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Abstract

Reconfigurable miniature modular robotic swarms realize flexible payload transportation
by the serial assembly of micro vehicle modules. Strong dynamic coupling and unsyn-
chronized motion among interconnected modules bring prominent challenges to the stable
cooperative operation of micro-robotic transport systems. To tackle modeling and coordi-
nation control challenges of scalable micro modular robots with variable chassis structures,
this paper develops a hierarchical nested constraint-following modeling and cooperative
control framework based on UK analytical dynamics, with distinct mathematical and com-
putational advances over conventional monolithic modeling approaches. Each miniature
module is equipped with an integrated steering micro chassis and embedded controllers for
real-time motion computation. First, an underactuated nonlinear dynamic model for each
individual unit is built without redundant auxiliary variables. Based on this unit model,
the proposed framework supports swarm system modeling for transportation swarms
composed of an arbitrary number of modules. Second, inter-module geometric constraints
are transformed into second-order acceleration equations. Moore–Penrose pseudoinverse
analytically solves constraint forces, enabling recursive nested full-system modeling for n
connected modules. From a computational perspective, the recursive nested architecture
eliminates the need to reconstruct global mass and constraint matrices from scratch when
the swarm configuration changes, which significantly reduces modeling complexity and
enables scalable dynamic computation. Third, global trajectory tracking missions are re-
cursively decomposed into independent constraint-following subtasks for each module,
with a damping correction term embedded to eliminate initial tracking errors. Numerical
simulations with four serially connected miniature modular robot units demonstrate that
trajectory tracking errors converge to near zero within 0.5s. Compared with the LQR base-
line controller, the proposed approach achieves a lower peak deviation and a substantially
reduced cumulative tracking error. When subject to external torque disturbance, the system
maintains satisfactory heading synchronization and rapidly recovers steady-state control
outputs, verifying favorable disturbance-rejection performance. This work offers a unified
modeling and coordination-control solution for reconfigurable micro robotic transport
platforms, supporting micro-robotics haulage research.

Keywords: micro modular vehicle; multi-micro-robot cooperative control; miniature
embedded controller; constraint-following dynamics

Micromachines 2026, 17, 1263 https://doi.org/10.3390/mi17111263

https://crossmark.crossref.org/dialog?doi=10.3390/mi17111263&domain=pdf&date_stamp=2026-10-30
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/micromachines
https://www.mdpi.com
https://orcid.org/0009-0008-5408-8147
https://orcid.org/0000-0002-5807-0154
https://orcid.org/0000-0001-8774-2936
https://doi.org/10.3390/mi17111263


Micromachines 2026, 17, 1263 2 of 27

1. Introduction
Reconfigurable miniature modular robotic vehicle swarms [1] have emerged as a novel

flexible transportation platform in micro-robotics haulage engineering. Different from tradi-
tional integrated heavy-duty vehicles with fixed chassis configurations, such micro robotic
systems realize variable-scale payload transportation and adaptive mobility through the serial
assembly of standardized micro vehicle modules. This modular reconfigurable architecture
possesses prominent advantages including flexible structure assembly, scalable load capacity,
and adaptive environmental adaptability, which enables unique application prospects in
narrow-space cargo transportation, micro-area material handling, and special-scene mobile
operation missions. Nevertheless, the serial connection and collaborative motion of multiple
miniature modules introduce complex dynamic coupling effects and asynchronous motion
characteristics between interconnected units. These inherent characteristics easily induce vehi-
cle body jitter and poor motion synchronization during transportation, bringing challenges to
the stable operation of micro robotic transport systems and severely restricting the practical
engineering application of modular micro-robot swarms.

Vehicle dynamic modeling and cooperative motion control constitute the core theo-
retical foundation for ensuring stable tracking and safe operation of mobile robotic and
vehicle systems. For traditional integrated vehicles and fixed-structure haulage equipment,
relevant modeling and control theories have formed a relatively complete technical system,
which mainly rely on multi-body dynamics and physical-mechanism-based modeling for
vehicles with fixed chassis layouts and centralized drive configurations [2–7]. Scholars
have carried out extensive studies covering heavy-vehicle stability, multi-wheel vehicle
dynamics, multi-axle and articulated vehicle modeling, as well as reconfigurable modeling
concepts for articulated vehicles.

Nevertheless, these existing theories show evident limitations when applied to recon-
figurable micro-modular robotic vehicle swarms. First, most conventional vehicle dynamic
models are built for fixed chassis structures and fixed degrees of freedom, which cannot
adapt to micro-modular swarms with arbitrary module numbers and variable connection
modes. Second, many existing approaches simplify multi-actuator coupling and ignore
strong dynamic coupling as well as motion-synchronization discrepancies between serially
connected micro-modules, resulting in unsatisfactory modeling accuracy for reconfigurable
swarm systems. Third, the majority of cooperative control strategies for multi-body vehi-
cles adopt centralized frameworks, lacking hierarchical decoupling and recursive solving
capacity required by variable-scale modular clusters. Moreover, the complex nonlinear
characteristics of micro-modules, such as tire-slip effects and load transfer, are rarely fully
considered, further restricting tracking accuracy for micro-robotic transportation platforms.

Aiming at the above modeling and cooperative control bottlenecks of scalable re-
configurable micro modular robotic vehicles with variable chassis structures, this paper
proposes a hierarchical nested constraint-following modeling and cooperative control
framework based on the Udwadia–Kalaba (UK) [8–12] analytical dynamics theory. Differ-
ent from traditional numerical modeling and centralized control methods, the proposed
framework abandons redundant auxiliary variables and realizes unified dynamic modeling
and scalable cooperative control for arbitrarily assembled micro module swarms. Each
miniature robot module is equipped with an integrated steering micro chassis and embed-
ded controller to support high-precision real-time motion computation. Specifically, an
underactuated nonlinear dynamic model for each individual unit is first established to
accurately describe the intrinsic motion law of single micro modules. Leveraging the nested
constraint-following mechanism, the overall swarm system model can be constructed
for transportation systems with arbitrary module quantities. On this basis, inter-module
geometric assembly constraints are converted into second-order acceleration constraint
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equations, and the Moore–Penrose pseudoinverse algorithm is adopted to analytically solve
system constraint forces, realizing recursive nested full-system dynamic modeling for arbi-
trarily connected n-module swarms. Furthermore, global trajectory tracking missions are
recursively decomposed into independent constraint-following subtasks for each module,
and a damping correction term is embedded in the control law to eliminate initial tracking
errors and realize high-precision synchronous cooperative motion of the swarm system.

It is worthwhile to clarify the novelty and incremental advances of the present work
relative to existing UK-based studies and our group’s prior publications. Previous UK-driven
multi-body dynamics mainly focus on fixed-topology mechanical systems or single-vehicle
systems, where system-level mass and constraint matrices need to be fully reconstructed when-
ever the system configuration changes, leading to sharply growing computational burden
with expanding system scale. Our earlier work investigated nested closed-form dynamics for
modular electric vehicles, yet it did not address the underactuated characteristics of miniature
modular robotic units, nor the recursive decomposition of global trajectory-tracking tasks for
serially connected swarm clusters. Distinct from those prior efforts, this paper proposes a
hierarchical nested recursive modeling strategy tailored specifically for serially assembled
underactuated micro-modular robot swarms, with core mathematical and computational
contributions as follows. The overall system dynamics are hierarchically decomposed into
individual-unit underactuated dynamics and pairwise inter-module geometric constraints.
New modules can be incorporated by only appending local constraint relations rather than
rebuilding full-system matrices from scratch, which enables recursive dynamic modeling for
arbitrarily connected modular units and suppresses the growth of computational complex-
ity. Moreover, global swarm trajectory-tracking objectives are recursively decomposed into
distributed constraint-following subtasks for each robot module, with a damping correction
term embedded to suppress initial synchronization errors. These features collectively advance
the state-of-the-art for reconfigurable micromodular swarm transportation by extending UK
constraint-following theory to variable-scale underactuated serial robotic assemblies, and
provide a computationally scalable solution for reconfigurable micro transport platforms.

Comparative simulation experiments of four serially connected micro modular robots
verify the effectiveness and superiority of the proposed method. Compared with the
LQR(Linear Quadratic Regulator) baseline controller, the developed framework achieves
lower peak and cumulative tracking error. The results show that the system trajectory
tracking error converges to zero within 0.5s, and the module control forces and moments
can quickly reach stable steady states. Moreover, the system maintains stable cooperative
motion and fast recovery for control outputs under external torque disturbance, demonstrat-
ing favorable disturbance-rejection capability. This work constructs a unified modeling and
coordination control solution for reconfigurable micro robotic transport platforms, which
effectively solves the dynamic coupling and asynchronous motion problems of modular
swarm systems and provides novel theoretical and technical support for the research and
engineering application of micro-robotics haulage systems.

2. Fundamental Udwadia-Kalaba Constraint-Following Dynamics
Framework

UK analytical dynamics theory has delivered a landmark generalized motion solution
for multi-body mechanical systems subjected to holonomic and nonholonomic constraints
over the past three decades, offering a concise analytical tool to explicitly resolve constraint
forces without extra Lagrange multipliers or redundant state variables. This theoreti-
cal foundation lays the core mathematical support for the nested dynamic modeling of
arbitrarily assembled reconfigurable micro modular robotic vehicle swarms in this work.
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Assume the target multi-body system consists of rigid bodies and discrete particles,
with n-dimensional generalized coordinates q ∈ Rn, generalized velocity vector q̇ ∈
Rn, and generalized acceleration vector q̈ ∈ Rn. The governing motion equation of the
unconstrained baseline system is formulated as:

M(q(t), t)q̈(t) = Q(q(t), q̇(t), t), (1)

where t ∈ R is the independent variable time. In addition, M ∈ Rn×n is the inertia
matrix, Q ∈ Rn is the impressed (or applied) force plus all Coriolis/centrifugal and
gravitational terms. Both matrix-valued functions M(·) and vector-valued functions Q(·)
satisfy continuous smoothness assumptions.

A set of consistent constraint relations is imposed on the unconstrained baseline
system. Assume m(m ≤ n) independent constraint equations of the following form are
applied to the system:

σi(q, q̇, t) = 0, i = 1, 2, · · · , m, (2)

where mapping σ(·) : Rn × Rn × R → R, σi(·) exhibits sufficient smoothness to support
required time differentiation operations.

The constraint set covers standard holonomic and nonholonomic constraint types. All
constraint relations are assumed to possess adequate differentiability with respect to time t,
which permits transformation into second-order acceleration-domain formulations:

A(q, q̇, t)q̈ = b(q, q̇, t), (3)

where A ∈ Rm×n denotes the constraint matrix, and b ∈ Rm×1 represents an m-dimensional
vector.

Due to the presence of constraints, additional ‘generalized forces of constraints’ should
be imposed on the system. Thus, the explicit equation of motion for the constrained system
can be expressed as:

M(q(t), t)q̈(t) = Q(q(t), q̇(t), t) + Qe(q(t), q̇(t), t), (4)

where Qe ∈ Rn denotes supplementary generalized forces generated by holonomic and
nonholonomic constraint restrictions. The core mathematical objective lies in the analytic
resolution of the constraint force vector Qe. Based on Gauss’s principle of least constraint,
Udwadia and Kalaba derived an explicit closed-form expression for constraint force vectors
as follows:

Qe = M
1
2

(︂
AM− 1

2

)︂+(︂
b − AM−1Q

)︂
, (5)

where the superscript ‘+’ designates the Moore-Penrose generalized matrix inverse operation.
The Moore–Penrose generalized inverse of the constraint matrix A occupies a pivotal

role in characterizing constrained system motion behaviors. Explicit motion equations
governing constrained dynamic systems can be derived without prior knowledge of matrix
A’ s rank, which facilitates deeper physical interpretation of constrained motion mechanics.
The Moore–Penrose generalized inverse A+ uniquely satisfies the following four conditions:

AA+A = A (6)

A+AA+ = A (7)

AA+ =
(︁

AA+
)︁T (8)

https://doi.org/10.3390/mi17111263

https://doi.org/10.3390/mi17111263


Micromachines 2026, 17, 1263 5 of 27

A+A =
(︁

A+A
)︁T . (9)

Combining the above constraint force derivation, the explicit closed-form motion
equation governing full-state evolution of constrained multi-body systems reads:

Mq̈ = Q + M
1
2

(︂
AM− 1

2

)︂+
(b − Aa), (10)

q̈ = a + M− 1
2

(︂
AM− 1

2

)︂+
(b − Aa), (11)

where a = M−1Q.
Equation (10) is recognized as the fundamental motion equation for constrained

mechanical systems. The formulation exhibits concise mathematical structure and delivers
an efficient analytic tool for processing arbitrary holonomic and nonholonomic constraint
relations, which constitutes the core theoretical foundation for subsequent nested constraint
modeling of interconnected micro modular vehicle swarms.

3. Theory of Constraints Analysis
Multi-level constraints are required for the modeling and control of reconfigurable

miniature modular robots. When multiple constraints are sequentially applied to the dy-
namic system under the cascading constraint mechanism, the constraint forces introduced
by newly added constraints disturb the original system motion and often render previ-
ous constraints unsatisfied. Conventional dynamic consistency conditions merely enable
passive verification of constraint preservation, lacking the capability to actively design
control inputs for concurrent satisfaction of all multi-level constraints. To resolve such con-
flicts caused by cascaded multi-constraint superposition, the constraint-following control
paradigm offers a standardized solution. This paradigm regards the mechanical system as
an unconstrained baseline model, embeds all control targets into dynamic formulations
as additional constraint equations, and computes the required control input analytically
through the closed-form UK equation. By uniformly converting all control objectives into
acceleration constraints, the framework is natively applicable to complex motion control
tasks with simultaneous multiple constraints and sequentially cascaded constraint stacking.

Consider two unconstrained systems, as follows:

Si : Mi(qi(t), t)q̈i(t) = Q0i(qi(t), q̇i(t), t)(i = 1, 2.) (12)

where t ∈ R is the independent variable time, qi ∈ Rni is the position vector, q̇ ∈ Rn is
the velocity vector, and q̈i ∈ Rni is the acceleration vector. In addition, Mi ∈ Rni×ni is the
inertia matrix, Q0i ∈ Rni is the impressed (or applied) force plus all Coriolis/centrifugal
and gravitational terms.

The combined mechanical system is

S : Mq̈ = Q0 (13)

where q = [q1, q2]
T , q ∈ Rn, n = n1 + n2, M = diag(M1, M2), M ∈ Rn×n, Q0 =

[Q01, Q02]
T , Q0 ∈ Rn. We consider the following three constraints C1, C2, C for S1, S2,

and S, respectively:
(i) C1 : Ā1q̈1 = b̄1. Here Ā1 ∈ Rm1×n1 , b̄1 ∈ Rm1 .
(ii) C2 : Ā2q̈2 = b̄2. Here Ā2 ∈ Rm2×n2 , b̄2 ∈ Rm2 .
(iii) C : Āq̈ = b̄. Here Ā ∈ Rl×n, b̄ ∈ Rl . The matrix Ā can be partitioned as
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Ā =

[︄
Ā11 Ā12

Ā21 Ā22

]︄
. (14)

Here, Ā11 ∈ Rl1×n1 , Ā12 ∈ Rl1×n2 , Ā21 ∈ Rl2×n1 , Ā22 ∈ Rl2×n2 , l1 + l2 = l. Notice that
C1 is applied to S1, C2 is applied to S2, and C is applied to S.

Theorem 1. Consider the mechanical systems S1, S2 and the combined mechanical system S.
Suppose the constraint C1 is imposed on S1, followed by C2 imposed on S2. This is followed by the
constraint C imposed on S. Then, the combined system S meets all the constraints C1, C2 if

Ā1M− 1
2 (Ā2M− 1

2 )+(b̄2 − Ā2M−1Q1) = 0 (15)

Ā2M− 1
2 (ĀM− 1

2 )+(b̄ − ĀM−1Q2) = 0 (16)

Ā1M− 1
2 (ĀM− 1

2 )+(b̄ − ĀM−1Q2) = 0 (17)

The proof of Theorem 1 is presented in Appendix A.

4. An Expanded Approach to Nested Constraint Modeling
According to the hierarchical properties of the UK equation, a particle, rigid body

system, or other multibody system can be decomposed into several subsystems, and a
multibody system model can be established based on the constraint relationships among
each subsystem [13].

Based on Equation (5), the constraint force Qe is determined by Q. This formula-
tion enables the equation of motion to be expressed in a cascading manner as additional
constraints are imposed on the system. Suppose the unconstrained system:

M(q, t)q̈ = Q0(q, q̇, t), (18)

is subject to the constraint A1(q, t)q̈ = b1(q, q̇, t), then one can formulate the equation of
motion as

M(q, t)q̈ = Q1(q, q̇, t), (19)

where
Q1 = Q0 + Qe

1, (20)

Qe
1 = M

1
2

(︂
A1M− 1

2

)︂+(︂
b1 − A1M−1Q0

)︂
. (21)

One can interpret Equation (19) as being in the same form as Equation (18), an
unconstrained mechanical system. Next, suppose there is an additional constraint,
A2(q, t)q̈ = b2(q, q̇, t), added to the system motion. Then, one can formulate the equa-
tion of motion as:

M(q, t)q̈ = Q2(q, q̇, t), (22)

where
Q2 = Q1 + Qe

2, (23)

Qe
2 = M

1
2

(︂
A2M− 1

2

)︂+(︂
b2 − A2M−1Q1

)︂
. (24)

This iterative process can be implemented with additional constraints. Now, letting
the constraints be Ai(q, t)q̈ = bi(q, q̇, t), where (i = 1, 2, . . . , l), the equation of motion for
the constrained system is given by:

M(q, t)q̈ = Qi(q, q̇, t), (25)
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where
Qi = Qi−1 + Qe

i , (26)

Qe
i = M

1
2

(︂
Ai M− 1

2

)︂+(︂
bi − Ai M−1Qi−1

)︂
. (27)

A dynamic modeling method based on nested constraint design, utilizing the UK
equation, is proposed. The multi-rigid body intelligent system is envisaged as a composite
of multiple module subsystems that correspond to each other. Starting from the uncon-
strained dynamic model of these modular units, corresponding constrained kinematic
models are embedded to develop a constrained dynamic model. Building on this, a new
constrained kinematic model is integrated with other modules to establish a dynamic
model for the reassembly module. This iterative process facilitates the nested modeling
of multi-agent transportation system dynamics. Through the modeling of each module
independently and the leveraging of nested constraint relationships, the overall model is
enhanced with the capability for modules to be freely added, removed, or replaced without
impacting other parts, thus significantly enhancing the adaptability of the overall system.

Assuming a multibody system is composed of k0 basic units, these units can be
combined into k1 first-level subsystems based on their kinematic or constraint relationships.
The constraint relationships are unique and non-overlapping, indicating that a basic unit
can only contribute to one first-level subsystem and cannot simultaneously participate in
multiple first-level subsystems. In a similar fashion, k1 first-level subsystems can form k2

second-level subsystems; likewise, kn − 1 subsystems at the n − 1 level can develop into
kn subsystems at the n level; ultimately, these kn subsystems at the n-level constitute the
entire multibody system.

The specific process of the dynamic modeling method, based on hierarchical constraint
design, proceeds as follows: First, establish the dynamic models for each basic unit; the
motion equations of these units can be expressed as:

Mj0
(︁
qj0, t

)︁
q̈j0 = Qj0

(︁
qj0, q̇j0, t

)︁
, (28)

where j = 1, 2, . . . k0, Mj0 is the mass matrix of nj0 × nj0, qj0 is nj0-dimensional state vector,
Qj0 is nj0-dimensional generalized force applied to the system.

The constraints imposed on the system are expressed in the form of matrix equations
as follows:

Aj0
(︁
qj0, q̇j0, t

)︁
q̈j0 = bj0

(︁
qj0, q̇j0, t

)︁
, (29)

where Aj0 expresses the constraint matrix of mj0 × nj0, bj0 is nj0-dimensional vector.
The motion equation of a constrained system can be described as:

Mj0
(︁
qj0, t

)︁
q̈j0 = Qj0

(︁
qj0, q̇j0, t

)︁
+ Qe

j0
(︁
qj0, q̇j0, t

)︁
=: Q̂j0

(︁
qj0, q̇j0, t

)︁
,

(30)

where Qe
j0 is nj0-dimensional constraint torque matrix; the display expression is:

Qe
j0 = M

1
2
j0

(︃
Aj0M− 1

2
j0

)︃+(︂
bj0 − Aj0M−1

j0 Qj0

)︂
. (31)

Secondly, following the development of dynamic models for each basic unit, unique
and non-overlapping constraint relationships are employed to create k1 primary level
subsystems. These constraints are expressed as matrix equations:

Aj1
(︁
qj1, q̇j1, t

)︁
q̈j1 = bj1

(︁
qj1, q̇j1, t

)︁
, (32)
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where j = 1, 2, . . . k1, Aj1 expresses the constraint matrix of mj1 × nj1, bj1 is mj1-dimensional
vector, qj1 is an nj1-dimensional state vector, composed of state variables aggregated from
various basic units within its first-level subsystem.

The motion equation of the first-level subsystem, derived from the constraint relation-
ships in Equation (32), is described as follows:

Mj1

(︂
qj1, t

)︂
q̈j1 = Qj1

(︂
qj1, q̇j1, t

)︂
+ Qe

j1

(︂
qj1, q̇j1, t

)︂
= Qj1

(︂
qj1, q̇j1, t

)︂
+ M

1
2
j1

(︃
Aj1 M− 1

2
j1

)︃+(︂
bj1 − Aj1 M−1

j1 Qj1

)︂
=: Q̂j1

(︂
qj1, q̇j1, t

)︂
,

(33)

where Mj1 ∈ nj1 × nj1, Mj1 = diag[Mj0], composed of related basic unit quality matrix
of Mj0, Qj1 ∈ nj1 × 1, composed of related basic units Qj0 stacked together, Qe

j1 is nj1-
dimensional constraint torque matrix.

Next, based on establishing the dynamic models of each first-level subsystem, k2

second-level subsystems will be formed by the constraint relationships between each
subsystem, which can be expressed as:

Aj2
(︁
qj2, q̇j2, t

)︁
q̈j2 = bj2

(︁
qj2, q̇j2, t

)︁
, (34)

where j = 1, 2, . . . k1, Aj2 expresses the constraint matrix of mj2 × nj2, bj2 is mj2-dimensional
vector, qj2 is an nj2-dimensional state vector, formed by the aggregation of state variables
from each first-level nested subsystem within its second-level nested subsystems.

The motion equation of the second-level subsystem, derived from the constraint
relationships in Equation (34), is described as follows:

Mj2

(︂
qj2, t

)︂
q̈j2 = Qj2

(︂
qj2, q̇j2, t

)︂
+ Qe

j2

(︂
qj2, q̇j2, t

)︂
= Qj2

(︂
qj2, q̇j2, t

)︂
+ M

1
2
j2

(︃
Aj2 M− 1

2
j2

)︃+(︂
bj2 − Aj2 M−1

j2 Qj2

)︂
=: Q̂j2

(︂
qj2, q̇j2, t

)︂
,

(35)

where Mj2 ∈ nj2 × nj2, Mj2 = diag[Mj1], composed of related basic unit quality matrix
of Mj1, Qj2 ∈ nj2 × 1, composed of related basic units Qj1 stacked together, Qe

j2 is nj2-
dimensional constraint torque matrix.

Similarly, if additional constraint relationships exist, the process can persist until the final
tier of ks s-level nested subsystems. Eventually, as shown in Figure 1, through the constraint
relationships among the subsystems, the ultimate multi-body dynamics model is obtained.

Figure 1. Schematic diagram of hierarchical modeling.
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5. Hierarchical Dynamic Model of the Mobile Robots
This section applies the dynamic modeling method based on hierarchical constraint de-

sign mentioned above, and uses a fleet of four mobile robots as an example to demonstrate
the above method. As shown in Figure 2, require the entire fleet to travel along a circle
with a radius of R = 10 meters, and set the centroid distance between each mobile robot
to L = 1 meter. The entire system consists of four basic units (mobile robots), with every
two basic units forming a first-level hierarchical model. Finally, two first-level hierarchical
models form a second-level hierarchical model.

Firstly, establish the dynamic models of each basic unit, using the four-wheel mobile
robot dynamic model established by Li et al. [14], and arranged into the following matrix
form. Table 1 lists the definitions of variables and parameters of the robot.

M1q̈ − Q1(q, q̇, t) = D1(q, q̇, t)τ1(t) (36)

where
M1 = diag(m, m, Iz), q1 =

[︂
x y φ

]︂T

Q1 = −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

fw cos(φ) + f2v sin(φ) + f2zr cos(φ)− f1u cos(φ)

+C f
v+φ̇a

u sin(φ)

fw sin(φ)− f1u sin(φ)− C f
v+φ̇a

u cos(φ)

+ f2zr sin(φ)− f2v cos(φ)

−C f
v+φ̇a

u a + f2vb

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

D1 =

⎡⎢⎣− f1u sin(φ) + C f sin(φ)− C f
v+φa

u cos(φ) cos(φ)

f1u − C f cos(φ)− C f
v+φ̇a

u sin(φ) sin(φ)

( f1ua − C f a) 0

⎤⎥⎦
τ1 =

[︄
δ

Fdrive

]︄

(37)

Table 1. The symbol definitions of the mobile robot variables and parameters.

fw The air resistance
a The distance from the center of gravity (CoG) to the front axle
b The distance from the center of gravity (CoG) to the rear axle

C f The cornering stiffness of the front tire
u The longitudinal velocity of the vehicle
v The lateral velocity of the vehicle
r The rolling resistance coefficient
φ̇ The yaw rate of the vehicle

fiv (i = 1, 2) The lateral force of the front or rear tire
fiu (i = 1, 2) The longitudinal force of the front or rear tire
fiz (i = 1, 2) The vertical force of the front and rear tires

Fdrive The input drive/brake force

Secondly, the new unit is connected head-to-head with Unit 1, forming a four-axle
vehicle configuration. When splicing, the geometric constraints between the two units are
used as relative constraints to design the configuration. The geometric constraints between
the units consist of two parts, with the first part being the relative position constraint:

(x1 − x2)
2 + (y1 − y2)

2 = L2. (38)
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In this equation, L denotes the wheelbase of the unit. Take the second derivative of the
position constraint with respect to time and express it in the form of A12q̈12 = b12, where

A12 =
[︂
(x1 − x2) (y1 − y2) 0 (x2 − x1) (y2 − y1) 0

]︂
, (39)

q̈12 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẍ1

ÿ1

φ̈1

ẍ2

ÿ2

φ̈2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, b12 =

[︂
−(ẋ1 − ẋ2)

2 − (ẏ1 − ẏ2)
2
]︂
. (40)

The dynamic equation for the vehicle configuration, formed by head-to-tail connection
of two units, is:

M12q̈12 = Q̂12, (41)

Q̂12 = Q12 + M
1
2
12

(︃
A12M− 1

2
12

)︃+(︂
b12 − A12M−1

12 Q12

)︂
. (42)

where

M12 =

[︄
M1 0
0 M1

]︄
Q12 =

[︄ ˜︁Q12

Q1

]︄
, (43)

˜︁Q1 represents the constraint force under servo constraints after applying the trajectory
tracking task to the initial unit body.

Thirdly, the new unit is connected to the front and rear ends of the two-unit vehicle
to form a six-axle vehicle configuration. During splicing, use the geometric constraints
between the two units as relative constraints to design the configuration. The constraint of
relative position is:

(x1 − x2)
2 + (y1 − y2)

2 = L2, (44)

(x2 − x3)
2 + (y2 − y3)

2 = L2, (45)

Take the second derivative of the position constraint with respect to time, and express it in
the form of A13q̈13 = b13, where

A13 =

[︄
(x1 − x2) (y1 − y2) 0 (x2 − x1) (y2 − y1) 0 0 0 0

0 0 0 (x2 − x3) (y2 − y3) 0 (x2 − x3) (y2 − y3) 0

]︄
, (46)

q̈13 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẍ1

ÿ1

φ̈1

ẍ2

ÿ2

φ̈2

ẍ3

ÿ3

φ̈3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, b13 =

[︄
−(ẋ1 − ẋ2)

2 − (ẏ1 − ẏ2)
2

−(ẋ2 − ẋ3)
2 − (ẏ2 − ẏ3)

2

]︄
. (47)

The dynamic equation for the entire vehicle configuration formed by connecting three
units head-to-tail is:

M13q̈13 = Q̂13, (48)

Q̂13 = Q13 + M
1
2
13

(︃
A13M− 1

2
13

)︃+(︂
b13 − A13M−1

13 Q13

)︂
. (49)
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where

M13 =

⎡⎢⎣M1 0 0
0 M1 0
0 0 M1

⎤⎥⎦Q13 =

[︄ ˜︁Q13

Q1

]︄
. (50)

Finally, by sequentially assembling n modular units layer by layer, a two-axle complete
vehicle configuration can be obtained. The constraint of relative position is:

(x1 − x2)
2 + (y1 − y2)

2 = L2, (51)

(x2 − x3)
2 + (y2 − y3)

2 = L2, (52)

...

(xn−1 − xn)
2 + (yn−1 − yn)

2 = L2, (53)

Take the second derivative of the position constraint with respect to time, and express it in
the form of A1n q̈1n = b1n, where

A1n =

⎡⎢⎢⎣
(x1 − x2) (y1 − y2) 0 (x2 − x1) (y2 − y1) 0 · · ·

...
0 · · · (xn−1 − xn) (yn−1 − yn) 0 (xn−1 − xn) (yn−1 − yn) 0

⎤⎥⎥⎦
(n−1)×3n

, (54)

q̈1n =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẍ1

ÿ1

φ̈1

ẍ2

ÿ2

φ̈2

. . .
ẍn

ÿn

φ̈n

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
3n×1

, b1n =

⎡⎢⎢⎣
−(ẋ1 − ẋ2)

2 − (ẏ1 − ẏ2)
2

...
−(ẋn−1 − ẋn)

2 − (ẏn−1 − ẏn)
2

⎤⎥⎥⎦
(n−1)×1

. (55)

The dynamic equation for the entire vehicle configuration formed by connecting n
units head-to-tail is:

M1n q̈1n = Q̂1n, (56)

Q̂1n = Q1n + M
1
2
1n

(︃
A1n M− 1

2
1n

)︃+(︂
b1n − A1n M−1

1n Q1n

)︂
. (57)

where

M1n =

⎡⎢⎢⎢⎢⎣
M1 0 0 0 0
0 M1 0 0 0

0 0
. . . 0 0

0 0 0 0 M1

⎤⎥⎥⎥⎥⎦
n×n

Q1n =

[︄ ˜︁Q1n

Q1

]︄
. (58)

In general, this section constructs a modular unit-scalable dynamic analytical model.
According to the coupling characteristics among modules, the kinematic constraints of
the vehicle are integrated into the dynamic models of each modular unit, leading to a
nested extended hierarchical constraint dynamic modeling approach in analytical form.
The hierarchical nested modeling process is exemplified in Figure 2. The analytical model
of a modular unit is easy to obtain, and in full-vehicle modeling, unit analytical models can
be rapidly combined using hierarchical nested constraints to derive the analytical dynamic
model of two-unit assemblies. Similarly, the unit models are continuously combined until
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the modeling of the complete vehicle with n units is achieved. This multi-module hierar-
chical nested analytical modeling approach streamlines the modeling process, improves
the generality and applicability of the model, and offers an effective method for scalable
vehicle configuration modeling. [15]

Figure 2. Diagram of the hierarchical nested constraint modeling process for multiple modules.

6. Controller Scheme
Consider the following mechanical system:

M(q(t), t)q̈(t) + C(q(t), q̇(t), t)q̇(t) + g(q(t), t) = B(q(t), q̇(t), t)τ(t), (59)

where τ ∈ Rm is the control input vector, C is the Coriolis/centrifugal force, g(q, q̇, t) is
the gravitational force, and the input matrix B(q, q̇, t), each of which possesses dimensions
deemed appropriate. The functions C(·), g(·), and B(·) are posited to maintain continuity.
It can be chosen by the designer for convenience based on the specifications of the problem.
Specifically, the system (59) includes both fully actuated (when m = n ) and underactuated
(when m < n ) systems.

Let m̈q := M
1
2 q̈, n := M− 1

2 (−Cq̇ − g), and τ := τq; then, the system (59) can be
reformulated as follows:

m̈q = n + M− 1
2 Bτq, (60)

and the constraint (3) can be revised as follows:

Ξ1m̈q = b, (61)

with Ξ1(q, t) = AM− 1
2 .

The constraint (61) is consistent if, for a given Ξ1 and b, there is at least one solution,
m̈q.

Since there is a one-to-one correspondence between m̈q and q̈.

Let b̃ := b − Ξ1n, Ξ2 := M− 1
2 B, with (60) and (61); we can obtain:

(Ξ1Ξ2)τq = b̃, (62)

where τq ∈ Rm represents the unknown force; this equation serves as a constraint on τq. The
controllability of constraint dynamic system (59) with Aq̈ = b necessitates the consistency
of (62).
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Equation (62) is consistent: if, for a given (Ξ1Ξ2) and b̃, there is at least one solution, τq.
For the general underactuated dynamic constraint system (59), the following theoreti-

cal results are obtained:

τq(q, q̇, t) = (Ξ1Ξ2)
+ b̃ +

[︂
I − (Ξ1Ξ2)

+(Ξ1Ξ2)
]︂
S, (63)

where S ∈ Rm represents an arbitrary vector, potentially dependent on q, t. Additionally,
consider inequality constraints.

The constraint control quantity τq ensures the satisfaction of the equality constraint (3).
However, the presence of an initial error means that relying solely on the constraint control
quantity τq is insufficient for the system to meet these constraints. In practice, satisfying
these constraints at the initial moment is often challenging due to a variety of factors.
Therefore, introducing a control quantity capable of addressing the initial error is essential.

Let E(q, q̇, t) := M−1(q, q̇, t), and

ρ(q, q̇, t) := A(q, q̇, t)q̇ − c(q, q̇, t), (64)

ρ̂(q, q̇, t) := [PA(q, q̇, t)E(q, q̇, t)B(q, q̇, t)]Tρ(q, q̇, t), (65)

where P ∈ Rm×m is an arbitrary symmetric positive definite matrix, and c ∈ Rm×1 repre-
sents an m-dimensional vector.

There exists a known constant, λ > 0, for all q ∈ Rn, q̇ ∈ Rn, t ∈ R, such that
λm

[︂
(PAEB)× (PAEB)T

]︂
≥ λ, where λm(·) represents the minimum eigenvalue of the

matrix in the parentheses.
To address potential deviations in initial conditions, the following controls are proposed:

τp(q, q̇, t) = −κρ̂(q, q̇, t), (66)

where κ > 0 is a constant.
The final control design for system (59) is proposed as follows: [16]

τ = τq(q, q̇, t) + τp(q, q̇, t). (67)

Theorem 2. Consider the system (59); the control (67) renders the following performance:
(i) Uniform stability: For each β > 0, there exists δ > 0, such that, if ρ(·) is any solution with
∥ρ(t0)∥ < δ, then ∥ρ(t)∥ < β, for all t > t0.
(ii) Converge to zero: For a given constraint (61),

lim
t→∞

ρ = 0. (68)

Proof of Theorem 2. Choose the Lyapunov function candidate as:

V̄ = ρT Pρ, (69)

.
In the proof, for simplicity, arguments of functions are omitted when confusion is

unlikely. Taking the derivative of V̄ with respect to t yields:
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˙̄V = 2ρT Pρ̇

= 2ρT P(Aq̈ − b)

= 2ρT P
{︂

A
[︂

M−1(−Cq̇ − g) + M−1B
(︁
τq + τp

)︁]︂
− b

}︂
= 2ρT P

[︂
AM−1(−Cq̇ − g) + AM−1Bτq − b

]︂
+ 2ρT PAM−1Bτp.

(70)

Note that AM−1(−Cq̇ − g) = Ξ1n, AM−1B = Ξ1Ξ2. Equation (63) yields:

AM−1(−Cq̇ − g) + AM−1Bτq − b

= Ξ1n + Ξ1Ξ2τq − b

= Ξ1n + b − Ξ1n − b

= 0.

(71)

According to Rayleigh’s principle, we have

2ρT PAM−1Bτp = −2κρT PAEB(PAEB)Tρ

≤ −2κλm

(︂
PAEB(PAEB)T

)︂
∥ρ∥2

≤ −2κ∥ρ∥2,

(72)

where κ denotes the κλ.
Combining (70)-(72), we can obtain

˙̄V ≤ 0 − 2κ∥ρ∥2 = −2κ∥ρ∥2. (73)

From (73), given that the upper bound of the derivative of V̄ is nonpositive and equals
zero if and only if ρ = 0, it follows that there is uniform stability and convergence of ρ to 0
as t → ∞.

7. Numerical Simulations
This section takes the transportation system composed of four miniature modular

robots as an example and elaborates the numerical simulation of the reconfigurable minia-
ture modular robotic swarm. It aims to verify the effectiveness of the proposed unified
modeling and coordination control strategy for the reconfigurable micro-robotic transport
platform. The circular reference trajectory with radius R = 10 m is adopted for the swarm
system, and key initial simulation parameters are listed in Table 2.

When the unit receives a trajectory tracking task, it treats the trajectory to be tracked as
a constraint. Take the second derivative of the position constraint with respect to time, and
express it in the form of A1q̈1 = b1. Taking a circular constraint trajectory as an example:

x1 = 10 sin t, y1 = −10 cos t, (74)

x2
1 + y2

1 = 102, (75)

where
A1 =

[︂
x1 y1 0

]︂
, b1 =

[︂
−ẋ2

1 − ẏ2
1

]︂
. (76)
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Under the trajectory constraint, the dynamics equation of the unit changes to [17–20]:

M1q̈1 = ˜︁Q1, (77)

where ˜︁Q1 = Q1 + Qc
1, (78)

Qc
1 = M

1
2
1

(︃
A1M− 1

2
1

)︃+(︂
b1 − A1M−1

1 Q1

)︂
. (79)

Table 2. Initial condition.

Parameter Value Parameter Value

x1 10.5000 m x2 10.4500 m
y1 −0.5000 m y2 −1.4987 m
φ1 1.5708 rad φ2 1.4708 rad
ẋ1 0 m/s ẋ2 0.9987 m/s
ẏ1 10 m/s ẏ2 9.9500 m/s
φ̇1 1 rad/s φ̇2 1 rad/s
x3 10.3005 m x4 10.0530 m
y3 −2.4875 m y4 −3.4564 m
φ3 1.3707 rad φ4 1.2707 rad
ẋ3 1.9875 m/s ẋ4 2.9564 m/s
ẏ3 9.8005 m/s ẏ4 9.5530 m/s
φ̇3 1 rad/s φ̇4 1 rad/s

To facilitate the reproduction of the numerical experiments and make the simulation
setup self-contained, Tables 3 and 4 summarize the key simulation parameters. Table 3 lists
the physical parameters of each modular vehicle unit, including the mass, yaw moment
of inertia, air drag coefficient, front and rear tire cornering stiffnesses, rolling resistance
coefficient, distances from the center of gravity to the front and rear axles, and gravitational
acceleration. Table 4 provides the controller and numerical simulation settings, including
the damping gain, positive definite matrix P, null-space vector S, minimum longitudinal
velocity threshold, simulation step size, ODE solver, integration tolerances, pseudoinverse
rank tolerance, and controller sampling interval.

Table 3. Parameters of vehicle model.

Parameter Value

Mass m 1.5 kg
Yaw Inertia Moment Iz 0.0042 kg · m2

Air Drag Coefficient cx 0.0021 m2

Front tire cornering stiffness C f −18 N/◦

Rear tire cornering stiffness Cr −18 N/◦

Rolling resistance coefficient r 0.012
Distance from CoG to front axle a 0.075 m
Distance from CoG to rear axle b 0.065 m

Gravity acceleration g 9.8 m/s2

The three-dimensional trajectory-versus-time evolution of four serially connected
miniature modular robots is illustrated in Figure 3. Each colored curve represents the
time-history spatial trajectory of an individual robot module. It can be observed that all
modules start from non-ideal initial states with pose deviations and gradually converge
toward the desired circular reference trajectory as the control loop proceeds.
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Table 4. Controller and numerical simulation parameters.

Parameter Value

Damping gain κ 5
Positive definite matrix P diag([1, 1, 1])

Null-space vector S 0
Minimum longitudinal velocity umin 0.05 m/s

Simulation step size 0.001 s
ODE solver ODE15s

Relative integration tolerance 10−7

Absolute integration tolerance 10−8

Moore–Penrose pseudoinverse rank tolerance 10−10

Controller sampling interval 0.001 s

Figure 3. Three-dimensional time-history trajectories of four serially connected modular robots. All
modules converge from deviated initial poses to the target circular reference trajectory under the
nested constraint following control.

Figure 4 presents the spatial trajectory comparison for four miniature modular robots
in a 3-D waterfall layout. Each robot moves along its circular orbit at different Y-axis layers
corresponding to robot indices. Owing to inter-module geometric constraints, the circular
trajectories of the four modules maintain consistent motion characteristics, which reflects
the coordinated kinematic performance of the serial-connected swarm system.

Figure 5a–d shows the time-domain responses of front-wheel steering angles for the
four modules. An external torque disturbance with an amplitude of 1 N · m is imposed
on the system within t = 4 s to t = 6 s to verify the disturbance-rejection capability of the
proposed controller. Influenced by initial pose offsets, each robot exhibits an obvious front-
wheel steering-angle deviation at t = 0. Under the hierarchical nested constraint-following
control, the front-wheel steering-angle deviations decay quickly and stabilize near the
ideal value, indicating that the steering-angle synchronization requirement among serially
connected modules is well satisfied even under external perturbation. Figure 6a–d presents
the driving torque responses of each miniature modular robot under the same 1 N · m
torque disturbance from t = 4 s to t = 6 s. It can be observed that the driving torques
produce moderate transient variations to counteract the external perturbation during the
disturbance interval. After the disturbance disappears, the control torques rapidly return
to their original steady-state levels without sustained oscillations, which demonstrates that
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the hierarchical nested constraint-following control possesses favorable anti-disturbance
performance for modular swarm robotic systems.

Figure 4. Comparison diagram of trajectories for four miniature modular robots. It demonstrates
that the four modules maintain consistent circular motion characteristics subject to inter-module
geometric constraints for swarm coordination.

(a) (b)

(c) (d)

Figure 5. Front-wheel steering input of four miniature modular robots. (a) Front-wheel steering input
of the first miniature modular robot. (b) Front-wheel steering input of the second miniature modular
robot. (c) Front-wheel steering input of the third miniature modular robot. (d) Front-wheel steering
input of the fourth miniature modular robot. It shows that under an external torque disturbance of
amplitude 1 N · m applied from t = 4 s to t = 6 s, initially, the front wheel angle deviations decay
rapidly and steering angle synchronization among serially connected modules is well maintained
under the proposed control framework.
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(a) (b)

(c) (d)

Figure 6. Driving torques of four miniature modular robots. (a) Driving torque of the first miniature
modular robot. (b) Driving torque of the second miniature modular robot. (c) Driving torque of the
third miniature modular robot. (d) Driving torque of the fourth miniature modular robot. It reveals
that, when an external torque disturbance of amplitude 1 N · m is imposed on the system within
t = 4 s to t = 6 s, control torques produce moderate transient responses against perturbation and
quickly return to steady-state values after the disturbance disappears.

The velocity-magnitude spatial distribution surfaces of four miniature modular robots
are given in Figure 7a–d. Each subplot contains the planar actual trajectory projected
onto the X–Y plane and the corresponding 3-D velocity-magnitude surface above the
trajectory. The color bar quantifies the magnitude of the module velocity at different spatial
points. It can be seen that the velocity magnitude of each module remains relatively stable
during circular tracking, which is consistent with the expected constant-speed circular
transportation mission.

To further verify the generality of the proposed controller under complex trajectories
and its anti-interference capability against parameter uncertainties, an additional simulation
case with an eight-shaped reference trajectory and parameter perturbation is conducted.

The ideal eight-shaped reference trajectory contains continuous curvature variation
and crossing points, presenting higher tracking difficulty than the circular trajectory. To
test the anti-interference capability of the controller against parameter uncertainties, a 20%
positive deviation is imposed on the mass parameter of Robot 2, simulating the payload
variation or parameter mismatch in practical applications. The other three robots maintain
nominal dynamic parameters, and all initial pose deviations are consistent with the circular
trajectory simulation settings.
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(a) (b)

(c) (d)

Figure 7. Velocity distribution surfaces of four miniature modular robots. (a) Velocity distribution
surface of the first miniature modular robot. (b) Velocity distribution surface of the second miniature
modular robot. (c) Velocity distribution surface of the third miniature modular robot. (d) Velocity
distribution surface of the fourth miniature modular robot. It indicates that each robot maintains
relatively stable velocity magnitude when performing the constant speed circular cooperative trans-
portation mission.

The planar trajectory tracking results of the four modules under the 8-shaped trajectory
are shown in Figure 8. It can be observed that all four robot modules converge to the
ideal 8-shaped reference trajectory rapidly after the initial transient phase. Even with
20% mass parameter uncertainty, Robot 2 (orange curve) only exhibits minor tracking
deviations at the positions with large curvature (the four arc vertices of the 8-shape), and still
maintains close following of the reference trajectory throughout the whole motion process.
No sustained divergence or oscillation occurs, which demonstrates that the proposed
nested constraint-following controller possesses strong anti-interference capability against
parameter perturbations, and can maintain stable tracking performance under complex
curved trajectories and model mismatches.

Significant initial tracking deviations exist at the starting instant due to mismatched
initial conditions. Benefiting from the embedded damping correction term within the
constraint-following control law, the trajectory errors of all four miniature modular robots
rapidly decay and converge toward zero within 0.5 s. Figure 9 presents the time-domain tra-
jectory tracking error curves of each robot. It can be observed that both controllers converge
to zero, while the proposed constraint-following controller achieves lower peak error and
smaller steady-state tracking deviation compared with the LQR baseline, demonstrating
better trajectory tracking performance for modular swarm transportation systems. After

https://doi.org/10.3390/mi17111263

https://doi.org/10.3390/mi17111263


Micromachines 2026, 17, 1263 20 of 27

convergence, minor residual errors remain, which can be attributed to numerical integra-
tion tolerances. Figure 10 shows the comparison of cumulative tracking error between the
proposed controller and the LQR controller for four miniature modular robots, where the
cumulative tracking error of LQR is significantly higher than that of the proposed method
for all four vehicles. The simulation result demonstrates that the proposed cooperative con-
trol framework can effectively eliminate initial tracking errors for reconfigurable modular
robot swarms.

Figure 8. Trajectory tracking results of four serially connected modular robots under eight-shaped
reference trajectory with 20% mass uncertainty on Robot 2.

Figure 9. Comparison of trajectory errors between the proposed controller and LQR for four miniature
modular robots. It shows that the nested constraint following controller yields lower peak error and
smaller steady-state deviation than the LQR controller under identical initial conditions.
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Figure 10. Cumulative error comparison between the proposed controller and LQR for four minia-
ture modular robots. It demonstrates that the proposed cooperative control framework achieves
considerably lower cumulative tracking error for every robot module compared with the LQR
baseline approach.

Supplementary eight-module serial-swarm simulation results are illustrated in
Figures 11 and 12. The eight-robot case shows that the proposed nested constraint-
following framework can still enforce circular trajectory tracking and inter-module distance
constraints as module quantity increases. Tracking errors for all eight modules converge
toward near-zero within 0.5s, which is consistent with the four-module case.

Figure 11. Collective planar trajectories of eight serially-connected miniature modular robots. All
eight modules converge to the target circular reference orbit under nested constraint-following
control.
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Figure 12. Radial trajectory-tracking errors of eight serially-connected miniature modular robots. The
radial distance error of each module decays rapidly and converges close to zero.

To quantitatively substantiate the computational scalability of the proposed hierar-
chical nested modeling framework, we record the core dynamic computation runtime of
four-module and eight-module serial swarm simulations under identical simulation set-
tings. All simulations are executed on a desktop PC equipped with an Intel Core i7-12700H
2.7 GHz CPU and 16 GB of RAM, with a total simulation duration of 10 s and a fixed
numerical integration step size of 0.001 s. The runtime statistics are summarized in Table 5.

Table 5. Core computation runtime of swarm systems with different module counts.

Module Quantity Core Dynamic
Computation Runtime (s) Relative Growth Ratio

4 3.3034 1.00 (baseline)
8 10.7857 3.27

As shown in Table 5, when the number of modules doubles from four to eight, the
total core computation runtime increases by a factor of 3.27. For conventional monolithic
full-system modeling, the dimension of the generalized state vector grows linearly with
module count, and the matrix pseudoinverse operation exhibits approximately quadratic
computational complexity, which would lead to a roughly four-fold runtime growth when
the module count doubles. The lower-than-quadratic runtime growth verifies that the hier-
archical nested recursive structure effectively avoids the explosive growth of computational
overhead brought by full matrix reconstruction, and provides favorable computational
scalability for variable-scale modular swarm systems. This computational advantage makes
the proposed framework more suitable for real-time embedded deployment on miniature
modular robot units.

In summary, numerical simulations in this section systematically verify the trajectory-
tracking accuracy, heading synchronization performance, and disturbance-rejection ca-
pability of the proposed hierarchical nested constraint-following modeling and control
framework. Comparative tests with the LQR baseline controller demonstrate the supe-
riority of the proposed method in both peak deviation and cumulative tracking error.
The eight-shaped trajectory test with parameter perturbation further validates the anti-
interference capability of the controller against parameter uncertainties under complex
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paths and model mismatch. The supplementary eight-module simulation and runtime
analysis quantitatively confirm the computational scalability of the recursive nested ar-
chitecture. Nevertheless, full-system computational overhead grows as the number of
modules increases. We leave systematic large-scale benchmark tests with dozens of units as
a direction for our follow-up investigation to further quantify the computational efficiency
and numerical stability of the presented recursive modeling framework.

8. Discussion
Although the numerical simulations demonstrate the effectiveness of the proposed

hierarchical nested constraint-following framework, several practical implementation chal-
lenges remain to be addressed when deploying the algorithm onto real miniature modular
robotic transportation swarms. We discuss key hardware-oriented challenges including
computational burden, sensing demands, time synchronization, inter-module wireless
communication, robustness against modeling mismatch, and hardware-oriented scalability.

First, regarding computational requirements. The nested recursive solution relies on
Moore-Penrose generalized inverse operations. For embedded onboard microcontrollers
of miniature robots, repeated matrix pseudoinverse brings non-negligible computational
burden. The hierarchical recursive structure helps avoid assembling huge global matrices,
yet onboard computation resources still impose upper limits on the maximum number of
parallel modules that can be handled in real-time. As observed from the eight-module
simulation case, the simulation runtime increases evidently with module count, which
further illustrates this computational challenge for real-time embedded implementation.

Second, sensing requirements. Each modular unit needs accurate onboard sensing
to obtain its pose, velocity, and relative position with adjacent connected modules. Real-
world sensor noise, drift, and measurement bias will directly propagate into constraint
equations. High-precision inertial measurement units combined with relative ranging
sensors are required to provide reliable state information for constraint-following dynamic
computation.

Third, inter-module time synchronization. Recursive nested modeling and cooperative
control demand consistent time stamps across all connected robot modules. Clock drift
among distributed embedded controllers will violate inter-module geometric acceleration
constraints and introduce extra tracking errors. Precise time synchronization protocols are
necessary to align the sampling and control update instants of each unit.

Fourth, wireless communication constraints. Distributed recursive computation re-
quires limited information exchange between neighboring modules. Practical wireless links
suffer from transmission delay, packet loss, and bandwidth limitation. Communication la-
tency can degrade constraint satisfaction performance, which calls for delay-aware control
adjustment for real hardware deployment.

Fifth, robustness to modeling errors. The derivation of UK constraint-following dy-
namics is built upon nominal dynamic parameters. In physical systems, uncertain mass,
tire-ground friction variation, and unmodeled disturbance constitute model mismatch.
Although the damping correction term in the control law suppresses initial tracking devia-
tions, further robust control modification will be essential to cope with persistent model
uncertainties in hardware experiments.

Finally, scalability on real hardware. The theoretical scalability derived from recur-
sive modeling cannot be fully reproduced in practice. As the number of robot modules
increases, cumulative sensing noise, communication overhead, and synchronization error
will gradually degrade overall swarm performance. Hardware-level scalability is jointly
restricted by onboard computing capacity, sensor accuracy, and communication reliability.
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To bridge the gap between numerical simulation and physical deployment, our re-
search group is currently constructing a miniature modular robot hardware testbed. Each
modular unit adopts an integrated steering micro chassis with overall dimensions of
170 mm × 140 mm × 60 mm and a unit mass of approximately 1.5 kg. The physical
prototype is designed as an underactuated system, which is fully consistent with the un-
deractuated nonlinear dynamic model adopted in the numerical simulation. For onboard
computation, each module is equipped with a 32-bit ARM Cortex-M7 embedded microcon-
troller with a main frequency of 480 MHz and 1 MB of on-chip SRAM, which is responsible
for real-time dynamic solution, control law calculation and peripheral driving. For state
perception, each unit integrates a six-axis MEMS inertial measurement unit (IMU) with
0.05◦/s gyroscope bias for attitude and velocity estimation, and a 100 Hz optical flow
sensor for planar position measurement. For inter-module relative perception, an infrared
ranging module with ±1 mm accuracy is installed at the front and rear of each chassis to
obtain relative position deviations between connected units. For motion actuation, each
module adopts a dual-wheel independent drive scheme with high-torque micro DC motors.
For inter-module data interaction, a 2.4 GHz wireless communication protocol with a 1 ms
communication period is adopted to support time synchronization and state information
exchange between adjacent units.

Physical prototype validation is reserved for future work, as our high-fidelity minia-
ture modular robot testbed is still under construction. The above practical challenges will
serve as important guidelines when we port the modeling and control framework onto real
robot hardware.

9. Conclusions
This paper has investigated dynamic modeling and cooperative trajectory-tracking

control for serially assembled reconfigurable miniature modular robotic swarms intended
for payload transportation. Instead of rebuilding complete global system matrices when
robot units are added or removed, the presented hierarchical nested recursive constraint-
following framework based on UK theory only updates local constraint relations, which
is well suited for variable-scale underactuated modular clusters. Numerical simulations
on a four-robot transportation swarm yield several key scientific findings. First, tracking
errors originating from inconsistent initial module poses converge to near zero within
0.5s, and high-precision heading synchronization between serially connected units can
be guaranteed. Second, comparative simulations against the LQR baseline controller
show that the nested constraint-following strategy produces smaller peak tracking error
and markedly lower cumulative error across all robot modules. Third, under external
torque disturbance, the swarm retains stable cooperative motion; control torques exhibit
limited transient fluctuations and quickly return to steady states after disturbance removal,
confirming competitive disturbance-rejection capability. Numerical tests for an eight-robot
serial transportation swarm further illustrate the scalability potential of the hierarchical
nested constraint-following strategy as the number of connected modules increases.

This study provides a unified modeling and coordination-control solution for reconfig-
urable micro-robotic transport platforms. For future work, physical prototype experiments
will be conducted to validate the presented approach. Moreover, reconfigurable assembly
topologies of higher complexity and anti-disturbance control performance will be further
investigated to advance the practical deployment of micro-modular swarm transporta-
tion systems.
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Abbreviations
The following abbreviations are used in this manuscript:

Symbol Description
M System inertia matrix
q, q̇, q̈ Generalized coordinate, velocity and acceleration vector
Q Generalized impressed force vector
Qe Generalized constraint force vector
A Constraint matrix
b Constraint right-hand side vector
(·)+ Moore-Penrose generalized inverse
m Mass of single robot module
Iz Yaw moment of inertia
x, y Cartesian position coordinates
φ Heading angle
δ Front-wheel steering input
Abbreviations
τ Control input vector
κ Damping correction gain
UK Udwadia–Kalaba
LQR Linear Quadratic Regulator

Appendix A
Proof of Theorem 1. (i) After C1 is imposed, the constrained mechanical system S is

S : Mq̈ = Q0 + M
1
2 B̄+

1 (b̄1 − B̄1M− 1
2 Q0) =: Q1 (A1)

where

Q0 =

[︄
Q01

Q02

]︄
, b̄1 =

[︄
b̄1

0

]︄
, B̄1 = Ā1M− 1

2 , Ā1 =

[︄
Ā1 0
0 0

]︄
.

Imposing C2, we have the constrained system given by

S : Mq̈ = Q1 + M
1
2 B̄+

2 (b̄2 − B̄2M− 1
2 Q1) =: Q2 (A2)

where

b̄2 =

[︄
0
b̄2

]︄
, B̄2 = Ā2M− 1

2 , Ā2 =

[︄
0 0
0 Ā2

]︄
.

The system (A2) meets C2. We now check whether it meets C1. Premultiplying both
sides of (A2) by Ā1M−1 yields
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Ā1M−1Mq̈ = Ā1M−1Q2

= Ā1M−1Q1 + Ā1M−1M
1
2 B̄+

2 (b̄2 − B̄2M− 1
2 Q1)

= Ā1M−1Q1 + Ā1M− 1
2 B̄+

2 (b̄2 − B̄2M− 1
2 Q1)

= Ā1M−1Q1 + Ā1M− 1
2 (Ā2M− 1

2 )+(b̄2 − Ā2M− 1
2 M− 1

2 Q1)⏞ ⏟⏟ ⏞
equation15

= Ā1M−1Q1 + 0

= b̄1

(A3)

After C1 and C2 are imposed, we have (A2). As C is imposed, we have (with B =

AM− 1
2 )

S : Mq̈ = Q2 + M
1
2 B̄(b̄ − B̄M− 1

2 Q2) =: Q (A4)

We know this system S in (A4) meets C. To verify whether S meets C2, we premultiply
(A4) by Ā2M−1.

Ā2M−1Mq̈ = Ā2M−1Q

= Ā2M−1Q2 + Ā2M− 1
2 B̄(b̄ − B̄M− 1

2 Q2)

= Ā2M−1Q2 + Ā2M− 1
2 (ĀM− 1

2 )+(b̄ − ĀM− 1
2 M− 1

2 Q2)⏞ ⏟⏟ ⏞
equation16

= Ā2M−1Q2 + 0

= b̄2

(A5)

Thus, we show that system S in (A4) meets C2.
To verify if S in (A4) meets C1, we premultiply (A4) by Ā1M−1.

Ā1M−1Mq̈ = Ā1M−1Q

= Ā1M−1Q2 + Ā1M− 1
2 B̄(b̄ − B̄M− 1

2 Q2)

= Ā1M−1Q2 + Ā1M− 1
2 (ĀM− 1

2 )+(b̄ − ĀM− 1
2 M− 1

2 Q2)⏞ ⏟⏟ ⏞
equation17

= Ā1M−1Q2 + 0

= Ā1M−1Q1 + Ā1M− 1
2 (Ā2M− 1

2 )+(b̄2 − Ā2M− 1
2 M− 1

2 Q1)⏞ ⏟⏟ ⏞
equation15

= Ā1M−1Q1 + 0

= b̄1

(A6)

Thus, we show that system S in (A4) meets C1.
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