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Abstract: Jon exchange resins have many industrial applications, namely as sorbents and catalysts.

In solid-catalyzed reactions, intraparticle reaction-diffusion competition is generally described by

effectiveness factors calculated numerically or analytically in the case of isothermal particles and

simple rate laws. Although robust, numerical calculations can be time-consuming, and conver-

gence is not always guaranteed and lacks the flexibility of user-friendly equations. In this work,

analytical equations for effectiveness factors of reversible reactions derived from the general scheme

A + B = C+ D are developed and numerically validated. These effectiveness factors are analytically

expressed in terms of an irreversible n'! order Thiele modulus (specifically written for the n" order

forward reaction), the thermodynamic equilibrium constant, the ratios of effective diffusivities, and

the ratios of surface concentrations. The application of such analytical equations is illustrated for

two liquid phase reactions catalyzed by Amberlyst-15, specifically the synthesis of ethyl acetate

and acetaldehyde dimethyl acetal. For both reactions, the prediction of the concentration profiles

Ef;ecf:t?sr in isothermal batch reactors achieved errors between 1.13% and 3.38% for six distinct experimental

conditions. Finally, the impact of non-ideal behavior upon the multicomponent effective diffusivities,

Citatfon: Rios, WQ Antunes',B'; subsequently conveyed to the effectiveness factors, is enlightened.
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Academic Editors: Javier Tejero 1. Introduction

Salvador, Montserrat Iborra Urios . . i . .
Catalysts are the backbone of chemical and petrochemical industries, with ca. 90% of

its products being manufactured employing catalysts, whose market value represented
Received: 21 April 2023 35.5 billion dollars in 2020, with a foreseen growth of 4.9% per year from 2021 to 2030 [1].
Revised: 6 May 2023 Heterogeneous catalysts predominate the market due to easier recovery from the reaction
Accepted: 9 May 2023 mixture and the possibility of reutilization, with or without regeneration steps. In addition,
Published: 15 May 2023 heterogeneous catalysts include a wide range of materials (such as ion exchange resins,

zeolites, metal oxides, supported metals, and others) and are the basis for process inten-
sification with multifunctional reactors [2]. Reactive distillation, reactive stripping, and
chromatographic reactors are examples of such processes where ion exchange resins find
frequent applications [3].

Ion exchange resins are cross-linked copolymers bearing acidic or basic functional
distributed under the terms and  groups that render them useful for many industrial applications, including as sorbents
conditions of the Creative Commons  and catalysts for various reactions, e.g., esterification [4] and biomass conversion into
Attribution (CC BY) license (https://  Diofuels [5]. In general, these resins can be easily regenerated and reused, but their low
creativecommons.org/ licenses /by / thermal resistance dictates that the reaction temperature cannot be too high (typically below
40/). 120 °C) [6]. Among the several types of ion exchange resins, Amberlyst, Amberlite, Dowex,
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Indion, and Nafion [7] stand out for their numerous catalytic applications. In particular,
Amberlyst-15 is a versatile macroporous sulfonic acid resin originally developed by Rohm
& Haas Co., (Philadelphia, PA, USA) [8] and a proven catalyst for esterification [4,9],
etherification [10,11], hydration [11], and hydrolysis [12]. More recently, Amberlyst-15
has been employed as a catalyst to synthesize bioactive sulfur derivatives of birch bark
triterpenoids [10] and complex heterocyclic compounds [13] within the Biorefinery and
Green Chemistry context.

Despite the many advantages associated with heterogeneous catalysts, the design
of catalytic systems can be challenging due to the presence of external and intraparticle
mass transfer limitations. While the former can be overcome by increasing convective
mass transfer between phases (e.g., using mechanical agitation and increasing the fluid
velocity or recirculation), the latter can be reduced by employing smaller sizes of cata-
lyst particles. However, for industrial applications, larger particles are preferred, as size
reduction can lead to higher pressure drop in fixed-bed reactors, lower selectivity in the
case of multiple reactions, and difficult solid-liquid separation for catalyst regeneration in
slurry processes [14]. In the presence of intraparticle resistances, the concentration of any
component inside the particle porous structure will be different from its concentration on
the outer surface in direct contact with the reaction medium [15]. Thus, the rate of reaction
will vary throughout the particle, and the observed rate of reaction will be an average of
the rates at each point inside the catalyst.

The effectiveness factor, #, which ranges from 0 to 1 under isothermal conditions,
is a measure of the relative importance of internal diffusion and reaction kinetics [15].
Mathematically, it is defined as the ratio of the actual (or observed) rate of reaction in a
porous catalyst to the reaction rate in the absence of particle diffusion resistance (i.e., at
surface conditions). For a reference species A,

— erbs
= @
where 74, and 7,4, represent the observed rate of reaction of A and its rate at surface
conditions, respectively. The reactor design equations can now be expressed in terms of the
reaction kinetics at surface conditions multiplied by the effectiveness factor and determined
by the local conditions within the reactor. Thereafter, different approaches can be used to
evaluate the effectiveness factor and predict the reactor’s performance [16,17].

The effectiveness factor is expressed in terms of the Thiele modulus (¢), named after
Ernest W. Thiele for his pioneering research in chemical reaction engineering [18], which
depends on the kinetics and catalyst particle geometry. For a first-order irreversible reaction
of type A — Products, the analytic solution of the steady state material balance for reactant
A diffusing and reacting in an isothermal porous catalyst particle yields the expression of
the effectiveness factor, given by Equations (2) and (3) for slab or spherical shaped particles,
respectively [19]:

tanh¢
— 2
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3 1 1
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The corresponding Thiele modulus is given by:

- kpp _ kpp
¢=L \/ Det,a ore =Ry \/ Def, A @)

where L and R, are the particles’ characteristic dimensions, i.e., the slab semi-thickness and
the sphere radius, k is the kinetic constant, D¢y 4 is the intraparticle effective diffusivity of
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A, and py is the particle density. For higher-order irreversible reactions and diverse particle
shapes, a generalized Thiele modulus is defined by [19]:

V In+1 kppCffl;l
=5\ "2 Das ®
ef A

where V and S are the volume and outer surface area of the catalyst particle, respec-
tively, n is the reaction order, and C 4, is the surface concentration of A. Bischoff [20]
extended this concept to other types of reaction rate forms, even with adsorption terms,
and later, Roberts and Satterfield [21,22] analyzed several cases of Langmuir-Hinshelwood
kinetic expressions. The generalized Thiele modulus enables the use of Equation (2) to
obtain an approximate value of the effectiveness factor for any particle shape. However,
for spherical-shaped particles, it is preferable to use Equation (3) with ¢, defined by
Equation (5) but using R, instead of V' /S.

For more complex kinetics (e.g., reversible reactions), the steady-state reaction-diffusion
material balance equations for the key components in the catalyst particle must be solved
numerically. Although robust and accessible, numerical methods can be time-consuming
to implement, and convergence is not always guaranteed. Hence, analytical equations for 7
are preferred to develop comprehensive and applicable models for the aforementioned pro-
cesses. Analytical expressions of ¢, for first order reversible reactions of type A = P were
first reported by Carberry [23], and for several second-order reversible reaction schemes by
Koopman and Lee [24], the latter being expressed as a function of various dimensionless
parameters. Analytic or semi-analytic solutions for 7 estimation are an ongoing quest, with
Gottifredi and Gonzo [25] proposing a semi-analytic procedure to predict # for irreversible
power law kinetics, Jeyabarathi et al. [26] and Alopaeus [27] deriving approximate expres-
sions for irreversible Langmuir-Hinshelwood-Hougen-Watson (LHHW) type kinetics,
and Baur and Krishna [28] analyzing the influence of multicomponent diffusion for first
order reversible reactions catalyzed by zeolites. Nkohla et al. [29] proposed an analytical
expression of the effectiveness factor for photocatalytic reactors, which incorporates a
parameter that accounts for the external mass transfer limitations.

In the present work, user-friendly equations of ¢, are proposed for reversible reactions
of the first order, second order, and mixed first and second order, along with the procedure
required to obtain similar expressions for higher order reversible reactions. These equations
were used to compute the effectiveness factor and validated by comparison with numerical
results for both slab and spherical catalyst particles, and with experimental data for two
liquid-phase reactions catalyzed by Amberlyst-15 ion exchange resin. Such expressions
can greatly facilitate the modeling and design of heterogeneous chemical reactors with
diffusional resistances, given that the intraparticle mass balance differential equations do
not need to be solved numerically.

2. Development of Analytical Expressions for Effectiveness Factors

This section presents the analytical expressions of ¢, for a set of seven reversible
reaction schemes—see Table 1. First, the general procedure adopted to obtain these ex-
pressions is explained. Thereafter, the generalized Thiele modulus is applied to typical
geometry-specific effectiveness factor equations to obtain the effectiveness factor without
resorting to numerical methods.
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Table 1. List of reversible reactions and corresponding rate law equations for which generalized
Thiele modulus equations were developed in this work.

Reaction Type Reaction Rate Law
I A+B=C+D r:k<CACB—K%CCCD>
II 2A=C+D r:k(CfA— K%CCCD)
11 A+B=2C r:k(CACB—K%C%
v A=C+D r:k(CAfK%CCCD
\Y% A+B=C r:k(cAcB—KLCCC)
VI A=C r:k<cA_KLCcC>
VII 2A+B=C+D f=k<CACB—K%CE§D)

2.1. Derivation of Generalized Thiele Modulus Expressions

The reversible reactions covered in this work are displayed in Table 1, along with the
respective rate law equations, where r is the rate of reaction, k is the reaction rate constant,
and Kc is the equilibrium constant, both defined in terms of molar concentrations, and C;
is the concentration of component j, where j = A, B,C, D.

For effectiveness factor calculations, 4 , can be obtained by steady-state material
balance over the entire catalyst particle, equating the diffusion flow of reactant A at the
particle surface with its disappearance rate by a chemical reaction in the particle. For a
semi-infinite slab particle,

Fle
74, 0pSL = —Deg a TZA Ls (6)
z=

where z is the position coordinate inside the slab. The derivative term in Equation (6) can
be obtained by integration of the material balance for component A,

d e d dcC dC
e <_Def,AdZA> =rapp i, (_Def,AdZA> T; =T1APp ()

from the particle center (z = 0) to the surface (z = L), with the following limits:

d
Ca = Cap,, —;A =0 @ particle center (8a)
dCyp  dCy .
= —_ = == 1 f
Ca = Cas, e i |, @ particle surface (8b)

where C 4 is the concentration of A at the centerline. Accordingly, after manipulation, one

obtains 2
Cae (—
= (2 Cradew e, ©)
2=L Cay  Deta

The integration of Equation (9) requires r4 to be written uniquely in terms of Cy4,
which can be accomplished by equating the material balances for A and any arbitrary

species j # A,
1d dc; 1d dCy
;}% (Def,jdz> = aE (Def,AdZ> (10)

4Cs
dz
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where v; is the stoichiometric coefficient of component j (positive for products, negative for
reactants). Integrating Equation (10), and assuming constant effective diffusivities inside
the particle, yields

D ef,A i
Degj va

C]' = (Ca—Cas) + C]' (11)

From Equations (1), (6), and (9), the seminal equation for ¥ is obtained:

Cuae 1/2
~Des 2 % (chf’ T(CA)dCA)
n= z=L _ 0 (12)
LPPrAs L DpfA s

where 1(Cj) is the rate law expressed uniquely in terms of C4.

For slab-shaped particles and for any reaction for which the integral in Equation (12)
has an analytical solution, the analytical equation of the effectiveness factor is expressed as
a function of the Thiele modulus, the equilibrium constant, the surface concentration of the
reference species A, and the ratios of surface concentrations and effective diffusivities of
each species in relation to A,

Cs D
n=y (4), Ke, CAs/é/ D‘*if‘) withj = B,C,...,j # A, and (13a)
s ef,j
ppkChy !
o=,/ (13b)
ef, A

where 7 is the order of the forward reaction. For any of the specific rate equations presented
in Table 1, the effectiveness factor is given by:

InCys—InCy, Cas—Ca, Chs *szaxo Chs *C?AO
\/2k\/Kc~P0+ —RC -Fi + 5 -F 4+ 3 - F3

L,/ L2

D ef, A §

n= (14)

where the expressions for Fy, Fj, F,, F3 are given in Table 2 for each reaction type since
they cannot be derived in a straightforward manner from the more general case (type I).
Noteworthy, similar expressions can be obtained for any kinetic equation as long as the
integration of 7(C 4 ) in Equation (12) has an analytical solution. This can be accomplished
with the aid of symbolic mathematics computation tools [30].
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Table 2. Expressions for the constants Fy, F;, F,, and F3 necessary to compute the generalized Thiele modulus, Equation (15), for the reversible reactions presented in

Table 1.
Case Ey F 3] F;
Cps DefA) Cas D efA Ces DefA)
1 0 c2 ch ng CD, e, Cas <CAs Det B + Kc Detp \ Cas + Detc + Defa 1 Defa Deta
As CAc CAs Detp Cuas D ef 4 Cps +D Det 4 Det B Kc Detc Det,p
Kc Detc \ Cas Det,p
2 0 c2 l Cbs l Cps Deta [ Ces Deta + Cas Det.a ( Cps Deta 1- L Deta Defa
As CAS +3D Cas +2p Kc 2Detp \ Cas ' 2Detc Kc 2Detc \ Cas ' 2Detp Kc 2Detc 2Det,p
2
3 0 Dega Cps _ Deia Cas . Deta . CCs Dega 1 . (5 Deta
+ 2 Detc Cas Cas Detp +4 Kc  Deic + 2 D of.C Dets  Kc 2 Deic
4 0 CCq CD, LfA Cas D, LfA Ces Det,a Cas D, LfA Cps Deg,a 1 Deta Dega
C Ca T CAs Detp 1+ Kc Detp \ Cas +D Desc + ¥ Kc Desc \ Cas D Des,p Kc Def,D
5 0 C efA Cs _ Desa 1 Dega ef, A
Det,c Cas Cas Det g + Kc Detc Detp
6 0 Deta 0
Desc 1+ Kc Detc

A
7 2 ( Ccs Deg,a Cps Def,a Deg,a s Deta Deta Ds Defa _ Deta \ 1 Defa Depa Def,a
Cas (CAS + 2Deic ) \ Cas + 2Dei,p " 2Detp Cas T 2Detc ) 2Deic Cas T 2Des,p CAS CAs 2Desp Kc 2Defc 2Def,p 2Dt
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A major limitation of Equation (14) is that it requires concentration in the center
of the particle (C4,), which is usually unknown unless the mass balance equations are
solved numerically. However, in the particular case of reversible reactions under strong
intraparticle diffusion limitations, since the characteristic reaction time is much lower
than the characteristic diffusion time, equilibrium is reached in the center, and thus, C Ay
approaches the equilibrium concentration, C4,,. Then, in the regime of strong diffusional
limitations (i.e., large values of the Thiele modulus), it is possible to define a generalized
Thiele modulus as 17 ~ 1/ ¢g, by replacing C4, with Cx,:

L./-fry
Deta ™ §

(15)

2 3 3

InCus—InChq, Cas—Ca Chs—Ca Cas—Ca
I~ s q s—Cheq s Cheq s"Cheq

Although derived for semi-infinite slab particles, Equation (15) can be used to evaluate
¢q for any other particle shape substituting L by V /S and replacing ¢ by ¢, in Equation
(2) to compute the effectiveness factor. However, in the case of spherical particles, it is
preferable to use Equation (3), with ¢ defined by Equation (15) but using R, instead
of L.

2.2. Guide for Applying the Generalized Thiele Modulus Analytical Expressions

The steps necessary for the analytical calculation of the effectiveness factor using the
generalized Thiele modulus derived in Section 2.1 (Equation (15) and Table 2) are listed
below and schematized in Figure 1:

1.  Identify the reaction type in Table 1;
2. Gather the required input data, namely:
e Operating conditions: temperature and surface concentrations of all components (Cjs);
e Rate law parameters: kinetic constant (k) and equilibrium constant (K¢) at the
operating temperature;
e  Catalyst properties: particle characteristic dimension (L, R, or V/S), density (op),
porosity (), and tortuosity (7);
e  Effective diffusivities of all components in the reaction mixture (Dgf‘f]?() at the
operating conditions;

Calculate the equilibrium concentration of component A, C Aeg?

Calculate the effective diffusivities of all components in the porous catalyst, Degj;
Calculate the constants Fy, F, F, and F; given by the specific expressions in Table 2;
Calculate ¢ by Equation (15), using L for the slab, L = Ry, for the sphere, or L = V/S
for any other catalyst shape;

7. Calculate  using Equation (2) for slab (L) or any geometry (with L = V/S) or
Equation (3) for spherical particles.

ARSI

It is worth noting that the surface concentrations, Cjs, are equal to the respective bulk
concentrations only if external mass transfer limitations are negligible. Otherwise, they
must be computed using the appropriate convective mass transfer coefficients.

The calculations of the equilibrium concentration and effective diffusivities of all
species in the solution are described in Supplementary Material. The effective diffusivities
in the porous catalyst, D, were estimated in this work by the Wheeler model [19]:

ix €
Detj = Dapy (16)
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Input data
Operating conditions: T, C;
Rate law parameters: k, K,
Catalyst properties: L,p,, ¢,T

Effective diffusivites in the fluid: Der;“j‘

Y
Intermediate calculations
Equilibrium concentration: Cy,,
Effective diffusivities in the catalyst: D,
Fy,Fi,F3, F3 (Tab'e 2)

Pp
Def,A s
P9 = 2 2 3 3
InCys —InC Cys — C Ci. —C Cy.—C
m As Aeq . FO + As Aeq 'F1 + As Aeq . F2 + As Aeq . F3
“K, “K; 2 3
Slab Particle Sphere
Any geometry W
v
tanh ¢, 3 ( 1 1)
n = —— n e P —
¢y \tanh ¢, ¢,

Figure 1. Schematic diagram for the analytic calculation of effectiveness factors for isothermal porous
catalyst particles. (L is the slab thickness, the sphere radius, or V /S for any other shape).

For the particular case of catalysts with distinct pore sizes, for example, ion exchange
resins with macro and micropores, different methods should be used [31,32].

3. Numerical Validation of the Analytical Calculations of the Effectiveness Factors

The effectiveness factors were calculated analytically (i.e., using the generalized Thiele
expressions described in Section 2) and numerically were compared for all reaction types,
aiming for the validation of the former. For illustration purposes, this comparison is
explicitly presented for two very distinct reaction types, namely: in Figure 2, the second-
order reversible reaction of Type I, which is the general case of Types I to VI (see Table 1); in
Figure 3, reaction Type VII, whose rate law is the most different. The operating conditions
are summarized in the captions of the figures, and further details are provided in the case
studies discussed in Section 4.
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Figure 2. Numerical (points) and analytical (line) effectiveness factors for reaction A+ B = C + D
(Type I, n =2) in (a) slab, and (b) spherical porous catalyst particles. Figures were generated as
function of ¢ for Cps = Cps = 8.53 mol/dm3, Ccs = Cps = 0 mol/dm3, and Det o/ Degp = 1.440,
Deg a/ Degc = 1.579, Do a / Degp = 0.861 (See details in Section 4.1).
1.0 1.0
0.8} 1 o08f
05+ 1 05}
03¢ 1 o043t
02+ I o2l
0.1 0.1
1072 1072
. p)kon;l B p)kcuzl
¢ =10 "bo 0= Fyp\| "5

(a) (b)

Figure 3. Numerical (points) and analytical (line) effectiveness factors for reaction 2A +B = C+ D
(type VII, n = 2 ) in (a) slab, and (b) spherical porous catalyst particles. Figures were generated
as function of ¢ for Cps = 14.703 mol/dm?3, Cgs = 7.247 mol/dm3, Ccs = Cps = 0 mol/dm3, and
Deg A/ Degp = 0.5068, Deg o/ Degc = 1.057, Deg o/ Degp = 0.6129. (See details in Section 4.2).
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Figure 2 illustrates the analytic and numeric values of the effectiveness factor versus
Thiele modulus for Type I reaction (A + B = C + D, see Table 1) with the equimolar feed
of A and B, in the slab (Figure 2a) and spherical (Figure 2b) porous catalyst particles. The
results clearly reveal the accuracy of the analytical calculations for both catalyst geometries,
with average absolute relative deviations (AARD) of 1.7% (slab) and 1.1% (sphere), for ¢
from 0.01 to 15. The definition of AARD is given by

100 NP numeric
NP &
i=1

T]analytic -7

nnumeric

AARD(%) =

(17)

1
in which NP is the number of data points, and the superscripts represent the analytical and
numeric effectiveness factors, respectively.

Figure 3 compares the numeric and analytic effectiveness factors for Type VII reac-
tion (2A + B = C + D, see Table 1) with the stoichiometric feed of A and B, in the slab
(Figure 2a) and spherical (Figure 2b) catalyst particles. Once again, the analytical results
overlap with the numerical calculations over the entire Thiele modulus range, for both
slab and spherical geometries, with an AARD of 1.1% and 0.7%, respectively, for ¢ from
0.01 to 20.

4. Case Studies

In this section, two case studies will be analyzed in detail to compare analytical
effectiveness factors with experimental data. The first case is the synthesis of ethyl acetate
by the Fisher esterification of acetic acid with ethanol (Type I reaction), and the second is the
synthesis of acetaldehyde dimethyl acetal by reacting acetaldehyde with methanol (Type
VII reaction). Both reactions occur in the liquid phase and are catalyzed by Amberlyst-15,
an acidic ion exchange resin.

4.1. Case 1: Esterification of Acetic Acid with Ethanol (Type I Reaction)
4.1.1. Process Description and Data Compilation

The liquid phase acid-catalyzed esterification of acetic acid (A) with ethanol (B) is
a bimolecular reversible reaction that yields ethyl acetate (C) and water (D), and can be
represented by:

CH3COOH(A) + CH3CH,OH(B) = CH3COOCH,CHj3(C) + H,O(D) (18)

which corresponds to Type I in Table 1. The reaction was experimentally studied in this
work in a batch reactor operating at 78 °C, using an equimolar feed of both reactants
(A and B) and different-sized spherical particles of Amberlyst-15 wet (Rohm and Haas,
39389-20-3) as catalysts. After preliminary tests, the stirring speed was adjusted to 900 rpm
to guarantee the absence of external mass transfer limitations. The experimental procedure
used to follow the reaction is similar to that described in the literature [33]. Compiled data
pertaining to the experimental conditions are provided in Table 3.

Table 3. Catalyst properties, rate law constants, and experimental conditions used to study the liquid
phase esterification of acetic acid with ethanol in batch reactor.

Initial Concentrations : C]-in (mol/dm?3)

Acetic acid (A) Ethanol (B) Ethyl acetate (C) Water (D)
Ca,, =853 Cp,, = 8.53 Cc, =0 Cp, =0
Catalyst (Amberlyst-15 wet) properties
0p (8car/dm?) [34] 600
e(*) 0.489

7 [35] 13
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Table 3. Cont.

Initial Concentrations : C]-in (mol/dm?3)

Operating o op s o 3
conditions: T =78 °C (isothermal) Vimix = 0.162 dm Batch reactor, 900 rpm
Exp. 1 Exp. 2 Exp. 3
Weat (Zcat) 5.0058 10.0134 5.0024
2 X Rp (um) 644 644 463

Rate law constants (Type I in Table 1) in terms of concentrations at 78 °C [33]

For Amberlyst-15: k = 4.35 x 103 dm® mol~! min—1 gcafl
Equilibrium constant: K¢ = 2.67

* The catalyst porosity was estimated with the literature data [36] obtained from Inverse Size Exclusion Chro-
matography analysis (the calculations are presented in SM3).

4.1.2. Reactor Modelling and Effectiveness Factor Calculation

The reactor was modelled as a perfectly mixed isothermal batch reactor for which,
in the absence of external mass transfer limitations (i.e., Cjpu = C ]-s), the acetic acid (A)
material balance can be expressed by

dCas

iXT (19)

—NTsWecat = Vi
where Vpix is the volume of the reaction mixture (which is essentially constant), and wea; is
the mass of the catalyst. Since the bulk and surface concentrations of all species are equal,
they can be easily related with Cy4;, by:

Yj
Cjs = Ciin + 7, (Cas = C) (20)
where C;is the initial concentration of component j in the batch reactor.
The constants of the rate law (Type I) at 78 °C were taken from Antunes et al. [33]:
(i) for Amberlyst-15, k = 4.35 x 107° dm® mol~! min~! gcat’l ; (ii) the concentration equi-
librium constant is K¢ = 2.67. The calculated equilibrium concentration of component
A is C A = 324 mol/dm> (details can be found in Section SM2 of the
Supplementary Material).
The effectiveness factor was calculated via the generalized Thiele modulus analytical
expressions developed in this work, as described in Section 2.2, using the data summarized

in Table 3 and effective diffusivities (Dé‘}b") estimated by the accurate model of Rios

et al. [37] (details in Section SM1 of the Supplementary Material). The values of Des; were
then obtained by Equation (16).

Once 7 is computed by the new analytical expression, the concentration profile of A
over time, C4;5(t), is obtained by numerical integration of the material balance, Equation
(19). The calculated and experimental results are presented in Figure 4, illustrating the
accuracy of the proposed analytical equation. Table 4 presents the effectiveness factors
calculated for initial conditions (see Table 3) and near equilibrium for both particle sizes, and
the corresponding AARD values calculated with Equation (17) adapted for experimental
and simulated concentrations. Overall, the effectiveness factors are close to one, increasing
slightly along the reaction as C 4, diminishes, illustrating the efficiency of Amberlyst-15
as a catalyst for the liquid phase esterification of acetic acid. The small AARD values
(1.13-2.20%) confirm the good performance of the modeling approach.



Catalysts 2023, 13, 889

12 of 19

CAS (mol/dm3)

e
> |

0 100 200 300 400
t (min)

Figure 4. Experimental (points) and modeling (curves) results for the catalytic esterification of acetic
acid (A) with ethanol in a batch reactor for the operating conditions of Table 3. Mass and average
diameter of Amberlyst-15 particles: A Exp. 1 (5.0058 g and 744 yum); O Exp. 2 (10.0134 g and 744 pm);
and * Exp. 3 (5.0024 g and 463 um).

Table 4. Calculated effectiveness factors for the liquid phase Amberlyst-15 catalyzed esterification of
acetic acid with ethanol for the operating conditions described in Table 3.

Catalyst o 7 at Initial 1 Near

Diameter (um) AARD (%) Conditions Equilibrium
Exp. 1 744 1.12 0.9626 0.9783
Exp. 2 744 1.65 0.9626 0.9785
Exp. 3 463 2.21 0.9853 0.9916

4.1.3. Impact of Effective Diffusivity Calculations on Effectiveness Factor Results

The effective diffusivities of each component in the solution, which are required
to calculate the effective diffusivities in the catalyst (Equation (16)), were obtained by
two distinct approaches: one considering the non-ideal behavior of the multicomponent
reaction mixture, using the model proposed by Rios et al. [37], and the other considering
ideal mixture and using the well-known equations by Bird et al. [38]. For the former, the
activity coefficients were estimated by the UNIFAC model [39]. Table 5 presents the results
obtained by both methods for the initial conditions described in Table 3.

Table 5. Effective diffusivities in solution calculated for the initial conditions of reactor (see Table 3).

D™iX (dm?/min) Acetic Acid (4) Ethanol (B) Ethyl Acetate (C)  Water (D)

ef,j
Non-ideal model, Rios 1 -5 2.20 x 105 2.01 x 105 3.68 x 105
etal. [37]
Ideal model, 275 x 1075 328 x 1073 287 x 1075 311 x 1073

Bird et al. [38]

To ascertain the impact of the non-idealities, the effectiveness factors were analytically
computed using ideal and non-ideal effective diffusivities, hereafter denoted by #'P and
#NIP, respectively. The results plotted in Figure 5 illustrate the relative deviations between
1#'P and #NP for both slab and spherical particles, for different values of Thiele modulus at
initial conditions and near equilibrium. For both particle geometries, the results show that
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the non-ideal behavior impact on the effectiveness factor is negligible for very low values
of Thiele modulus (¢ — 0). However, for larger values of ¢, the assumption of an ideal
mixture produces significant deviations in the computed 7. These deviations are higher
for the slab catalyst than for the spherical particles, and as the reaction progresses towards
equilibrium, the deviations become smaller, as can be seen in Figure 5.

(77|D _ UNID)/nNID (%)

_ pokCl — s
=1L Dt a ¢ - Rp Des 4

Pk C, :

(a) (b)

Figure 5. Relative deviations between effectiveness factors computed using ideal and non-ideal
effective diffusivities (i.e., 17N ID and 17[ Dy, for reaction A+ B = C+ D (Type L, n = 2) in (a) slab and
(b) spherical porous catalyst particles. Figures were generated as function of ¢ at initial conditions
(solid line) and near equilibrium (dashed line).

Overall, these results enlighten the importance of adopting a rigorous approach to
compute effective diffusivities when the reaction mixture evidences a non-ideal behavior.

4.2. Case 2: Acetal Synthesis (Type VII Reaction)
4.2.1. Process Description and Data Compilation

Acetaldehyde dimethyl acetal (referred to as acetal) can be synthesized in a liquid-
phase acid-catalyzed reaction between methanol (A) and acetaldehyde (B), which corre-
sponds to the Type VII reaction in Table 1. The reaction is represented by:

2CH;0H(A) 4+ CH3;COH(B) = CH3CH(OCHj3),(C) 4+ H,O(D) 1)

Gandi et al. [40] performed the reaction in a constant volume (Vpnix = 0.600 dm?)
stirred batch reactor, operating at 20 °C, with agitation speed of 600 rpm to guarantee the
absence of external mass transfer limitations, and using dry Amberlyst-15 resin (water
content < 0.5 wt.%) with various particle sizes as a catalyst. The initial concentrations were
Ca,, = 14.703 mol/dm? and Cp, = 7.247 mol/dm?. The catalyst properties and remaining
data necessary to compute the analytical effectiveness factor are compiled in Table 6.
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Table 6. Catalyst properties, rate law constants and experimental conditions for Amberlyst-15
catalyzed acetal synthesis reaction in batch reactor [40].

Initial Concentrations, CJ';“ (mol/dm?3)

Methanol (A) Acetic acid (B) Acetal (C) Water (D)
Ca,, = 14.703 Cp, =7.247 Cc, =0 Cp, =0
Catalyst (Amberlyst-15 dry) properties (*)
Pp (8cat/dm) 1205
€ 0.36
T (%) 1.79
Operating conditions:
T =20 °C (isothermal) Weat = 0.79 geat Vinix = 0.600 dm? Batch reactor, 600 rpm
Exp. 1 Exp. 2 Exp. 3
2 X Rp (um) 335 510 800
Rate law constants (Type VII in Table 1) in terms of activities at 20 °C
kgir (mol min~? gcatil) 9.13
K 21.934
Ky 5.353

* The value of T was estimated with data provided by Gandi et al. [40].

4.2.2. Reactor Modelling and Effectiveness Factor Calculation

Gandi et al. [40] proposed an activity-based Langmuir-Hinshelwood-Hougen—-Watson
(LHHW) rate law for the Amberlyst-15 catalyzed reaction involving the equilibrium ad-
sorption constant of water. However, at 20 °C, the adsorption term is negligible [40], and
the rate law can be simplified, giving rise to the Type VII rate law equation (see Table 1).
Since the original constants are reported for activities, the following manipulation was
performed in this work:

1acap YAYB Qy CcCp
— ks S = k4. 2210 — 22
r dir (aAaB K as ) dir Ctz CA CB K'ny CA Ct ( )

K=ITa, = (H’%> x <I—I%> = KK, (23)
] ] ]

Q=14 = (Hx}’f> x (Hﬁf) = Q:Qy (24)
) ] ]

where kg;; is the kinetic constant for the rate law expressed in terms of activities, 4; and v;
represent the activity and activity coefficient of component j, respectively, C; is the total
concentration, K is the thermodynamic equilibrium constant, K, and K., are defined by
Equation (23), and Q are the analogous quantities out of equilibrium defined in Equation
(24). From Equation (22), the kinetic and equilibrium constants expressed in terms of
concentrations are k = kg;; 7?:;”‘ and Ko = Ié?g; In this work, the activity coefficients
embodied in Equation (22) and the equilibrium calculations were estimated by the UNIFAC
model [39]. The computed equilibrium concentration for the conditions of Table 6 is
Capq = 5295 mol/ dm?.

As in the previous case study (Section 4.1), the analytical effectiveness factors were
calculated as described in Section 2.2, using the Rios et al. model [37] for the effective

diffusivities in solution, Dgf“]’( The reactor was modelled as a perfectly mixed isothermal

batch reactor with no external mass transfer limitations. Hence, solving Equation (19)
together with Equations (20) and (22)—(24) enables the prediction of the concentration
profiles of methanol (A) over time. The experimental and calculated concentrations are
presented in Figure 6. The overlapping of these results illustrates the accuracy of the
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analytical equations and modelling developed in this work (AARD between 1.23% and
3.38%).

15.0

5.0 J ‘
0 50 100 150 200 250

t (min)

Figure 6. Experimental data taken from Gandi et al. [40] (points) and modeling (curves) results for
the catalyzed synthesis of acetal in batch reactor for the operating conditions of Table 6. Average
diameter of Amberlyst-15 particles: O Exp. 1 (335 pm); A Exp. 2 (510 pm); and * Exp. 3 (800 um).

Table 7 summarizes the effectiveness factors values calculated for initial conditions and
near equilibrium, along with the AARD of the C4(t) curves. In both cases, the effectiveness
factors are significantly lower than one, indicating the presence of relevant intraparticle
diffusional resistances. Considering that the deviations between the experimental and
calculated concentrations using the analytical 77 are low (AARD < 3.38%), one may consider
that the analytical procedure herein presented is once again validated as all calculations are
pure predictions.

Table 7. Calculated effectiveness factors for the liquid phase Amberlyst-15 catalyzed acetal synthesis
for the conditions described in Table 6.

Catalyst Diameter o n at Initial R
(um) AARD (%) Conditions 77 Near Equilibrium
335 123 0.2701 0.2265
510 3.38 0.1840 0.1507
800 2.43 0.1208 0.0981

4.2.3. Impact of Effective Diffusivity Calculations on Effectiveness Factor Results

To ascertain the impact of the non-ideal behavior of the reaction system, the effective-
ness factors were analytically computed using ideal and non-ideal effective diffusivities
calculated with the Bird et al. [38] equations and the Rios et al. [37] model, respectively.
Table 8 summarizes the results obtained by both methods for the initial conditions described
in Table 6.
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Table 8. Effective diffusivities in solution calculated for the initial conditions described in Table 6.

Dg}‘]" (dm?2/min) Methanol (A) Acetic Acid (B) Acetal (C) Water (D)

Non-ideal model,
Rios et al. [37]
Ideal model,
Bird et al. [38]

1.74 x 107> 343 x 107° 1.64 x 1073 2.83 x 107>

1.82 x 107> 293 x 107° 164 x 107> 317 x 107°

Although of the same magnitude, the different values of the effective diffusivities
have a significant impact on the calculated effectiveness factors, as illustrated in Figure 7.
For both particle geometries, the relative deviations between 7P and NP show that
the impact of the non-ideal behavior is negligible for very low values of Thiele modulus
(¢ — 0), yet it increases for larger values of ¢. As in Case 1 (Section 4.1.3), the assumption
of an ideal mixture introduces important deviations in the computed 7 that decrease as the
reaction progresses towards equilibrium.

2 T T T 2 T T
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Figure 7. Relative deviations between effectiveness factors computed using ideal and non-ideal
effective diffusivities (i.e., 7N'P and 5P ), for reaction 2A+ B = C+ D (Type VI, n =2) in
(a) slab, and (b) spherical porous catalyst particles. Figures were generated as function of ¢ at
initial conditions (solid line) and near equilibrium (dashed line).

5. Conclusions

Equations for the generalized Thiele modulus were developed for a set of seven re-
versible reactions occurring in isothermal porous catalyst particles, aiming for the analytical
calculation of effectiveness factors. The proposed equations were numerically and experi-
mentally validated for two distinct reversible liquid phase catalytic reactions. In both cases,
the relative deviations between the numeric and analytical effectiveness factors were very
low, revealing the accuracy of the analytical equations. Furthermore, the relative errors
between the experimental and simulated concentration profiles in batch reactors were also
very low, between 1.13% and 3.38%.

Additionally, a key finding of this work is the importance of selecting an accurate
method to estimate the multicomponent effective diffusivities, especially when the system
under analysis exhibits substantial deviations from ideal behavior. The deviations between
the effectiveness factors computed assuming ideal behavior and non-ideal behavior reached
20% for the esterification of acetic acid with ethanol.
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Despite the significant impact of the effective diffusivities on the computed effec-
tiveness factor, several other potentially significant factors should be further investigated.
Relevant areas may include analyses on the influence of catalyst parameters (e.g., tortuosity
and porosity), the effects of not assuming equimolar counter diffusion inside the particle,
and numerical studies for non-isothermal reaction conditions.

Supplementary Materials: The following supporting information can be downloaded at: https:
/ /www.mdpi.com/article/10.3390/catal13050889/s1. It contains the effective diffusivity equations
utilized in this work considering ideal and non-ideal liquid mixtures, as well as the iterative procedure
to determine equilibrium concentrations. References [41,42] are cited in the supplementary materials.
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Nomenclature
AARD average absolute deviation
aj activity of component j
G concentration of component j, mol/dm?
C; total concentration, mol/dm?3
Def j intraparticle effective diffusivity of component j, dm?/min
gf‘}]?( effective diffusivity of component j in reaction medium, dm?/min
Exp. experiment
Keq thermodynamic equilibrium constant
K¢ equilibrium constant in terms of concentrations
Ky constant defined in Equation (23)
Ky constant defined in Equation (23)
k kinetic constant in terms of concentrations, dm®/ (mol gcat min)
kair kinetic constant in terms of activities, mol/(gcat min)
L catalyst characteristic dimension, dm
Ng molar flux of component A, mol/(dm? min)
NP number of points
n order of forward reaction
Qx quotient of mole fractions out of equilibrium
Qy quotient of activity coefficients out of equilibrium
Ry particle radius, pm
r rate of reaction, mol/(gcat min)
Ts rate of reaction at catalyst surface conditions, mol/(gcat min)
T obs observed reaction rate, mol/(gcat min)
external surface area of the catalyst particle, dm?
T temperature, °C
t time, min
1% catalyst volume, dm?
Vinix reactor mixture volume, dm?

i liquid phase mole fraction
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Weat mass of catalyst, gcat

z position coordinate inside slab, dm

Greek Letters

i activity coefficient of component j

€ particle porosity

7 effectiveness factor

vj stoichiometric coefficient of component j

Op particle density, gcat/dm3

T particle tortuosity

¢ Thiele modulus, dimensionless

¢q generalized Thiele modulus, dimensionless

Subscripts

0 catalyst center

dir direct

ef effective

eq equilibrium

in initial conditions

j arbitrary component in the mixture

5 conditions at the catalyst surface or mixture bulk

t total

Superscripts

ID refers to mixture effective diffusivities computed with the model by Bird et al. [38]

mix mixture

NID refers to mixture effective diffusivities computed with a non-ideal model [37]
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