-2 syntheses have mF− 2DFp and mF− 2Fp coefficients
(the smaller CRIT3 value of the mF− 2Fp synthesis essentially originates from the larger negativity of
the model peaks). They are shown in Figure 6a,b (to be compared with Figure 3b).

The reader will notice the difference in the background between the weighted and unweighted
syntheses, and the quite large negativity of the model peaks in the mF − 2Fp synthesis. In Figure 6,
we show an example of an interesting outsider synthesis, that with mF− 2(1−m)Fp coefficients; the
major positivity of the pattern and, in particular, the increased ratio between T.no.M and M.no.T. peaks,
are notable.
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Figure 7. One-dimensional electron densities calculated for the same target and model structures
as in Figure 1a. (a) 2mF-DFp difference synthesis; (b) 2mF-Fp difference synthesis; (c) 2mF- (1-m)Fp
difference synthesis.

2-1 Hybrid syntheses. The 2mF −DFp and 2mF − Fp syntheses have higher values of CRIT3:
the corresponding densities are shown in Figure 7a,b, respectively. In Figure 7c, we report the density
of the 2mF− (1−m)Fp synthesis, even if its CRIT3 value is relatively small (probably due to the larger
positivity of its pattern). However, it shows quite good values of CRIT1 and CRIT2 (0.95 and 0.84,
respectively), mostly because it acts like a weighted observed synthesis.

Additional efforts are required for suggesting an optimal practical use of the hybrid syntheses,
which will be pursued in future work.
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9. Results

SIR2014 [29], a program for crystal structure solutions of small and large molecules, was modified
in order to include the most promising observed Fourier syntheses described in Section 7. We applied
it to practical cases, with the aim of assessing the practical benefit of the new formulas compared to the
classical observed mF synthesis. To simplify, we will not show the results of all our tests. In particular,
we will only compare the mF synthesis with the w1F, 2mF−DFp, and F− (1−m)Fp syntheses, which are
those for which we obtained the best results. The y coefficient used for w1F synthesis was set to 0.3.
The diffraction amplitudes used in our tests were downloaded from PDB files and coincide with the
amplitudes used for the original crystal structure solution: when negative, they were set to zero.

A set of 17 macromolecules with an atomic data resolution was used in the first experimental
test (see Table 2 and Table S1). We applied SIR2014 phasing procedures to the ab-initio solution of the
protein structures via VLD (Vive la Difference) or Patterson techniques [30,31]. We stopped SIR2014
when an average phase error (say 〈

∣∣∣∆ϕs
∣∣∣〉 ) of less than 75◦ was obtained. This situation corresponds to

the starting point of our tests. We then applied a limited number of edm cycles to check the convergence
properties of each synthesis and their ability in refining phases. In the adopted procedure, a simple
low-density-modification algorithm [7,8] was applied to the electron densities by default. In particular,
a very small percentage (from 2.5% to 10%) of the largest positive pixels were used in the edm steps for
Fourier inversion of the electron density map, and the rest were set to zero.

Table 2. For each protein structure (PDB is the Protein Data Bank code) solved by VLD (Vive la Difference)
or Patterson techniques, we show the following: 〈

∣∣∣∆φS
∣∣∣〉 , the average phase error from which the edm

refinement starts; 〈
∣∣∣∆φmF

∣∣∣〉 , the average phase error after nc1 edm refinement cycles when the observed
mF synthesis is used; 〈

∣∣∣∆φw1F
∣∣∣〉 , the average phase error after nc2 edm refinement cycles when the

observed w1F synthesis is used; 〈
∣∣∣∆φHB

∣∣∣〉 , the average phase error after nc3 edm refinement cycles when

the 2mF-DFp synthesis is used; and 〈
∣∣∣∣∆φF−(1−m)Fp

∣∣∣∣〉 , the average phase error after nc4 edm refinement
cycles when the F-(1-m)Fp synthesis is used.

PDB 〈|∆φS|〉 nc1 〈|∆φmF|〉 nc2 〈|∆φw1F|〉 nc3 〈|∆φHB|〉 nc4 〈|∆φF−(1−m)Fp |〉

1aa5 [32] 65 12 18 12 17 8 21 12 18
1alz [33] 68 16 24 12 23 12 26 16 24
1byz [34] 73 24 23 16 21 12 22 16 20
1c75 [35] 69 21 19 13 18 13 21 13 18
1ctj [36] 55 13 44 9 41 9 42 17 43

1hhy [37] 74 20 23 14 23 16 25 16 23
1ick [38] 73 16 18 12 17 12 19 12 17
1irn [39] 64 9 58 21 32 17 32 25 30
1p9i [40] 74 24 51 24 40 24 36 24 36
1sho [41] 75 11 58 11 55 2 68 11 49
1ea7 [42] 75 25 73 25 66 25 28 25 41
1het [43] 75 25 72 25 71 25 71 25 73
1heu [43] 64 25 43 25 41 25 42 25 41
1n8k [44] 74 25 71 25 68 25 61 25 68
1us0 [45] 72 25 24 25 14 25 26 25 24
1w8f [46] 73 25 47 25 35 25 34 25 34
2bw4 [47] 75 25 15 25 15 25 18 25 16

For the first 10 test structures quoted in Table 2, 〈
∣∣∣∆ϕs

∣∣∣〉 was obtained by VLD techniques and a
variable number of edm cycles was used, as automatically fixed by internal program criteria: the edm
cycles were performed using, in turn, the mF, w1F, 2mF−DFp, and F− (1−m)Fp syntheses. The results
are shown in Table 2. For the last seven test structures in Table 2 (solved by Patterson techniques),
we modified the above procedure as follows: the various syntheses were run by a priori fixing the
number of edm cycles to 25, in order to eliminate possible differences in the final average phase error
due to the different number of cycles. The results are also shown in Table 2: it can be easily seen that
the w1F, 2mF−DFp, and F− (1−m)Fp syntheses significantly improve the starting phases, and they
show a greater effectiveness than the mF synthesis. The differences with respect to the mF synthesis
may reach 10◦ or more. A feature of particular interest of the non-standard observed syntheses is
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the following: as theoretically expected (see Section 7), they are based on similar principles, but are
not equivalent. Accordingly, for 1ea7, the 2mF−DFp synthesis is by far the most effective but, at the
same time, it is the worst for 1sho. Therefore, the possible synergic use of different syntheses may
be advisable.

For practical purposes, it may be more useful to verify whether a complete phase refinement
procedure is enhanced in different ways by the various syntheses. We selected the Molecular
Replacement (MR) modulus of SIR2014 as the tool for producing the set of starting phases, and
Synergy [23] as the modulus dedicated to phase refinement. The w1F, 2mF−DFp, and F− (1−m)Fp

syntheses were included in Synergy and applied, in turn, for phase refinement.
The 29 nucleic acid structures recently used by Burla et al. [48] for checking CAB, a new automatic

model building program for nucleic acids, were used as test cases; the first 16 of them are DNA
fragments, and the remaining 13 are RNA fragments (Table 3 and Table S2). Their data resolution
lies in the range 2.94–1.57 Å. MR phases obtained by SIR2014 were the same starting point for our
applications, and 〈

∣∣∣∆ϕs
∣∣∣〉 represents the corresponding average phase error. Table 3 shows the results:

the use of the w1F, 2mF−DFp, and F− (1−m)Fp syntheses significantly improved the starting phases
and showed a greater effectiveness than the mF synthesis. The different effectiveness of the various
syntheses may be better appreciated by checking the overall average phase errors obtained by the
various syntheses quoted in the last line of Table 3.

Table 3. For each nucleic acid structure (PDB is the Protein Data Bank code) solved by Molecular
Replacement techniques, we show the following: 〈

∣∣∣∆φS
∣∣∣〉 , the average phase error from which the

Synergy refinement starts; 〈
∣∣∣∆φmF

∣∣∣〉 , the average phase error at the end of the Synergy refinement
when the observed mF synthesis is used; 〈

∣∣∣∆φw1F
∣∣∣〉 , the average phase error at the end of the Synergy

refinement when the observed w1F synthesis is used; 〈
∣∣∣∆φHB

∣∣∣〉 , the average phase error at the end of

the Synergy refinement when the 2mF-DFp synthesis is used; and 〈
∣∣∣∣∆φF−(1−m)Fp

∣∣∣∣〉 , the average phase
error at the end of the Synergy refinement when the F-(1-m)Fp synthesis is used.

PDB 〈|∆φS|〉 〈|∆φmF|〉 〈|∆φw1F|〉 〈|∆φHB|〉 〈|∆φF−(1−m)Fp |〉

3ce5 [49] 62 49 47 49 47
3eil [50] 64 46 41 44 41

3n4o [51] 35 34 30 32 31
3tok [52] 61 49 44 47 44
4gsg [53] 53 53 50 52 51
4ms5 [54] 73 57 59 60 58
4xqz [55] 52 49 46 45 45
5dwx [56] 77 67 65 65 65
5i4s [57] 50 36 33 36 33
5ihd [55] 70 39 39 38 39
5ju4 [58] 51 26 22 25 23
5lj4 [59] 45 30 27 28 27

5mvt [60] 64 28 25 28 26
5nt5 [61] 24 25 20 23 20
5t4w [62] 46 25 20 23 20
1iha [63] 38 41 38 41 38
1z7f [64] 38 34 31 33 31
2a0p [65] 33 31 29 30 28
2fd0 [66] 49 33 30 33 30
2pn4 [67] 46 38 35 36 35
3d2v [68] 78 58 58 57 57
3fs0 [69] 68 32 29 41 28
4enc [70] 29 28 26 26 26
5kvj [71] 60 49 49 50 50
5l4o [72] 67 35 38 34 37
5nz6 [73] 40 26 24 25 24
5tgp [74] 70 34 32 37 32
5uz6 [75] 75 34 32 34 32
6az4 [75] 55 42 41 42 40

Overall 〈
∣∣∣∆ϕ∣∣∣〉 54.2 38.9 36.6 38.4 36.5
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Synergy is able to improve the MR phases by more than 15◦, no matter which Fourier synthesis is
used. The best results, however, are obtained by w1F and |F| − (1−m)

∣∣∣Fp
∣∣∣, which reduce the average

phase error corresponding to the synthesis by about 2.5◦. Moreover, the 2mF−DFp synthesis shows a
greater effectiveness than the mF synthesis, but the average phase improvement is about half a degree.
The result may be better appreciated if one observes that REFMAC least squares [76] are massively
used in Synergy to reduce the average phase error, and that they work in the same way, no matter
which Fourier synthesis is used.

The same procedure applied to proteins, not shown for shortness, confirms the superiority of the
w1F, 2mF−DFp and F− (1−m)Fp syntheses with respect to the mF synthesis.

No particular dependence of the trends described in this section from the experimental resolution
was found, at least up to 3 Å. The full or partial success of the Fourier syntheses mostly depends on the
average phase error at the end of the MR step, and this last aspect depends on various factors, such as
the similarity between the model and target structure, the data quality, the number of monomers in
the asymmetric unit, etc. Too big average phase errors at the MR step (i.e., larger than 80◦) cannot be
overcome by any of the Fourier syntheses described here.

10. Discussion

A mathematical approach which is able to estimate the main properties of crystallographic
Fourier syntheses has been described. In particular, the method is able to show how peak amplitudes
corresponding to the target or model atoms vary in accordance with the quality of the model and how
the background varies with the quality of the synthesis.

Various types of synthesis were taken into account: observed syntheses; difference syntheses;
and, more in general, hybrid syntheses. Their properties were investigated and the main role of the
weight was enlightened. Proper weights may improve the usefulness of the synthesis: missed target
atoms are more clearly revealed and the amplitudes of model atom peaks which are not part of the
target are depleted. An additional important feature of the weights is that their use may change the
nature of the synthesis, e.g., an observed synthesis may act like a difference synthesis or a hybrid
synthesis may act like an observed one, according to the quality of the model.

It was pointed out that, in addition to the syntheses that have been used for 30 years, there is a
wide variety of potentially useful new syntheses. In Table 1, a subset is proposed, and in Sections 7–9,
a few of them are investigated: others may be formulated, deserving supplementary studies. In this
paper, we focused our attention on weighted observed syntheses, and showed that they may be
useful for phase refinement or, in general, for crystal structure solutions. Since each new synthesis
shows different properties and does not coincide with other syntheses currently used in modern
crystallographic packages, it is possible that their synergic use may facilitate the transition from bad
model maps to the target structure.

Supplementary Materials: The following are available online at http://www.mdpi.com/2073-4352/10/6/538/s1:
Additional information for protein and nucleic acid test structures. Additional information for protein and nucleic
acid test structures are presented in Table S1 and Table S2.
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Abbreviations

E = A + iB = Rexp(iϕ),
Ep = Ap + iBp = Rpexp

(
iϕp

) Normalized structure factors of F, Fp, respectively.

ΣN =
∑N

j=1 f 2
j , Σp =

∑p
j=1 f 2

j
D = 〈cos(2πh∆r)〉 the average is performed per resolution shell.
σA = D

√
Σp/ΣN

Ii(x) Modified Bessel function of order i.
m = 〈cos

(
ϕ−ϕp

)
〉 = I1(X)/I0(X) where X = 2σARRp/

(
1− σ2

A

)
edm electron density modification (procedures).

Appendix A Useful Relations for Electron Density Maps

The features of any electron density map depend on the data resolution, the presence of heavy atoms, the
temperature factors, etc. In order to mathematically model the main features of Fourier syntheses, we found it
advisable to work with normalized structure factors because this choice does not change the main features of the
maps and simplifies the calculations. The notation will also be simplified if we consider equal atom target and
model structures, both with the same number of atoms in the unit cell.

Let us first consider the case of a correctly defined target structure. Then (Formula (A1)),

EhE−h = |Eh|
2 =

1
N

∑N

j=1

∑N

k=1
exp

[
2πih

(
r j − rk

)]
(A1)

where the E’s are normalized structure factors. Summing the right and left side of Formula (A1) for the measured
reflections leads to Formula (A2)

1
N

∑
h

∑N

j=1

∑N

k=1
cos

[
2πh

(
r j − rk

)]
=

∑
h
|Eh|

2 (A2)

Owing to the statistical properties of the normalized structure factors (Formula (A3)),∑
h
|Eh|

2 = Nre f l (A3)

where Nre f l is the number of experimental reflections, and the summation of h is based on Nre f l observations. Then,
Equation (12) of the main text, modified according to the simplified assumptions of this appendix, transforms into
Equation (A4) ∑N

j=1
ρ
(
r j
)
=

2

V
√

N

∑
h

∑N

j=1

∑N

k=1
cos

[
2πh

(
r j − rk

)]
=

2
√

N
V

Nre f l (A4)

which may also be written as Equation (A5)

〈ρ
(
r j
)
〉 =

2Nre f l

V
√

N
(A5)

where 〈ρ
(
r j
)
〉 is the expected amplitude of the target atomic peaks.

Equation (A5) holds both for small molecules and proteins. Since, for small molecules, the volume per atom

is nearly equal to 18 Å3, the expected value of each electron density peak for the target structure is equal to
2Nre f l

18N
√

N
.

For proteins, the presence of the solvent has to be taken into account.
If we consider a calculated electron density (e.g., with calculated amplitudes and phases as Fourier

coefficients), no additional effort is necessary: the expected intensity of the model peaks must be (Equation (A6))

〈ρ
(
rpj

)
〉 =

2Nre f l

V
√

N
(A6)

Let us now derive some statistical relationships to treat the case of the observed Fourier synthesis. From the
product (Formula (A7))

EhE−ph =
∣∣∣EhE−ph

∣∣∣exp
[
i
(
ϕh −ϕph

)]
=

∣∣∣EhE−ph
∣∣∣exp(−i∆ϕh)

= 1
N

∑N
j=1

∑N
k=1 exp

[
2πih

(
r j − rpk

)] (A7)
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we obtain Formula (A8)
1
N

∑N

j=1

∑N

k=1
exp

[
i∆ϕh + 2πih

(
r j − rpk

)]
=

∣∣∣EhE−ph
∣∣∣ (A8)

Summing the left and right hand site of Formula (A8) for observed reflections leads to Formula (A9)

2
N

∑
h

∑N

j=1

∑N

k=1
cos

[
∆ϕh + 2πh

(
r j − rpk

)]
= 2

∑
h

∣∣∣EhE−ph
∣∣∣ (A9)

Let us modify Equation (20) of the main text according to the simplified assumptions of this Appendix. We
obtain Formula (A10) ∑N

j=1
ρo

(
rpj

)
=

2

V
√

N

∑
h

∑N

j=1

∑N

k=1
cos

[
∆ϕh + 2πh

(
r j − rpk

)]
(A10)

which, combined with Formula (A9), leads to Formula (A11)

∑N

j=1
ρo

(
rpj

)
=

2
√

N
V

∑
h

∣∣∣EhE−ph
∣∣∣= 2Nre f l

√
N

V

∣∣∣EhE−ph
∣∣∣ (A11)

from which (Equation (A12))

〈ρo
(
rpj

)
〉 =

2Nre f l

V
√

N
〈

∣∣∣EhE−ph
∣∣∣〉 (A12)

In general [77] (Formula (A13)),

〈

∣∣∣EhE−ph
∣∣∣〉 = π

4
+

(
1−

π
4

)
σ2

A (A13)

so that the expected value of the electron density at the model atomic positions, for small molecules, is equal to
Equation (A14)

〈ρo
(
rpj

)
〉 =

2Nre f l

V
√

N

[
π
4
+

(
1−

π
4

)
σ2

A

]
(A14)

For small molecules,
Nre f l

V
√

N
may be replaced by

Nre f l

18N
√

N
.

Since 〈
∣∣∣EhE−ph

∣∣∣〉 is equal to π
4 for random models, and represents unity for high quality models, it may be

concluded that the peak amplitudes corresponding to the model atoms do not remarkably change when the model
passes from a random structure to the correct one.

Let us now slightly modify Equation (19) of the main text to fit the assumptions of this appendix. We will
derive, for an observed Fourier synthesis, the average amplitude of a peak corresponding to a target atom not
included in the model. Equation (19) may be rewritten as Equation (A15)

ρo
(
r j
)
=

1

V
√

N

∑
h

exp(i∆ϕh)
∑N

k=1
exp

[
2πih

(
r j − rk

)]
(A15)

which, according to the definition of normalized structure factor, reduces to Equation (A16)∑N

j=1
ρo

(
r j
)
=

1
V

√

N
∑

h
|Eh|

2exp(i∆ϕh) (A16)

When h uniformly varies over the reciprocal space, exp(i∆ϕh) has the role of a random variable mostly
uncorrelated with |Eh|

2. This circumstance suggests that the target atoms in an observed electron density will
usually show small values if they are not part of the model. Their average amplitude (Equation (A17)) is expected
to be

〈ρo
(
r j
)
〉 =

2Nre f l

V
√

N
cos(∆ϕh) (A17)

The comparison of Equations (A5) and (A17) suggests the expected ratio of the amplitudes between the model

and the target peaks in the observed Fourier synthesis: while 〈ρo
(
rpj

)
〉 varies in the small range

[
2Nre f l

V
√

N
π
4 ,

2Nre f l

V
√

N

]
,

when the model passes from a random structure to the correct one, 〈ρo
(
r j
)
〉 varies from zero to

2Nre f l

V
√

N
. In other

words, the target peak amplitudes are only comparable to the model peak amplitudes for sufficiently good models.
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