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Abstract: The hydrogen peroxide-immobilized commercial catalase system was chosen to estimate
the optimal feed temperature (OFT) for fixed-bed reactor (FXBR). This feed temperature was obtained
based on analytical solution by maximizing the time-averaged substrate conversion under a constant
feed flow rate and temperature constraints. In calculations a set of partial differential equations
describing the conservation equation for fixed-bed reactor, assuming plug flow and kinetic equation
for the rate of enzyme parallel deactivation was taken into account. The model is based on kinetic,
and mass-transfer parameters estimated previously in a real decomposition process of hydrogen
peroxide (HP). The simulation showed that the OFT is strongly dependent on hydrogen peroxide feed
concentration, feed flow rate and diffusional resistances expressed by biocatalyst global effectiveness
factor. It has been shown that the more significant diffusional resistances and the higher HP conver-
sions are, the higher the optimal feed temperature is. The calculated values of the OFT were verified
with the experimental results obtained in the model reactor at selected values of the feed flow rate.
Presented analysis poses a significant simplification in a numerical computational procedure and can
be very useful for engineers to select the temperature condition at which bioreactor productivity is
expected to be maximal.

Keywords: fixed-bed reactor; optimal feed temperature; maximum hydrogen peroxide conversion;
parallel enzyme deactivation; immobilized commercial catalase; effectiveness factor; analytical solu-
tion

1. Introduction

The technology of enzyme immobilization is widely accepted in biocatalysis resulting
from the advantages over soluble enzymes and the increasing number of application
in this field [1–4]. Immobilization offers the benefit of enzyme reuse, an easy product
separation, increased thermal, chemical and operational stability of enzymes, protection
against harmful environmental (mechanical or chemical) stress, and—from an automation
viewpoint—a better process control [5–7]. In such cases the application of FXBR seems to
be a good choice. However, when working with immobilized enzymes internal and/or
external diffusional resistances (IDR/EDR) are likely to occur regardless of the method
of immobilization [8–10]. Thus, the design and optimization of such reactors are not easy
tasks compared to the transport mechanism in such a wall-cooled FXBR that consists of
convective and dispersive mass transport as well as convective and conductive energy
transport in the bulk phase, mass and heat transport between the solid and fluid phase,
heat transfer between the reaction mixture and the cooling (heating) agent, dispersive
mass and conductive energy transport and biocatalytic conversion in the solid phase
(Figure 1) [11–14].
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Figure 1. Mass and energy transport mechanism in a reactor packed with immobilized enzyme.

Additionally—in case of bioprocesses—assurance of the optimal conditions assurance
can be a very challenging task because of enzyme deactivation. Such a phenomenon takes
place as the factors responsible for this process characteristics can be decisive in choosing
the reactor operating mode and optimal operating strategy for the biotransformations
course [15–18].

Biocatalyst deactivation dependent on the substrate concentration (parallel deacti-
vation) is a specific mechanism of deactivation and is related to catalase. This enzyme
has been intensively applied for the elimination of residual HP in various domains such
as textile, food, and semiconductors industries, as well as waste waters treatment and
cosmetics and pharmaceutical formulations in biosensor systems [19–22].

Practically, in biotransformations running in the FXBR the optimal policy can be
achieved mainly in two control modes. The first one is a control of the feed flow rate,
and/or the second—by a control of temperature of the liquid phase flowing through
the bioreactor. However, in the case of the last control variable an operating strategy
can simply be accomplished by searching for a suitable feed temperature (say optimal
feed temperature, OFT) yielding a maximum bioreactor productivity, and providing a
compromise between the rate of reaction and that of enzyme deactivation.

In accordance to the last case a numerical analysis was previously performed [23]
for the HPD process occurring in a bioreactor packed with Terminox Ultra catalase (TUC)
immobilized onto the non-porous glass beads. This paper shows a realistic analysis of
the non-isothermal packed-bed enzymatic reactor including some fundamental aspects
of the process, such as external and internal diffusional limitations, as well as reactor
hydrodynamics. In consequence, the numerical analysis had to be performed.

However, it should be mentioned that in industrial application the HPD process runs
at the feed HP concentrations lower than 2 × 10−2 kmol·m−3 [24]. In effect, the heat of
reaction and the impact of this heat on reactor performance can be neglected [25] so that
the temperature conditions are assumed to be isothermal ones. Furthermore, to minimize
the influence of the axial dispersion in the bulk phase or make it to be negligible, when
designing reactor its appropriate geometry (DR/dP ≥ 10 and H/dP > 50) should be taken.
The length and diameter of a reactor selected in this way enables one to fulfil an assumption
of plug flow [26,27]. From the mathematical viewpoint such an assumption is very crucial
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because then the solution of the optimization problem presented in the previous work [23]
can be significantly simplified.

Hence, the aim of the present study was to search for an analytical expression describ-
ing the OFT of the fixed-bed reactor with a plug flow for the HPD process occurring in the
presence of immobilized TUC undergoing parallel deactivation. The optimal feed tempera-
ture has been estimated by maximizing the substrate conversion over a given period at
the fixed feed flow rate. The lower Tmin = 293 K and the upper Tmax = 323 K temperature
constraints as well as diffusional resistances expressed by the global effectiveness factor
were also taken into account.

The paper presents a novel methodology of practical importance that defines the
optimal feed temperature as the control variable in the hydrogen peroxide decomposition
process running in the fixed-bed enzyme reactor. The advantage of the proposed method is
that it requires much less computational effort, and is easier to be implemented in industrial
practice than the numerical one. Therefore, the method can be very useful for engineers
when evaluating the operational conditions (feed temperature and feed flow rate) at which
productivity of the FXBR for industrial process under consideration achieves a maximum
or the highest value.

2. Results and Discussion

The algebraic Equation (18) describing the optimal feed temperature maximizing
the time-averaged HP conversion was obtained. To perform the calculations the kinetic
parameters for reaction and deactivation determined earlier [28] from the data collected
during a laboratory study for the process of HPD by TUC immobilized onto non-porous
glass beads running in the model fixed-bed reactor were adopted (Table 1).

Table 1. Activation energies and frequency factors in Arrhenius equation for reaction and enzyme
deactivation.

Reaction of HPD

Activation energy (kJ·mol−1) ER = 12.6 ± 0.3
Frequency factor (s−1) kR0am = 48.00 ± 5.38

Parallel deactivation of TUC

Activation energy (kJ·mol−1) ED = 49.7 ± 1.2
Frequency factor (m3·kmol−1·s−1) kD0 = (2.77 ± 5.38) × 107

It was shown in the last quoted reference that in the HPD process EDR should not
be neglected. Thus, to properly predict the real conditions in the FXBR for HPD operated
under the OFT the global effectiveness factor should be used to express a combined effect
of EDR and IDR. Although the behaviour of the effectiveness factors under EDR, ηEDR,
and the global one, ηG, was illustrated in the earlier work [23] in Figure 2, for clarity of
consideration this behaviour is depicted again (Figure 2).
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Figure 2. Effectiveness factor ηeff describing external (ηeff = ηEDR, black surface) and global (ηeff = ηG,
blue surface) diffusional resistances as a function of volumetric flux (Q) and feed temperature (TIn).

In view of the results presented in Figure 3 it can be stated that in the HPD process
occurring under EDR the time-averaged HP conversions obtained theoretically using
Equation (16) for OFT described by Equation (20) is convergent to those observed in the
model plug-flow reactor operated under OFT with the normalized deviation lower than 5%.

Figure 3. The comparison of the observed time-averaged HP conversion obtained for OFT with those
calculated from Equation (16) for ηeff = ηEDR.

The effect of the feed flow rate, Q, and the feed temperature, TIn, on the changes of
time-averaged HP conversion, αm, at the bioreactor outlet have been shown in Figure 4.
It can be said that for the analysed values of the kinetic and mass-transfer parameters
such a feed temperature can be indicated, for which the time-averaged HP conversion at
the reactor outlet achieves a maximum value (Figure 4, lines 2–5) or is the highest one
(Figure 4, lines 1 and 6), and is closely related to the feed flow rate, and to the effectiveness
factor at the same time. This means that the OFT exists only for a certain value (at least
one) of the feed flow rate Q·. For the feed flow rates higher than Q· (Q > Q·), an average
HP conversion decreases with the raising temperature, and then the OFT becomes equal
to the lower temperature constraint. On the contrary, for the feed flow rates lower than
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Q· (Q < Q·), an average HP conversion increases with the raising temperature, and the
OFT should be equal to the upper allowable temperature. Thus, there exists such a feed
temperature value at which the time-averaged HP conversion is the maximal.

Figure 4. The effect of the feed temperature (TIn) and feed flow rate (Q) on time-
averaged HP conversion (black line) at the reactor outlet and average TUC activity (blue line)
for CA,In = 3 × 10−3 kmol·m−3. The open symbols represent the maximum conversion values (lines
2–5) or the highest ones (lines 1 and 6). For Q × 108 = 57 m·s−1 and 7 m3·s−1 OFT is slightly higher
than at 293 K and slightly lower than at 323 K, respectively. However, for clarity of this figure the
lines corresponding to this feed flow rate values have been disregarded.

In the case shown in Figure 4 the feed flow rates (Q·) with time-averaged maximum HP
conversions at the reactor outlet remain: αm = 0.689 for Q· = 50 × 10−8 m3·s−1 correspond
to values of η·EDR = 0.637 and η·G = 0.254, αm = 0.768 for Q = 40 × 10−8 m3·s−1 correspond
to values of η·EDR = 0.603 and η·G = 0.243, αm = 0.859 for Q· = 30× 10−8 m3·s−1 correspond
to values of η·EDR = 0.559 and η·G = 0.228 as well as αm = 0.949 for Q· = 20 × 10−8 m3·s−1

correspond to values of η·EDR = 0.495 and η·G = 0.205, respectively. Then, it can be
noted that for Q > Q· (in this case Q > 57 × 10−8 m3·s−1, see comment in Figure 4
caption), the time-averaged HP conversion decreases with temperature rise and then,
the OFT corresponds to the lower permissible temperature, Tmin. In turn, for Q < Q·

(in this case Q < 7 × 10−8 m3·s−1, see comment in Figure 4 caption) the time-averaged
HP conversion increases when the feed temperature, TIn, grows, and then the OFT equals
to the higher permissible temperature, Tmax. It means that in decomposition process of
HP when Q > 57 × 10−8 m3·s−1 or Q < 7 × 10−8 m3·s−1 the reactor should operate under
isothermal conditions at the temperature level of Tmin or Tmax, respectively.

Based on the numerical values provided, the general rule can be indicated, namely,
the more significant diffusional resistances (Figure 4), the lower the feed HP concentration
(Figure 5), and the higher the TUC activity (Figure 6) are, the higher the OFT is.
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Figure 5. Effect of feed temperature (TIn) and feed HP concentration (CA,In) on the average HP
conversion (black lines) at the reactor outlet as well as TUC activity (blue lines) for the final biocatalyst
age. Open symbols represent the maximum HP conversion.

Figure 6. Effect of feed temperature (TIn) and initial TUC activity (β1) on the average HP conversion
(black lines) at the reactor outlet as well as TUC activity (blue line). Open symbols represent the
maximum HP conversion.

It can be concluded that all dependences αm vs. TIn showed in Figures 4–7 have a very
weak peak. Hence, it should be noted that an inappropriate selection of temperature in
the HPD process may lead to a significant decrease of bioreactor efficiency in which this
process occurs.
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Figure 7. Effect of the feed temperature, TIn, and biocatalyst pellet size, dP, on time-averaged HP
conversion at the bioreactor outlet for feed HP concentration of CA,In = 3 × 10−3 kmol·m−3. Black
lines represent HP conversion for Q = 20 × 10−8 m3·s−1, while blue lines for Q = 40 × 10−8 m3·s−1,
respectively. Open symbols represent the maximum values of HP conversion.

Furthermore, the blue lines in Figures 4–6 represent a decline of the average catalase
activity along the bioreactor for the final biocatalyst age (τf) and feed flow rates (Q). These
Figures show that the lower the feed HP concentration and the feed flow rate, the higher
the average HP conversion are expected to be attained. This regularity is the reason for
which in the HPD occurring in the presence of TUC undergoing deactivation the operating
strategy should be accomplished in such a way that the feed flow rate decreases with
time in order to compensate the loss of enzyme activity. The lower the feed flow rate, the
more significant the EDR, and then the slower biocatalyst deactivation is to be expected.
Consequently, higher time-averaged values of HP conversion at the reactor outlet and
biocatalyst activity in the bed are acquired.

Application of the biocatalyst of larger size (Figure 7) results in the rise of the dif-
fusional restrictions and, consequently, the decrease of the global effectiveness factor, ηG
(Table 2). As a result, an increase of OFT value can be expected. In order to provide
clarity of the presented analysis, the dependence αm vs. TIn and dP has been shown
in the Figure 7. It can be seen that an increase of the biocatalyst pellet diameter from
5 × 10−4 to 10 × 10−4 m causes the OFT growth from 304.6 K to 309.9 K, respectively, for
Q = 20 × 10−8 m3·s−1 and from 296.1 K to 303 K, respectively, for Q = 40×10−8 m3·s−1.
At the same time, the reduction of HP conversion from 0.949 to 0.780, respectively, for
Q = 20 × 10−8 m3·s−1, and from 0.768 to 0.553, respectively, for Q = 40 × 10−8 m3·s−1 can
be noticed. An increase in the pellet diameter to 15 × 10−4 m makes the mass-transfer
limitations more significant. Consequently, the growth of OFT is expected to 314.4 K
for Q = 20 × 10−8 m3·s−1 and 308.2 K for Q = 40 × 10−8 m3·s−1 yielding the lower HP
conversions of 0.642 and 0.432, respectively.
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Table 2. Effect of feed flow rate and pellet diameter on external and global effectiveness factors.

Q = 20 × 10−8 (m3·s−1) Q = 40 × 10−8 (m3·s−1)

dP × 104 (m) 5 10 15 5 10 15

ηEDR × 100 49.54 27.55 17.93 60.34 37.08 25.29

ηG × 100 20.51 9.451 5.876 24.29 11.60 7.352

In general, the higher the biocatalyst pellet diameter, the higher Thiele modulus value
and more significant IDR are. Consequently, the slower biocatalyst deactivation, and then
higher average values of HP conversion at the reactor outlet are to be expected. This
phenomenon can be intensified by the EDR (Equation (11)).

When the effect of external film diffusion can be disregarded then the process course
is controlled only by IDR related to the mass-transport of HP inside the pores of the
support and independent of the feed flow rate (Q). In such a situation the feed temperature
ensuring the maximum time-averaged HP conversion should reach the value lower than
that required in the biotransformation with the global HP mass-transport. As a result,
the higher HP conversion can be anticipated.

3. Materials and Methods

Despite the extensive literature on theoretical and experimental analyses of the HPD
process, both the knowledge of the effect of operational conditions on bioreactor behaviour—
especially temperature in case of batch processes and feed temperature in case of continuous
processes—and development of mathematical methods applied to assess an optimal control
variables values ensuring high bioreactor performance are required for efficient design of
immobilized enzyme reactor [29,30].

Hence, the investigation was conducted with the aid of a mathematical model describ-
ing the kinetics of biocatalytic reactions occurring in plug flow reactor under diffusional
resistances and in the presence of immobilized enzyme undergoing deactivation. Due to the
low substrate concentration applied in industrial practice the tubular reactor is modelled
as isothermal, hence, no heat transfer needs to be considered, and pseudo-homogeneous.
The pressure drop along the bed has been neglected in this model.

Other assumptions of the model are:

• Catalyst particles are spherical, symmetrical and uniformly packed inside the reactor;
• volume and density of the reacting medium are constant;
• the effective diffusivity does not change throughout the particles and is independent

of the HP concentration.
• process is diffusion-controlled; and
• substrate (HP) transport rate (rm) from the bulk liquid (CA) to the outer surface

of the immobilized bead (CAs) is equimolar diffusion described previously ([23],
Equation (1));

The above assumptions pose a reasonable trade-off in terms of the model complexity
and accuracy.

3.1. Development of the Fixed-Bed Reactor Problem
3.1.1. Kinetic Rate Equations for Reaction and Enzyme Deactivation

Hydrogen peroxide decomposition is well known [20,31,32], and the rate of changes
in the substrate concentration (−rA)—after taking into consideration the mass-transfer
resistances—can be described by the Michaelis–Menten kinetics:

(−rA) = ηeffk∗R(T)
CECA

(1 + CA/KM)

(
kmol
m3 · s

)
. (1)
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In industrial practice HPD runs at low HP concentration (lower than or equal to
0.02 kmol·m−3), therefore, it can be assumed that CA � KM. Then, Equation (1) can be
simplified and expressed as follows [33–35]:

(−rA) = ηeffk∗R(T)CECA

(
kmol
m3 · s

)
. (2)

Each biotransformation is accompanied by diminishing activity of biocatalyst. Experi-
mental kinetic equation describing the rate of catalase deactivation for the first time was
proposed by George [36]:

− dCE
dt

=

(
a · CA

b + CA
+ c · CA

)
CE

(
kg

m3 · s

)
, (3)

with a, b, c being experimental constants and theoretically verified by Do and Weiland [37]
as well as by Vasudevan and Weiland [38,39]. For theoretical verification it has been
assumed that the free enzyme is directly involved in the poisoning process and the rate
of formation of the inactive form of enzyme is much slower than any of the steps in the
main reactions.

At low HP concentration (CA � b), accounting for the mass transfer restrictions,
Equation (3) is approximated by:

− dCE
dt

= ηeffkD(T)CECA

(
kg

m3 · s

)
. (4)

Such a form of the enzyme deactivation rate equation can usually be applied in the
study of immobilized catalase in a fixed-bed reactor [5,23,40–42].

The effects of temperature on the rate constants for reaction kR* (=νR/KM) and deacti-
vation kD (=νD/KD) are described by the Arrhenius equation:

k∗R = kR0 exp
(
− ER

RT

)(
m3

kg · s

)
, kD = kD0 exp

(
−ED

RT

)(
m3

kmol · s

)
. (5)

It should be noticed that in case of the Michaelis constants for reaction KM and
deactivation KD the temperature variations as a rule do not result in larger changes of their
values [43–45], so the influence of temperature can be neglected.

3.1.2. Mathematical Model Approach

Let us consider an isothermal tubular reactor of length, H, and inner diameter, DR,
packed with a bed made of an immobilized catalase, where a HP solution with a feed flow
rate Q flows along the axial direction. To provide clarity of consideration characteristics of
model bioreactor and biocatalyst employed in calculations have been illustrated in Figure 8.

Under the assumptions formulated above and by rescaling according to the dimen-
sionless state variables:

CE =
CE
CE0

, CA =
CA

CA,In
, (6)

dimensionless axial coordinate variable (z) and dimensionless biocatalyst age (τ):

z =
h
H

, τ = t
US
H

, (7)

as well as dimensionless process parameters:

β1 = kRam
H
US

, β2 = kDCA,In
H
US

, (8)
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and the differential equations for unsteady mass balance in the bulk liquid as well as for
the enzyme deactivation rate which pose the quantitative description of the HPD course in
the fixed-bed bioreactor with plug flow can be put into the following dimensionless form:

∂CA
∂τ

+
∂CA
∂z

= −ηeff(1− εb)β1CECACA(z = 0, τ) = 1, (9)

−∂CE
∂τ

= ηeff(1− εb)β2CECACE(z, τ = 0) = 1. (10)

Figure 8. Schematic diagram of FXBR for decomposition process of HP.

The formulated mathematical model allows to predict the real performance of the
fixed-bed bioreactor for HPD process accomplished in the presence of immobilized com-
mercial catalase in industrial practice.

3.1.3. Evaluation of the Effectiveness Factor

When an enzyme is attached to a porous carrier matrix the coupled internal and exter-
nal mass-transfer limitations should be considered in development of a general bioreactor
model and quantified through the use of an effectiveness factor. Usually, penetration of the
substrate into the interior of the biocatalyst particle is the slowest step. Hence, the EDR are
negligible compared to IDR. However, it was proved [28] that in the HPD process occurring
in the presence of immobilized TUC the EDR should not be neglected. Then, to properly
assess a real bioreactor behaviour, the global effectiveness factor (ηeff = ηG) appearing in
Equations (1), (2), (4), (9) and (10) should be introduced [46,47]:

ηG = 3φ−2 φ cosh(φ)− sinh(φ)
φcos h(φ)

BiM
+
(

1− 1
BiM

)
sinh(φ)

, (11)

where φ is the Thiele modulus representing the relative incidence of enzyme catalytic
potential and substrate mass transfer rate, while BiM denotes the Biot number for mass
transfer and represents the relative impact of EDR with respect to IDR. To calculate them
the external mass-transfer model developed previously, parameters for reaction and deacti-
vation describing the process free of diffusional resistances as well as effective diffusion
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coefficient were applied and in details reported in earlier papers [23,28]. In the calculation
presented in this work the lowest value of the effectiveness factor has been adopted corre-
sponding to the initial biocatalyst activity as well as the kinetic parameters for reaction and
deactivation in the process free of diffusional limitations [48,49].

3.2. Expressions for Distributions of HP Concentration and TUC Activity

In analysing the course of the process under isothermal conditions, our target is to
find an expression describing the distributions of the HP concentration and TUC activity
as functions of dimensionless bioreactor length (z) and biocatalyst age (τ) accounting
for diffusional resistances expressed by biocatalyst effectiveness factor (ηeff). Under the
assumption made above it is possible to predict these state variables distributions in the
following analytical form (Appendix A):

CA(z, τ, T) =
exp[ηeff(T) · βε

2(T) · (τ − z)]
exp(ηeff(T) · βε

1(T) · z) + exp[ηeff(T) · βε
2(T) · (τ − z)]− 1

, (12)

CE(z, τ, T) =
exp(ηeff(T) · βε

1(T) · z)
exp(ηeff(T) · βε

1(T) · z) + exp[ηeff(T) · βε
2(T) · (τ − z)]− 1

, (13)

where βε
j = (1− εb)β j (j = 1,2)

Equations (12) and (13) pose exact solutions to the first order, nonlinear, coupled
Equations (9) and (10) describing the simultaneous HPD process with TUC deactivation
that occurs in the operation of a continuous packed bed reactor. They are fundamental for
the further part of consideration with temperature (T) as a control variable.

3.3. Optimization Problem Formulation

Temperature, besides feed flow rate, is the most important decisive variable in flow
(bio)reactors [15,50–54]. It has a crucial impact on enzyme activity, its stability, and in
consequence on bioreactor performance [6]. Due to the dependences (12) and (13) being
the functions of temperature it can be expected that there exists an isothermal process
temperature which ensures a desired bioreactor efficiency. Hence, an optimizing problem
has been formulated as searching for the feed temperature under a constant feed flow
rate would provide a maximum (minimum) time-averaged HP conversion (concentration)
at the reactor outlet.

3.3.1. Performance Index

In the light of the proposed optimization problem the performance index related to
the reactor outlet can be presented as follows (T = TIn):

αm =
1
τf

τf∫
0

[1− CA(z = 1, x, TIn)] dx = 1− 1
τf

τf∫
0

CA(z = 1, x, TIn) dx. (14)

Analysing the minimization problem of time-averaged HP concentration, substituting
Equation (12) into the performance index:

CAm(TIn) =
1
τf

τf∫
0

exp[ηeff(TIn) · βε
2(TIn) · (x− 1)]

exp[ηeff(TIn) · βε
1(TIn)] + exp[ηeff(TIn) · βε

2(TIn) · (x− 1)]− 1
dx, (15)

and integrating above Equation (15) according to the integration limits, we obtain:

CAm(TIn) =
1

ηeff(TIn) βε
2(TIn) τf

ln

{
exp[ηeff(TIn) · βε

1(TIn)] + exp[ηeff(TIn) · βε
2(TIn) · (τf − 1)]− 1

exp[ηeff(TIn) · βε
1(TIn)] + exp[−ηeff(TIn) · βε

2(TIn)]− 1

}
. (16)
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Equation (16) describes the time-averaged HP concentration at the bioreactor outlet as
a function of feed temperature, TIn.

3.3.2. Equation Describing OFT

Application of the necessary condition (Fermat’s Theorem) for existing of extreme
with respect to the function described by Equation (16):

dCAm
dTIn

∣∣∣∣
TIn=TOFT

= 0, (17)

yields a differential equation:

d
dTIn

(
1

ηeff(TIn) βε
2(TIn) τf

ln

{
exp[ηeff(TIn) · βε

1(TIn)] + exp[ηeff(TIn) · βε
2(TIn) · (τf − 1)]− 1

exp[ηeff(TIn) · βε
1(TIn)] + exp[−ηeff(TIn) · βε

2(TIn)]− 1

})∣∣∣∣∣
TIn=TOFT

= 0, (18)

which after integration can be given as:

ln

{
exp[ηeff(TOFT) · βε

1(TOFT)] + exp[ηeff(TOFT) · βε
2(TOFT) · (τf − 1)]− 1

exp[ηeff(TOFT) · βε
1(TOFT)] + exp[−ηeff(TOFT) · βε

2(TOFT)]− 1

}
= C · ηeff(TOFT) βε

2(TOFT), (19)

where C is the integration constant (independent of temperature).
More detailed numerical analysis proved that the integration constant, C, is a function

of the final biocatalyst age, τf. Hence, an attempt was made to determine a functional
dependence between C and τf. The interpolation polynomials of first, second, third and
fourth degree were considered. The results of this analysis are given in Figure 9 and Table 3.

Figure 9. Integration constant, C, as a function of biocatalyst age, τf.

Table 3. Results from exploratory fittings of the integration constant C to the biocatalyst age τf.

Approximation R2 (COD) SSE RMSE

Linear 0.9760 7,644,101 271.1
Quadratic 0.9956 1,393,490 115.7

Cubic 0.9987 406,419 62.50
Fourth degree 0.9995 171,130 40.56

Hence, Equation (19) can be rewritten in the following form:
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ln

{
exp[ηeff(TOFT) · βε

1(TOFT)] + exp[ηeff(TOFT) · βε
2(TOFT) · (τf − 1)]− 1

exp[ηeff(TOFT) · βε
1(TOFT)] + exp[−ηeff(TOFT) · βε

2(TOFT)]− 1

}
=

(
4

∑
i=0

Ciτ
i
f

)
· ηeff(TOFT) βε

2(TOFT), (20)

with C0 = −13.572, C1 = −1.557 × 10−2, C2 = 2.254 × 10−4, C3 = −2.455 × 10−8 and
C4 = 9.815 × 10−13 (Figure 9).

It should be noted that the coefficient of determination R2 (COD) is higher as well as
the sum of squares error (SSE) and the root mean square error (RMSE) are lower when fitting
the fourth degree polynomials to a discrete function C versus τf rather than approximating
it by a linear, square and cubic function.

Approximations using the exponential and power functions were also investigated.
However, none of them provided better accuracy than those presented in Table 3.

It is worth mentioning that for the kinetic and mass-transfer process parameters the
second derivative of the Equation (16) with respect to temperature is positive for each
assessed values of OFT as a sufficient condition for the existence of a function extreme.

4. Conclusions

Algebraic equations describing the feed temperature—at the same time the temper-
ature at which the HPD process occurs—for which the productivity of plug flow reactor
for hydrogen peroxide decomposition occurring in the presence of immobilized Terminox
Ultra catalase achieves maximum value or is the highest one were developed. It has been
demonstrated that such a temperature does exist for each biotransformations running in
FXBR assuming plug flow and is closely related to the feed flow rate, and to the effective-
ness factor. Based on numerical values illustrated in the figures it should be noted that
an inappropriate selection of temperature in the HPD process can lead to a significant
decrease of bioreactor efficiency. The general rule can be indicated, namely, the more
significant diffusional resistances, the lower the feed HP concentration, and the higher the
TUC activity are, the higher the OFT value expected is.

The analysis under consideration not only provides the analytical expression for OFT
but also allows to understand exactly an engineering approach to the biotransformations
with parallel biocatalyst deactivation.

It should be clearly stated that temperature is an important decisive variable in fixed-
bed (bio)reactors and exerts a decisive influence both on the rate of reaction and that of
enzyme deactivation. At moderate temperatures the enzyme deactivation rate is insignifi-
cant while its initial reaction rate increases with temperature. At higher temperatures the
concentration of active enzyme decreases due to the increase in the deactivation rate which
becomes predominant. As a result, the reaction rate diminishes. Hence, selection of the
appropriate temperature policy that would find a compromise between the rate of reaction
and that of enzyme deactivation as well as, ensuring a maximum time-averaged substrate
conversion, poses a fundamental problem in designing fixed-bed reactors.
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Nomenclature
a, b, c Experimental constants appearing in Equation (3)
am External surface area for mass transfer, m2·m−3

BiM Biot number (=(dP/2)kL/Deff)
CE Enzyme activity, kg·m−3

CA Bulk substrate concentration, kmol·m−3

CA,In, HP concentration at the reactor inlet, kmol·m−3

CAm Time-averaged HP concentration, kmol·m−3

CAs Surface HP concentration, kmol·m−3

dP, DR Particle diameter, and reactor diameter, respectively, m
Deff Effective diffusion coefficient, m2·s−1

Ei Activation energy for reaction (i = R) and deactivation (i = D), J·mol−1

h, H Distance from reactor inlet, and bed depth, respectively, m
kD, Modified rate constant for deactivation (=νD/KD), m3·kmol−1·s−1

kD0 Pre-exponential factor for deactivation rate constant, m3·kmol−1·s−1

kL Mass transfer coefficient, m·s−1

kR
* Modified rate constant for reaction (=νR/KM), m3·kg−1·s−1

kR0 Pre-exponential factor for enzymatic reaction rate constant, m·s−1

kR Modified rate constant for reaction (=kR
*CE0/am), m·s−1

Ki
Michaelis constant for reaction (i = R) and deactivation (i = D), respectively,
kmol·m−3

Q Feed flow rate, m3·s−1

(-rA) Reaction rate, kmol·m−3·s−1

t Biocatalyst age, s
T Temperature generally, K
TIn Feed temperature, K
Tmin, Tmax Lower and upper temperature constraints, K
TOFT Optimal feed temperature value, K
US Superficial velocity, m·s−1

z Dimensionless distance from reactor inlet (=h/H)
Greek letters
αm Time-averaged substrate conversion
β1, β2 Dimensionless numbers expressed by Equation (8)
εb Porosity of the porous medium (=0.3)
ϕ Thiele modulus (=dP/2(kRam/Deff)0.5)
η Fluid viscosity, kg·m−1·s−1

ηk
Effectiveness factor generally (k = eff), under EDR (k = EDR), and global
effectiveness factor (k = G)

νD Rate constant for deactivation, s−1

νR Rate constant for reaction, kmol·kg−1·s−1

ρ Fluid density, kg·m−3

τ Dimensionless time (=tUS/H)
Abbreviations
COD Coefficient of Determination
FXBR Fixed-Bed Reactor
EDR External Diffusional Resistances
HP Hydrogen Peroxide
HPD Hydrogen Peroxide Decomposition
IDR Internal Diffusional Resistances
OFT Optimal Feed Temperature
RMSE Root Mean Square Error
SSE Sum of Squares Error
TUC Terminox Ultra Catalase
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Appendix A Derivation of Expression Describing the Distributions of HP Concentration and
Catalase Activity

Differential equations for mass balance in the bulk liquid as well as for the enzyme deactivation
rate which constitute the mathematical model of the HPD running in fixed-bed bioreactor, assuming
plug flow, in dimensionless form can be expressed as:

∂CA
∂τ

+
∂CA
∂z

= −ηeff(1− εb)β1CECACA(z = 0, τ) = 1, (A1)

∂CE
∂τ

= −ηeff(1− εb)β2CECACE(z, τ = 0) = 1, (A2)

where:

CA =
CA

CA,In
, CE =

CE
CE0

, τ = t
US
H

, z =
h
H

, β1 = kRam
H

US
, β2 = kDCA,In

H
US

. (A3)

The equations system (A1) and (A2) can be solved analytically. For this purpose it is necessary
to introduce the new independent variables τ· and z· defined as:

τ• = τ − z, z• = z. (A4)

Then, the equations (A1) and (A2), after accounting for the complete derivatives of HP concen-
tration and TUC activity with respect to τ and z, takes the following form:

∂CA
∂z•

= −ηeffβ
ε
1CECACA(z• = 0, τ•) = 1, (A5)

∂CE
∂τ•

= −ηeffβ
ε
2CECACE(z•, τ• = 0) = 1, (A6)

where βε
j = (1− εb)β j (j = 1,2).

Dividing side by side Equations (A5) and (A6) yields:

∂CA

∂CE
=

βε
1

βε
2

∂z•

∂τ•
. (A7)

Based on Equation (A7) it can be declared that there exists such a function Ψ (z·,τ·) for which
this equation can be rewritten as:

CA
∂z•

=
βε

1
βε

2

∂2Ψ

∂z•∂τ•
∧ ∂CE

∂τ•
=

∂2Ψ

∂z•∂τ•
or CA =

βε
1

βε
2

∂Ψ

∂τ•
∧ CE =

∂Ψ

∂z•
. (A8)

Accounting for Equation (A8) in the model Equations (A5) or (A6), after the appropriate
transformation, we get:

∂2Ψ

∂z•∂τ•
+ ηeffβ

ε
1

∂Ψ

∂z•
∂Ψ

∂τ•
= 0. (A9)

The partial differential Equation (A9) can be solved applying the prediction method and
assuming:

Ψ(z•, τ•) = (ηeffβ
ε
1)
−1 ln[w(z•, τ•)]. (A10)

Differentiating Equation (A10) with respect to z· and τ·, and then substituting the obtained
expressions into Equation (A9), we have:

∂2w
∂z•∂τ•

= 0, (A11)

w(z•, τ• = 0) = A• exp(ηeffβ
ε
1 · z•), w(z• = 0, τ•) = A• exp(ηeffβ

ε
2 · τ•), (A12)

where A· is a constant of positive value. The initial and boundary conditions in Equation (A12) were
obtained from expression (A10) and analogous condition appearing in Equations (A5) and (A6).

Solution of Equation (A11) can be presented in the following form resulting from double
integration with respect to z· and τ·:

w(z•, τ•) = V(τ•) + W(z•) + A••, (A13)

where A·· is a cumulated integration constant.
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Taking into account the initial and boundary conditions, the functions V(τ·), and W(z·) as well
as the constant A•• can be estimated to be:

V(τ•) = A• exp(ηeffβ
ε
2 · τ•), W(z•) = A• exp(ηeffβ

ε
1 · z•), A•• = −A•. (A14)

Hence, Equation (13) which defines the function w(z·,τ·) can be rewritten as follows:

w(z•, τ•) = A•[exp(ηeffβ
ε
1 · z•) + exp(ηeffβ

ε
2 · τ•)− 1]. (A15)

Now, it is possible to determine the functions describing the distributions of HP concentration
and TUC activity. Accounting for the definition of the function Ψ (Equation (A10)), then making use
the dependences (A8) and returning to the real independent variables z and τ, we get:

CA(z, τ) =
exp[ηeffβ

ε
2 · (τ − z)]

exp(ηeffβ
ε
1 · z) + exp[ηeffβ

ε
2 · (τ − z)]− 1

, (A16)

CE(z, τ) =
exp(ηeffβ

ε
1 · z)

exp(ηeffβ
ε
1 · z) + exp[ηeffβ

ε
2 · (τ − z)]− 1

. (A17)
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