
Citation: Wang, L.; Zhang, S.; Yuan, Q.

Strain-Induced Frequency Splitting in

PT Symmetric Coupled Silicon

Resonators. Micromachines 2024, 15,

1278. https://doi.org/10.3390/

mi15101278

Academic Editors: Yao-Chuan Tsai,

Zhi-Xuan Dai and Ching-Liang Dai

Received: 4 October 2024

Revised: 19 October 2024

Accepted: 19 October 2024

Published: 21 October 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

micromachines

Article

Strain-Induced Frequency Splitting in PT Symmetric Coupled
Silicon Resonators
Lifeng Wang * , Shangyang Zhang and Qunce Yuan

Key Laboratory of MEMS of the Ministry of Education, School of Electronic Science & Engineering,
Southeast University, Nanjing 210096, China; 230228378@seu.edu.cn (S.Z.); ym151221@163.com (Q.Y.)
* Correspondence: wanglifeng@seu.edu.cn

Abstract: When two resonators of coupled silicon resonators are identical and the gain on one side is
equal to the loss on the other side, a parity-time (PT) symmetric-coupled silicon resonator is formed.
As non-Hermitian systems, the PT-symmetric systems have exhibited many special properties and
interesting phenomena. This paper proposes the strain-induced frequency splitting in PT symmetry-
coupled silicon resonators. The frequency splitting of the PT system caused by strain perturbations is
derived and simulated. Theory and simulation both indicate that the PT system is more sensitive
to strain perturbation near the exceptional point (EP) point. Then, a feedback circuit is designed to
achieve the negative damping required for PT symmetry. Based on a simple silicon-on-insulator (SOI)
process, the silicon resonator chip is successfully fabricated. After that, the PT-symmetric-coupled
silicon resonators are successfully constructed, and the frequency splitting phenomenon caused by
strain is observed experimentally.
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1. Introduction

In 1998, Professor C. M. Bender of University of Washington proposed a parity-time
(PT)-symmetric Hamiltonian. This PT-symmetric Hamiltonian does not have Hermitian
properties, but still has a real eigenvalue spectrum [1]. Here, P and T represent parity
transformation and time transformation, respectively. According to Professor Bender’s
theory, the condition for Hamiltonian H to have PT symmetry is that the inner product
of the PT transformation operator and the H operator is 0, denoted as [PT, H] = 0. It
can also be understood as the condition that a system’s Hamiltonian remains unchanged
after undergoing parity transformation (coordinate x transformation to −x) and time
transformation (time t transformation to −t). After Professor Bender proposed the concept
of PT symmetry, many researchers quickly joined the study on this non-Hermitian PT
symmetry system. So far, the theoretical framework of PT-symmetric non-Hermitian
quantum systems has been established [2,3].

Compared to Hermitian symmetry in mathematical form, PT symmetry is closer to
physical symmetry. Therefore, in addition to research in quantum fields, PT symmetry
theory has also been validated in different types of classical physical systems. In 2007, R. El
Ganainy et al. from the University of Central Florida first proposed an optical PT-symmetric
structure and formulated a coupled-mode theory (CMT) appropriate for PT-symmetric
optical elements [4]. In 2008, Technion-Israel Institute of Technology’s S Klaiman et al.
first observed the phase transition process of PT-symmetric optical structures from exact
PT symmetry to broken PT symmetry and identified the PT symmetry exceptional point
(EP) [5]. In 2011, J. Schindler from Wesleyan University first proposed a PT-symmetric
electrical system based on a coupled LCR resonant circuit. The theoretical model for the
electrical PT system was established and experimentally verified [6]. In 2014, X. Zhu et al.
from the University of California introduced the concept of acoustic PT symmetry. Combin-
ing this acoustic PT-symmetric medium with transformation acoustics, two-dimensional
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symmetric acoustic cloaks that were unidirectionally invisible in a prescribed direction
were designed [7]. In 2016, R. Fleury et al. from the University of Texas systematically
expounded the theoretical model and implementation method of acoustic PT-symmetric
system [8].

Gradually, some special properties and interesting phenomena of PT symmetry sys-
tems have been discovered [9–14]. Z. Lin et al. from Wesleyan University found that
PT-symmetric optical periodic structures exhibit unidirectional invisibility properties. Near
the PT breaking point, if the light wave enters from the left side of the PT structure, it
will exit from the right side completely unaffected; and if the light wave enters from the
right side, its reflected wave will be enhanced [9]. Wesleyan University’s H. Ramezani
et al. discovered the Talbot effect in PT-symmetric optical systems. When the input field
pattern respects specific periodicities, the complex PT-symmetric photonic lattices can
lead to a new class of self-imaging Talbot effects [10]. University of Central Florida’s H.
Hodaei et al. developed a micro-resonant ring laser using the PT symmetry principle. By
harnessing notions from PT symmetry, stable single-longitudinal mode operation can be
readily achieved in a system of coupled micro-ring lasers. The selective breaking of PT
symmetry can be used to systematically enhance the maximum attainable output power in
the desired mode [12]. S. Assawaworrarit et al. from Stanford University proposed theoret-
ically and demonstrated experimentally that a parity-time symmetric circuit incorporating
a nonlinear gain saturation element provides robust wireless power transfer. The transfer
efficiency can remain near unity over a distance variation of approximately one meter,
without the need for any tuning [14]. Wayne State University’s P Chen et al. proposed the
PTX symmetric theory and significantly improved the readout signal strength of LC sensors
using this theory [15]. B. Zhou et al. from Southeast University constructed a PT-symmetric
LC sensing system working in the broken PT regime. Experiments showed that its wireless
readout distance was nearly four times longer than traditional methods [16]. Recently, a
type of artificial material called metamaterial has become a research hotspot due to its
unusual electromagnetic properties [17,18]. P. R. Charumathi et al. revealed that the PT
metamaterials exhibit several unusual light–matter interactions that could be exploited for
realizing novel applications [19].

As a special point in PT phase transition, the EP point exhibits some outstanding
characteristics. Z Liu et al. from Tsinghua University showed that it is possible to realize
ultrasensitive optomechanical PT-symmetric microcavities whose sensitivity is at least
two orders of magnitude better than single-cavity optomechanical transducers [20]; Tongji
University’s C Zeng et al. reported the study of high-order EP in PT-symmetric electrical
systems, and found that the sensitivity of the system was enhanced by nearly 10 times when
the perturbation frequency was less than 0.4 kHz [21]. H. Hodaei et al. from the University
of Central Florida found that the higher the order of EP in PT-symmetric micro-resonant
rings, the higher the sensitivity of their perturbation response [22]. Z. Dong et al. from
the National University of Singapore used an EP-locked PT-symmetric circuit to increase
the sensitivity of implantable passive wireless sensors by 3.2 times [23]. The University of
Texas at Austin’s Z Xiao et al. designed PT-symmetric circuits with a sixth order EP, which
can be used for readout of capacitive sensors and has the advantages of high sensitivity,
high resolution, and low thermal noise [24].

Our team successfully constructed PT systems based on coupled LC resonators and
coupled silicon resonators, and established corresponding theoretical models [16,25,26].
Based on our previous work, this paper studies the strain-induced frequency splitting in
PT symmetry-coupled silicon resonators. Theoretical derivation, simulation analysis and
experimental measurements will be conducted to study the strain perturbation on the PT
system. Due to the particularity of the EP, our observation will start from the EP point of
the PT system. The main content of this paper is organized as follows: Section 2 derives
the theory of PT symmetry enhanced strain sensing; Section 3 designs the structure of the
PT-symmetric-coupled silicon resonators and simulates its mechanical and circuit model;
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Section 4 shows the fabrication process of the silicon resonators, and gives the experimental
results; finally, Section 5 makes some conclusions.

2. Principle

Figure 1 shows the schematic of the PT-symmetric-coupled silicon resonators. Res-
onator 1 and Resonator 2 have the same mass m and elastic coefficient k, and the coupling
coefficient between the two resonators is kc. Different from the traditional coupled sili-
con resonators which includes two loss resonators [27,28], the proposed coupled silicon
resonators here consist of one loss resonator and one gain resonator. When the positive
damping of Resonator 2 and the negative damping of Resonator 1 are equal in magnitude,
the two resonators form a PT-symmetric system.
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Figure 1. Schematic of the PT-symmetric-coupled silicon resonators.

According to Newton’s law, the equations of the motions of the coupled silicon
resonators are given as:

m
d2x1

dt2 − c
dx1

dt
+ kx1 + kc(x1 − x2) = 0 (1a)

m
d2x2

dt2 + c
dx1

dt
+ kx2 + kc(x2 − x1) = 0 (1b)

in which c is the damping coefficient, and xn (n = 1,2) denotes the vibration displacements
of the two resonators, respectively. In Equation (1), swapping the indices of x (P reverse)
and changing the sign of t (T reverse) leaves the equations unchanged, which conforms
to the definition of PT symmetry. The gain of Resonator 1 and the loss of Resonator 2 can
be defined as g = γ = c/

√
mk, the coupling strength between the two resonators can be

defined as µ = kc/k, then the PT symmetry coupled silicon resonators can be simplified as
a PT-symmetric dimer, as shown in Figure 1.

Taking xn(t) ∝ xneiωt, Equation (1) can be rewritten as:[
1 + µ − iωg − ω2 −µ

−µ 1 + µ + iωγ − ω2

][
x1
x2

]
= 0 (2)

where ω is scaled by ω0 =
√

k/m, which is the resonant frequency of the single sili-
con resonator.

Here, the coupled silicon resonators are set in a weakly coupled state (µ ≪ 1). When
the system is in weak coupling, Equation (2) can be simplified to:[

1 + µ−ig
2 − ω − µ

2
− µ

2 1 + µ+iγ
2 − ω

][
x1
x2

]
= 0 (3)
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Solving Equation (3), the eigenfrequencies of the PT system can be obtained as:

ω± = 1 +
µ

2
± 1

2

√
µ2 − γ2 (4)

In Equation (4), when µ > γ, the system is in an exact PT-symmetric phase. The system
has two real eigenfrequencies and the frequency splitting ∆w is:

∆ω =
√

µ2 − γ2 (5)

In Equation (4), when µ < γ, the system is in a broken PT-symmetric phase. The
eigenfrequencies have imaginary parts, and the system has only one real eigenfrequency;
between these two regimes, when µ = γ, the system is in an EP, where the transition of the
two different phases of PT symmetry occurs.

According to the above analysis, the eigenfrequencies merge in the broken PT symme-
try regime. In another word, the frequency splitting ∆w of the PT system remains zero at
this regime. Therefore, the strain-induced frequency splitting only occurs in the exact PT
symmetry regime starting from EP.

When strain is applied to the coupled silicon resonators, both resonators are simulta-
neously subjected to elastic coefficient perturbations δ. After perturbation, the parameters
of the coupled resonator are rewritten as:

µ′ =
µ

1 − δ
(6a)

γ′ =
γ√

1 − δ
(6b)

ω′
0 =

√
1 − δω0 (6c)

Substituting Equation (6) into Equation (3), and setting the initial state of the PT system
at EP (µ = γ), Equation (5) can be rewritten as:

∆ω′ =
√

µ′2 − γ′2 =

√
δ

1 − δ
µ (7)

Normalizing ∆w’ by w0, the frequency splitting induced by strain can be obtained as:

∆ω =

√
δ√

1 − δ
µ (8)

3. Design and Simulation
3.1. Structural Design

Figure 2 shows the structural design of the PT-symmetric-coupled silicon resonators
according to Figure 1. Resonator 1 and Resonator 2 are structurally symmetrical, while
Resonator 1 is a gain resonator and Resonator 2 is a loss resonator. To create a gain effect on
Resonator 1, the electrode Vsen detects the vibration of Resonator 1 and applies back to the
Vfb electrode through a feedback circuit loop. The magnitude of gain can be adjusted by
the feedback circuit. The loss of Resonator 2 is determined by its own parameters as well
as the ambient air pressure, and its magnitude can be adjusted by the air pressure. The two
resonators are coupled through electrical coupling. The coupling strength can be adjusted
by the DC voltages Vd1 and Vd2. AC voltage Va1 initiates the motion of the resonator. The
DC voltage Vd3 is used to eliminate the asymmetric effects caused by fabrication deviations.
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Figure 2. The structural design of the PT-symmetric-coupled silicon resonators.

3.2. Mechanical Model Simulation

The finite element simulation software COMSOL Multiphysics 6.2 was used to sim-
ulate and analyze the PT-symmetric-coupled silicon resonators, as shown in Figure 3a.
The silicon resonators were fabricated based on silicon-on-insulator (SOI) process. The
thickness of the silicon beam was 25 µm, the thickness of the substrate was 400 µm, and the
gap between the silicon beam and the substrate was 2 µm. The size of silicon resonators is
shown in Table 1.
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(b) the in-phase mode of vibration and (c) out-of-phase mode of vibration.



Micromachines 2024, 15, 1278 6 of 14

Table 1. The key parameters of the coupled silicon resonators.

Parameter Value

Length of the resonators 500 µm
Width of the resonators 8 µm
Thickness of the resonators 25 µm
Length of the capacitor plates 260 µm
Width of the capacitor plates 8 µm
Electrical coupling gap 2.5 µm
Young’s modulus 165 GPa
Poisson’s ratio 0.27
Density 2350 kg/m3

Figure 3b,c show the simulated two basic vibration modes of the coupled resonators,
the in-phase mode (first mode) and the out-of-phase mode (second mode). The in-phase
mode corresponds to the lower eigenfrequency of the coupled resonator system, while the
out-of-phase mode corresponds to a higher eigenfrequency of the coupled resonator system.

The coupling coefficient µ of the coupled resonators was set to 0.001, while scanning
the gain factor g. The variation curve of the eigenfrequencies of the PT-symmetric-coupled
silicon resonators is depicted in Figure 4a. When g is larger than 0.001, the system is in the
broken PT symmetry regime, where the real part of the eigenfrequencies merges and the
imaginary part splits. When g is equal to 0.001, the system is at the phase-transition point
EP. When g is less than 0.001, the system is in the exact PT symmetry regime, where the
real part of the eigenfrequency splits and the imaginary part returns to zero.

The gain factor g of the coupled resonators was set to 0.001, while scanning the
coupling coefficient µ. The variation curve of the eigenfrequencies of the system is shown
in Figure 4b. It can be seen that when µ is small the system is in broken PT, and when µ is
large, the system is in exact PT. Furthermore, as the coupling coefficient µ increases, the
real part of the eigenfrequencies show a downward trend.
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After setting the initial state of the PT system at EP, strain perturbations were applied
onto the coupled silicon resonators. The simulated frequency splitting of the PT system
was obtained and shown in Figure 5. For comparison, the theoretical results are also
given in Figure 5. The inset in Figure 5 shows how strain was applied onto the coupled
silicon resonators. As can be seen, the simulation results are consistent with the calculation
results. Both results show that the PT system has a larger response slope at small applied
strains, and as the applied strain increases, the response slope decreases and tends to a
constant value.
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3.3. Implementation of Negative Damping

According to PT symmetry theory, Resonator 1 requires a negative damping, which is
equal in magnitude to the positive damping of Resonator 2. Here, the negative damping
was implemented by a feedback loop.

When applying a feedback force Ffb proportional to the velocity of Resonator 1, the
equivalent damping coefficient cgian generated by Ffb is:

Ff b = cgain
.
x (9)

Under the influence of this feedback force, the dynamic equation of Resonator
1 becomes:

m
..
x + c

.
x + kx = Ff b (10)

So, due to the feedback force, the equivalent damping coefficient ceff of Resonator 1 is
calculated as:

ce f f = c − cgain (11)

Therefore, when the damping coefficient cgain caused by the feedback force Ffb is
larger than the initial damping c of Resonator 1, it obtains an equivalent negative damping.
Adjusting the feedback force applied on Resonator 1, when the negative damping ceff of
Resonator 1 and the positive damping c of Resonator 2 satisfy ceff = −c, the coupled silicon
resonators form PT symmetry.

The feedback force could be generated by the feedback circuit loop. The feedback
force adjustment circuit is composed of a transconductance amplifier (TIA), bandpass filter
(BPF), voltage-controlled amplifier (VCA), and phase shifter (PS). Firstly, the current signal
of the resonator motion obtained from the Vsen electrode is converted into a voltage signal
through TIA. Then, the voltage signal is filtered by a BPF. After that, the amplitude and
phase of the voltage signal are adjusted using a VCA and PS. Finally, the feedback signal is
applied back to the resonator through the Vfb electrode.

A circuit model of PT-symmetric-coupled silicon resonators was established for the
design and verification of the feedback circuit. The circuit model with the feedback circuit
is simulated in Multisim 14, as shown in Figure 6. Among them, R1, L1, and C1 are
the equivalent circuit model of Resonator 1; R2, L2, and C2 are the equivalent circuit
model of Resonator 2; and C3 is an equivalent capacitor representing the coupling between
the two resonators. According to the mechanical parameters, the equivalent resistance,
equivalent inductance, and equivalent capacitance values of a mechanical resonator can be
calculated by conversion formulas [29]. Here, for verification of the feedback circuit, we set
R1 = R2 = 28 MΩ, C1 = C2 = 0.04 fF, and L1 = L2 = 56,429 H.

By adjusting the parameters of each module in the feedback loop, the gain Resonator
1 is balanced with the loss Resonator 2, g = γ = 0.01, and the system achieves PT symmetry.
Then, by adjusting the coupling capacitor C3, the signal waveforms of the PT system in
different regimes can be displayed, as shown in Figure 7. When C3 = 1.3 fF, the equivalent
coupling coefficient µ = 0.03, which is larger than the gain/loss coefficient of 0.01. The PT
system enters the exact PT symmetry regime and displays two split resonance peaks; When
C3 = 13 fF, the equivalent coupling coefficient µ = 0.003, which is less than the gain/loss
coefficient of 0.01. The PT system enters the broken PT symmetry regime and shows one
merged resonance peak. The simulation results of the circuit model verify the effectiveness
of the feedback loop. Compared to mechanical model in Section 3.2, the advantage of the
circuit model here is that it is convenient for the design and simulation of the feedback loop.
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4. Measurements and Results
4.1. Fabrication

The coupled silicon resonators were fabricated based on a simple SOI process. The
fabrication process is depicted in Figure 8: (Figure 8a) A SOI wafer with 25 µm device layer,
2 µm SiO2 layer, and 400 µm substrate was prepared; (Figure 8b) then, a 50/500 nm Cr/Au
layer was sputtered and patterned as the electrodes; (Figure 8c) after that, the device layer
was patterned and etched by DRIE to form the structures of the resonators; (Figure 8d)
finally, the SiO2 layer was etched by HF gas, and the resonators were released.
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Figure 8. The fabrication process of the coupled silicon resonators. (a) A SOI wafer was prepared;
(b) The electrodes were formed; (c) The structures of the resonators were formed; (d) The resonators
were released.

The fabricated resonator chip is shown in Figure 9a. In order to ensure symmetry, the
resonant structures and electrode structures on both sides are designed to be completely
identical, even if some electrodes are not used during the testing process. To conduct the
strain test, the fabricated resonator chip was adhered onto a 65 Mn elastic steel sheet with
a thickness of 1 mm and a length of 9 cm, as shown in Figure 9b. Then, the resonator
electrodes were wire-bonded to the surrounding PCB board for testing. Here the high-
temperature-resistant epoxy resin with the product model 353 ND was adopted as the
adhesion layer.
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Figure 9. (a) The fabricated resonator chip. (b) The resonator chip adhered onto an elastic steel sheet
for strain testing.

4.2. Measurements and Results

The testing platform for PT-symmetric-coupled silicon resonators is shown in Figure 10.
The entire testing system was placed on a vibration isolation platform. In order to accu-
rately adjust the strain of the elastic steel sheets, a servo control system was developed. The
servo control system and elastic steel plate were placed in a steel chamber with adjustable
air pressure. By connecting an external vacuum pump, the air pressure in the steel chamber
can be adjusted between 1 and 105 Pa. The feedback circuits loop included a transcon-
ductance amplifier, bandpass filter, voltage-controlled amplifier, and phase shifter. The
frequency responses of the resonators were read out using a Zurich Instruments HF2LI
lock-in amplifier.
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Figure 10. The testing platform for the PT-symmetric-coupled silicon resonators.

Firstly, the coupled silicon resonators were adjusted to be PT symmetry. The pressure
of the vacuum chamber was set to 200 Pa, at which point the loss coefficient of the loss
resonator was 7 × 10−4. The gain and phase of the feedback circuit were carefully adjusted
to make the gain coefficient of the gain resonator also 7 × 10−4. When the gain and loss are
equal, the system is in PT symmetry.

Then, the coupling coefficient was scanned to find and bias the system near the EP. By
adjusting the coupling voltage between two resonators, the variations of eigenfrequencies
versus the coupling coefficient was obtained in Figure 11. It can be seen that when the
coupling coefficient is 7 × 10−4, i.e., the corresponding coupling voltage is 9.8 V, the system
is near the EP point.

After that, the strain-induced frequency splitting of the PT-symmetric-coupled silicon
resonators was tested. The strain loading method was similar to our previous work [30],
and the strain applied to the resonator chip εx can be calculated as [31]:

εx =
3tcδy(Lc − d)

2L3
c

(12)

where Lc is the length of the cantilever beam, tc is its thickness, and d is the distance from
the resonator chip to the anchor. Here, the servo motor is used to precisely control the
deflection δy of the steel plate.

Figure 12 shows the relationship curve between frequency splitting and the applied
strain of the PT system. For comparison, the simulation and the theoretical results were
recalculated according to the experimental settings and are also shown in Figure 12. All
curves showed that the frequency splitting increases with the increase of applied strain. The
measured frequency splitting in the PT system achieved 34 Hz at 90 µε. In Figure 12, the
measured frequency splitting is smaller compared to the simulation or theoretical results.
This may be because a portion of the applied strain is lost on the adhesive layer between
the resonator chip and the steel plate [30].
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Figure 12. Measured strain-induced frequency splitting of the PT system. The simulation and
theoretical results are also shown for comparison.

5. Conclusions

In summary, this paper proposes the strain-induced frequency splitting in PT symmetry-
coupled silicon resonators. The frequency splitting of the PT system to perturbations caused
by strain was derived. The mechanical model of the PT system was established in COMSOL
software and the characteristic curves of its eigenfrequencies were obtained. Theory and
simulation both indicate that the PT system is more sensitive to strain perturbation near
the EP point. A feedback circuit was designed to achieve the negative damping required
for PT symmetry. After design and simulation, the silicon resonator chip was successfully
fabricated based on an SOI process. Finally, the PT-symmetric-coupled silicon resonators
were successfully constructed, and the frequency splitting phenomenon caused by strain
was observed experimentally. Our work enriches the PT symmetry theory and provides
valuable references for potential applications.
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