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Abstract: A novel methodology to estimate the effectiveness factor (EF) of an immobilized enzyme
catalyst is proposed here. The methodology consists of the determination of the productivity of
both the immobilized enzyme catalyst and its corresponding soluble enzyme, plotted as a function
of the reaction conversion. The ratio of these productivities corresponds to the EF estimator of the
catalyst. Conversion curves were simulated in a batch reactor with immobilized enzyme and soluble
enzyme for different values of the S0/KM ratio and Thiele modulus (Φ) to demonstrate this hypothesis.
Two different reaction orders were tested: first-order kinetic and Michaelis–Menten-based kinetic
with product inhibition. The results showed that the ratio of productivities between the immobilized
and soluble enzymes followed the behavior profile presented by the EF with satisfactory agreement.
This simple methodology to estimate the EF is based on routine conversion experiments, thus avoiding
the exhaustive kinetic and mass transfer characterization of the immobilized enzyme catalyst.
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1. Introduction

Physical and/or chemical enzyme immobilization in permeable solid supports is a fascinating
challenge in modern biotechnology. It enables the recovery and reuse of the enzyme through several
reaction cycles, thus reducing global production costs and providing an environmentally friendly
technology. Furthermore, enzyme stabilization enables operation at high temperatures and in the
presence of organic or ionic solvents and extreme pH conditions [1].

Some considerations must be taken into account after the enzyme immobilization. The reaction
kinetics of soluble and immobilized enzymes may differ due to conformational changes caused by
the interaction between the enzyme and the support matrix [2]. Mass transfer processes through the
stagnant layer around the catalyst particle or inside particle pores interplay with the catalytic process.
The consequence is substrate and product gradient concentrations in the stagnant layer and inside the
catalyst that may decrease the catalytic potential of the enzyme. These are called diffusional restrictions
and need to be quantified experimentally in each case [3,4].

The effectiveness factor (EF) is the relationship between the global rate of substrate consumption
within the particle and the assessed substrate concentration rate at the surface [5]:

η =
v
vb

(1)

where v is the effective reaction rate (at the surface and/or inside the pores of the catalyst) and vb is the
reaction rate evaluated at the bulk phase. In other words, v is the reaction rate affected by diffusional
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restrictions and vb is the reaction rate free from diffusional restrictions. As the definition of EF in
Equation (1) corresponds to a singular position inside the catalyst particle, an integration must be done
to evaluate the EF of the whole catalyst. The mean integral value of the EF for a spherical particle
results in

η′ = 3
∫ 1

0
ηρ2dρ (2)

where ρ is the dimensionless position in the spherical particle (radius). For a first-order reaction,
the mean integral EF is given by Equation (3):

η′ =
1
Φ

[
1

tanh(3Φ)
−

1
3Φ

]
(3)

where Φ is the Thiele modulus for a first-order reaction and spherical catalyst.

Φ =
R
3

√
kcat·E

′′

0

KM·De
(4)

The EF directly indicates the magnitude of the diffusional restrictions caused by the immobilization.
The EF has values between 0 and 1: a catalytic potential similar to that of the soluble enzyme is
obtained with a value close to 1, and for values below that, a loss of catalytic activity due to diffusional
restrictions is implied [6].

The determination of the global rate of substrate consumption within the catalyst involves the
modelling and simulation of partial differential equations (PDEs) of conservation for every species for
a specified geometry. The PDEs are subject to several boundary and spatial symmetry conditions [7,8],
normalized by the ordinary differential equation (ODE) related to the reaction rate evaluated at the
surface concentration.

One of the approaches used to evaluate the EF is the use of the substrate mass balance equation
inside the catalyst to obtain the substrate concentration profile and, therefore, to calculate the
EF. The analytic solution of the concentration profile can be calculated for simplifications of the
Michaelis–Menten equation; i.e., zero and first order [2,9]. Several analytical approximations and
numerical techniques have been implemented to calculate the EF in one-substrate reactions with
low-complexity mechanisms in a steady state:

• Explicit finite differences schemes [4,10]: These methods have the advantages of easy
computational implementation and quick numerical solution in the steady state. However,
they are sensitive to stability criteria, require variable changes to replace conditions in the center of
the spherical catalytic particles, and fail to represent the behavior of the transient enzyme system.

• Taylor series expansions [11]: This solution method allows us to represent the EF behavior as
a function of the competitive and uncompetitive inhibition constants and the Thiele modulus.
However, its generalization is not possible, as the different enzymatic mechanisms and catalyst
geometries can present singularities where the Taylor series does not converge.

• Runge–Kutta and Runge–Kutta–Gill methods [2,12–16]: These numerical methods have been
widely used given their stability and precision in the resolution of PDEs. However, they require a
high level of computational solving, which increases with decreasing Thiele modulus and where
the boundary conditions involve mass transfer due to convection forces.

• Newton’s iteration techniques [17]: A program to determine the EF was developed in a reaction
that presents competitive inhibition by the product and uncompetitive inhibition by the substrate.
It includes a model of a nonuniform enzyme distribution with the presence of internal and external
mass transfer restrictions. The method replaces the differential equations system for nonlinear
algebraic equations such as the Taylor series, which have the same singularity inconveniences
discussed before.
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• The homotopy perturbation method [18]: This is a modern and promising analytical method to
obtain the solutions to nonlinear PDEs. The method consists of expanding the relevant variables
and some parameters if needed, as well as power series depending on the homotopy parameter
(p). The method has proved to be highly effective, but there are still no studies related to the
comparison of experimental data or to its application in multisubstrate reactions.

• Approximated analytical solutions [19–23]: While analytical solutions provide an understanding
of the system with a satisfactory precision, they are usually related to one-substrate reactions.
They use complex hyperbolic periodic equations, which are tedious to use and diverge from the
real EF behavior as the Thiele modulus increases. This happens due to the imposed restrictions
and assumptions in the mathematical modelling derivation.

• Modified Adomian decomposition method [24,25]: The method has been widely used as a
solution method for nonlinear differential problems, where it cannot always satisfy the boundary
conditions imposed (applicability limitations) and also has the added complexity of calculation of
the Adomian polynomials, which are usually impractical to apply.

• Orthogonal placement [14,21,22,26–28]: This method increases the computational time
substantially compared to the Runge–Kutta methods as five or more placement points are
implemented in its resolution. Additionally, it presented numerical instabilities in research by
Vos et al. [14] for the calculation of mass transfer in thin biofilms.

All the methodologies mentioned above require high effort in terms of mathematical modeling
and advanced computer simulations. They also require protocols that involve a large amount of
experimental work to determine the intrinsic kinetic constants, diffusional parameters, and particle
size distributions to guarantee reliable results [6]. Because of the above, the present article proposes an
experimental methodology to evaluate the EF of any enzymatic reaction by obtaining data from the
reaction progress in a batch reactor using soluble and immobilized enzymes. The methods are detailed
in the next section.

2. Theory

The EF can be calculated from data obtained by a routine assay of reactor performance. The reaction
progress is usually evaluated in biocatalysis reactions. It consists of the quantification of the substrate
or product concentration during the enzymatic reaction. A plot of these variables against time allows
for the visualization of the reaction performance. The calculation of the specific productivity (Qsp) is
shown in Equation (5):

Qsp =
S0X
ERt

(5)

where S0 is the initial substrate concentration, X is the conversion, ER is the enzyme concentration in
the reactor volume, and t is the reaction time. The specific productivity depends on the reaction time,
which depends on the kinetic model and the enzyme format used (soluble or immobilized). In the case
of the soluble enzyme, the conservation equation in a batch reactor is

dX
dt

=
v
S0

. (6)

Considering a simple case of a kinetic model, a first-order kinetic would yield

dS
dt

= −kS0(1−X) (7)

X = 1− e−kt (8)

t = −
ln(1−X)

k
(9)
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where k is the first-order kinetic constant. In the case of an immobilized enzyme catalyst, the conservation
equation considers the effectiveness factor, which yields

dS
dt

= −η′kS0(1−X) (10)

X = 1− e−η
′kt (11)

t = −
ln(1−X)

η′k
(12)

Now, the calculation of the specific productivity for each case—of a soluble or immobilized enzyme—is
as follows:

Qs
sp = −

S0Xk
ER ln(1−X)

(13)

Qi
sp = −

S0Xη′k
ER ln(1−X)

(14)

The ratio of the specific productivity with an immobilized enzyme (Qi
sp) regarding the specific

productivity with a soluble enzyme (Qs
sp) results in the EF.

Qi
sp

Qs
sp

= η′ (15)

The general expression for Equation (15), considering the cases where no analytical solution can be
achieved for the mean integral EF, is indicated in Equation (16).

Qi
sp

Qs
sp

=

∫
dX
v∫

dX
η′v

(16)

Equation (15) is valid when both specific productivities—those for soluble and immobilized
enzymes—were evaluated at the same ER. This can be achieved by adding the same total enzyme activity
to the same reaction volume in both cases. The relationship between the soluble enzyme concentration
and the immobilized enzyme concentration (catalyst concentration) is shown in Equation (17):

VRER = VcatE
′′

0 (17)

where VR is the reaction volume, Vcat is the catalyst volume, and E0” is the enzyme concentration in the
catalyst. As the soluble enzyme homogeneously distributes in the reaction volume, its concentration is
the same as the concentration in the reactor (ER). However, the immobilized enzyme distributes only
inside the catalyst volume and differs from ER according to Equation (17). Equation (16) cannot be
solved for diffusion–reaction systems based on Michaelis–Menten kinetics because there is no analytical
solution for the mean integral EF (η′) in this case.

Two cases were analyzed and used as a demonstration of the hypothesis involved in Equation (15).
The first case is the hydrolysis of lactose by β-galactosidase (EC 3.2.1.23) considering the kinetic model
proposed by Jurado et al. (2002) [29]. In this model, lactose and galactose present similar affinity for
the enzyme; thus, the kinetic model is under the assumption KM = KI. The model is as follows:

dS
dt

= −
kcatE0S

KM + KM
KI

P + S
(18)

dS
dt

= −
kcatE0S

KM + P + S
(19)
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dS
dt

= −

[
kcatE0

KM + S0

]
S (20)

The term in brackets corresponds to a first-order kinetic constant k, such as that in Equation (7).
Therefore, the solution of Equation (19) is like that of Equation (7), obtaining the same result as in
Equation (8). Analogously, in the case of a reactor with immobilized β-galactosidase, the batch reactor
performance is given by Equation (21).

dS
dt

= −η′
[

kcatE0

KM + S0

]
S (21)

The solution for Equation (21) will be the same as that for Equation (10). Finally, the result obtained
in Equation (15) is valid for the first-order case of the β-galactosidase model according to Jurado et al.
In conclusion, we know that Equation (15) is valid for a first-order reaction. However, we do not know
whether Equation (15) is valid for complex orders such as the Michaelis–Menten equation because we
cannot solve Equation (16). The problem is the lack of an analytical solution for the mean integral EF
when the kinetic model is different from a zeroth or first-order reaction, such as Michaelis–Menten or
other mechanisms such as product or substrate inhibition. The nonlinearity of this type of equation
prevents the possibility of obtaining an analytical solution for the mean integral EF. There are some
approximations available to solve this problem, such as the classical approach of Moo-Young and
Kobayashi [19], in which the mean integral EF for a complex order is a weighting between the zeroth
and first-order EFs. However, this approximation cannot be used to obtain an analytical solution for
the mean integral EF. All the complex-order reactions have to be solved by numerical iteration to
obtain the values of the mean integral EF and, therefore, to obtain the batch reactor performance using
immobilized enzyme catalysts. The second case analyzed was the hydrolysis of penicillin G (PenG) by
penicillin G acylase (PGA, EC 3.5.1.11) for the production of semisynthetic antibiotics derived from
penicillin [30]. This is an example of a complex-order reaction. The enzymatic reaction exerts substrate
uncompetitive inhibition, competitive inhibition by phenylacetic acid (PAA, P1), and uncompetitive
inhibition by 6-aminopenicillanic acid (6-APA, P2) [30–32]. The kinetic model for this reaction is shown
in Equation (22).

v =
kcatE0S

KM + S + S2

KS
+ KMP1

K1
+ KMP2

K2
+ SP2

K2
+ KMP1P2

K1K2

(22)

Heterogeneous catalysis using immobilized penicillin acylase in porous supports is modeled using
the mass conservation equation inside catalyst particles. The resulting reaction–diffusion equations for
the substrate and for both products, considering spherical particles, are shown in Equations (23)–(25):

∂S
∂t

= De

(
∂2S
∂r2 +

2
r
∂S
∂r

)
− v (23)

∂P1

∂t
= De1

(
∂2P1

∂r2 +
2
r
∂P1

∂r

)
+ v (24)

∂P2

∂t
= De2

(
∂2P2

∂r2 +
2
r
∂P2

∂r

)
+ v (25)

where De, De1, and De2 are the effective diffusion coefficients for PenG (S), PAA, and 6-APA, respectively.
The terms r, t, and v correspond to the radial position inside the catalyst, the reaction time, and the
kinetic model in Equation (22), respectively. The boundary conditions for these equations are as follows.

At r = 0,
∂S
∂t

∣∣∣∣∣
r=0

(r, t) =
∂P1

∂t

∣∣∣∣∣
r=0

(r, t) =
∂P2

∂t

∣∣∣∣∣
r=0

(r, t) = 0 (26)

At r = R, there are concentration changes over time for the reagents and products because of
transport inside the catalyst sphere and the reaction. The PenG, PAA, and 6-APA concentrations’ rates
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of change at the bulk will depend as much on the diffusive and the reactive phenomena. They can
be expressed in terms of the transport velocity from the catalyst–liquid interface inside the catalytic
particle as follows:

∂Sb
∂t

=
3DeVc

RVb

∂S
∂r

∣∣∣∣∣
r=R

(27)

∂P1,b

∂t
=

3De1Vc

RVb

∂P1,b

∂r

∣∣∣∣∣∣
r=R

(28)

∂P2,b

∂t
=

3De2Vc

RVb

∂P2,b

∂r

∣∣∣∣∣∣
r=R

(29)

where Vb, Vc, and R are the liquid phase volume, the catalyst volume, and the catalytic particle
equivalent radius, respectively. The system of equations from Equations (23)–(29) was previously
solved by discretization through finite differences using the Crank–Nicolson method [31]. The algorithm
was implemented and solved in Python software to obtain the reaction progress. The mean integral EF
for this system can be obtained from the concentration profiles inside the catalyst particle, as previously
published [31], by calculating the corresponding reaction rate profile and computing the data according
to Equation (30).

η′ =
3
∫ 1

0 vρ2dρ

vb
≈

3
∑N

i=1 viρ
2
i ∆ρ

vb
(30)

The EF calculated by this procedure was considered the real mean integral EF and was compared
to that obtained by the specific productivity ratio.

The methodology proposed here to estimate the mean integral EF consists of the calculation of
the reaction progress to obtain a conversion plot with both the soluble and the immobilized enzymes.
The specific productivity was calculated for both cases and plotted against the conversion. This step
is fundamental because the productivity values of both the soluble and immobilized enzymes are
normalized by the conversion, and they become independent of the reaction time. The specific
productivity (or the volumetric productivity using the same enzyme concentration in the reactor)
plotted against the conversion provides the estimation of the mean integral EF and its evolution during
the reaction progress.

All calculations consider the following assumptions in the reaction–diffusion model:

• The system is exempt from external diffusional restrictions;
• The batch reactor operates isothermally;
• There is a homogeneous distribution of enzyme molecules inside the catalyst particle;
• The enzyme is not (significantly) affected by thermal inactivation during the reaction time;
• There are no pH gradients inside the catalyst;
• The effective diffusion coefficient is independent of the concentration.

The proposed methodology is able to work for different cases of reaction order, reaction kinetics,
catalyst geometry, immobilized enzyme distribution, particle size distribution, and operating conditions.
This is possible because the effect of all these parameters is reflected in the reaction performance
and, consequently, in the productivity of the immobilized enzyme reactor. Finally, the productivity
is the indicator of the diffusional restrictions when compared to the soluble enzyme productivity.
The exception is that the proposed methodology is not suited when significant enzyme inactivation
occurs. Thermal inactivation of the enzyme generates an increase in the Thiele modulus, thus increasing
the EF during the reaction. The ratio of specific productivities between soluble and immobilized
enzymes will not yield the EF in this case, even with first-order reactions.
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3. Results and Discussion

Two different cases were analyzed to demonstrate the proposed methodology for the estimation
of the EF of immobilized enzyme catalysts. The first case consists of the hydrolysis of lactose catalyzed
by β-galactosidase, published by Jurado et al. [29]. The kinetic model considers similar affinities
for lactose and galactose, which yields a first-order reaction model. The reaction progress with the
soluble enzyme was obtained from Equation (19), while for the immobilized enzyme, the solution was
obtained from Equation (20). The kinetic constants and parameters for the hydrolysis of lactose by
β-galactosidase are summarized in Table 1.

Table 1. Kinetic constants and parameters for the hydrolysis of lactose catalyzed by β-galactosidase at
35 ◦C.

Constant/Parameter Value Unit

kcat 5.15 mM·L/g·min
KM 8.43 mM
ER 1.00 g/L
S0 150 mM

A solid and porous support is used for immobilized enzyme catalysts. For example, glyoxyl
agarose is a common support usually employed for the immobilization of different enzymes [33].
Some properties of the immobilized enzyme catalyst are important to the characterization of the
diffusional restrictions during the reaction performance. The catalyst properties are summarized
in Table 2, where the catalyst concentration (Ccat) corresponds to the catalyst mass per unit of
reaction volume.

The effective diffusion coefficient (De) was calculated from the relationship between the diffusion
coefficient (D0) and the porosity/tortuosity ratio (ε/τ), according to Engasser and Horvath [4], given in
Equation (31).

De = D0
ε

τ
(31)

Table 2. β-galactosidase catalyst properties used in the calculation of the conversion curves for the
hydrolysis of lactose at 35 ◦C.

Constant/Parameter Value Unit

E0” 16.0 1 g/L
D0 3.97 × 10−8 m2/min
De 2.98 × 10−8 m2/min
ε/τ 0.75 -
Ccat 50 g/L

1 Enzyme concentration in the catalyst, calculated according to Equation (17).

The magnitude of the diffusional restrictions depends on the catalyst enzyme loading (E0
′′) and

the particle radius (R). The reaction performance for the immobilized enzyme catalyst was calculated
for different Thiele moduli as a function of the particle size. The values for the particle radius, Thiele
modulus, and EF are listed in Table 3.
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Table 3. Effectiveness factor (EF) and Thiele modulus as a function of the particle radius (R) for the
different β-galactosidase catalysts used in the calculation of the conversion curves for the hydrolysis of
lactose at 35 ◦C.

R (µm) Φ η′

316 0.4 0.90
574 0.8 0.75
1132 1.6 0.50
2607 3.6 0.25
6930 9.7 0.10

The reaction performance for the soluble β-galactosidase and each catalyst was calculated to
illustrate the methodology and to demonstrate the proposal. The results are plotted in Figure 1.
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Figure 1. Plot series to calculate the EF from the reactor performance. Data for the hydrolysis of 150 mM
lactose by soluble and immobilized β-galactosidase at 1 g/L (ER) and 35 ◦C. (a) Reaction progress with
the effectiveness factor as a parameter; (b) volumetric productivity as a function of the conversion;
(c) calculation of the mean integral EF according to Equation (15).

A decreasing reaction rate can be observed in Figure 1a as a function of the EF values. The higher
reaction rate was for the soluble enzyme, while it was lower for the immobilized enzyme cases.
Figure 1b was obtained by calculating the specific productivity and plotting it against the conversion
(not the reaction time). This is a very important step in the methodology because the normalization
of the productivity was executed. The results clearly show that the productivity decreased as a
function of the mean integral EF. Figure 1c is the result of calculating the ratio of the immobilized and
soluble enzymes’ specific productivities. The result is a constant value which is independent of the
conversion and consists of the mean integral EF. This is valid for the first-order reaction according
to the model proposed by Jurado et al. [29], where the EF is independent of the substrate(s) and
product(s) concentrations. This case is a demonstrative example, because the productivity ratio
between the immobilized and soluble enzymes as a function of conversion is exactly the mean integral
EF, as established in Equation (15).

The second case consisted of the hydrolysis of penicillin G by PGA, which is of a complex order
according to its kinetic equation (Equation (21)). The kinetic constants and parameters used to calculate
the reaction performance in the hydrolysis of PenG are shown in Table 4 [31].

The Thiele modulus was calculated for different particle sizes in order to yield the values indicated
in Figure 2. The particle size was in the range of 2 to 20 µm, maintaining the enzyme concentration
inside the catalyst at 4.0 mM. Figure 2a–d shows the reaction progress of the hydrolysis of PenG by
soluble and immobilized PGA with different initial PenG concentrations (S0/KM) and Thiele modulus
values (Φ). They reflect the impact of the diffusional restrictions and their effect on the reaction
performance. The decreasing catalyst efficiency as a function of the Thiele modulus can be clearly
observed in Figure 2. The higher the particle size, the greater the reaction time to achieve a certain
conversion value. However, the differences in efficiency between the immobilized and soluble enzymes



Catalysts 2019, 9, 930 9 of 14

diminished as the initial substrate concentration increased. This effect is due to the increase in the mass
transfer rate. These curves of the reaction progress were used to calculate the specific productivity for
each catalyst, including the soluble PGA. The specific productivities for the soluble and immobilized
PGA catalysts plotted against the conversion are shown in Figure 3. The specific productivity followed
the same trend as the reaction performance in Figure 2; that is, decreasing as a function of the Thiele
modulus. The specific productivities were closer to that of the soluble PGA with high initial PenG
concentration because of the increased mass transfer rate. Figure 4 shows the calculated mean integral
EF from the concentration profiles, obtained through the resolution of the system of Equations (23)–(29),
and the ratio of specific productivities between the immobilized PGA catalysts and the soluble PGA.
The mean integral EF was calculated from the results of the system of Equations (23)–(29) by applying
Equation (30). Both the EF and the specific productivity ratio are plotted against the reaction conversion
(X). In general, the ratio of specific productivities and the calculated mean integral EF followed the
same trend as a function of conversion for all the initial PenG concentrations and Thiele modulus
values. The difference between both EFs was very low at low initial PenG concentrations for S0/KM

values 0.1 and 1. At S0/KM = 0.1, the reaction was practically first order. Thus, this case is very similar
to the previously analyzed case of a first-order reaction. We can infer that at a low initial substrate
concentration (S0/KM = 0.1), the best estimation of the EF will be obtained. Increased differences
between the ratio of specific productivities and the mean integral EF were observed for S0/KM values
10 and 100. It can be inferred that the ratio of specific productivities gives a better estimation of the
EF at lower diffusional restrictions. However, at high diffusional restrictions, the ratio of specific
productivities is within the range of variation of the mean integral EF. Furthermore, the ratio of specific
productivities and the mean integral EF values were very similar at the initial and final stages of the
reaction, as can be observed in Table 5 for all the analyzed cases of hydrolysis of PenG. An approximated
Thiele modulus can be determined with this information. The estimated mean integral EF can be
used to compute the Thiele modulus from Equation (3). The closer the behavior is to that of a
first-order reaction, the better the estimation of the Thiele modulus, as can be observed in Table 6. The
inhibition exerted by products in this reaction is very important at S0/KM equal to or higher than 100.
This observation was analyzed in a previous publication by Valencia et al. [31], where the specific
productivity presented a maximum value at an initial concentration of 100 mM of PenG. Despite this
observation, product inhibition negatively affects the reaction performance due to the combination of
the non-competitive inhibition and the competitive inhibition exerted by 6-APA and PAA, respectively.
The differences observed between the estimator of the EF and the mean integral EF calculated using
Equation (30) may be caused by product inhibition. This may be due to the fact that the reaction
products accumulate inside the catalyst particles, exerting a higher degree of inhibition compared
to the soluble enzyme. This is a plausible explanation because the mean integral EF calculated by
Equation (30) is lower than the productivity ratio when the product concentration is higher (Figure 4).
This will affect the calculations of reaction rates (v) in Equation (16) because the product concentration
inside the catalyst for the immobilized enzyme case will be different to the product concentration in
the homogeneous phase for the soluble enzyme case. In general, it can be established that the specific
productivity ratio between the immobilized and soluble enzymes follows a behavior profile that is
satisfactorily close to the mean integral EF calculated from the concentration profiles inside the catalyst.
The estimation is especially accurate when the reaction conditions approximate a first-order reaction
(low S0/KM).

The main limitation of the proposed methodology is that it does not work when significant
enzyme inactivation occurs. In this case, the productivity ratio will be very different to the mean
integral EF because thermal inactivation will decrease the enzyme concentration, decreasing the Thiele
modulus and increasing the EF, while the productivity ratio decreases. A very interesting challenge lies
in the expression in Equation (16), where analytical expressions for kinetic orders different from first
order would help to explain the differences between the EF estimator, the productivity ratio, and the
mean integral EF.
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Table 4. Kinetic constants and parameters for the hydrolysis of penicillin G (PenG) by penicillin G
acylase (PGA) at 30 ◦C and pH 7.8.

Constant/Parameter Value Unit

KM 0.13 mM
KS 821 mM
K1 1.82 mM
K2 48.0 mM
kcat 2460 min−1

E0” 4.0 mM
De 3.18 × 10−8 m2/min
De1 4.40 × 10−8 m2/min
De2 3.53 × 10−8 m2/min
T 303 K

Catalyst
concentration 2.5 g/L
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Figure 2. Reaction progress for the hydrolysis of penicillin G by soluble (black line) and immobilized
PGA (color lines) for catalysts with different initial PenG concentrations (S0/KM) and Thiele moduli (Φ):
(a) S0/KM = 0.1; (b) S0/KM = 1.0; (c) S0/KM = 10; (d) S0/KM = 100.

In conclusion, a new methodology for the estimation of the EF in immobilized enzyme catalysts
was proposed herein. The methodology is simple because it requires routine assays, such as those for
enzymatic activity, using the soluble and immobilized enzymes. A reaction progress plot, obtained
from the substrate or product concentration as a function of time, can be used to calculate the specific
productivity, which is then plotted against the reaction conversion. This estimation of the EF is highly
precise, especially if the S0/KM ratio is low, as this case approximates first-order kinetics.
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Figure 3. Specific productivities for the hydrolysis of penicillin G by soluble (black line) and immobilized
PGA (color lines) for catalysts with different initial PenG concentrations (S0/KM) and Thiele moduli
(Φ): (a) S0/KM = 0.1; (b) S0/KM = 1.0; (c) S0/KM = 10; (d) S0/KM = 100. All specific productivities were
calculated from data in Figure 2. Legends are the same as those in Figure 2.
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Figure 4. Ratio between immobilized PGA catalyst and soluble PGA-specific productivities (continuous
lines) for the hydrolysis of penicillin G with different initial PenG concentrations (S0/KM) and Thiele
moduli (Φ): (a) S0/KM = 0.1; (b) S0/KM = 1.0; (c) S0/KM = 10; (d) S0/KM = 100. Results for the mean
integral EF were calculated from the concentration profiles inside catalyst particles (dotted lines).
All specific productivities were calculated from data in Figure 2. Legends are the same as those
in Figure 2.
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Table 5. Ratios of specific productivities (SPRs) and mean integral EF (MIEF) values at the initial and
final stages of the hydrolysis of PenG by PGA at 30 ◦C and pH 7.8.

S0/KM
Thiele Modulus

(Φ)
Initial Final

SPR MIEF SPR MIEF

0.1 1 0.687 0.702 0.651 0.676
3 0.295 0.321 0.276 0.306
5 0.174 0.161 0.161 0.155
7 0.116 0.126 0.108 0.122

1 1 0.843 0.853 0.716 0.688
3 0.425 0.442 0.304 0.314
5 0.265 0.289 0.180 0.207
7 0.186 0.217 0.122 0.159

10 1 0.989 0.992 0.782 0.787
5 0.641 0.652 0.251 0.261
7 0.493 0.504 0.192 0.198

10 0.362 0.373 0.150 0.151
100 1 0.998 0.986 0.741 0.828

5 0.954 0.959 0.620 0.662
7 0.910 0.917 0.538 0.536

10 0.811 0.821 0.416 0.411

Table 6. Estimated Thiele moduli from the ratios of specific productivities at the initial and final stages
of the hydrolysis of PenG by PGA at 30 ◦C and pH 7.8.

S0/KM Thiele Modulus (Φ)
Estimated Φ

Initial Final

0.1 1 0.959 1.057
3 3.02 3.25
5 5.39 5.86
7 8.27 8.91
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