
Academic Editors: Óscar Oliveira,

Eliana Costa e Silva and Dorabela

Gamboa

Received: 13 April 2026

Revised: 11 May 2026

Accepted: 12 May 2026

Published: 14 May 2026

Copyright: © 2026 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

A Policy-Based Rough Optimization with Large Neighborhood
Search for Carbon-Aware Flexible Job Shop Scheduling with
Tardiness Penalty
Saurabh Sanjay Singh * and Deepak Gupta

Department of Industrial, Systems, and Manufacturing Engineering, College of Engineering,
Wichita State University, Wichita, KS 67260, USA; deepak.gupta@wichita.edu
* Correspondence: sxsingh28@shockers.wichita.edu

Abstract

Sustainable manufacturing requires schedules that balance environmental responsibility
with delivery reliability. This paper studies the Carbon-Aware Flexible Job Shop Schedul-
ing Problem with Tardiness Penalty (CAFJSP-T), where total carbon emissions and total
tardiness penalty are the primary objectives. We propose a Policy-based Rough Opti-
mization with a Large Neighborhood Search (Pro-LNS) framework integrating Proximal
Policy Optimization (PPO) and adaptive Large Neighborhood Search (LNS). PPO con-
structs a feasible schedule by selecting operation-machine assignments from job-readiness,
machine-availability, earliest-completion, and critical-path features. This policy-generated
schedule provides a structurally informed incumbent, enabling LNS to avoid unguided
search and focus destroy-and-repair refinement on high-impact operations. Both phases
use the same normalized scalarized carbon-tardiness objective, which guides PPO rewards
and LNS removal, reinsertion, and acceptance while preserving precedence, eligibility,
and capacity constraints. Experiments on small, medium, and large workcenter bench-
marks show strong due-date performance and controlled carbon emissions. Under equal
objective weighting, Pro-LNS achieves a median optimality gap of 6.12% relative to the
exact formulation, with all instances within 14%, while requiring 4.08 s on average and
at most 10.51 s. Comparisons with PPO-only, Advantage Actor-Critic (A2C), Soft Actor-
Critic (SAC), and Genetic Algorithm (GA) schedulers show that Pro-LNS attains the best
weighted scalarized objective across representative instance-weight settings. Friedman
and Holm-corrected Wilcoxon tests confirm significant improvements over all competitors,
with average weighted-objective gains of 4.90%, 7.25%, 8.81%, and 9.51% over PPO-only,
A2C, SAC, and GA, respectively. These results demonstrate that Pro-LNS is an effective and
computationally practical hybrid approach for carbon-aware, tardiness-sensitive flexible
job shop scheduling.

Keywords: sustainable manufacturing; flexible job-shop scheduling; reinforcement learning;
large neighborhood search; carbon-conscious scheduling

1. Introduction
Manufacturing is changing in a fundamental way. Firms are no longer evaluated only

by how efficiently they produce goods but also by how responsibly they use resources and
how well they align with broader sustainability goals. In the past, operational performance
and environmental responsibility were often treated as separate concerns. Today, they are
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increasingly seen as part of the same strategic challenge. This shift is being driven by both
internal and external pressures. On one side, manufacturers now view sustainability as
a source of innovation, operational improvement, competitive advantage, and long-term
profitability [1,2]. On the other side, stricter regulations, changing customer expectations,
and global sustainability standards are pushing firms toward cleaner and more accountable
production systems [3,4]. These changes are further strengthened by the global push toward
net-zero emissions and the broader vision of Industry 5.0, which emphasizes sustainable,
resilient, and human-centered manufacturing [5,6]. As a result, sustainability is no longer a
secondary issue in manufacturing. It has become central to how production systems are
designed, managed, and evaluated [7].

Within this broader transformation, production scheduling takes on a much more
important role. Scheduling is no longer only about deciding the order of jobs or the use of
machines. It is also a point where firms must balance operational efficiency with environ-
mental responsibility and service performance. Among production scheduling problems,
the Flexible Job Shop Scheduling Problem (FJSP) is especially important because it re-
flects the reality of modern manufacturing systems, where there are alternative machines,
routing flexibility, and complex sequencing decisions. In this setting, each job consists of
a sequence of operations, and each operation can often be processed on more than one
machine. This flexibility creates opportunities to improve system performance, but it also
makes the scheduling task much more difficult. The scheduler must decide both which
machine should process each operation and in what order operations should be processed
on each machine.

These two decisions are closely connected to both environmental and delivery out-
comes. Machine assignment affects processing time, machine workload, energy use, and
carbon emissions. Sequencing affects waiting times, machine congestion, completion times,
and the risk that jobs are completed after their due dates. As a result, the same scheduling
decision can improve one outcome while worsening another. A lower-carbon machine
may reduce the environmental impact of an operation, but it may also be slower or more
congested. A faster or more available machine may help reduce tardiness, but it may
require more energy or have a higher carbon intensity. This creates a direct carbon versus
due-date trade-off in real production environments [8,9].

Much of the traditional literature on flexible job shop scheduling has mainly focused
on productivity-oriented objectives such as makespan, production cost, and machine
utilization. Tardiness has also received attention when due-date performance is impor-
tant [10,11]. However, sustainability-related concerns have historically received much less
emphasis [12]. This limited focus is becoming increasingly inadequate. As manufacturers
face stronger pressure to decarbonize their operations, it is no longer enough to evaluate
schedules only in terms of speed or resource use. Scheduling decisions can also shape the
environmental footprint of production, especially when different machines have different
processing characteristics and different carbon intensities [13]. Because of this, there is
a growing need for scheduling models that explicitly include environmental outcomes
instead of treating them as indirect or secondary effects.

At the same time, environmental performance cannot be considered in isolation from
delivery performance. In many real manufacturing settings, a schedule is judged not
only by how efficiently the shop floor operates but also by whether customer orders are
completed on time. Late jobs can lead to penalties, create disruptions in downstream
operations, and weaken customer trust. For this reason, tardiness is a highly meaningful
performance measure in practice. From a managerial point of view, the real challenge is
not simply to reduce emissions, and it is not simply to avoid delays. The challenge is to
make scheduling decisions that balance both concerns in a clear and disciplined way.
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This trade-off becomes especially important in flexible job shop environments. The
same machine flexibility that helps improve operations also creates differences in processing
speed, machine availability, and emissions across alternative routes. Choosing one machine
instead of another can, therefore, change not only the carbon footprint of the schedule but
also the completion time of the affected job and the waiting times of other jobs. In the same
way, a sequencing decision that protects one job from tardiness may delay another job or
shift work toward machines with different emission characteristics. So, the scheduling
problem is not only a combinatorial problem. It is also a practical decision problem in
which manufacturers must balance two responsibilities that are now central to modern
production: environmental responsibility and delivery reliability [14].

In this context, focusing on carbon emissions and tardiness is not just a convenient
modeling choice. It is a clear and well-justified way to represent the two most important
decision outcomes. On the environmental side, carbon emissions are more suitable than
energy consumption as the main sustainability objective because energy use by itself
is not the final concern. The real concern is the environmental harm caused by that
energy use. Carbon emissions capture that harm more directly and connect more closely
to decarbonization goals, emission reporting, and net-zero targets that now influence
manufacturing strategy. For scheduling decisions, this makes carbon a more meaningful
end objective than energy alone. Energy consumption is still important, but mainly because
it is one of the main sources through which carbon impact is created [15,16]. On the
operational side, tardiness is more meaningful than traditional efficiency measures such
as makespan when production is driven by due dates. Makespan shows how early the
full schedule is completed, but it does not show whether individual jobs are completed
on time. A schedule can look efficient overall and still perform badly if important jobs
miss their due dates. Tardiness captures this problem directly. It reflects the service-related
failures that matter in practice, including penalties, customer dissatisfaction, and loss of
trust. In due-date-based manufacturing settings, tardiness is, therefore, not just one more
performance measure. It is the measure that most clearly reflects delivery performance
from the customer’s point of view [17,18].

Taken together, carbon emissions and tardiness should not be seen as two random
objectives added to broaden the model. They represent the two main outcome-level
criteria that define the real challenge of sustainable manufacturing scheduling. Carbon
represents the environmental impact that firms are under growing pressure to reduce.
Tardiness represents the delivery failure that firms cannot afford to ignore. Other traditional
FJSP and sustainability measures, such as energy consumption, makespan, and machine
utilization, are still useful, but in this setting, they are better treated as supporting or
diagnostic indicators. They help explain schedule behavior, but they do not capture the
final decision consequences as directly as carbon emissions and tardiness. For this reason, a
scheduling model built around carbon emissions and tardiness provides a clearer, stronger,
and more managerially relevant problem definition than a broader model that combines
many overlapping objectives [19,20].

Despite the growing importance of sustainable scheduling, the literature still leaves
room for a more focused treatment of this specific trade-off. Many existing studies address
sustainability through broad multi-objective models that combine several environmental
and operational criteria at the same time. Although these studies are valuable, such broad
formulations can make it difficult to clearly understand the direct interaction between
environmental responsibility and delivery performance. In practice, however, this inter-
action is often the most immediate and most challenging issue for manufacturers. Firms
need schedules that are cleaner, but they also need schedules that remain dependable
from the customer’s point of view. This creates a strong motivation to study a flexible
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job shop scheduling formulation in which carbon emissions are treated as the primary
environmental objective and tardiness is treated as the primary operational objective.

Motivated by this gap, this paper studies a carbon-aware flexible job shop scheduling
setting with a particular focus on tardiness-sensitive production environments, where
machine assignment and sequencing decisions are made with explicit attention to environ-
mental impact and delivery performance. To reflect this focus, the problem is defined as
the Carbon-Aware Flexible Job Shop Scheduling Problem with Tardiness Penalty (CAFJSP-T).

The remainder of this paper is organized as follows. Section 2 reviews the related
literature on flexible job shop scheduling, sustainable and environmentally aware schedul-
ing, and relevant solution approaches. Section 3 presents the problem definition, details
the proposed solution approach, and describes the experimental setup. Section 4 reports
and discusses the results and analysis. Finally, Section 5 concludes the paper and outlines
directions for future research.

2. Literature Review
The Flexible Job Shop Scheduling Problem (FJSP) has been studied through a wide

range of exact, heuristic, metaheuristic, and hybrid approaches because it requires simul-
taneous decisions on operation sequencing and machine assignment [21,22]. Early and
classical FJSP research established that routing flexibility makes the scheduling problem
more realistic than the classical job shop problem but also increases the size and coupling
of the search space [23,24]. Mixed-Integer Linear Programming (MILP) and Constraint
Programming (CP) formulations have been used to express the feasibility structure of FJSP
and related distributed variants [21,25]. Genetic Algorithm (GA), Ant Colony Optimization
(ACO), tabu search, Non-dominated Sorting Genetic Algorithm II (NSGA-II), and hybrid
heuristics have also been widely applied because they can search complex assignment-
sequencing spaces where exact methods become computationally demanding [21,22].

As the FJSP literature has developed, sustainability-aware variants have introduced
energy consumption, carbon emissions, machine-state behavior, and transportation-related
effects into the scheduling model [12,26]. Green FJSP studies have considered makespan
and carbon emissions together, particularly where alternative machines differ in processing
time, power consumption, or carbon-related performance [13,27]. Other environmentally
aware FJSP studies have included cost, carbon emissions, customer satisfaction, and time-
of-use electricity pricing, showing that sustainability objectives can be integrated with
broader production-planning criteria [28,29]. Integrated production and transportation
models have further extended this direction by considering automated guided vehicles
(AGVs), transport resources, and material-handling interactions [30,31]. These studies
provide the environmental scheduling foundation on which the Carbon-Aware Flexible Job
Shop Scheduling Problem with Tardiness Penalty (CAFJSP-T) builds.

A parallel stream of research has focused on due-date-oriented scheduling perfor-
mance. Tardiness, delay time, due-date satisfaction, and customer-oriented service mea-
sures have been used when delivery reliability is a primary concern in shop schedul-
ing [9,32]. Multi-objective FJSP studies have incorporated total tardiness, together with
makespan and energy consumption, showing that due-date performance can be modeled
directly within flexible shop scheduling [33,34]. Due-date optimization studies have also
examined how schedule performance changes when delivery-related measures are treated
as explicit objectives [35]. Dynamic FJSP studies using Deep Reinforcement Learning (DRL)
have considered delay-related objectives in real-time scheduling environments, which
further supports the relevance of learned dispatching when timing performance depends
on evolving shop states [36,37]. These studies provide the due-date reliability foundation
for CAFJSP-T.
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Several recent studies have begun to connect environmental and due-date objectives
within the same scheduling model. Low-carbon heterogeneous distributed FJSP research
has considered energy consumption and weighted tardiness under dynamic job insertions
and transfers [38]. Low-carbon many-objective FJSP research has included total carbon emis-
sions and delay-related measures together with makespan and workload indicators [39].
Energy-saving FJSP research has combined total delay time and power consumption within
enhanced NSGA-II frameworks [34]. Related flow shop research has paired total carbon
emissions and total tardiness in a bi-objective formulation [40]. These studies show that
the environmental and due-date dimensions have both been recognized in the scheduling
literature while also motivating a focused flexible job shop formulation in which carbon
emissions and tardiness penalty are treated as the two primary objectives.

Table 1 positions CAFJSP-T as an extension of several related scheduling streams rather
than as a disconnected problem. Classical FJSP provides the assignment-sequencing foun-
dation [21,23]. Tardiness-aware FJSP provides the due-date reliability foundation [32,33].
Green and low-carbon FJSP provide the environmental scheduling foundation [27,28].
Energy-aware and integrated green scheduling studies show how machine power, trans-
port, and resource interactions can shape environmental performance [29,30]. CAFJSP-T
builds on these streams by focusing on the direct pairing of carbon emissions and tardiness
penalty within the flexible job shop structure.

Table 1. Positioning CAFJSP-T relative to existing scheduling problem classes.

Problem
Class

Representative
Studies

Main Objectives
Commonly
Considered

Contribution to the
Literature

Scope Relative to
CAFJSP-T CAFJSP-T Extension

Classical FJSP [21–23]

Makespan,
workload,
utilization, cost,
and tardiness

Establishes the
assignment-
sequencing
structure of flexible
job shop scheduling

Environmental
objectives are usually
not central

Adds explicit
carbon-emission
evaluation to the flexible
assignment-sequencing
structure

Tardiness-
aware FJSP [9,32,33]

Tardiness, delay,
due-date
performance, and
makespan

Emphasizes
delivery reliability
and
due-date-oriented
service
performance

Carbon emissions or
energy effects are
usually not primary

Retains tardiness penalty
as a primary operational
objective while adding
carbon awareness

Green or
low-carbon
FJSP

[13,27,28]

Carbon emissions,
energy, cost,
makespan, and
customer
satisfaction

Incorporates
environmental
performance into
flexible shop
scheduling

Due-date
performance is often
indirect or absent

Makes carbon emissions
the primary
environmental objective
and pairs it directly with
tardiness penalty

Energy-
aware FJSP [29,34,41]

Energy
consumption,
energy cost,
power, makespan,
and delay

Shows how
machine states,
pricing, and energy
use affect
scheduling

Energy is often used
as the environmental
measure rather than
direct carbon
emissions

Treats energy as a
supporting indicator
while optimizing carbon
emissions directly

Integrated
green FJSP
with
transport or
AGVs

[30,31,42]

Energy, carbon,
makespan,
transportation,
and AGV
coordination

Extends scheduling
to integrated
production and
material-handling
decisions

Often focuses on
energy, makespan, or
transport rather than
carbon-tardiness
penalty

Provides a basis for future
extensions, while
CAFJSP-T focuses on the
core carbon-tardiness
trade-off

Carbon or
energy plus
tardiness
scheduling

[38–40]
Energy, carbon,
delay, tardiness,
and makespan

Shows that
environmental and
due-date measures
can be jointly
optimized

Often uses energy
rather than carbon,
non-FJSP settings, or
many-objective
formulations

Defines a focused FJSP
formulation with carbon
emissions and tardiness
penalty as the primary
objectives
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The solution literature for these problem classes includes several important method-
ological families. Exact optimization and MILP models provide rigorous mathemati-
cal formulations and are useful for feasibility modeling, benchmark comparison, and
optimality-gap analysis [29,43]. In green FJSP, MILP has been combined with metaheuris-
tics to study the trade-off between carbon emissions and production-time objectives [27].
CP and MILP formulations have also been used for distributed flexible job shop and multi-
stage FJSP variants with assembly and AGV transportation [25,43]. These contributions
are important because they formalize the problem structure and support solution valida-
tion. The literature also shows that heuristic, metaheuristic, and matheuristic methods
become increasingly relevant as instance size, objective richness, and routing flexibility
increase [44,45].

Evolutionary and population-based metaheuristics have been widely used because
they provide flexible search mechanisms for multi-objective scheduling. Improved NSGA-
II methods have been applied to low-carbon FJSP with objectives such as makespan,
processing cost, and carbon emissions [46]. Enhanced NSGA-II has also been used for
energy-saving FJSP with makespan, delay time, and power consumption objectives [34].
Improved sparrow search has been applied to green FJSP with learning effects and carbon
emissions [27]. Enhanced GA has been used for green FJSP under time-of-use pricing with
cost, carbon emissions, and customer satisfaction [28]. Multi-objective evolutionary and
memetic algorithms have further been applied to FJSP variants with green considerations,
fuzzy processing times, workload balance, and tardiness-related objectives [47,48]. These
studies demonstrate the value of broad exploration in complex objective spaces.

Swarm and other population-based methods provide additional evidence of the field’s
movement toward adaptive and hybrid search. Shuffled frog-leaping algorithms have
been used for FJSP with energy consumption [49]. Improved African buffalo optimization
has been applied to green FJSP considering energy consumption [50]. Particle Swarm
Optimization (PSO)-based and hybrid metaheuristic approaches have been used in green
sustainable manufacturing and energy-aware FJSP with assembly operations [51,52]. Low-
carbon joint scheduling in flexible open-shop environments has also been addressed using
multi-objective PSO with problem-based neighborhood search [53]. These approaches
show that population-based search remains important in sustainable scheduling. They
also show that many successful implementations include local, variable-neighborhood, or
problem-specific refinement components [54,55].

Reinforcement Learning (RL) has become increasingly important in scheduling be-
cause many scheduling problems can be represented as sequential decision processes.
In RL-based scheduling, the state represents the current shop condition and the action
represents a dispatching, sequencing, or assignment decision [56,57]. Deep Q-Network
(DQN) methods have been used for dynamic flexible job shop scheduling and maintenance-
constrained scheduling [58,59]. Graph-based DRL has been used to represent operation-
machine relationships and variable scheduling topology [60,61]. DRL has also been applied
to low-carbon FJSP, carbon-emission-aware FJSP, and dynamic low-carbon heterogeneous
distributed FJSP [10,38,62]. These studies show that learning-based methods can capture
state-dependent scheduling logic that may be difficult to encode manually.

Within the RL literature, Proximal Policy Optimization (PPO) is particularly relevant
to policy-based schedule construction. PPO provides a policy-gradient framework with
clipped policy updates, which supports stable policy improvement in sequential decision
environments [63,64]. PPO has been applied to job shop scheduling with graph neural net-
work representations, where the learned policy maps graph states to scheduling actions [65].
Multi-action PPO frameworks have been used for FJSP by decomposing scheduling deci-
sions into operation selection and machine assignment [66]. Heterogeneous graph neural
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network and PPO-based methods have also been used to solve FJSP by selecting operation-
machine pairs from graph-based embeddings [60,67]. These studies support PPO as a
suitable learning mechanism for policy-based schedule construction.

PPO-based scheduling research also supports the use of policy learning under de-
layed or multi-objective performance effects. Multi-policy PPO has been applied to multi-
objective multiplicity FJSP with makespan and total tardiness objectives [68]. PPO-based
reactive scheduling has been used for dynamic FJSP with random job arrivals and total
tardiness minimization [37]. Hierarchical multi-agent PPO has been used for real-time
dynamic multi-objective FJSP with partial no-wait constraints [69]. PPO and Mask-PPO
methods with preference learning have also been explored for FJSP settings with large
action spaces and invalid-action constraints [70]. These studies are useful for CAFJSP-T be-
cause the construction phase requires sequential operation-machine decisions with delayed
effects on final schedule quality.

The literature also shows increasing interest in combining learning with search-based
refinement. DRL-based flow shop scheduling has used learned policies together with
improvement strategies to refine final solutions [71]. Knowledge-guided end-to-end RL
for flow shop scheduling has used local search to improve policy-generated schedules [72].
Graph reinforcement learning has been integrated with Adaptive Large Neighborhood
Search (ALNS) to improve operator selection within neighborhood-based search [73].
Search-online-learn-offline methods have combined learned heuristics with tree search for
combinatorial optimization [74]. These studies support the broader principle that learning
can guide the search toward promising regions, while local or neighborhood refinement
can improve the final incumbent.

Hybrid learning-search methods have also appeared in green or energy-aware shop
scheduling. Q-learning-guided Multi-Objective Evolutionary Algorithm based on Decom-
position (MOEA/D) has been used for energy-efficient FJSP to adapt neighborhoods and
parameter control [75]. A DQN-based memetic algorithm has been developed for energy-
efficient job shop scheduling with integrated limited AGVs [76]. DRL-based memetic
algorithms have been used for energy-aware FJSP with multi-AGV coordination [42]. Re-
inforcement learning-based decomposition evolutionary algorithms have been used for
fuzzy bi-objective FJSP [77]. These studies provide methodological support for combining
learned guidance with search-based improvement in complex scheduling environments.

Large Neighborhood Search (LNS) provides the second methodological foundation
for the proposed framework. Neighborhood search, tabu search, Variable Neighborhood
Search (VNS), LNS, and ALNS have been widely used because they can improve incum-
bent schedules through structured modifications. Global–local neighborhood search and
tabu search have been applied to FJSP to coordinate global operation scheduling and
local machine assignment [78]. Hybrid genetic tabu search has been used for distributed
FJSP, showing the value of combining exploration with local improvement [79]. Hybrid
neighborhood structures have also been developed for FJSP benchmark problems to im-
prove stability and efficiency [80]. Energy-aware FJSP with nonlinear routes and learning
effects has been studied using heuristic and variable-neighborhood mechanisms [81]. These
studies indicate that neighborhood design is a central issue in complex FJSP variants.

LNS is especially relevant when improvement requires coordinated changes rather
than isolated swaps. Adaptive LNS was originally developed for difficult constrained
routing problems, where destroy-and-repair mechanisms allow the search to preserve
useful incumbent structure while reconstructing selected portions of the solution [82].
Multi-objective ALNS has been applied to distributed reentrant permutation flow shop
scheduling [83]. ALNS-based decomposition has been used for green machine scheduling
with makespan and energy objectives [84]. Multi-objective ALNS has also been applied

https://doi.org/10.3390/computers15050314

https://doi.org/10.3390/computers15050314


Computers 2026, 15, 314 8 of 33

to dynamic FJSP with transportation resources [85]. These studies support the use of LNS
as a refinement mechanism for complex scheduling problems with multiple interacting
constraints and objectives.

Seen through this progression, A Policy-based Rough Optimization with Large Neighbor-
hood Search (Pro-LNS) emerges naturally as an extension of the current literature rather
than as a departure from it. The name reflects the underlying logic of the method. The
policy-based rough optimization stage is intended to generate an initial schedule that is fast,
adaptive, and structurally informed, without requiring the policy component to solve the
full combinatorial problem in a single pass. The LNS stage then takes that policy-guided
schedule and refines it through targeted destruction and reconstruction, thereby enabling
deeper improvement once a promising search region has been identified. In this sense,
“rough optimization” refers to purposeful and informed early-stage guidance, while “large
neighborhood search” captures the systematic refinement that follows.

This methodological structure aligns closely with the requirements of CAFJSP-T. A
policy-based method grounded in PPO offers a learning component suited to sequential
operation-machine decisions and delayed objective effects [60,66]. Supporting structural
cues such as critical-path information can further sharpen policy guidance in scheduling
environments where downstream operations influence final schedule quality [42,60]. LNS
then provides the refinement mechanism needed to improve beyond the initial policy
output by revisiting larger groups of high-impact operations [82,84]. Taken together, this
methodological combination aligns with the literature’s broader movement toward hybrid,
adaptive, and structurally informed scheduling methods [71,73].

Table 2 summarizes the complementary roles of major solution families. Exact methods
clarify the mathematical structure of the problem [25,43]. Evolutionary and swarm-based
methods provide a broad exploration of complex objective spaces [46,47]. PPO and other
RL methods provide adaptive policies for sequential scheduling decisions [60,66]. Hybrid
learning–search methods show how learned guidance can be combined with refinement
mechanisms [71,73]. LNS and related neighborhood-search methods provide intensification
around feasible schedules and support larger incumbent-preserving modifications [78,84].

The choice of LNS in Pro-LNS follows from its role as a post-construction refinement
mechanism. In CAFJSP-T, improving a completed schedule may require coordinated
changes in both machine assignment and downstream sequencing. Neighborhood-search
studies in FJSP show that coordinated treatment of global operation scheduling and lo-
cal machine assignment can improve schedule quality [78]. Energy-aware and green
scheduling studies show that neighborhood mechanisms can be designed around energy
or environmental objectives [81,84]. Dynamic FJSP studies with transportation resources
show that ALNS can be adapted to complex rescheduling environments [85]. These studies
support the use of LNS as a targeted refinement phase after PPO has generated a feasible
initial schedule.

Table 3 summarizes the rationale for selecting LNS as the refinement mechanism. Exact
reoptimization remains valuable for formulation and benchmarking, but targeted partial
reconstruction is more consistent with the role of a fast post-construction improvement
phase [43,45]. Population-based methods provide useful exploration, while LNS intensifies
around a promising incumbent generated by the policy stage [47,84]. Standalone PPO
and DRL provide adaptive construction, while LNS supplies the instance-specific repair
needed after the full schedule has been realized [60,72]. This combination allows Pro-LNS
to preserve the useful structure of the PPO-generated schedule while refining high-impact
operations under the same carbon-tardiness objective.
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Table 2. Comparative assessment of existing solution approaches.

Approach Representative
Studies

Objectives
Addressed Advantages

Scope and
Limitations for
CAFJSP-T

Relevance to
Pro-LNS

Exact
optimization,
MILP, and CP

[27,29,43]
Makespan, energy,
carbon, feasibility,
and transportation

Provides rigorous
formulations and
useful bounds

Scalability becomes
challenging as flexible
routing, sequencing,
carbon, and tardiness
interact

Supports the
CAFJSP-T model and
warm-start evaluation
logic

GA, NSGA-II,
and
evolutionary
algorithms

[28,46,47]

Makespan, energy,
carbon, cost,
customer
satisfaction, and
tardiness

Provides broad
exploration of
multi-objective
trade-offs

Often benefits from
adaptive operators or
local search in
complex FJSP variants

Motivates hybrid
search and
post-construction
refinement

Swarm and
population-
based
heuristics

[49,50,53]

Energy, carbon,
makespan,
workload, and
transport

Flexible and
adaptable across
green scheduling
variants

Performance can
depend on parameter
settings and
problem-specific
operators

Supports the value of
adaptive search in
green scheduling

DQN and
value-based
DRL

[38,58,59]

Dynamic
scheduling,
dispatching, energy,
carbon, and delay

Learns
state-dependent
scheduling
behavior

Requires careful state
and reward design,
and may focus on
specific objective sets

Supports
learning-based
scheduling but
motivates PPO-based
construction plus
refinement

PPO and
policy-
gradient RL

[60,65,66]

Makespan,
tardiness, dynamic
scheduling, and
multi-objective
scheduling

Supports stable
policy learning for
sequential decisions
and large action
spaces

Policy output can still
benefit from
instance-specific
post-processing

Justifies the rough
optimization phase of
Pro-LNS

Hybrid RL
plus search [71–73]

Scheduling, routing,
energy-aware job
shop, and
combinatorial
optimization

Combines learned
guidance with local
or neighborhood
refinement

Often developed for
makespan, routing,
energy, or operator
control rather than
CAFJSP-T

Supports the Pro-LNS
design logic

Tabu search,
local search,
and VNS

[78,79,81]

Sequencing,
assignment,
makespan, energy,
and transportation

Strong local
improvement
around incumbent
schedules

Small neighborhoods
may not capture
larger assignment-
sequencing
interactions

Motivates larger
LNS-style
destroy-and-repair
refinement

LNS and
ALNS [82,84,85]

Energy, makespan,
workload, dynamic
scheduling, and
transport

Preserves useful
incumbent
structure while
reconstructing
high-impact parts

Requires
problem-specific
destroy, repair, and
acceptance rules

Directly supports the
LNS phase of
Pro-LNS

Overall, the literature supports the methodological logic of Pro-LNS. The FJSP litera-
ture provides the assignment-sequencing foundation [21,24]. Green and low-carbon FJSP
studies provide the carbon and energy-aware scheduling foundation [27,28]. Tardiness-
aware scheduling studies provide the due-date reliability foundation [9,33]. PPO-based
scheduling studies support policy-based construction in sequential decision environ-
ments [65,66]. LNS and ALNS studies support large-neighborhood refinement around
promising incumbent schedules [82,84]. Building on these foundations, Pro-LNS integrates
PPO-based schedule construction with LNS-based refinement for CAFJSP-T under a unified
carbon-tardiness objective.
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Table 3. Rationale for selecting LNS as the refinement mechanism.

Candidate Refinement
Method Strengths Scope and Limitations for

CAFJSP-T Refinement
Why LNS Is Selected or
Complementary

Exact reoptimization Provides rigorous optimization
and bounds [25,43]

Full reoptimization may
become computationally
expensive as routing,
sequencing, carbon, and
tardiness interact [44,45]

LNS performs targeted partial
reconstruction while preserving
the incumbent

GA or NSGA-II Provides population-level
exploration [46,47]

Detailed refinement may
require many evaluations or
embedded local search [48,86]

LNS intensifies around one
promising PPO-generated
schedule

PSO, ACO, and swarm
methods

Offers flexible search over
complex discrete spaces [49,50]

Search quality can depend on
parameters, representation,
and operators [51,52]

LNS provides a direct
destroy-and-repair mechanism
tied to objective impact

Standalone PPO or DRL Produces fast adaptive
schedules after training [37,60]

A policy-generated schedule
may still contain improvable
structures [71,72]

LNS refines high-impact
operations without discarding the
PPO-guided incumbent

Tabu search and
small-neighborhood local
search

Provides strong local
improvement [78,79]

Small neighborhoods may not
capture larger coordinated
changes [80,81]

LNS expands the move scale by
reconstructing groups of
operations

LNS or ALNS
Supports incumbent-preserving
large destroy-and-repair
moves [82,84]

Requires tailored removal,
repair, and acceptance
logic [85,87]

Best matches Pro-LNS because the
same carbon-tardiness objective
can guide removal, reinsertion,
and acceptance

3. Methodology
3.1. Problem Definition

The Carbon-Aware Flexible Job Shop Scheduling Problem with Tardiness Penalty
(CAFJSP-T) extends the classical Flexible Job Shop Scheduling Problem (FJSP) by incorpo-
rating environmental and delivery-performance considerations into the scheduling process.
In the classical FJSP, n jobs with machine-dependent operation sequences are processed
on m flexibly assigned machines. The CAFJSP-T augments this setting by accounting for
machine-specific carbon emissions during processing and by penalizing tardiness relative
to job due dates.

Under this formulation, each job consists of a sequence of operations subject to prece-
dence constraints, and each operation can be processed only by a subset of eligible machines
with machine-dependent processing times. The scheduler must determine both the machine
assignment and the processing sequence for all operations while satisfying the standard
feasibility requirements of the FJSP, including operation precedence, machine capacity
limitations, and operation-machine eligibility restrictions. Unlike the classical formulation,
however, these scheduling decisions are evaluated not only in terms of feasibility and pro-
duction efficiency but also in terms of their environmental and service-level consequences.

Accordingly, the CAFJSP-T is modeled using two primary objectives: the total carbon
emissions and the total tardiness penalty. These two components capture the environ-
mental and due-date-related dimensions of schedule quality, respectively. In addition,
total energy consumption and makespan are retained as secondary performance metrics
and are reported to provide supplementary insight into overall schedule efficiency and
resource utilization.

3.1.1. Problem Assumptions

1. Machines are continuously available throughout the scheduling horizon, with no
downtime due to breakdowns or maintenance.

https://doi.org/10.3390/computers15050314

https://doi.org/10.3390/computers15050314


Computers 2026, 15, 314 11 of 33

2. Operations are processed without interruption once started; that is, processing is
non-preemptive.

3. Processing-time-dependent carbon emissions remain constant for each machine dur-
ing active operation.

4. All jobs are available for processing at time zero, and job due dates are predetermined
and fixed.

5. Tardiness penalties are deterministic and time-invariant over the scheduling horizon.
6. The study considers a deterministic and steady-state production environment, with-

out uncertain processing times, machine failures, sequence-dependent setup times,
dynamic job arrivals, or worker-related constraints.

7. Carbon-emission estimation is based on steady-state machine processing conditions
and does not incorporate transient operating states, time-varying carbon intensity, or
machine warm-up and cool-down effects.

3.1.2. Notations

Table 4 summarizes the notation used in the mathematical formulation of the CAFJSP-T.

Table 4. Notation used in the CAFJSP-T formulation.

Symbol Description

Sets and Indices
J = {1, . . . , n} Set of jobs
M = {1, . . . , m} Set of machines
Oj = {1, . . . , Oj} Operations of job j ∈ J
O Set of all operations, O = {(j, o) | j ∈ J, o ∈ Oj}
Mj,o ⊆ M Eligible machines for operation (j, o)

Parameters
pj,o,m Processing time of operation (j, o) on machine m ∈ Mj,o, in minutes
Pproc

m Power consumption of machine m during processing, in kW
CIm Carbon intensity of machine m, in kg CO2/kWh
dj Due date for job j
π Tardiness penalty rate
B(c)

1
Baseline carbon value for instance category c

B(c)
2

Baseline tardiness penalty value for instance category c
w1, w2 Scalarization weights, where w1 + w2 = 1
B Sufficiently large positive constant

Derived Quantities

ecarbon
j,o,m Carbon emissions, ecarbon

j,o,m =
pj,o,mPproc

m CIm

60
, in kg CO2

Decision Variables
xj,o,m ∈ {0, 1} 1 if operation (j, o) is assigned to machine m
Sj,o ≥ 0 Start time of operation (j, o)
Cj ≥ 0 Completion time of job j
Dj ≥ 0 Tardiness of job j
Cmax ≥ 0 Makespan
yj1,o1,j2,o2,m ∈ {0, 1} Sequencing variable for two operations sharing machine m

3.1.3. Mathematical Formulation

min Z = w1


∑

(j,o)∈O
∑

m∈Mj,o

xj,o,m ecarbon
j,o,m

B1

+ w2

π ∑
j∈J

Dj

B2

 (1)
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∑
m∈Mj,o

xj,o,m = 1 ∀(j, o) ∈ O (2)

Sj,o+1 ≥ Sj,o + ∑
m∈Mj,o

xj,o,m pj,o,m ∀j ∈ J, o = 1, . . . , Oj − 1 (3)

Cj = Sj,Oj + ∑
m∈Mj,Oj

xj,Oj ,m pj,Oj ,m ∀j ∈ J (4)

Dj ≥ Cj − dj ∀j ∈ J (5)

Dj ≥ 0 ∀j ∈ J (6)

Sj1,o1 + pj1,o1,m ≤ Sj2,o2 + B
(
1− yj1,o1,j2,o2,m

)
∀(j1, o1) < (j2, o2), m ∈ Mj1,o1 ∩Mj2,o2 (7)

Sj2,o2 + pj2,o2,m ≤ Sj1,o1 + B yj1,o1,j2,o2,m

∀(j1, o1) < (j2, o2), m ∈ Mj1,o1 ∩Mj2,o2 (8)

Cmax ≥ Cj ∀j ∈ J (9)

Equation (1) represents the objective function, where the first term denotes total carbon
emissions and the second term denotes total tardiness penalty. The objective-scaling and
weighting structure associated with B1, B2, w1, and w2 is described in Section 3.1.4. Equation (2)
ensures that every operation is assigned to exactly one eligible machine. Equation (3)
enforces precedence among consecutive operations of the same job. Equation (4) defines
the completion time of each job based on its final operation. Equations (5) and (6) define
non-negative job tardiness relative to due dates. Equations (7) and (8) are the disjunctive
machine-capacity constraints that prevent overlapping operations on the same machine by
imposing a binary processing order. Equation (9) defines the makespan as the maximum
job completion time.

3.1.4. Objective Scaling and Weighting

The optimization model combines two objectives, total carbon emissions and total
tardiness penalty, into a single scalarized objective. Since these two objective components
are measured in different units and may differ substantially in numerical magnitude, direct
aggregation through a weighted sum can lead to scale-driven dominance of one term over
the other. In such cases, the resulting objective value may be influenced more by unit
magnitude than by the intended decision preference.

To address this issue, each objective is normalized using a corresponding baseline
value. Let f1(x) denote total carbon emissions and f2(x) denote total tardiness penalty for
a feasible schedule, x. In the present formulation, Equation (10) gives

f1(x) = ∑
(j,o)∈O

∑
m∈Mj,o

xj,o,m ecarbon
j,o,m , f2(x) = π ∑

j∈J
Dj, (10)

where f1(x) represents total carbon emissions, and f2(x) represents total tardiness penalty.
Let B1 > 0 and B2 > 0 denote reference baseline values for these two objectives, respectively.
The normalized objective components are then defined as shown in Equation (11):

f̃1(x) =
f1(x)

B1
, f̃2(x) =

f2(x)
B2

. (11)
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This transformation converts both objectives into dimensionless quantities since each
term is divided by a reference value expressed in the same unit. As a result, the two
components become numerically comparable and can be aggregated without one objective
dominating purely due to its physical unit or absolute scale.

The scalarized objective is, therefore, written as shown in Equations (12a) and (12b):

Z = w1 f̃1(x) + w2 f̃2(x) (12a)

or, equivalently,

Z = w1
f1(x)

B1
+ w2

f2(x)
B2

, (12b)

where w1, w2 ≥ 0 and w1 + w2 = 1. The parameters w1 and w2 are scalarization
weights that determine the relative importance assigned to carbon emissions and tardiness
penalty, respectively.

Accordingly, the normalization parameters B1 and B2 control the comparability of
scale, while the scalarization weights w1 and w2 encode the decision preference between
the two normalized objective components.

3.2. Policy-Based Rough Optimization with Large Neighborhood Search (Pro-LNS)

The Policy-based Rough Optimization with Large Neighborhood Search (Pro-LNS)
framework is a two-phase methodology developed for the Carbon-Aware Flexible Job Shop
Scheduling Problem with Tardiness Penalty (CAFJSP-T). It combines the global decision-
making capability of reinforcement learning (RL) with the refinement strength of adaptive
large neighborhood search (LNS), consistent with a broader direction in combinatorial
optimization that integrates learning-based guidance with neighborhood-based improve-
ment to balance exploration and intensification. Throughout both phases, all CAFJSP-T
constraints, including operation precedence, machine eligibility, and machine capacity, are
strictly maintained during schedule construction, modification, and repair.

In the first phase, the CAFJSP-T is represented as a Markov decision process (MDP)
and solved through a learned scheduling policy. At each decision step, the policy selects a
ready operation and assigns it to an eligible machine, incrementally constructing a complete
feasible schedule. The reward structure follows the weighted-sum scalarization introduced
in the problem formulation, so that learning reflects the joint influence of carbon emissions
and tardiness penalty.

In the second phase, the RL-generated schedule is refined through an adaptive LNS
procedure. A subset of operations is removed according to a criticality criterion derived
from the same scalarized objective, and the removed operations are then greedily rein-
serted into positions that yield the greatest improvement in the composite objective value.
Through repeated removal and reinsertion, the LNS phase explores a large neighborhood
around the initial solution and accepts repairs that improve schedule quality.

Pro-LNS thus consists of a policy-guided construction phase, followed by a neighborhood-
based refinement phase, with both stages aligned to the carbon-aware and tardiness-
sensitive objective of the CAFJSP-T. A detailed description of both phases is provided next,
followed by an overview of the overall scheduling framework.

3.2.1. Phase I: MDP-Based Reinforcement Learning

The Carbon-Aware Flexible Job Shop Scheduling Problem with Tardiness Penalty
(CAFJSP-T) is modeled as a finite-horizon Markov decision process (MDP), as shown in
Equation (13): (

S , A, T, r, H
)
, H = |O|. (13)
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Here, H denotes the total number of operations and therefore defines the decision hori-
zon. A policy, πθ , sequentially constructs a complete feasible schedule while satisfy-
ing the CAFJSP-T constraints, including operation precedence, machine eligibility, and
machine capacity.

State Space

At decision step t, the state is defined in Equation (14)

st =
(

ft, mt, et, ct
)

(14)

is formed by concatenating Equation (15)

ft ∈ {0, 1}|O|, mt ∈ R|M|, et ∈ [0, 1]|O|×Mmax , ct ∈ [0, 1]|O|×2, (15)

into a single feature vector. The state components are defined as follows:

• Ready-flag vector: Indicates which operations are currently eligible for dispatch, as
shown in Equation (16):

ft,(j,o) =

1, if all predecessors of (j, o) have been completed by step t,

0, otherwise.
(16)

• Machine ready-time vector: Records the earliest time at which each machine becomes
available, as shown in Equation (17):

mt,m =


max{Cj′ ,o′ | (j′, o′) assigned to machine m }, if machine m has processed

at least one operation,

0, otherwise.

(17)

• Normalized earliest-completion-time matrix: Estimates the completion time of each
eligible operation on each eligible machine, as shown in Equation (18):

et,(j,o),k =
1
H

(
max{mt,mk , Cj,o−1}+ pj,o,mk

)
, (18)

where mk ∈ Mj,o denotes the k-th eligible machine for operation (j, o).
• Critical-path metrics: Encodes downstream workload and due-date slack as shown in

Equation (19). Let succ_timej,o denote the precomputed lower bound on the remaining
processing time of job j from operation o onward, obtained as the sum of minimum
eligible processing times of the remaining operations.

τt = min
m∈M

mt,m (19)

denote the earliest machine-available time at decision step t. Then Equation (20)

ct,(j,o),1 =
succ_timej,o

H
, ct,(j,o),2 =

max{0, dj − τt − succ_timej,o}
H

. (20)

Action Space

At state st, the agent selects an action in Equation (21)

at = (j, o, m), (21)
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where operation (j, o) (as shown in Equation (22)) must be ready for processing, and
machine m must belong to the eligible machine set Mj,o.

(j, o) ∈ {(j′, o′) | ft,(j′ ,o′) = 1}, m ∈ Mj,o. (22)

This construction guarantees that only feasible operation-machine assignments are considered.

Transition Function

Once action at = (j, o, m) is selected, operation (j, o) is assigned to machine m at its
earliest feasible start time, as shown in Equation (23):

Sj,o = max{mt,m, Cj,o−1}, Cj,o = Sj,o + pj,o,m. (23)

The system state is then updated according to the new completion time as in Equation (24):

mt+1,m = Cj,o, (24)

and Equation (25):

ft+1,(j,o) = 0, ft+1,(j,o+1) = 1 if operation (j, o + 1) exists. (25)

In this way, the transition function preserves feasibility while advancing the partial schedule
by one operation assignment.

Reward Function

The immediate reward is designed to reflect the baseline-scaled bi-objective structure
of the CAFJSP-T formulation. For action at = (j, o, m), the reward is defined as shown in
Equation (26):

r(st, at) = −
[

w1

(
ecarbon

j,o,m

B1

)
+ w2

(
π ∆Dt

B2

)]
, (26)

where ecarbon
j,o,m is the carbon emission incurred by assigning operation (j, o) to machine m,

and ∆Dt denotes the increment in cumulative tardiness at decision step t. The parameters B1

and B2 are the baseline values used to normalize the carbon-emission and tardiness-penalty
components, while w1 and w2 are the corresponding scalarization weights.

In implementation, the tardiness contribution is activated when the selected action
changes the completion status of a job and therefore affects its realized tardiness relative
to the due date. This reward structure provides a stepwise approximation of the baseline-
scaled objective defined in the mathematical formulation.

Learning Objective

Proximal Policy Optimization is used to learn the policy parameters θ by maximizing
the expected cumulative return, as shown in Equation (27):

J(θ) = Eτ∼πθ

[
H−1

∑
t=0

r(st, at)

]
. (27)

Since the reward is defined as the negative of the weighted normalized cost incurred during
schedule construction, maximizing J(θ) is equivalent to minimizing the baseline-scaled
combination of carbon emissions and tardiness penalty over the full schedule.
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3.2.2. Phase II: Adaptive Large Neighborhood Search (LNS)

Building on the RL-generated schedule σ0, Phase II applies an adaptive large neighbor-
hood search to further improve the schedule with respect to the same scalarized objective
used in the CAFJSP-T formulation, as shown in Equation (28):

J(σ) = w1

(
TotalCarbonEmission(σ)

B1

)
+ w2

(
TotalTardinessPenalty(σ)

B2

)
. (28)

Adaptive Removal

At iteration t, let kt denote the number of operations to remove. The removal procedure
is defined as follows:

1. Marginal-impact scoring: For each scheduled operation (j, o), estimate its contribution
to the scalarized objective by evaluating the changes in carbon emissions and tardiness
penalty associated with removing and reinserting that operation. The combined score
is computed as shown in Equation (29):

scorej,o = w1

(∆Carbonj,o

B1

)
+ w2

(
∆TardinessPenaltyj,o

B2

)
. (29)

2. Removal: Remove the kt operations with the highest scorej,o, producing a partial
schedule in which the most disruptive operations are unscheduled.

3. Adaptive tuning: Define the destroy-size bounds dynamically as shown in Equation (30):

kmin = max{2, ⌈ρmin|O|⌉}, kmax = min{|O| − 1, ⌈ρmax|O|⌉}, (30)

where 0 < ρmin < ρmax < 1 are predefined ratios. If reinserting the removed
operations yields an improved schedule, set kt+1 according to Equation (31):

kt+1 = max(kmin, kt − 1); (31)

otherwise, set kt+1 according to Equation (32):

kt+1 = min(kmax, kt + 1). (32)

Greedy Reinsertion

The removed operations are reinserted one at a time while preserving feasibility:

1. Precedence constraint: Operation (j, o) is considered for reinsertion only after its
predecessor (j, o− 1), if any, has already been reinserted.

2. Feasible start times: For each eligible machine, m ∈ Mj,o, compute the start and
completion times, as shown in Equation (33):

sj,o(m) = max
{

ready_time(m), Cj,o−1
}

, cj,o(m) = sj,o(m) + pj,o,m. (33)

3. Objective-based choice: For each eligible machine, evaluate ∆J(m), the increase in the
scalarized objective if (j, o) is inserted on machine m. The operation is then assigned
to the machine shown in Equation (34):

m∗ = arg min
m∈Mj,o

∆J(m). (34)

https://doi.org/10.3390/computers15050314

https://doi.org/10.3390/computers15050314


Computers 2026, 15, 314 17 of 33

Acceptance and Adaptation

Let σt+1 denote the schedule obtained after reinsertion. If Equation (35) holds,

J(σt+1) < J(σt), (35)

then σt+1 is accepted as the new incumbent schedule, and the removal size is reduced
according to Equation (36):

kt+1 = max(kmin, kt − 1). (36)

Otherwise, the candidate schedule is rejected, and the removal size is increased according
to Equation (37):

kt+1 = min(kmax, kt + 1). (37)

This mechanism balances intensification and diversification during the search.

Termination

The remove–reinsert–accept procedure continues until convergence is observed, de-
fined as the absence of improvement in the scalarized objective over a prescribed number
of iterations. The final schedule σ∗, therefore, represents an LNS-refined improvement over
the RL-generated initial solution with respect to the baseline-scaled combination of carbon
emissions and tardiness penalty.

3.2.3. Policy-Based Rough Optimization with Large Neighborhood Search

The complete Pro-LNS procedure is depicted in detail in Algorithm 1.

3.2.4. RL Architecture and Training Protocol

This subsection describes the reinforcement learning component of the proposed
Policy-based Rough Optimization with Large Neighborhood Search (Pro-LNS) framework.
The RL agent is implemented using Proximal Policy Optimization (PPO) and is responsi-
ble for constructing an initial feasible schedule for the Carbon-Aware Flexible Job Shop
Scheduling Problem with Tardiness Penalty (CAFJSP-T).

RL Architecture

The scheduling problem is modeled as a finite-horizon Markov decision process in
which the policy sequentially assigns operations to eligible machines while respecting
precedence and machine-capacity constraints. To accommodate heterogeneous instance
sizes, all state representations are embedded into a fixed-dimensional observation space
through neural padding. The largest training instance is used only to determine the
required maximum dimensionality, allowing all training and benchmark instances to be
processed without modifying the network architecture [88].

The policy is implemented in Stable-Baselines3 [89] using a Multi-Layer Perceptron
(MLP) architecture. Both the policy and value networks use two hidden layers of size
256 with the Rectified Linear Unit (ReLU) activation. PPO optimization is based on the
clipped surrogate objective with mean-squared-error value loss, entropy regularization,
and per-batch advantage normalization.
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Algorithm 1 Policy-based Rough Optimization Neighborhood Search (Pro-LNS).
Initialization:

Load job data J ,Oj,Mj,o and machine parameters
Initialize PPO policy πθ with padded observation space
Set adaptive LNS bounds kmin, kmax and initial k← kinit
Set stagnation threshold τ ← λ · |O|
Initialize empty schedule σ0 ← ∅

Phase 1: MDP-based Construction
Objective: Maximize the expected return J(θ) = ∑H−1

t=0 r(st, at), where

r(st, at) = −
[

w1

(
ecarbon

j∗ ,o∗ ,m∗

B1

)
+ w2

(
π ∆Dt

B2

)]

with ecarbon
j∗ ,o∗ ,m∗ =

pj∗ ,o∗ ,m∗Pproc
m∗ CIm∗

60
and ∆Dt denoting the increment in tardiness penalty at step t

while ∃(j, o) /∈ σt, enforcing: do
•Machine eligibility: m∗ ∈ Mj∗ ,o∗

• Precedence: (j∗, o∗ − 1) must be scheduled before (j∗, o∗)
• Capacity: Sj∗ ,o∗ ≥ max(mt,m∗ , Cj∗ ,o∗−1)

State Observation:
Ready opsR ← {(j, o) /∈ σt | o = 1 ∨ (j, o− 1) ∈ σt}
Extract features:
• Operation flags ft ∈ {0, 1}|O|
•Machine ready times mt ∈ RM

• Normalized ECT matrix et ∈ [0, 1]|O|×Mmax

• Critical-path metrics ct ∈ [0, 1]|O|×2

Note: All time-based features are normalized by H.
Action: Sample feasible (j∗, o∗, m∗) ∼ πθ(st) ((j, o) ∈ R, m∗ ∈ Mj∗ ,o∗ )
Schedule Update:

Sj∗ ,o∗ ← max(mt,m∗ , Cj∗ ,o∗−1)
Cj∗ ,o∗ ← Sj∗ ,o∗ + pj∗ ,o∗ ,m∗

Update σt+1 ← σt ∪ {(j∗, o∗, m∗, Sj∗ ,o∗ , Cj∗ ,o∗ )}
Update mt+1,m∗ ← Cj∗ ,o∗

Phase 1 Output: σ0 ← σt

Phase 2: Adaptive LNS Refinement
σ∗ ← σ0, J∗ ← J(σ0)
noImprovementCount← 0
while noImprovementCount < τ do

Destroy:
For each (j, o) ∈ σ∗, compute:

scorej,o = w1

(
∆Carbonj,o

B1

)
+ w2

(
∆TardinessPenaltyj,o

B2

)
Select D ← Top-k operations by scorej,o

Repair:
For each (j, o) ∈ D in precedence order:
•Wait until (j, o− 1) is scheduled
• For each m ∈ Mj,o :

Sj,o(m)← max(ready_time(m), Cj,o−1)
Cj,o(m)← Sj,o(m) + pj,o,m

• Select m∗ = arg min
m

∆J(m)

• Insert (j, o) on m∗ at Sj,o(m∗)
Evaluate:

Compute J(σ′)
If J(σ′) < J∗ then

σ∗ ← σ′, J∗ ← J(σ′)
k← max(kmin, k− 1)
noImprovementCount← 0

else
k← min(kmax, k + 1)
noImprovementCount← noImprovementCount + 1

end if
Output:

Return σ∗ together with J(σ∗)

Training Protocol

To improve robustness and generalization, PPO is trained on a pool of 20 synthetically
generated large-scale CAFJSP-T instances. These instances are deliberately more demand-
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ing than the benchmark cases, with 90–110 jobs, 54–66 machines, five operations per job,
3–62 eligible machines per operation, and processing times of 5–35 min. This design exposes
the policy to structurally difficult scheduling conditions and supports transfer to smaller or
less dense benchmark instances [90,91]. Training is conducted for 500,000 timesteps using
eight parallel vectorized environments, and the trained policy is saved once and reused for
all benchmark evaluations without further fine-tuning. Training required 5 h and 34 min
as a one-time offline cost. This cost is not incurred during benchmark evaluation, where
the saved policy is used only to construct a schedule before LNS refinement. Thus, the
reported evaluation times reflect online deployment cost rather than the PPO training time.
Convergence is assessed using the episodic reward trajectory in Figure 1, where the returns
stabilize in the later stages of training, supporting the fixed training budget as a practical
stopping criterion.

Figure 1. Training performance - mean episodic return over 500 k timesteps.

PPO Technical Details and Hyperparameter Selection

The PPO configuration used in this study is organized below by the role each hyper-
parameter group plays in policy learning and training stability.

1. Policy representation: MLP, [256, 256], ReLU. An MLP is used because the CAFJSP-T
state is represented as structured numerical inputs, including the ready-flag vector,
machine ready-time vector, normalized earliest-completion-time matrix, and critical-
path metrics. The two-layer 256-neuron architecture with ReLU provides sufficient
nonlinear capacity to capture interactions among job readiness, machine availability,
completion-time estimates, and path criticality while keeping training and infer-
ence efficient, consistent with deep actor-critic scheduling architectures that improve
makespan, tardiness, utilization, and computational performance [92–95].

2. Optimization stability: learning rate 5× 10−5, mini-batch size 64, 10 epochs, max
gradient norm 0.5. These values are selected to make PPO updates conservative and
stable, since small policy changes can strongly affect downstream sequencing and
machine availability decisions. Minibatch, multi-epoch PPO training with constrained
updates is commonly used in scheduling frameworks to improve convergence, ro-
bustness, makespan, and tardiness performance [64,69,93,96,97].

3. Exploration and update control: entropy coefficient 0.001, clipping range 0.2, advan-
tage normalization. The entropy coefficient encourages limited exploration, while
the 0.2 clipping range and advantage normalization prevent unstable policy updates.
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These mechanisms are important in scheduling because overly random or aggressive
updates can degrade dispatching quality; prior PPO scheduling frameworks link
clipped updates with stable learning and improved robustness [64,65,68,93].

4. Long-horizon credit assignment: γ = 0.99, λ = 0.95. These values are used be-
cause CAFJSP-T decisions have delayed effects on machine idle times, availability,
completion times, and final objective values. High discounting and GAE-style ad-
vantage estimation are suitable for long-horizon scheduling and delayed-reward
environments [37,56,69,98,99].

5. Actor-critic loss: clipped surrogate objective, MSE value loss, entropy regularization,
value coefficient 0.5. This standard PPO loss is used to balance policy improvement,
value-function learning, and exploration. Actor-critic PPO formulations are widely
used in scheduling literature because they stabilize learning and improve solution
quality under complex shop-floor dynamics [64,65,93,96,100].

6. Training scale: 500,000 timesteps and eight parallel environments. This training
budget is used to expose the agent to diverse production states, while parallel environ-
ments improve rollout collection efficiency. Simulation-based PPO scheduling studies
similarly rely on extended training experience to improve robustness, generalization,
and computational efficiency [64,94,95,101–103].

3.3. Benchmark Instances and Experimental Setup

The computational study is based on 15 benchmark instances from Behnke and
Geiger [104], covering small, medium, and large workcenter (WC) configurations. Be-
cause these instances do not include sustainability-related parameters, they are extended
using the environmental and due-date settings reported by Lu et al. [105]. Specifically,
machine processing power values are sampled from [10, 20] kW, carbon intensity is fixed at
0.998 kgCO2/kWh, the due-date tightness parameter is taken from θ ∈ [0.5, 1.5], and the
tardiness penalty is set to 0.1 per minute of tardiness.

Using these settings, due dates are generated as shown in Equation (38):

dj = θ · ∑
o∈Oj

max
m∈Mj,o

pj,o,m, ∀j ∈ J. (38)

This construction links each job’s due date to its processing requirements while allowing
the degree of due-date tightness to vary across problem instances.

To support the scalarized objective formulation, representative baseline values are com-
puted for objective normalization using single-objective Genetic Algorithm runs [106,107].
One representative instance is selected for each benchmark category, and the resulting
baseline values are reported in Table 5. For each experiment, the normalization constants
are applied according to the category of the benchmark instance under study, namely Sm
for small WC instances, Med for medium WC instances, and Lar for large WC instances.

Table 5. Baseline values used for objective normalization by benchmark category.

Category Representative Instance Carbon Baseline B1 (kg CO2) Tardiness Penalty Baseline B2

Sm sm04_5 1869.3974 4425.480
Med med04_5 2005.0144 2878.902
Lar lar04_5 1820.9377 2651.852

The experimental analysis consists of three components:

• Benchmark-based warm-start evaluation: The proposed Pro-LNS framework is ap-
plied to the full set of benchmark instances. For each instance, the final Pro-LNS
solution is used to warm-start the MILP formulation of the same CAFJSP-T instance
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by providing it to the solver as an initial incumbent. The MILP solver is then run
on the same instance to obtain a best bound and the corresponding optimality gap.
This procedure is used to evaluate the quality of the Pro-LNS solution relative to the
exact formulation and to quantify how close the final Pro-LNS schedule is to proven
optimality within the allotted MILP solve time.

• Weight-sensitivity analysis: A weight-sensitivity analysis is conducted to examine
how the schedule changes under different objective-function priorities. By varying
the scalarization weights assigned to carbon emissions and tardiness penalty, the
analysis is used to study how the resulting schedules respond to different relative
priorities between the two objective components. This analysis illustrates the effect of
the weighted objective structure on scheduling decisions.

• Representative-instance algorithm comparison: Pro-LNS is compared with a Prox-
imal Policy Optimization (PPO)-only ablation, an Advantage Actor-Critic (A2C)
Scheduler [108], a Soft Actor-Critic (SAC) Scheduler [109], and a Genetic Algorithm
(GA) [106,107] using one representative instance from each small, medium, and large
workcenter (WC) configuration. All methods use the same benchmark data, feasibility
rules, category-specific normalization constants, and carbon-tardiness scalarized objec-
tive. PPO-only corresponds to Phase 1 of Pro-LNS without LNS refinement. A2C and
SAC retain their original Markov decision process (MDP) and policy structures, with
their objective evaluation adapted to CAFJSP-T. The GA baseline uses the same sched-
ule encoding and objective calculation, with a population size of 150, 200 generations,
adaptive crossover probability of 0.85, problem-specific mutation probability of 0.05,
including critical-path mutation, and termination after the maximum generation limit
or 50 generations without improvement. The comparison is conducted under multiple
scalarization weights, and statistical tests are used across WC configurations and
weight settings to assess whether the observed performance differences are significant.

4. Results
This section first reports the results of the benchmark-based warm-start evaluation

under an equal-weight scalarization setting, where carbon emissions and the tardiness
penalty are assigned equal importance in the objective function (w1 = 0.5, w2 = 0.5).
The purpose of this experiment is to evaluate the quality of the final Policy-Based Rough
Optimization with Large Neighborhood Search (Pro-LNS) solutions across the benchmark
set and to assess those solutions relative to the exact mixed-integer linear programming
(MILP) formulation through warm-started optimality-gap information.

Table 6 reports the results of the benchmark-based warm-start evaluation under equal
objective weighting. Several positive findings emerge from these results:

• Pro-LNS delivers strong due-date performance on a substantial portion of the bench-
mark set. Zero tardiness is achieved on sm01_1, sm01_3, med01_2, and lar01_1,
and tardiness remains very small on med02_1, med02_5, and lar02_3. Thus, in 7 of
the 15 reported instances, Pro-LNS produces schedules with either zero tardiness or
only negligible delay while still controlling carbon emissions under the same equal-
weight objective.

• The optimality-gap results indicate that the final Pro-LNS solutions are highly com-
petitive with respect to the exact MILP formulation. Across the benchmark instances
reported in Table 6, the median optimality gap of 6.12%, and the maximum gap is
13.67%. Moreover, 11 of the 15 instances remain within a 10% optimality gap, and all
reported instances remain within 14%. Given that these gaps are computed on the
same constrained Carbon-Aware Flexible Job Shop Scheduling Problem with Tardi-
ness Penalty (CAFJSP-T) formulation after warm-starting the MILP solver with the
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final Pro-LNS solution, these values provide strong evidence that Pro-LNS produces
high-quality incumbent solutions.

• The method remains computationally efficient across all benchmark categories. The
average CPU time is 4.08 s, and the maximum reported CPU time is 10.51 s. This
means that Pro-LNS is able to return competitive schedules with bounded optimality
gaps in only a few seconds, which is especially valuable for complex flexible job shop
environments where exact methods alone can become computationally burdensome.

• Pro-LNS preserves balanced performance under equal objective weighting. Even
in instances where tardiness becomes more pronounced, the method continues to
return feasible schedules with controlled carbon emissions, reasonable makespans,
and moderate optimality gaps. This indicates that Pro-LNS does not sacrifice one
objective uncontrollably in order to improve the other but instead maintains a balanced
trade-off structure under the equal-weight formulation.

• From a managerial perspective, the results suggest that Pro-LNS is well suited for
practical production planning in settings where sustainability and delivery reliability
must be addressed together. The combination of a low runtime, controlled emissions,
and relatively tight optimality gaps means that decision-makers can obtain strong
schedules quickly while still retaining confidence that the solutions are relatively close
to the benchmarks provided by the exact optimization frameworks. This makes the
method especially applicable to low-carbon production planning, due-date-driven job
shops, make-to-order manufacturing environments, and machine-flexible facilities
where alternative machines differ in processing time, energy use, or carbon intensity. It
is also useful in shops that require repeated rescheduling under limited planning time,
such as when customer priorities change, bottlenecks emerge, or updated production
plans must be generated during daily operations.

Table 6. Benchmark-based warm-start evaluation results.

Instance Carbon (kg CO2) Tardiness Penalty Energy (kWh) Makespan (Minutes) CPU (s) Optimality Gap (%)

sm01_1 140.70 0.00 140.98 157.00 0.81 2.87
sm01_3 142.32 0.00 142.61 159.00 0.80 2.92
sm02_2 297.30 17.26 297.90 217.00 1.41 4.23
sm03_1 739.73 478.14 741.21 428.00 3.62 7.56
sm04_5 1499.46 3093.06 1502.46 864.00 8.55 11.34

med01_2 145.73 0.00 146.03 148.00 0.52 2.18
med02_1 297.84 2.07 298.44 160.00 1.59 4.67
med02_5 302.71 5.10 303.32 173.00 1.67 5.89
med03_3 773.86 246.11 775.41 286.00 4.43 8.92
med04_5 1580.71 1685.21 1583.88 589.00 10.51 12.78

lar01_1 142.18 0.00 142.47 122.00 1.00 2.43
lar02_3 272.26 0.07 272.81 177.00 1.33 6.12
lar03_2 691.81 98.43 693.19 283.00 5.57 9.45
lar04_1 1387.07 1170.23 1389.85 506.00 9.39 13.21
lar04_5 1438.07 1180.54 1440.95 503.00 9.95 13.67

The benchmark-based warm-start evaluation establishes that Pro-LNS performs effec-
tively under an equal-weight objective setting. Since this case represents only one particular
preference structure within the CAFJSP-T formulation, it is also important to examine how
the method responds when the relative importance of carbon emissions and tardiness
penalty is varied. To this end, a weight-sensitivity analysis was conducted on instance
sm02_3, and the corresponding results are reported in Table 7.
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Table 7. Weight-sensitivity analysis results, for instance, sm02_3 under varying scalarization weights.

Weight Carbon Emissions
(kg CO2)

Tardiness
Penalty

Energy Consumption
(kWh)

Makespan
(Minutes)

CPU
(s)

Optimality Gap
(%)

w1 = 1.0, w2 = 0.0 278.3329 44.82 278.8907 262 1.07 4.87
w1 = 0.8, w2 = 0.2 281.3272 33.76 281.8910 233 1.07 4.52
w1 = 0.7, w2 = 0.3 280.4681 45.38 281.0302 256 1.10 4.91
w1 = 0.5, w2 = 0.5 287.2771 9.04 287.8528 196 1.77 4.23
w1 = 0.3, w2 = 0.7 289.3713 10.24 289.9512 208 1.17 4.35
w1 = 0.2, w2 = 0.8 280.1544 13.04 280.7158 206 1.03 4.41
w1 = 0.0, w2 = 1.0 286.8900 7.88 287.4600 183 1.04 4.19

Table 7 shows that the main effect of changing the scalarization weights is ex-
pressed through the tardiness penalty, which varies much more sharply than carbon
emissions across the tested settings. Carbon emissions remain within a relatively nar-
row range, from 278.3329 to 289.3713 kg CO2, whereas the tardiness penalty ranges
from 7.88 to 45.38, indicating that scheduling performance is more sensitive to weight
changes on the due-date side than on the environmental side. This makes the analy-
sis especially useful for identifying policy settings that preserve good performance on
the secondary objective while prioritizing the primary one. On the carbon-priority side,
w1 = 0.8, w2 = 0.2 (Figure 2) is preferable to w1 = 0.7, w2 = 0.3, since carbon emissions
remain very close (281.3272 vs. 280.4681 kg CO2) while tardiness penalty improves substan-
tially (33.76 vs. 45.38), with corresponding improvements in makespan (233 vs. 256 min)
and the optimality gap (4.52% vs. 4.91%). On the tardiness-priority side, w1 = 0.2, w2 = 0.8
(Figure 3) is a stronger compromise than w1 = 0.3, w2 = 0.7 because it lowers car-
bon emissions substantially (280.1544 vs. 289.3713 kg CO2) while increasing the tardiness
penalty only moderately (13.04 vs. 10.24), with makespan remaining nearly unchanged
(206 vs. 208 min). If due-date performance is the dominant priority, w1 = 0.0, w2 = 1.0
(Figure 4) provides the best service-oriented outcome, yielding the lowest tardiness penalty
and shortest makespan. Overall, the results suggest that suitable managerial configura-
tions are those that prioritize one objective while still retaining strong performance on
the other, with w1 = 0.8, w2 = 0.2 emerging as an effective carbon-leaning policy and
w1 = 0.2, w2 = 0.8 as an effective tardiness-leaning compromise.

The benchmark-based warm-start evaluation shows that Pro-LNS produces feasible,
high-quality solutions under the equal-weight objective setting. The weight-sensitivity
analysis then studies how the method responds when the relative priority between carbon
emissions and tardiness penalty is varied. Together, these two analyses evaluate Pro-LNS
in terms of exact-model proximity and preference sensitivity. However, they do not directly
show whether the proposed framework outperforms alternative scheduling approaches
under comparable representative conditions. To address this, a representative-instance
algorithm comparison is conducted using one representative instance from each workcenter
(WC) configuration: sm04_5, med04_5, and lar04_5. Pro-LNS is compared with a Proximal
Policy Optimization (PPO)-only ablation of the proposed framework, an Advantage Actor-
Critic (A2C) Scheduler [108], a Soft Actor-Critic (SAC) Scheduler [109], and a Genetic
Algorithm (GA) [106,107]. For each representative instance, three scalarization settings are
tested: (w1, w2) = (0.8, 0.2), (0.5, 0.5), and (0.2, 0.8), representing carbon-leaning, equal-
weight, and tardiness-leaning preferences. The component-level comparison results are
reported in Table 8, and the corresponding weighted scalarized objective values are shown
in Figure 5.
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Figure 2. Schedule Gantt chart, for instance, sm02_3 under carbon-priority weighting (w1 = 0.8,
w2 = 0.2), showing the machine assignments and operation sequencing obtained when carbon
emissions are emphasized over tardiness penalty. Note. Each horizontal row represents one machine,
and each colored block represents a scheduled operation assigned to that machine. The block labels
follow the format Ji-k, where Ji denotes the job number, and k denotes the operation number of that
job. For example, J10-05 represents the fifth operation of Job 10. The horizontal position of each block
indicates the operation start time, while the block length represents its processing duration. The
colors are used to visually distinguish different jobs and improve readability. Reading each machine
row from left to right shows the processing sequence on that machine.

Figure 3. Schedule Gantt chart, for instance, sm02_3 under tardiness-priority weighting (w1 = 0.2,
w2 = 0.8), illustrating the machine assignments and operation sequencing obtained when tardiness
penalty is emphasized over carbon emissions. Note. Each horizontal row represents one machine,
and each colored block represents a scheduled operation assigned to that machine. The block labels
follow the format Ji-k, where Ji denotes the job number, and k denotes the operation number of that
job. For example, J10-05 represents the fifth operation of Job 10. The horizontal position of each block
indicates the operation start time, while the block length represents its processing duration. The
colors are used to visually distinguish different jobs and improve readability. Reading each machine
row from left to right shows the processing sequence on that machine.
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Figure 4. Detailed schedule visualization for instance sm02_3 under tardiness only priority weighting
(w1 = 0.0, w2 = 1.0), highlighting how the production sequence shifts when delivery performance
is the only priority. Note. Each horizontal row represents one machine, and each colored block
represents a scheduled operation assigned to that machine. The block labels follow the format Ji-k,
where Ji denotes the job number and k denotes the operation number of that job. For example, J10-05
represents the fifth operation of Job 10. The horizontal position of each block indicates the operation
start time, while the block length represents its processing duration. The colors are used to visually
distinguish different jobs and improve readability. Reading each machine row from left to right
shows the processing sequence on that machine.

Figure 5. Weighted & Scalarized objective values across representative instance-weight blocks. Lower
values indicate better performance.

Table 8 and Figure 5 summarize the representative-instance comparison from two
complementary views: the table reports the carbon emissions, tardiness, and runtime val-
ues, while the figure condenses carbon emissions and tardiness penalty into the weighted
objective used for evaluation. Across both views, Pro-LNS remains the strongest method,
producing the lowest carbon emissions and tardiness penalty in all nine instance-weight
combinations and maintaining the lowest weighted objective curve across the represen-
tative blocks. The Proximal Policy Optimization (PPO)-only ablation is generally the
closest competing method, which suggests that the enhanced policy state representation,
including the normalized earliest-completion-time matrix and critical-path metrics, pro-
vides useful scheduling information for constructing strong initial solutions. However,
the consistent gap between PPO-only and Pro-LNS shows that the LNS refinement stage
contributes additional value beyond the learned policy alone by refining the incumbent
schedule through targeted local improvements. This benefit is closely tied to the quality
and structure of the initial schedule produced by the policy; therefore, the same refinement
stage may not be expected to provide the same level of improvement if paired with less
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structurally informative solutions, such as those produced by the Advantage Actor-Critic
(A2C) and Soft Actor-Critic (SAC) schedulers in this comparison. In contrast, the Genetic
Algorithm (GA) does not benefit from a learned policy or state representation and instead
relies on population-based search, which leads to higher computational times and weaker
solution quality in these experiments. Overall, Pro-LNS outperforms the evaluated alter-
natives by combining a structurally informative PPO-based initial schedule with targeted
LNS refinement.

Table 8. Representative-instance comparison results.

Instance Weights Metric Pro-LNS PPO-Only A2C SAC GA

sm04_5

(0.8, 0.2)
Carbon (kg CO2) 1475.28 1494.61 1510.82 1521.37 1507.19
Tardiness Penalty 3214.78 3507.33 3702.64 3789.41 3855.72
CPU (s) 8.59 4.81 0.61 0.15 21.07

(0.5, 0.5)
Carbon (kg CO2) 1499.46 1519.71 1533.18 1545.62 1531.44
Tardiness Penalty 3093.06 3412.89 3528.15 3627.83 3705.19
CPU (s) 8.55 4.83 0.78 0.17 26.07

(0.2, 0.8)
Carbon (kg CO2) 1508.73 1528.94 1541.57 1554.91 1539.82
Tardiness Penalty 3002.51 3287.74 3414.88 3499.43 3591.02
CPU (s) 8.54 4.87 0.91 0.20 27.87

med04_5

(0.8, 0.2)
Carbon (kg CO2) 1556.47 1577.16 1595.43 1608.72 1591.86
Tardiness Penalty 1812.45 1993.69 2084.32 2139.57 2216.38
CPU (s) 10.56 5.84 0.62 0.14 25.19

(0.5, 0.5)
Carbon (kg CO2) 1580.71 1605.38 1620.65 1636.11 1617.93
Tardiness Penalty 1685.21 1873.58 1954.84 2012.66 2084.19
CPU (s) 10.54 5.88 0.89 0.17 28.14

(0.2, 0.8)
Carbon (kg CO2) 1591.55 1613.17 1630.82 1647.30 1626.74
Tardiness Penalty 1634.77 1802.46 1893.12 1942.58 2011.83
CPU (s) 10.55 5.93 0.93 0.18 29.59

lar04_5

(0.8, 0.2)
Carbon (kg CO2) 1412.54 1432.46 1451.93 1466.38 1447.85
Tardiness Penalty 1298.63 1432.58 1496.82 1540.29 1591.46
CPU (s) 9.95 5.30 0.64 0.19 23.03

(0.5, 0.5)
Carbon (kg CO2) 1438.07 1461.41 1477.63 1494.50 1473.95
Tardiness Penalty 1180.54 1317.46 1371.63 1413.08 1462.71
CPU (s) 9.98 5.41 0.66 0.16 29.93

(0.2, 0.8)
Carbon (kg CO2) 1449.85 1469.80 1488.15 1505.74 1482.60
Tardiness Penalty 1138.46 1259.81 1319.35 1354.92 1401.28
CPU (s) 9.91 5.62 0.88 0.16 29.03

The consistency of the algorithmic performance differences is further examined
through a statistical analysis. Each representative instance-(scalar) weight setting is treated
as a paired experimental block, yielding nine paired observations in total. Since all five
algorithms are evaluated on the same blocks, a Friedman rank test is first used to determine
whether significant differences exist among the algorithms. Post hoc Wilcoxon signed-rank
tests with Holm correction are then conducted to compare Pro-LNS directly against each
competing method while accounting for multiple comparisons.

Table 9 shows statistically significant algorithm effects for all three solution-quality
measures. For the weighted scalarized objective, the Friedman test gives χ2(4) = 34.40,
p = 6.17× 10−7, and Kendall’s W = 0.956, indicating a strong and consistent difference
among the algorithms. The average ranks further support the observed performance
pattern, with Pro-LNS achieving the best rank for the weighted scalarized objective, carbon
emissions, and tardiness penalty. PPO-only ranks second for all three measures, while
A2C, SAC, and GA generally occupy weaker positions depending on the metric. Since the
Friedman test indicates significant overall differences, pairwise post hoc comparisons are
then conducted between Pro-LNS and each competing method.

Table 10 confirms that Pro-LNS significantly outperforms each competing method for
the weighted scalarized objective after Holm correction. The adjusted p-value is 0.0156
in all four comparisons, which is below the 0.05 significance level. The improvement
percentages are computed from the mean values across the nine paired settings and show
that Pro-LNS improves the weighted scalarized objective by 4.90% over PPO-only, 7.25%
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over A2C, 8.81% over SAC, and 9.51% over GA. The largest gains occur in tardiness
reduction, while carbon reductions are smaller but consistent. These results provide
statistical support for the conclusion that Pro-LNS delivers the strongest solution quality
among the evaluated methods.

Table 9. Friedman test results and average ranks across representative instance-weight settings.

Metric χ2 df p-Value Kendall’s W Pro-LNS PPO-Only A2C SAC GA

Weighted scalarized objective 34.40 4 6.17× 10−7 0.956 1.00 2.00 3.00 4.33 4.67
Carbon emissions 36.00 4 2.89× 10−7 1.000 1.00 2.00 3.67 5.00 3.33
Tardiness penalty 36.00 4 2.89× 10−7 1.000 1.00 2.00 3.00 4.00 5.00

Table 10. Holm-corrected Wilcoxon post hoc comparisons against Pro-LNS.

Comparison Wilcoxon Statistic Raw p Holm-
Adjusted p

Objective
Improvement

(%)

Carbon
Reduction (%)

Tardiness
Reduction (%)

Pro-LNS vs. PPO-only 0.00 0.0039 0.0156 4.90 1.39 9.19
Pro-LNS vs. A2C 0.00 0.0039 0.0156 7.25 2.44 13.03
Pro-LNS vs. SAC 0.00 0.0039 0.0156 8.81 3.35 15.29
Pro-LNS vs. GA 0.00 0.0039 0.0156 9.51 2.22 17.61

Computational Environment

All experiments are implemented in Python 3.14.5 and executed on a high-performance
computing (HPC) platform to support the training, evaluation, and testing of the scheduling
models in high-dimensional state and action spaces. The platform is based on the x86_64
architecture and uses Intel(R) Xeon(R) Gold 6240 processors with a base frequency of
2.60 GHz and a maximum frequency of 3.90 GHz. The system provides 72 logical CPU
cores across two sockets, with 18 physical cores per socket and two threads per core. The
cache hierarchy includes 1.1 MiB of L1d cache and 1.1 MiB of L1i cache across 36 instances
each, 36 MiB of L2 cache across 36 instances, and 49.5 MiB of L3 cache across two instances.
The platform is also configured with two NUMA nodes, which support efficient memory
access during parallel computation.

5. Conclusions
This paper has introduced the Carbon-Aware Flexible Job Shop Scheduling Problem

with Tardiness Penalty (CAFJSP-T), a flexible job shop scheduling formulation in which car-
bon emissions and the tardiness penalty are treated as the two primary decision objectives.
To solve this problem, a Policy-Based Rough Optimization with Large Neighborhood Search
(Pro-LNS) framework is proposed. The framework combines Proximal Policy Optimization
(PPO)-based schedule construction with adaptive Large Neighborhood Search (LNS) re-
finement, so that a feasible policy-generated schedule is first obtained and then improved
through objective-guided destroy-and-repair operations. In this way, Pro-LNS addresses
the carbon emission and tardiness trade-off within a unified scheduling framework rather
than treating environmental performance and delivery reliability as separate concerns.

The computational results show that Pro-LNS provides strong and consistent perfor-
mance for CAFJSP-T. When carbon emissions and tardiness penalty are assigned equal
priority in the bi-objective formulation, the method achieves a median optimality gap of
6.12% relative to the exact Mixed-Integer Linear Programming (MILP) formulation, with
all reported benchmark instances remaining within 14% and 11 of 15 instances remaining
within 10%. It also maintains low computational effort, with an average CPU time of 4.08 s
and a maximum CPU time of 10.51 s. These results indicate that Pro-LNS can generate
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high-quality schedules quickly while preserving feasibility under precedence, eligibility,
and machine-capacity constraints. The weight-sensitivity analysis further shows that the
scalarization weights provide a useful managerial control mechanism. Carbon emissions
remain within a relatively narrow range across the tested weight settings, while tardiness
changes more sharply, showing that due-date performance is especially sensitive to the
selected policy preference. Thus, the weights can be used to shift the scheduling policy
toward carbon reduction, delivery reliability, or a balanced compromise depending on the
production context.

The comparative and ablation results clarify the specific advantages of Pro-LNS over
analogous methods discussed in the literature review. Compared with exact optimization
methods such as MILP and Constraint Programming (CP), Pro-LNS does not provide a
proof of optimality by itself, but it offers much faster schedule generation and produces
strong solutions with moderate optimality gaps. Compared with the Genetic Algorithm
(GA) and other population-based metaheuristics, Pro-LNS benefits from a learned pol-
icy that constructs structurally informed initial schedules rather than relying only on
population-level exploration. In the representative-instance comparison, Pro-LNS outper-
forms GA in the weighted scalarized objective while also requiring less computational
time. Compared with Advantage Actor-Critic (A2C) and Soft Actor-Critic (SAC) sched-
ulers, Pro-LNS produces better carbon and tardiness outcomes, although A2C and SAC are
faster in raw CPU time. Compared with the PPO-only ablation, Pro-LNS achieves better
final solution quality, confirming that the LNS phase contributes additional improvement
beyond policy construction alone. Across the nine representative instance-weight com-
binations, Pro-LNS produces the lowest carbon emissions and tardiness penalty, and the
Holm-corrected Wilcoxon signed-rank tests show statistically significant improvements
over PPO-only, A2C, SAC, and GA. The average weighted-objective improvements are
4.90% over PPO-only, 7.25% over A2C, 8.81% over SAC, and 9.51% over GA.

These findings also reveal important trade-offs and limitations. Pro-LNS is not al-
ways the fastest method in terms of pure runtime, since the LNS refinement phase adds
computational effort compared with standalone Reinforcement Learning (RL) schedulers
such as A2C, SAC, and PPO-only. Its performance also depends on the quality of the
PPO-generated initial schedule and on the design of the LNS removal, repair, and ac-
ceptance rules. In addition, the scalarized objective requires decision-makers to specify
carbon emissions and tardiness priorities in advance, which may be less suitable when a
full Pareto front is desired. Exact optimization remains preferable when formal optimality
certification is required, while population-based multi-objective algorithms may remain at-
tractive when broad Pareto diversity is the primary goal. Therefore, the main advantage of
Pro-LNS is not that it replaces all existing solution families but that it provides an effective
hybrid compromise between learned construction, targeted refinement, solution quality,
and computational practicality.

The present study is also limited by its modeling assumptions. The CAFJSP-T formu-
lation assumes a deterministic and steady-state production environment with continuously
available machines, non-preemptive processing, fixed due dates, deterministic tardiness
penalties, and processing-time-based carbon estimation. It does not include machine fail-
ures, dynamic job arrivals, uncertain processing times, sequence-dependent setup times,
worker-related constraints, transient machine states, or time-varying carbon intensity.
Future research should extend the framework to more realistic and dynamic shop-floor
settings by incorporating uncertainty, disruption handling, renewable-energy availability,
time-dependent carbon factors, machine state transitions, setup effects, transportation re-
sources, and integrated human or workforce constraints. Future work should also examine
Pareto-based versions of Pro-LNS, adaptive weight-selection strategies, and broader com-
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parisons against additional multi-objective evolutionary and hybrid scheduling methods.
Such extensions would improve both the realism of CAFJSP-T and the practical applicability
of Pro-LNS as a decision-support tool for sustainable manufacturing scheduling.
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