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Abstract: Studies have suggested that brittle fractures occur in steel because microcracks in the brittle
layer at grain boundaries propagate as a result of the increase in piled-up dislocations. Therefore,
prestraining can approach the limits of a material, which could lead to a decrease in fracture toughness.
However, strains are tensors comprising multiple components, so the effect of prestrain on fracture
toughness is not simple. Additionally, the mechanism of change in critical stress due to prestrain has
not been thoroughly investigated. For the lifetime evaluation of steel structures with a complicated
load history, it is important to generalize the effect of complicated prestrain on the decrease in
fracture toughness. In this paper, a single prestrain was applied in a direction different from the
crack opening direction. A general three-point bending test was employed for fracture evaluation.
Numerical analyses using the strain gradient plasticity (SGP) theory, which is a method based on the
finite element method (FEM) are carried out; conventional macroscopic material damage rules are
considered as well. Using these FEM analyses, the critical stress is calculated. Finally, the change in
critical stress can be expressed by the yield point increase and dislocation density and formulated
based on the identified micromechanisms.

Keywords: brittle fracture; prestrain direction; strain gradient plasticity; critical stress;
dislocation density

1. Introduction

Iron is the most abundant element on earth and is used in many applications, including high-rise
buildings, large structures, infrastructure (e.g., pipelines for transporting natural gas and storage
tanks for natural gas), and ships. As the size of these structures continues to increase, the risk of
brittle fractures steadily increases. However, brittle fractures are intrinsically inevitable in carbon
steel material due to its lattice structure. To ensure the safety of steel structures by preventing brittle
fractures, a deeper understanding of brittle fractures is required.

To begin this study, the historical aspects of the mechanisms of brittle fracture in steel are introduced.
Brittle fractures are considered to originate from a microcrack in a heterogeneous microstructure.
The most famous governing formula that combines microcracks and fractures is Griffith’s equation,
which is shown in Equation (1) [1]:

σf =

√
2Eγ
πc

(1)

where σf is the critical stress, E is the Young’s modulus, γ is the surface energy per unit area, and c is
the crack length. Equation (1) is derived based on the second law of thermodynamics and Inglis’s
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solution [2] and indicates that a cleavage fracture occurs due to crack propagation when the stress
exceeds σf. However, this critical stress observed in practice is much lower than the theoretical
fracture strength. Therefore, different influential mechanisms on the actual fracture in steel have been
investigated. Stroh [3] suggested that piled-up dislocations from plastic deformation affected the
fracture. Later, this theory was applied to Smith’s [4] and Petch’s equation [5,6]. Smith [4] suggested
that the critical stress is greatly affected by the thickness of carbide particles at the grain boundaries
and formulated the critical condition as follows:

σf =

√√√
4Eγp

πt
−

τeff

√
d
t
+

4τi
π


2

(2)

where γp is the plastic work required to create a unit area of fracture surface, τeff is the effective shear
stress, d is the grain diameter, t is the thickness of the carbide layer, and τi is the frictional stress.
This equation is based on experimental results, which showed that brittle cracks always initiated by
the occurrence of microcracks in the brittle layer, such as carbide particles located in grain boundaries,
as shown in Figure 1.
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diameter and proposed a practical formula that is dominated by the nucleation of microcracks. On 
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are determined not only by the nucleation of microcracks but also by the growth of the microcracks. 

Using these models, a number of application studies of critical stress have been carried out over 
many years. Based on the knowledge that brittle fractures occur according to the weakest link model 
[8], the Weibull stress model was proposed by Beremin [9]. This theory states that the critical 
condition can be accurately estimated by using the probability of microcrack existence, which is 
determined with Griffith’s equation. A number of studies have been carried out based on the Beremin 
model. Bordet [10,11] postulated that the nucleation and growth of microcracks can be treated 
independently. In recent studies, Lei [12,13] suggested that an improvement in accuracy can be made 
by reconsidering the Weibull stress model based on the experience that brittle cracks never occur 
without yielding. However, there are some mandatory parameters that are difficult to determine in 
this improved model, which makes it difficult to apply this model in actual engineering applications. 

Figure 1. Brittle fracture micromechanism.

As shown in Figure 1, the dislocation motion is generated by plastic deformation, and the
dislocations pile up to the carbide layer as a result of shear stress when tensile stress is applied at a
distance. The piled-up dislocations create a stress concentration at the carbide layer, which induces the
nucleation of a microcrack. The mechanism of brittle fracture is the nucleation and propagation of the
brittle crack, which initiates in the carbide layer.

Petch [5,6] improved this concept using major microstructural parameters, yield stress and grain
diameter and proposed a practical formula that is dominated by the nucleation of microcracks. On the
basis of dislocation theory, Cottrell [7] suggested that the critical conditions for cleavage fracture are
determined not only by the nucleation of microcracks but also by the growth of the microcracks.

Using these models, a number of application studies of critical stress have been carried out over
many years. Based on the knowledge that brittle fractures occur according to the weakest link model [8],
the Weibull stress model was proposed by Beremin [9]. This theory states that the critical condition
can be accurately estimated by using the probability of microcrack existence, which is determined
with Griffith’s equation. A number of studies have been carried out based on the Beremin model.
Bordet [10,11] postulated that the nucleation and growth of microcracks can be treated independently.
In recent studies, Lei [12,13] suggested that an improvement in accuracy can be made by reconsidering
the Weibull stress model based on the experience that brittle cracks never occur without yielding.
However, there are some mandatory parameters that are difficult to determine in this improved model,
which makes it difficult to apply this model in actual engineering applications.
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In addition to these approaches purely regarding the critical stress condition of the material itself,
a number of studies of critical stress after prestraining have been investigated. Based on Smith’s model,
plastic deformation leads to an increase in piled-up dislocations and directly results in an increase in the
risk of brittle fracture. Actually, microcrack nucleation induced by plastic deformation was recognized
in experimental observations [14,15]. Therefore, subjecting a material to plastic prestrain means getting
close to the limit of the material and leading to a decrease in fracture toughness. Some previous works
have focused on the effect of prestrain on fracture toughness. Sukedai et al. [16] showed that the
fracture toughness of Charpy impact test samples decreased when the samples were subjected to a
tensile prestrain. Miki et al. [17] showed that critical crack tip opening displacement (CTOD) decreased
when a sample was subjected to either tensile or compressive prestrains. From their experimental
results, they verified that a single prestrain led to a decrease in fracture toughness. However, strain
is a tensor comprising multiple components, which makes it difficult to understand the effects of
prestrain. The generalized effects of prestrain, including cyclic or directional prestrain, have not been
quantitatively elaborated. Although many structural members are subjected to complicated strain
cycles, such as simple uniaxial tensile-compressive strain cycles and multidirectional strain cycles,
where the crack opening direction is different, a sufficient mechanism of toughness deterioration has
not been discovered. Recently, Kosuge et al. [18] revealed the effects of random tensile-compressive
uniaxial prestrain on the ductile–brittle transition temperature (DBTT) through experiments and finite
element method (FEM) analyses, which included the effects of piled-up dislocations. They showed
that the relationship between the number of piled-up dislocations and the amount of shift in the DBTT
of a fracture toughness test sample has a one-to-one correspondence. Hence, it is clear that, regarding
toughness degradation under plastic prestrains, the number of piled-up dislocations is the main factor
that controls brittle fracture performance. However, this relationship is effective only for one fracture
toughness specimen configuration, so generalization to actual steel structures is necessary.

Different practical studies combining experiments and numerical analyses reported that the critical
stress increased [19], decreased [20], or remained constant [21] after prestraining. Therefore, it is
reasonable to assume that the critical stress is affected by prestrain in some way, but the mechanism
by which the critical stress is affected under different prestraining conditions has not been clarified
because sufficient knowledge has not been obtained. Critical stress is very important for determining
the occurrence of brittle fractures because the stress distribution at the crack tip can be easily calculated
with commercial FEM software. To predict and prevent catastrophic brittle fractures, the effect of
prestrain on the change in critical stress must be thoroughly understood because most structures are
subjected to complicated strain histories (e.g., earthquakes for on-land structures and heavy wave
impacts for offshore structures).

In this paper, based on the abovementioned background, the change in critical stress under various
prestraining conditions was investigated by combining experiments and numerical analyses. The effect
of the prestrain direction was investigated by applying the prestrain in a different direction than the
crack opening direction. The critical stress was determined using FEM analysis, and the results were
compared according to the prestrain direction. Additionally, FEM analysis based on crystal plasticity
was conducted to examine the mechanism in more detail and to formulate the generalized effect of
prestrain on critical stress.

2. Experiment

In this section, the methods used in this study for prestraining and fracture testing are presented
and the results from these tests are explained. The effect of the prestrain direction was evaluated by
implementing four different prestrain directions.

2.1. Preparation of Testing and Prestraining

In this research, a thermomechanical control process (TMCP) steel plate [22] with a thickness
of 32 mm was used. TMCP steel is applied in various fields, such as natural gas pipelines [23],
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offshore structures [24], tanks [25], ships [26], buildings [27], and bridges [28]. The yield strength
and tensile strength of the TMCP steel in this study are about 500 MPa and 600 MPa, respectively.
The test specimens subjected to prestraining were machined from the mid-thickness position so that
the longitudinal direction was vertical to the rolling direction, as shown in Figure 2a. The selected
amounts of prestrain were 1%, 3%, and 7%, which were measured as the change in the gage length
distance. To investigate the effect of the prestrain on the yield stress or uniform elongation, a tensile
test was carried out using round bar test specimens after applying the prestrain depicted in Figure 2b.
Additionally, the main mode of evaluation in this study, the fracture toughness test, was performed
using three-point bending specimens, as shown in Figure 2c. There were no fatigue precracks at the
tip of the notch, and only a sharp notch shape remained. Regarding both specimens, the important
parameter, θ, is defined as the angle between the prestrain direction and the longitudinal direction of
the specimen, and θ was changed to 0◦, 45◦, 60◦ and 90◦.
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2.2. Tensile Tests

True stress-true strain curves calculated from the experiment are shown in Figure 3. After applying
the prestrain, the curves shifted to the right according to the amount of prestrain. As shown in Figure 3,
strain hardening by prestraining was observed at all angles, wherein the yield stress increased and
uniform elongation decreased. Additionally, the shape of the curve did not change significantly,
indicating that the aging had little effect on the samples.



Crystals 2020, 10, 867 5 of 17Crystals 2020, 10, x FOR PEER REVIEW 5 of 18 

  

(a) 𝜃 = 0° (b) 𝜃 = 45° 

  

(c) 𝜃 = 60° (d) 𝜃 = 90° 

Figure 3. True stress-true strain curves before/after prestraining. (a) 𝜃 = 0°, (b) 𝜃 = 45°, (c) 𝜃 = 60°, 
(d) 𝜃 = 90° 

2.3. Fracture Test 

Three specimens were prepared for each prestrain condition, and a general three-point bending 
test was carried out at −160 °C. To observe the effect of prestrain on fracture toughness, fracture test 
specimens with no prestrain were also prepared. Additionally, the TMCP steel plate generally has 
strong anisotropy due to the growth of texture created during the unrecrystallization temperature 
range, so the fracture toughness is considered to be different in each direction. Thus, specimens 
without prestrain were prepared in four directions (𝜃 = 0°, 45°, 60° and 90°, and especially 𝜃 = 0° is 
vertical and 𝜃 = 90° is parallel to rolling direction). As mentioned in Section 2.1, this specimen does 
not have fatigue cracks, so this test cannot be regarded as a CTOD test, which is specified in the 
International Organization for Standardization (ISO) standard [29]. Therefore, the CTOD obtained 
from this experiment is denoted as “quasi-CTOD” hereinafter and is distinguished from the 
standardized CTOD. However, quasi-CTOD was calculated by Equations (3)–(9) [30,31]. 𝛿 . = 𝐾𝑚𝜎 𝐸 + 𝑓 𝑟 (𝑊 − 𝑎 )𝑟 (𝑊 − 𝑎 ) + 𝑎 + 𝑧 𝑉  (3) 

𝑚 = 4.9 − 3.5𝑌𝑅 (4) 𝑟 = 0.43 (5) 𝑓 = 𝐹(𝐵) ∙ 𝑓 @  (𝑌𝑅) (6) 
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2.3. Fracture Test

Three specimens were prepared for each prestrain condition, and a general three-point bending
test was carried out at −160 ◦C. To observe the effect of prestrain on fracture toughness, fracture test
specimens with no prestrain were also prepared. Additionally, the TMCP steel plate generally has
strong anisotropy due to the growth of texture created during the unrecrystallization temperature
range, so the fracture toughness is considered to be different in each direction. Thus, specimens
without prestrain were prepared in four directions (θ = 0◦, 45◦, 60◦ and 90◦, and especially θ = 0◦

is vertical and θ = 90◦ is parallel to rolling direction). As mentioned in Section 2.1, this specimen
does not have fatigue cracks, so this test cannot be regarded as a CTOD test, which is specified in the
International Organization for Standardization (ISO) standard [29]. Therefore, the CTOD obtained from
this experiment is denoted as “quasi-CTOD” hereinafter and is distinguished from the standardized
CTOD. However, quasi-CTOD was calculated by Equations (3)–(9) [30,31].

δquasi.cr =
K2

mσyE
+ fp

rp(W − a0)

rp(W − a0) + a0 + z
Vp (3)

m = 4.9− 3.5YR (4)

rp = 0.43 (5)

fp = F(B)· fp@B=25 mm(YR) (6)

f
( a0

W

)
=

3
( a0

W

) 1
2 [1.99−

( a0
W

)(
1− a0

W

)(
2.15− 3.93 a0

W + 2.7
( a0

W

)2
]

2
(
1 + 2 a0

W

)(
1− a0

W

) 3
2

(7)
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F(B) = 0.8 + 0.2 exp
{
−0.019(B− 25)

}
(8)

fp@B=25 mm(YR) = −1.4(YR)2 + 2.8(YR) − 0.35 (9)

where m is the constraint factor, K is the stress intensity factor, fp is the plasticity correction factor, a0 is
the initial crack length, W is the width, B is the thickness, σy is the yield stress, YR is the yield ratio, Vp

is the plastic displacement of the clip gage, and δquasi.cr is the “quasi-CTOD”. In this test, material
constants were given as shown in Table 1.

Table 1. Value of each parameter in the equations used for crack tip opening displacement
(CTOD) calculations.

Parameter Value Units

σy 500 MPa
E 206 GPa

YR 0.806 -
B 10 mm
W 10 mm
a0 4 mm
S 80 mm
z −1.5 mm

According to the experimental data, δquasi.cr was calculated using these equations and was
compared for each prestrain condition, as shown in Figure 4. The vertical axis of Figure 4 shows the
nondimensional toughness variation index δquasi.cr (after prestraining) divided by δquasi.cr_As (with no
prestrain) for each direction. As shown in Figure 4, the samples exhibit remarkable embrittlement in
all prestrain conditions, although there was a difference depending on the angle.
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3. Calculation of Critical Stress

In this section, the critical stress was calculated based on the experimental results shown in the
previous section. FEM analysis was carried out as a continuous simulation covering all processes,
including prestraining and fracture tests. Finally, the critical stress was obtained for each experiment,
and the results were compared among the different prestrain conditions.

3.1. Simulation of the Prestraining Process

In this analysis, a combined hardening rule, which combines isotropic and kinematic hardening
rules, was used for the simulation. The steel material undergoes strain hardening with plastic
deformation and yield surface changes. The isotropic hardening rule defines the magnitude of the
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yield surface, and the kinematic hardening rule represents the movement of the yield surface. In this
study, because the prestrain direction was different from the crack opening direction, the Bauschinger
effect was considered to be undergoing load reversal. In the case where load reversal occurs, the yield
surface moves while changing its magnitude, so the combined hardening rule is considered to be
appropriate. The combined hardening rule is defined in Equations (10) and (11).

σ0 = σ

∣∣∣∣∣0 + Q∞
(
1− e−βε

pl
)

(10)

.
αi j = C

1
σ0

(
σi j − αi j

) .
ε

pl
− γαi j

.
ε

pl
(11)

Isotropic hardening is expressed by Equation (10) [32], whereas kinematic hardening is expressed
by Equation (11) [33]. In these equations, σ0 is the equivalent stress that decides the magnitude of the
yield surface, σ|0 is the yield stress with no plastic strain, Q∞ and β are intrinsic material parameters,
C is the initial kinematic hardening coefficient, and γ is the parameter that expresses the damping
factor of the kinematic hardening coefficient. In this analysis, each parameter was determined by
trial-and-error, as shown in Table 2.

Table 2. Determination of the parameters in the combined hardening rule.

Parameter Value Units

σ|0 500 MPa
Q∞ 200 MPa
β 4.5 -
C 10,000 MPa
γ 81 -

3.2. Simulation of the Fracture Test

A three-point bending test for evaluating fracture toughness was simulated with an FEM model.
Similar to the simulation of the prestraining process, the combined hardening rule was applied in
this step. In this analysis, the “Map Solution” technique [34] was used to transfer all analysis results,
including the back stress tensor and plastic strain from the prestraining simulation, to the initial
conditions of the fracture test model, which has completely different mesh divisions. Then, the fracture
test can be simulated, including the parameters of plastic strain and back stress from the prestraining
simulation. The prestrain direction can be arbitrarily reproduced by rotating the model during mapping
from the prestraining process to the fracture test simulation. In the fracture test process, the combined
hardening parameters were optimized for each angle condition, as shown in Table 3, to accurately
estimate the stress–strain relationship after prestraining. Using these parameters, a full process analysis
including the prestraining process and the subsequent fracture test was carried out.

Table 3. Determination of the parameters for the fracture test.

Parameter θ = 0◦ θ = 45◦ θ = 60◦ θ = 90◦ Units

σ|0 750 750 750 750 MPa
Q∞ 500 600 500 550 MPa
β 3 3 3 3 -
C 5000 5000 5000 5000 MPa
γ 81 81 81 81 -

Next, the critical stress was calculated based on the analysis mentioned above. As shown in
Figure 5, the representative fracture initiation point was regarded as the point with the largest value
of maximum principal stress at the time when the bending test specimen fractured. Under this
assumption, the maximum principal stress at the fracture point was regarded as the critical stress.
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The largest value of maximum principal stress appeared near the notch root on the mid-thickness
plane. The critical stress was calculated under all prestrain conditions, including the “As” condition
(without prestraining). Figure 5 shows the change in the critical stress under each prestrain condition.
The critical stress without prestrain, σcr_As, was different from the critical stress with prestrain in
different directions. Therefore, the critical stress after prestrain, σcr, was made dimensionless through a
comparison with σcr_As. As shown in Figure 5, the critical stress tended to increase with the increase in
prestrain under all prestrain directions, and the ratio of the increase varies with respect to the prestrain
direction. Based on these results, the mechanism of the increase in the critical stress was investigated
from the viewpoint of both the continuum macroscopic model and the crystal plasticity model in the
next section.
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4. Mechanism of Change in Critical Stress

In the previous section, it was revealed that the critical stress clearly increased with respect to
the amount of prestrain. The increase ratio varied with respect to the prestrain direction. Hence,
to evaluate the safety of structures, it is important to understand how the critical conditions change
when a complicated prestrain is applied, and the mechanism that can explain the experimental results
should be investigated in detail. In this section, the critical stress change mechanism is clarified based
on both the continuum macroscopic model and the crystal plasticity model.

4.1. Analysis of the Macroscopic Model

In this subsection, the candidate mechanism is investigated based on a macroscopic model. It is
reasonable that material damage progresses by plastic deformation and does not occur during elastic
deformation [12,13]. Thus, the critical stress was divided into elastic and plastic components, as shown
in Equation (12).

σcr = σel + σpl (12)

where σel is the elastic component and σpl is the plastic component of critical stress. The critical stress
is considered to change by changing these values through different mechanisms.

First, the mechanism of the elastic component is discussed. The elastic component is considered
to change through yield surface evolution. The yield condition with the combined hardening rule is
defined in Equation (13).

σ = σ0 +ω(θ)α (13)

where σ is the von Mises stress, α is the equivalent back stress, and σ0 is the magnitude of the yield
surface calculated in Equation (10). Additionally, ω(θ) is a function for θ that has the largest value
at θ = 0◦ and the smallest value at θ = 90◦. This is because the Bauschinger effect occurs during
load reversal. In this study, while the largest value of the maximum principal stress at the fracture
point is defined as the critical stress, the yield stress component is not explicitly defined inside of the
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maximum principal stress, so the “quasi-yield” stress is defined for convenience, as shown in Figure 6a.
The maximum principal stress exhibits a step increase at a constant value of equivalent plastic strain,
after which it increases monotonically with respect to the equivalent plastic strain. The quasi-yield
stress (σy,cr) is defined as the maximum principal stress at this inflection point. Figure 6b shows the
change in σy,cr due to prestrain in the different directions. Similar to Figure 5, the quasi-yield stress
after prestrain was made dimensionless through comparison with σy,cr_As. As shown in Figure 6b,
the change in the dimensionless quasi-yield stress, σy,cr/σy,cr_As, exhibited large variations depending
on the prestrain direction. This may be because of the Bauschinger effect. The extent of the Bauschinger
effect should vary with respect to the prestrain direction, and its effects are strongest at θ = 90◦ and
weakest at θ = 0◦. Thus, the ratio of decrease in the dimensionless quasi-yield stress due to the
Bauschinger effect is considered to be largest at θ = 90◦.
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However, the ratio of increase in σy,cr at θ = 90◦ is larger than that at θ = 60◦, as shown in
Figure 6b. This is because Q∞ is larger at θ = 90◦ than at θ = 60◦, as shown in Table 3. This may be
related to the strong texture due to the strong TMCP.

At this point, the plastic component of the critical stress must be discussed. Lei [12,13] showed
that elastic deformation did not contribute to brittle fracture, i.e., only plastic deformation contributed
to brittle fracture. Lei [12,13] defined plastic stress as the cut-off stress (σcut−off), and in this study,
the critical stress change mechanism is discussed based on the assumption that only σcut−off contributes
to brittle fracture. Figure 7 shows the change in σcut−off for each prestrain direction. Similar to Figures 5
and 6, σcut−off after prestrain was made dimensionless through comparison with σcut−off_As. As shown
in Figure 7, the dimensionless cut-off stress, σcut−off/σcut−off_As, decreases with increasing prestrain
at θ = 0◦, 45◦ and 60◦. This indicates that the plastic deformability before brittle crack initiation
was reduced by the prestrain, which made the material brittle. However, the ratio of decrease in
the dimensionless cut-off stress exhibits substantial variations with respect to the prestrain direction;
the dimensionless cut-off stress even increases at θ = 90◦.

As described above, the discussion was advanced by dividing the critical fracture stress into the
yield stress term and the stress term that occurs during plastic deformation. However, the latter term
cannot be understood by using continuum mechanics alone. In particular, the mechanism of decrease
in σcut−off should be discussed in detail to accurately estimate the critical stress. In the next subsection,
the detailed mechanism of the change in σcut−off is discussed using an FEM analysis based on the
crystal plasticity model.
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4.2. Analysis of the Crystal Plasticity Model

In this subsection, the strain gradient plasticity (SGP) theory was used based on the crystal
plasticity model. First, the theory of SGP is introduced. The SGP theory was proposed in 1970 by
Ashby [35], and to date, many studies pertaining to SGP formulation have been carried out [36–39].
The SGP theory is based on the assumption that not only the plastic strain but also the plastic strain
gradient should contribute to the work of deformation in a body. Additionally, one of the advantages
of this approach is that the events that occur during plastic deformation at the grain boundary can
be explained using the polycrystalline model and SGP theory. The steel material is polycrystalline
and has stress and strain gradients in each grain even under macroscopically homogeneous strain
conditions. However, in the conventional continuum macroscopic model, the stress and strain cannot
be calculated for every grain; only the average value is calculated. To understand the phenomenon of
polycrystallinity, it is important to apply a polycrystalline model. Additionally, the computational cost
associated with the use of the SGP theory is much lower than that of the conventional crystal plasticity
finite element method (CPFEM) because the SGP theory simplifies the average crystal orientation of
each grain. Additionally, the SGP theory can calculate the dislocation density expressed by the plastic
strain gradient and equivalent plastic strain. As mentioned in Section 1, brittle fracture of steel occurs
when a microcrack is generated due to piled-up dislocations in the brittle phase, so it is important
to deepen the understanding of dislocation distributions to discuss the embrittlement mechanism.
There are two types of dislocations: geometrically necessary dislocations (GNDs) and statistically
stored dislocations (SSDs). GNDs depend on the plastic strain gradient, whereas SSDs depend on the
equivalent plastic strain. Martínez et al. [40] showed that the densities of these dislocations can be
calculated with Equations (14) and (15).

ρGND = r
ηp

b
(14)

ρSSD = [σref f (εp)/(Mαµb)]2 (15)

where b is the magnitude of the Burgers vector, r, M and α are intrinsic material parameters, µ is the
shear modulus, and ηp is the equivalent plastic strain gradient. Note that ηp and σref f (εp) can be
calculated with Equations (16)–(18).

ηp =

√√
1
4

∑
i, j,k

ε
p
i j,kε

p
i j,k (16)



Crystals 2020, 10, 867 11 of 17

ε
p
i j,k =

∂ε
p
i j

∂xk
(17)

σref f (εp)= σyield

(
E

σyield

)N(
εp + σyield/E

)2
(18)

where N is the strain hardening coefficient and σyield is the yield stress. Additionally, Gudmundson [39]
showed that the principle of virtual work can be calculated with Equation (19).∫

Ω

[
σei jδεi j + qi jδε

p
i j + mi jkδε

p
i j,k

]
dV +

∫
SΓ

[
M̌i jδε̂i j + M̂i jδε̌i j

]
dS =

∫
Sext

[
σi jn jδui + mi jknkδε

p
ij

]
dS (19)

where σei j is the elastic stress, qi j is the plastic stress, mi jk is the moment stress, Mi j is the moment
traction, ε̂i j is the average strain, and ε̌i j is the difference in strain between two grains. In Equation (19),
the first term on the left side represents the work in the grain, the second term on the left side represents
the work in the grain boundary, and the term on the right side represents the work by external force.

In this analysis, a polycrystalline microstructure was simulated so that the average grain diameter
was approximately 30 µm, and a prestrain test was simulated. It is well known that TMCP steel plates
for actual applications have ausformed bainite microstructures, which contain many secondary phases
inside prior austenite grains [22]. Kitade et al. [41] carried out a series of sophisticated experiments and
reported that the brittle fracture initiation site for this type of steel is located at martensite–austenite
(MA) constituents formed at high angle grain boundaries and that there are scarcely high value areas
of kernel average misorientation (KAM). The KAM is an index obtained from electron backscatter
diffraction (EBSD) analysis corresponding to the dislocation density inside of prior austenite grains
just before brittle crack initiation. Through these experimental findings, the authors believe that this
assumption of grain size is appropriate.

First, the model was loaded with a 1% prestrain in the vertical direction, and then the fracture
test was simulated so that the model was loaded with tensile strain in the direction of θ rotation.
As mentioned above, SGP theory can calculate the individual dislocation densities, ρGND and ρSSD.
The total dislocation density (ρTD), which is a sum of ρGND and ρSSD, was defined as the evaluation
value of material damage. Figure 8 shows the history of ρTD,max for each condition. Here, ρTD,max is
denoted as the value at the center of the element in which ρTD exhibited the maximum value. Similarly,
ρGND,max and ρSSD,max are the values of ρGND and ρSSD from the element that exhibited ρTD,max. In all
cases, the elements that exhibited the maximum ρTD were always located close to the grain boundary.
Additionally, equivalent plastic strain in the horizonal axis denoted the global value and calculated as
the average value of all element. As shown in Figure 8, the history of ρTD,max varies greatly depending
on the prestrain direction. When the changes in ρGND,max and ρSSD,max are compared, it is clear that
ρGND,max is largely changed for each prestrain direction, whereas ρSSD,max shows a constant change
that is approximately independent of the prestrain direction. This is because ρSSD,max depends on
the equivalent plastic strain, as shown in Equation (15). Focusing on the change in the history of
ρGND,max evolution, ρTD,max and ρGND,max continuously increase only when θ = 0◦, whereas when θ

, 0◦, these values decrease and then increase again. This may reflect the fact that piled-up dislocations
move in the opposite direction after load reversal. When θ = 45◦ and 60◦, it is understood that load
reversal did not occur in the completely opposite direction, but partial load reversal occurred; hence,
ρTD,max slightly decreased just after the beginning of the secondary load. It can be regarded that
material damage does not progress while ρTD,max decreases. Therefore, during some range just after
load reversal when θ = 45◦, 60◦, and 90◦, it is supposed that the damage did not progress. According
to Figure 8, the range was the largest in the condition of θ = 90◦, which can be the reason why the
amount of decrease in σcut−off is quite small in the case of θ = 90◦, as shown in Figure 7. In this range
where the material damage did not progress, the amount of equivalent plastic strain increased, so the
equivalent stress increased, as shown in Equation (10). This mechanism made σcut−off larger at θ = 90◦.
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Based on the abovementioned assumption, a quantitative discussion was carried out. As shown in
Figure 9a, the plastic strain required to reach a certain ρTD,cr is considered. In this analysis, the plastic
strain required to reach ρTD,cr, 17.5 µm−2, after applying the prestrain was denoted as εpl

fract(θ). Material

damage progresses continuously in the condition of θ = 0◦; therefore, εpl
fract(θ) is smallest in the

condition of θ = 0◦. In contrast, the range where the damage did not progress was largest at θ = 90◦;
therefore, εpl

fract(θ) was largest at θ = 90◦. Brittle fracture occurred in the originating microcrack due
to the density of piled-up dislocations; thus, the criterion of the brittle fracture can be simplified as
the critical value of ρTD,max. Here, the assumption that brittle fracture occurred when ρTD reached
17.5 µm−2 was tentatively made. Based on this assumption, εpl

fract(θ) describes the amount of plastic
strain applied after finishing the prestrain until fracture. As mentioned above, because the equivalent
stress is determined by the equivalent plastic strain, the increase in εpl

fract(θ) directly corresponds to the

increase in σcut−off. Figure 9b shows the relationship between εpl
fract(θ) and dimensionless σcut−off when

1% prestrain was applied. As shown in Figure 9b, there is a strong correlation between εpl
fract(θ) and

σcut−off; hence, σcut−off increases with increasing εpl
fract(θ). Furthermore, when the amount of prestrain

increased, ρTD,max increased and εpl
fract(θ) decreased. As a result, σcut−off is considered to decrease,

and this result matches Figure 7.
Thus, it is understood that the change in σcut−off can be explained by the change in εpl

fract(θ), i.e.,
the way material damage progresses due to piled-up dislocations. In the next section, based on these
mechanisms, a formulation is presented for the change in critical stress after prestrain application.
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5. Formulation of Critical Stress Change from Various Prestrains

In the previous section, the change in critical stress can be expressed by the increase in yield
stress and the decrease in σcut−off. Based on this theory, the formulation of critical stress is carried out.
First, the general form for the elastic component of the critical stress in the fracture test is proposed in
Equation (20).

σel = σel_As + ϕ(η)
[
Q∞

(
1− e−βε

pl
pre

)
+ω(θ)α

]
(20)

where σel_As is the elastic component of critical stress without prestraining, ϕ(η) is a function of η
that is set equal to one for uniaxial stress conditions, εpl

pre is the plastic prestrain, ω(θ) is a function

of θ, and Q∞
(
1− e−βε

pl
pre

)
+ω(θ)α represents the combined hardening rule. As shown in Figure 10a,

the amount of increase in yield stress is larger with high stress triaxiality. Therefore, because the
sharp-notched bending specimen used in this study has high triaxiality, the amount of increase in yield
stress increases. Here, it was assumed that the increase in yield stress rises linearly with respect to
triaxiality, and ϕ(η) was set to 1.60 for this specimen in this paper. It should be noted, however, that in
order to determine this value accurately, it must be determined experimentally using specimens with
different multiaxiality. Additionally, ω(θ) is the function that expresses the degree of the Bauschinger
effect, which is a function of the period. As shown in Figure 10b, ω(θ) is largest at θ = 0◦ and smallest
at θ = 90◦. In this study, ω(θ) was set to 1.0 at θ = 0◦ and −0.20 at θ = 90◦.

Hereafter, σcut−off is discussed. As mentioned above, σcut−off is considered to be greatly affected by
the difference in piled-up dislocations. When load reversal occurs, dislocations pile up in the opposite
direction, and there is some range where material damage does not progress, which restrains the
decrease in σcut−off. However, when load reversal occurs, dislocations not only pile up like GNDs
but are also simply stored like SSDs. Therefore, the effect of material damage due to both piled-up
dislocations and stored dislocations should be considered.

First, the effect of piled-up dislocations is considered. This effect strongly depends on the prestrain
direction. Here, the damage due to piled-up dislocations is defined in Equation (21).

f
(
ε

pl
pre, θ

)
= λω(θ)

{
1− exp

(
−ζε

pl
pre

)}
(21)

Equation (21) is a monotonically increasing function with respect to εpl
pre and expresses the material

damage due to piled-up dislocations. Additionally, this function is designed to converge to λω(θ) in
the case of a sufficiently high value of εpl

pre, which corresponds to the phenomenon that the parameter
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of brittle fracture toughness, such as the critical CTOD, converges to a certain low value even if
there is a sufficiently high amount of prestrain. ω(θ) is the same function used in Equation (20),
which corresponds to how dislocations are moved in the opposite direction. The range where material
damage does not progress increases with increasing θ. Therefore, Equation (21) shows that material
damage decreases with a high value of θ.Crystals 2020, 10, x FOR PEER REVIEW 14 of 18 
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Hereafter, the effect of stored dislocations is considered. This damage is considered to be
independent of the prestrain direction and depends only on the amount of prestrain because the stored
dislocations are considered to increase monotonically with respect to the equivalent plastic strain,
whereas piled-up dislocations strongly depend on the prestrain direction. The damage due to stored
dislocations is defined in Equation (22).
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(22)

Equation (22) is a monotonically increasing function with respect to εpl
pre and converges to κ in

the case of a sufficiently high value of εpl
pre, similar to Equation (21). Combining Equation (21) and

Equation (22), the decrease in σcut−off is defined in Equation (23).
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Finally, the change in critical stress is calculated by combining Equation (20) and Equation (23).
The critical stress after prestraining can be determined with Equation (24).

σcr,est = σcr_As + ϕ(η)
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)
+ g
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))
(24)

Figure 11 shows a comparison between the critical stress calculated from Equation (24) and that
calculated from FEM analysis. As shown in Figure 11, the critical stress can be estimated with high
precision using Equation (24). The parameters shown in Figure 11 were determined based on SGP



Crystals 2020, 10, 867 15 of 17

theory. Additionally, except ϕ(η), these are considered to depend on microstructure, so these values
can be used in different test specimen if the same material is used. Thus, the critical stress can be
estimated for specimens with various levels of prestrain in different directions subjected to fracture
tests with different levels of triaxiality.
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6. Conclusions

In this study, the effect of the prestraining direction and its amount on the critical stress of brittle
fracture was investigated. Additionally, a new formula for accurately estimating critical stress was
proposed based on the micromechanism obtained from the SGP theory, from which the following
findings were obtained:

• It was verified that the critical stress increased due to the application of prestrain at any angle,
and the ratio of this increase varied strongly with respect to the prestrain direction. This finding is
different from Griffith’s equation or Smith’s model, in which the critical stress is determined only
by the length of the microcrack or the thickness of the carbide particles and the remote stress.

• It was shown that the increase in critical stress can be separately explained by the increase in yield
stress and the decrease in σcut−off. Additionally, the decrease in σcut−off represented the effect of
embrittlement and strongly depended on the way dislocations were piled up. Using analysis
based on the SGP theory, the change in σcut−off was shown to be affected by piled-up dislocations
that moved in the opposite direction during load reversal.

• The change in critical stress can be formulated based on the micromechanisms. The critical stress
was calculated by the triaxiality of the fracture test and the amount and direction of prestrain. It was
shown that critical stress can be estimated with high accuracy by giving appropriate parameters.

In this study, many new findings on the critical stress that have not been previously discussed
were presented. However, there are still many problems to be solved in this study. First, the present
prestrain was introduced in a uniaxial state, whereas the strain in an actual structure is always loaded
in a multiaxial state. In addition, in the critical stress formulation, there are many material-dependent
parameters, and it is desirable to construct a universal model that can be applied to any material.
Additionally, this model has been developed on the assumption that dislocations dominate the damage,
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but the mechanism may differ in a material in which the brittle crack initiation position is located at
large and hard particles, such as MA or cementite, inside of grains. The effect of the microstructure on
the critical stress after prestrain should be investigated in future studies.
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