
Detailed derivation of the PDE model  

 

1 Govern equation 

In a piezoelectric substrate, the relationship, strain vs stress and displacement vs electric field, is 

considered linear, thus the coupled constitutive equations in piezoelectric substrate can be expressed 

�� = ����� − �����                                   (1) 

�� = ����� + �����                                  (2) 

 

According to Equation (1) and Equation (2), the stress and electric displacement can be takenthe 

following form Equation (3) and Equation (4), respectively.  
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The relation of strain and mechanical displacement can be described as 

�� = ∇����                                   (5) 

where, ∇�� is the operator 
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Substituting (6) into (5), strain tensor � can be expressed as 
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Substituting (7) into (3) and (4) yields 
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2 The equilibrium equation of piezoelectric  

According to the Newton Law, the equilibrium equation in piezoelectric medium is defined by 

����� = �
����

��� ,                           (10) 

According to the Maxwell's equations and electric boundary conditions of SAW devices, the relation 

among the electric displacement �� , electric field ��, electric potential �� and charge density �� are 

defined by 

 

� = ��,                                  (11) 

� = −∇�,                                (12) 

∇ ∙ � = 0,                                 (13) 

∇ ∙ � = ��,                                (14) 

where, ∇= �
�
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���
�, Equation (13) is applied in piezoelectric medium, Equation (14) is applied 

on interface between piezoelectric medium and electrode. 

Assuming that there is no external force applied, the equilibrium equation of the piezoelectric 

relation can be described with tensor form 

∇�����∇���� + ∇�����∇� = ��̈�                         (15) 

−∇����∇�� + ∇���∇���� = 0                           (16) 

The Equation (15) and Equation (16) can be expressed with matrix form, respectively. Thus the 



equilibrium equation can be expressed as 
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In this work, we assume that the partial derivative of physical field along the aperture direction is 

set to zero (∂/∂��=0), which can describe the infinite length of the aperture along �� direction. Thus the 

Equation (17) and Equation (18) can be expressed as  
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According to Equation (19) and Equation (20), only the �� and �� coordinate axes are contained 

in the equilibrium equation for describing the infinite length along ��  direction. That’s to say, this 

derived PDE-based 2D-FEM model is equivalent to built-in quasi-3D FEM model previously reported 

by Shimko et al. [24]. Therefore, only 2D-FEM model of the single-finger established by COMSOL can 

obtain four solutions ��, ��, �� and � of the Equation (19) and Equation (20). 

 

3 The solution of PDEs by COMSOL  

Due to FEM software COMSOL Multiphysics provides a mathematics module, and its built-in PDE 

interface supports coefficient form PDE as (21)  
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(21) 

The Equation (21) enables solving PDE Equation (19) and Equation (20) with multiple dependent 

variables. Correspondingly, according to the form of Equation (21), the piezoelectric equilibrium 

equation Equation (19) and Equation (20) can be converted as follows 
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According to the expression (22), the coefficient of expression (21) is given by 
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