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Abstract: We present the first experimental demonstration of a Fabry—Perot resonator that utilizes
total internal reflection from a liquid—gas interface. Our hybrid resonator hosts both optical and
capillary waves that mutually interact. Except for the almost perfect reflection by the oil-air interface
at incident angles smaller than the critical angle, reflections from the liquid-phase boundary permit
optically examining thermal fluctuations and capillary waves at the oil surface. Characterizing our
optocapillary Fabry—Perot reveals optical modes with transverse cross-sectional areas of various
shapes and longitudinal modes that are separated by the free spectral range. The optical finesse of
our hybrid optocapillary resonator is Fo = 60, the optical quality factor is Qo = 20 million, and the
capillary quality factor is Qc = 6. By adjusting the wavelength of our laser near the optical resonance
wavelength, we measure the liquid’s Brownian fluctuations. As expected, the low-viscosity liquid
exhibits a distinct frequency of capillary oscillation, indicating operation in the underdamped
regime. Conversely, going to the overdamped regime reveals no such distinct capillary frequency.
Our optocapillary resonator might impact fundamental studies and applications in surface science
by enabling optical interrogation, excitation, and cooling of capillary waves residing in a plane.
Moreover, our optocapillary Fabry-Perot might permit photographing thermal capillary oscillation,
which the current state-of-the-art techniques do not support.
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1. Introduction

Interfacial tension and capillary waves are relevant to a variety of microfluidic
systems, among them compound droplets [1], liquid interfaces [2], emulsification
mechanisms [3], droplets coalescence [4,5], microfluidic devices [6], bioreactors [7], bifluid
flows [8], microjets [9], and particle separation [10]. In a seemingly unrelated lane of study,
optical microfluidics [11,12] have been used for biological and chemical analysis [13-16]
as well as for biolasers [17]. Furthermore, the synergy between photonics and
microflucids permitted the optical excitation of sound [18], vibration [19,20], and flows
[21] in optical resonators, as well as the mapping of optical modes of droplets [22]. While
sound and light are common to all states of matter, capillary waves are unique to the
liquid phase of matter. Recently, droplet resonators [23] were reported where light and
capillary waves interact [24,25]. Here, we extend such droplet optocapillary cavities to a
standard Fabry—Perot resonator, giving optical access to flat liquid—gas interfaces and to
the capillary waves residing there.

In detail, as shown in Figure 1, surface energy produces tension at the liquid—gas
interface. As such, an oil-air surface behaves like a spring or a membrane, attempting to
bring the surface back to mechanical equilibrium. In a vessel containing a liquid, the
mechanical equilibrium of the liquid-phase boundary is a flat surface. On the other hand,
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random thermal fluctuations perturb the gas-liquid interface to deviate it from its flat
state. Overall, our liquid-gas interface fluctuates in a Brownian manner while totally
internally reflecting light and serving as one of the mirrors of our resonator. In the
following sections, we will discuss the capacity of an optical resonator to measure
variation in optical path length, followed by a brief overview of capillary waves,
specifically Brownianly excited waves.
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Figure 1. Schematic description of our resonator, where we use total internal reflection from a gas—
liquid interface as one of the reflectors. As such, the cavity roundtrip length is affected by thermal
capillary waves at the liquid-phase boundary.

1.1. Optics: A Resonator with a Moving Mirror

Interferometric techniques are typically limited in achieving precision in size
measurement. Generally, the resolution limit of interferometric techniques is comparable
to the optical wavelength and provides micron-scale accuracy. Thermal capillary waves
have an amplitude that is too small to examine using interferometric techniques. Using
optical resonators in place of interferometers can significantly improve the resolution of
size measurements toward the nanometer range. In principle, optical resonators can
measure changes in optical path length, with a wavelength resolution divided by the
optical quality factor [24].

1.2. Fluid Mechanics and Surface Science: Capillary Waves

Capillary waves are perturbations in liquid level, or height, that propagate along the
interface between two fluids, typically gas and liquid. For example, capillary waves of
various amplitudes and wavelengths can propagate at the interface between oil and air.
The restoring force applied by surface tension or gravity on a liquid wave pushes the
liquid level towards a mechanical equilibrium. For long waves, the restoring force is
gravity, while for short waves, the restoring force is surface tension. The unique behavior
of liquid waves relates to their dispersive character. Unlike sound waves or light waves
in a nondispersive medium, the velocity of a capillary wave depends on its wavelength.
The dispersion relation for a capillary wave is given by [26]:

k3
0F =gk+y— )

where Q is the angular frequency, g is the acceleration of gravity, k is the wavenumber, y
is the surface tension, and p is the liquid mass density. Using v = Q/ | » We obtain that the
phase velocity for the capillary wave is
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As shown in Figure 2, for gravity waves, longer waves propagate faster than short
waves. Conversely, for short waves where surface tension functions as the major restoring
force, shorter waves propagate faster. Accordingly, there is a minimum speed at which
the wave can go. For silicone oil, which we use here, the minimum speed is approximately
0.2 m/s, which occurs for a 12 mm wavelength. Similarly, fluctuations at rates higher than
17 Hz in the frequency domain relate, here, to the parameter space where surface tension
is the dominant restoring force, while rates lower than 17 Hz relate to gravitational
restoring forces. The group velocity, which is the velocity at which the envelope of the
waves propagates, is defined as vygyp = d“’/ dk- Using Equation (1) leads to a group
velocity.
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Figure 2. Speed as a function of wavelength for capillary waves at the liquid-air interface, for two
different liquids: silicone oil (blue) and water (red).
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For gravity waves, the group velocity is half of the phase velocity, but for waves
where surface tension dominates, the group velocity is approximately 1.5 higher than the
phase velocity.

1.3. Statistical Mechanics: Thermal Capillary Waves

Thermal capillary waves represent a phenomenon related to the effects of Brownian
motion of the liquid-phase boundary. For instance, the water—air interface in a cup of
water tends to be viewed as a smooth stationary surface, but will actually look like a
stormy sea if monitored with an angstrom resolution. The estimation of the amplitude
related to the thermal capillary wave can be performed by using the equipartition theorem
[27],

1 1
koT = = KAx? 4
5 ksT = 5 KAx 4)

where kp is the Boltzmann constant, T is the absolute temperature, K is the spring
constant, and Ax is the displacement from mechanical equilibrium. Expressing the spring
constant, K, using surface tension y and considering surface tension on the order of 10
to 100 mN /m for most liquids leads to an interface roughness on the order of
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at room temperature. Regular optics cannot resolve this scale, since it resides below the
diffraction limit of imaging systems. Additionally, photographing techniques that use
optical interference fail to image such thermal capillary waves. Thermal capillary waves
were theoretically predicted [28] and were seen in indirect ways, such as through light
[29] and X-ray scattering [30-33], as well as in systems simulating liquids [27]. Recently,
droplet micro-optocapillary resonators have allowed the optical interrogation [1] of
capillary waves and even the optical excitation [25] of capillary resonances. One can call
such stimulated excitation of capillary waves a water-wave laser [25], analogous to
Brillouin lasers [34], where stimulated emission is mediated by sound.

Summarizing this section, optocapillary resonators can mutually host optical and
capillary waves, while their interaction is resonantly enhanced. Our Fabry-Perot
resonator permits the optical interrogation of common flat liquid surfaces, including those
in liquid-containing vessels. Furthermore, our optical interrogation of the flat liquid level
benefits from resonance enhancement with an optical quality factor exceeding 20 million.
This work extends the capacity of microfluidic devices to access capillary waves and
detect thermal fluctuations in the total internal reflection region. We believe that our
device will soon permit pump and probe experiments, where one light beam excites or
cools capillary waves while the other measures their amplitude.

2. Experimental Setup

Our optocapillary cavity (Figure 3) is based on a Fabry—Perot resonator, where one
of the reflectors relies on the total internal reflection from a liquid-phase boundary. The
other two reflectors are high-reflectivity dielectric concave mirrors, with a reflectivity of
99.97%. The radius of curvature for these mirrors fulfils the stability condition for such a
resonator [35]. A designated container to hold the liquid was printed using a 3D printer,
and two microscope slides were affixed to serve as Brewster windows. Brewster windows’
advantage is their 100% transmission, achieved with no need for anti-reflection coating.
A 770 to 790 nm tunable laser is free-space coupled into the resonator through one of the
concave mirrors. The light polarization is controlled by a half-wave plate on a rotary
mount. Polarization is adjusted so that minimal reflection bounces back from the Brewster
windows. The other concave mirror functions as the output coupler. A beam splitter sends
the transmitted light to both an amplified photodetector and a camera. In this manner, we
can simultaneously monitor the spectral and spatial properties of the optical mode.

To excite an optical mode, the laser’s optical frequency is scanned through the optical
resonances of the Fabry—Perot. Resonance conditions are achieved when the optical
roundtrip length equals an integer number of wavelengths of light. Reaching this
condition allows light to be transmitted out of the cavity and photographed by the camera.

Scanning the laser gives rise to optical resonances spaced almost evenly in frequency
in every free spectral range, with some deviation originating from thermal capillary
waves. When operating the laser at a wavelength for which some of the light can be
transmitted, a slight change in the liquid level (due to Brownian motion) changes the
transmission of the optical resonator by drifting the resonance wavelength relative to the
laser wavelength.
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Figure 3. Experimental setup. (a) Detailed description; (b) the liquid container and the concave
mirrors. (c) Several models of the liquid containers.

Two main properties should be considered when choosing a liquid for the
experiment. From an optics point of view, the liquid should be as transparent as possible
to achieve high optical finesse and high optical quality. Therefore, we chose silicone oil,
which allowed optical quality factors higher than one billion [36].
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From a fluid mechanics point of view, and as evident from Equation (5), the surface
tension must be as low as possible to obtain high-amplitude thermal capillary waves.
Silicone oil, in this regard, has a surface tension of y = 20.8 mNm, which is
approximately half of the water’s surface tension. Another property that influences
capillary wave damping is the viscosity of the liquid. Three different viscosities were used
in this experiment, 50, 350, and 60,000 cSt, which allowed the examining of our system in
the underdamped, critically damped, and overdamped regimes.

3. Experimental Results
3.1. Characterization

We scanned the laser through several cavity resonances. This scan is fast to prevent
the effects of capillary waves. As expected, at wavelengths that fulfil the resonance
conditions, the transmission through the resonator increased, as detected by a camera and
a photodiode. Figure 4 shows some of the modes that were detected by a photodiode. The
free spectral range is 850 + 13 MHz, where the error stands for the standard deviation.
Figure 4 also shows photographs of the various transverse modes detected by a camera.
Here, the transverse modes have a rectangular symmetry of the Hermite-Gaussian form.
These kinds of modes are expected in a resonator with Brewster windows. Analyzing the
results in Figure 4 reveals an optical finesse of 60 and an optical quality factor, Qo, of 2 x
107. The optical roundtrip length in our resonator is 300 mm.
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Figure 4. Resonator characterization. (a) Spectral distribution of the optical mode. (b) Spatial mode
profile along the direction transverse to the light propagation direction. The viscosity is 60,000 cSt.

Strong transmission peaks (Figure 4, left) appear simultaneously with a TEM(00)
mode, as photographed by the camera. Higher-order transverse modes, such as TEM(11),
were photographed by the camera (Figure 4, right) but are hardly seen in the spectrum
because of their relatively low overlap with the laser mode shape.

Unlike solid-based resonators, where the free spectral range is typically not changing
in time, we see in Figure 4 a nonregular separation between the modes. To give a scale,
the 13 MHz standard deviation in the optical resonance frequency corresponds to a 10.1
nm extension in the optical roundtrip length of the cavity. These types of deviation will
be parametrically studied in what follows, while changing the optical scan speed and
liquid viscosity.

3.2. Spectral Response for Various Viscosities

We now study our resonator by analyzing its spectral response in a set of three
experiments where we change the viscosity. To keep all liquid properties unchanged,
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except for viscosity, we use silicone oil in all of these experiments. The length of the
silicone molecule determines liquid viscosity while keeping the optical transparency,
specific weight, and surface tension almost the same during the different experiments.

In detail, we repeat the same experiment with three different viscosities.

e Low viscosity (50 cSt), corresponding to underdamped capillary oscillation (capillary
quality factor, Qc > 1);

e Medium viscosity (350 cSt), corresponding to critically damped capillary oscillations
(Qc=1);

e High viscosity (60,000 cSt), corresponding to overdamped capillary oscillations (Qc
<«<1).

For the highest viscosity (Figure 5), the free spectral range is 986 + 78 MHz, where
error stands for standard deviation. This is close to the free spectral range of 996 + 160
MHz, measured for the medium viscosity.
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Figure 5. Viscosity comparison. Transmission vs. frequency detuning for three different viscosities
of silicone oil. Laser scans at 12 GHz per second. The fluid density is p = 960 kg/m? and the surface
tension is y = 20.8 mNm. The scan duration is 0.5 s.

However, going to low viscosity, where the system is in the underdamped region,
our capillary resonator was expected to oscillate sinusoidally in time. For this reason, the
resonance frequency sweeps back and forth and, therefore, has additional passages
through resonance conditions during the scan, as indicated by the extra peaks in the blue
plot. This issue will be investigated in more detail in the following section.

3.3. Measuring Thermal Fluctuations for Various Viscosities

To isolate the effect of the thermal sinusoidal capillary oscillations, we stop the laser
wavelength scan so that thermal fluctuations are the single nonstationary element in our
experiment. As expected, and because of thermal capillary oscillations, the low viscosity
exhibits the passage of the cavity resonances via the laser wavelength every 128 + 18 ms
(Figure 6), corresponding to a frequency of 7.97 + 1.23 Hz. Since the optical resonance
sweeps twice (going back and forth) through the laser wavelength during one capillary
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cycle, the dominant thermal capillary oscillation frequency is 3.98 + 0.61 Hz. Estimating
the capillary quality factor, Qc, from the deviation in resonance frequency reveals Qc =
3.98/0.61 = 6.44, which indicates operation in the underdamped regime. As expected,
going to higher viscosities reveals no distinct frequency of capillary resonances.
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Figure 6. Resonator characterization. (left) Modes as detected by a photodiode. (right) Higher-order
transverse modes as detected by a camera.

In its straightforward realization, the first capillary modes are similar to a guitar
string, whose length equals half the wavelength. Along these lines, and using Equation
(2), the measured capillary frequency (3.98 Hz) corresponds to a capillary resonator length
equal to 49.7 mm. In the experiment, our capillary resonances reside in a 63 x 25 mm
rectangle, close to within a form factor of our calculated length (49.7 mm).

4. Conclusions

Here, we build the first resonator with one of its mirrors based on total internal
reflection for a liquid—gas interface. At low viscosities, the thermal fluctuation of the
liquid-phase reflector generates spontaneous drifts in the optical path length
accompanied by the casual excitation of optical resonances, despite the stationary optical
input. Our optocapillary resonator opens future research directions, including optical
excitation, interrogation, and cooling of capillary waves.

Author Contributions: Fabrication and Experiment, E.-H., M.D. and S.M.; Supervision, T.C. All
authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Israeli Science Foundation, Grant No. 537/20, and by the
United States—Israel Binational Grant No. 2016670.

Data Availability Statement: Data is avaliable by contacting the first author.

Conflicts of Interest: The authors declare no conflict of interest.



Micromachines 2023, 14, 624 9 of 10

References

1.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.
21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

Xing, L.; Li, J; Jiang, M.; Zhao, L. Dynamic Behavior of Compound Droplets with Millimeter-Sized Particles Impacting
Substrates with Different Wettabilities. Phys. Fluids 2023, 35, 022108. https://doi.org/10.1063/5.0137505.

Vodi, S.; Dick, J.E. An Electrochemical Perspective on the Interfacial Width between Two Immiscible Liquid Phases. Curr. Opin.
Electrochem. 2023, in press, https://doi.org/10.1016/j.coelec.2023.101244.

Udepurkar, A.P.; Clasen, C.; Kuhn, S. Emulsification Mechanism in an Ultrasonic Microreactor: Influence of Surface Roughness
and Ultrasound Frequency. Ultrason. Sonochem. 2023, 94, 106323. https://doi.org/10.1016/j.ultsonch.2023.106323.

Perumanath, S.; Borg, M.K.; Chubynsky, M.V_; Sprittles, ]J.E.; Reese, ]. M. Droplet Coalescence Is Initiated by Thermal Motion.
Phys. Rev. Lett. 2019, 122, 104501. https://doi.org/10.1103/PhysRevLett.122.104501.

Behera, N.; Chakraborty, S. Electric-Field-Mediated Morpho-Dynamic Evolution in Drop-Drop Coalescence Phenomena in the
Inertio-Capillary Regime. ]. Fluid Mech. 2023, 956, A22. https://doi.org/10.1017/jfm.2022.1096.

Zhou, C.; Yue, P.; Feng, ].J. Formation of Simple and Compound Drops in Microfluidic Devices. Phys. Fluids 2006, 18, 092105.
Frey, L.J.; Vorlander, D.; Rasch, D.; Meinen, S.; Miiller, B.; Mayr, T.; Dietzel, A.; Grosch, J.-H.; Krull, R. Defining Mass Transfer
in a Capillary Wave Micro-Bioreactor for Dose-Response and Other Cell-Based Assays. Biochem. Eng. ]. 2020, 161, 107667.
https://doi.org/10.1016/j.bej.2020.107667.

Galusinski, C.; Vigneaux, P. On Stability Condition for Bifluid Flows with Surface Tension: Application to Microfluidics. J.
Comput. Phys. 2008, 227, 6140-6164. https://doi.org/10.1016/j.jcp.2008.02.023.

Chen, Y.-Y.; Ting, I.-].; Wang, S.-C. Using Office Inkjet Printer to Develop Paper-Based Electrowetting-on-Dielectric Micromixer
Based on Capillary Wave-Induced Droplet Vibration Mixing for the Reproducibility Improvement of Chemiluminescence
Assays. ]. Taiwan Inst. Chem. Eng. 2021, 126, 23-28. https://doi.org/10.1016/.jtice.2021.07.014.

Agrawal, P.; Bhanushali, S.; Gandhi, P.S.; Neild, A. Capillary-Wave Sieve: Continuous Particle Separation Using Millimeter-
Scale Capillary Waves. Phys. Rev. Appl. 2022, 18, 054070. https://doi.org/10.1103/PhysRevApplied.18.054070.

Fainman, Y.; Lee, L.; Psaltis, D.; Yang, C. Optofluidics: Fundamentals, Devices, and Applications; McGraw-Hill, Inc.: New York, NY,
USA, 2009; ISBN 0-07-160156-2.

Psaltis, D.; Quake, S.R; Yang, C. Developing Optofluidic Technology through the Fusion of Microfluidics and Optics. Nature
2006, 442, 381-386. https://doi.org/10.1038/nature05060.

Toropov, N.; Cabello, G.; Serrano, M.P.; Gutha, R.R.; Rafti, M.; Vollmer, F. Review of Biosensing with Whispering-Gallery Mode
Lasers. Light Sci. Appl. 2021, 10, 42. https://doi.org/10.1038/s41377-021-00471-3.

Vollmer, F.; Yang, L. Review Label-Free Detection with High-Q Microcavities: A Review of Biosensing Mechanisms for
Integrated Devices. Nanophotonics 2012, 1, 267-291. https://doi.org/10.1515/nanoph-2012-0021.

Basiri-Esfahani, S.; Armin, A.; Forstner, S.; Bowen, W.P. Precision Ultrasound Sensing on a Chip. Nat. Commun. 2019, 10, 132.
https://doi.org/10.1038/s41467-018-08038-4.

Fan, X.; White, LM. Optofluidic Microsystems for Chemical and Biological Analysis. Nat. Photonics 2011, 5, 591-597.
https://doi.org/10.1038/nphoton.2011.206.

Fan, X; Yun, S.-H. The Potential of Optofluidic Biolasers. Nat. Methods 2014, 11, 141-147. https://doi.org/10.1038/nmeth.2805.
Bahl, G.; Kim, K.H.; Lee, W.; Liu, J.; Fan, X.; Carmon, T. Brillouin Cavity Optomechanics with Microfluidic Devices. Nat. Commun.
2013, 4, 1994.

Kim, K.H.; Bahl, G.; Lee, W,; Liu, J.; Tomes, M.; Fan, X.; Carmon, T. Cavity Optomechanics on a Microfluidic Resonator with
Water and Viscous Liquids. Light Sci. Appl. 2013, 2, e110.

Dahan, R.; Martin, L.L.; Carmon, T. Droplet Optomechanics. Optica 2016, 3, 175-178. https://doi.org/10.1364/OPTICA.3.000175.
Bar David, D.; Maayani, S.; Martin, L.L.; Carmon, T. Cavity optofluidics: a pdroplet’s whispering-gallery mode makes a pvortex
Opt. Express, 2018, 26 19115.

Attar, S.T.; Shuvayev, V.; Deych, L.; Martin, L.L.; Carmon, T. Level-Crossing and Modal Structure in Microdroplet Resonators.
Opt. Express 2016, 24, 13134. https://doi.org/10.1364/OE.24.013134.

Kaminski, S.; Martin, L.L; Carmon, T. Tweezers Controlled Resonator. Opt. Express 2015, 23, 28914-28919.
https://doi.org/10.1364/OE.23.028914.

Maayani, S.; Martin, L.L.; Kaminski, S, Carmon, T. Cavity Optocapillaries. Optica 2016, 3, 552-555.
https://doi.org/10.1364/OPTICA.3.000552.

Kaminski, S.; Martin, L.L.; Maayani, S.; Carmon, T. Ripplon Laser through Stimulated Emission Mediated by Water Waves. Nat.
Photonics 2016, 10, 758-761. https://doi.org/10.1038/nphoton.2016.210.

Acheson, D.J. Elementary Fluid Dynamics, 1st ed.; Clarendon Press: Oxford, NY, USA, 1990; ISBN 978-0-19-859679-0.

Aarts, D.G.A.L.; Schmidt, M.; Lekkerkerker, HN.W. Direct Visual Observation of Thermal Capillary Waves. Science 2004, 304,
847-850. https://doi.org/10.1126/science.1097116.

v. Smoluchowski, M. Molekular-Kinetische Theorie Der Opaleszenz von Gasen Im Kritischen Zustande, Sowie Einiger
Verwandter Erscheinungen. Ann. Der Phys. 1908, 330, 205-226. https://doi.org/10.1002/andp.19083300203.

Vrij, A. Light Scattering from Liquid Interfaces. Adv. Colloid Interface Sci. 1968, 2, 39-64. https://doi.org/10.1016/0001-
8686(68)80002-8.

Sanyal, M.K,; Sinha, S.K.; Huang, K.G.; Ocko, B.M. X-Ray-Scattering Study of Capillary-Wave Fluctuations at a Liquid Surface.
Phys. Rev. Lett. 1991, 66, 628-631. https://doi.org/10.1103/PhysRevLett.66.628.



Micromachines 2023, 14, 624 10 of 10

31.

32.

33.

34.

35.

36.

Tolan, M.; Seeck, O.H.; Schlomka, J.P.; Press, W.; Wang, J.; Sinha, SK.; Li, Z.; Rafailovich, M.H.; Sokolov, ]J. Evidence for
Capillary Waves on Dewetted Polymer Film Surfaces: A Combined X-Ray and Atomic Force Microscopy Study. Phys. Rev. Lett.
1998, 81, 2731-2734. https://doi.org/10.1103/PhysRevLett.81.2731.

Doerr, A.K.; Tolan, M.; Prange, W.; Schlomka, J.P.; Seydel, T.; Press, W.; Smilgies, D.; Struth, B. Observation of Capillary Waves
on Liquid Thin Films from Mesoscopic to Atomic Length Scales. Phys. Rev. Lett. 1999, 83, 3470-3473.
https://doi.org/10.1103/PhysRevLett.83.3470.

Fradin, C; Braslau, A.; Luzet, D.; Smilgles, D.; Alba, M.; Boudet, N.; Mecke, K.; Daillant, ]. Reduction in the Surface Energy of
Liquid Interfaces at Short Length Scales. Nature 2000, 403, 871-874. https://doi.org/10.1038/35002533.

Tomes, M.; Carmon, T. Photonic Micro-Electromechanical Systems Vibrating at X-Band (11-GHz) Rates. Phys. Rev. Lett. 2009,
102, 113601. https://doi.org/10.1103/PhysRevLett.102.113601.

Resonator Optics. In Fundamentals of Photonics; John Wiley & Sons, Ltd.: Hoboken, NJ, USA, 1991; pp. 310-341, ISBN 978-0-471-
21374-1.

Kher-Alden, J.; Maayani, S.; Martin, L.L.; Douvidzon, M.; Deych, L.; Carmon, T. Microspheres with Atomic-Scale Tolerances
Generate Hyperdegeneracy. Phys. Rev. X 2020, 10, 031049. https://doi.org/10.1103/PhysRevX.10.031049.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury
to people or property resulting from any ideas, methods, instructions or products referred to in the content.



