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Primary radiation force potential

To obtain Equation (8) in the main body of the article, the following steps can
be performed:

Vi1l 3
Uprim (1) = 3|5 foiko Copov)? sin?[k(z = )] = = fipovf cos?[k(z = hy)]

i 2
Uprim() = “22 |2 £, sin?[k(z — hy)] = 1, cos?[k(z — hy)] |
and using the identity sin® x 4+ cos? x = 1 we have

ViEo ViEo

Uprim (1) = = [fo,i - (fo,i + %fu) cos?[k(z — hn)]] =—2{fo =
Dy cos?[k(z — hn)]]

Secondary radiation force potential
The derivation of this section follows the steps of Silva and Bruus.

According to Gorkov’s potential theory, the acoustic radiation potential of any
arbitrary field, except a plane travelling wave, can be obtained as:

U(rp) = asﬂpo [fOT'pk2|¢total(rp)|2 - flTp |Vp¢total(rp)|2] (Sl)

Moreover, in our case, the total velocity potential is the sum of the velocity
potential of the external field and the rescattered field:

¢total (1‘, t) = ¢ext(r' t) + ¢sc (1", t) (SZ)
For complex fields
|¢total(rp)|2 = |¢ext(rp) + ¢sc(rp)|2 = (¢ext(rp) + ¢sc(rp))* (‘f’ext(rp) + ¢sc(rp)) =
bext(Tp) Pext(Tp) + Pext(Tp) Bsc(Tp) + bsc(1p) bext(Tp) + Bsc(Tp) dsc(rp) (S3)

Here the first term corresponds to the primary radiation potential, the last term
is small compared to the second and third terms. Moreover,



Re[a*b] = Re[ab*] (S4a)
and therefore the second and third terms can be contracted

Pext(Tp) Dsc(Tp) + Dsc(1p) Pext(rp) = 2Re[Pexe (1) Dsc(1p)] (S4b)
and the potential of the secondary acoustic field can be approximated as
Usee(rp) = a3mpo [ k2Re[ gt (1) c(rplrs)] - 22 Re[Vieua (1) bsc(rplrs)] | (550)
or equivalently

Usec (rp |rs) = ﬂkzaSPoRe [Zf% d);xt(rp)d)sc (rp |rs) - fl,p %Vpd);xt(rp) : %Vpd)sc (rp |rs)] =
Usec,O - Usec,l (SSb)

The scattered wave due to an external field can be given as

Buolrylrs) = ify S taTRe T g, thy, [ 4 g ((:ZZ);] (56)
where
pin(r) = 1732 din(r) (87)
and
Vin(r) = Vin(r) (87b)

Direct substitution of the velocity field and density gives the scattered velocity
potential. To ease the treatment of the scattered velocity potential, we denote the
two separate terms with index 0 and 1, and neglect the argument (r,|0) in the

following
Psc (Tp|0) = ¢sc,0 (Tp|0) - d’sc,l (Tp|0) (88)

Since the velocity potential of the external field is a real number, its complex
conjugate is itself

Pext = Pixe = 2 sin[k(r cos 6 — hy)] (89)
and therefore, its gradient is
Vp(l)éxt(rp) = v, cos[k(r cos § — hy)] {cos 6 # — sin 6 8} (510)

Therefore, the first term of Equation (S8) is

¢ = if, adw pin(0)e*Tsp a3k? vy sin khye'ksp (Sl1a)
sc,0 0535, Tep 05 3 krep
and its real part
31,2 i
_ a3k® v sinkhy COSKTsp
Re[$sco] = fos =5 (S11b)

krsp



For the second term of Equation (S8), first

ikrg i .

vin(rs)e p ik 2V, cos 6 coskh

Vp - [&] = vy cos B coskh, [ + —] etkTsp — 2022 200 T plkTsp —
Tsp sp Tsp rSP

vy cos @ coskh, [i - iz] eKTsp (S12a)

Tsp  Tén

such that the second term of Equation (S8) is

bsca(Tpl0) = fis= vo cos @ cos kh,, [ > ]e”‘rsp (S12b)
sp

Its real part being

3
Re[$sc1] = —fu.s = kZvg cos @ cos kh,, <S‘Zr’:jp +C(‘]’:‘pr)p> (S12¢)

As the first term of the secondary radiation potential, Equation (S5b), depends
on the velocity potential of the external field, which is real, and the real parts of the
scattered velocity potential are given by Equations (S11b) and (S12c), Ugeco can be
obtained:

f0p

¢extRe[¢sc 0 ¢sc 1]

adk? vq sin khy, cos kg

2fo, "
Useco = nk2a3p0Re [% d’extd’sc] = k*a 3P

ﬂ_sm[k(r cosf — hy)] {fo.s

2.3
k“a
Po 3 krsp

a3 sin k. cos kr. 1 2f .
fis=k?vqcos @ coskhy P+ 2 )¢ =-mk3adadpovs =2 sin[k(r cos 6 —
S72 ke (krgp) 2 3

hn)] fo . sin khn Cos krsp n f1 L COS 0 cos kh sinkrgp n cos krS;D (813)
krsp kTsp (k7sp)

The second term of the secondary potential, Equation (55b), can be calculated
by splitting the scattered potential:

Usecn = T[agpofl,pRe[vpd);xt(rp) ) Vp(i)sc] (S14a)
Re[vpd);xt(rp) ' Vpq-')sc] = Re[vpd);xt(rp) : Vpq»')sc,o] - Re[vpd);xt(rp) : Vp(i)sc,l] (Sl4b)

Equation (S14b), requires the calculation of some auxiliary terms (the gradient
of the scattered velocity potential):

Vpsco(rpl0) = fos Zrvg sinkh, [""SP 1] i (S15a)

ikrsp 2 i ~ . . -
Vp¢sc_1(rp|0) = f1S vo coskh S—p{ cos @ ((krsp) + 2ikrgp — 2) T —sind (lkTSp - 1)0}
(S15b)

and consequently, the first term of Equation (S14b)

Vpdaxe(Tp) - Vpdsco = vo cos b cos[k(r cosf — hy)] fOS X Vo sinkhy, [1:+1] k'sp (Sl16a)

sp

with its real part



sinkr

Re[Vpcpéxt(rp) . Vpcpsc_o] vofo s cos[k(r cos@ — h,)] cos @ sinkh, { +

coskr
(kr)? } (S16b)

and the second term of Equation (S14b)
lkTsp 2 2
p¢>ext(rp) Vpdsc1 = Vo cos[k(r cos @ — hy)] f1 s vo coskhy Tp{ cos“ 6 ((krsp) +
2ikry, — 2) + sin? 6 (ikry, — 1)} (S17a)
with its real part

* 3 2@cosk 2
Re[Vpcj)ext(rp) . Vpcpsc_l] = vy cos[k(rcosf — hy)] fl‘sa?vo coskhy {—Cosr# ((krsp) -

sp
sin?@coskr . 2krsinkrco 260  krsin?6si
2) - } (S17b)

3 3 3
Tsp r r

after simplification and using

2cos?6 —sin? 9 = Hiﬂ (S17¢)

Equation (S17b) can be written as

R 2 k
Re[Vpdexe(Tp) - Vodsca] = véfis aTk3 cos[k(r cos8 — hy)] cos kh, {C(O;T: (1+ 3cos20) —
2cos?@coskr . (1+3cos260)sinkr
kr ()2 } (517d)

At this point everything is known to obtain Use. 1, by Equations (S16b) and (S17d):

Usec1 = —v§magadpofipk® cos[k(r cos@ — hy)] [fos cos O sinkhy {Sin 7 cos kr} +

kr (kr)2

E—'Scos kh,

(14 3cos20) —

{cos kr (818)

2 cos? fcos (1+3 cos 20) sin kr}]
(kr)3

kr (kr)2

and now Equations (S5b), (513) and (S18) yield the secondary radiation potential:

cos kr

(kr )3
[fl,s cos(khy)(1+

Ugec(r,0) = 7TE0k3’apaS (cos[k(r cosf — hy)]|== fip {fl scos(kh,)(1 + 3 cos 26)

[ fossin(khy) cos @ cos kr + f; s cos(khy,)(1 + 3 cos 20) sin kr] a2

cos 20) cos kr — —fo s sin(khy) cos 6 sin kr] } + sin[k(r cos 6 —

2f,, K
hy)l % {fl,s cos(kh,) cos@ C((:r)zr [gfo,s sin(kh,) cos kr +

f1s cos(khy) cos 6 sin kr] %}) (519)

Secondary radiation force in the radial direction for a general case
The derivatives of terms containing r:

where [ ] denotes [k(r cos @ — h,)] used for shorter notation

cos kr

(kr)3

3kcoskrcos[ | ksinkrcos|[ ] kcosOcoskrsin[ |
(kr)* (kr)3 (kr)3

0
3 cos[k(rcos@ — h,)]| —=




—cos[k(rcos 6 —

or

—cos[k(rcos 6 —

or

or

—cos[k(rcos 8 —

or

—sin[k(r cos 8 —

or

—sin[k(r cos 8 —

or

0
—sin[k(r cos 8 —
ar

0
—cos[k(rcos 8 —

cos kr

)] ———
n)] (kr)z
2k coskrcos[ | ksinkrcos[ ]| kcos@coskrsin[ |
(kr)3 (kr)? (kr)?
)] sin kr
" (kr)?
2k sinkrcos[ | kcoskrcos[ ]| kcosOsinkrsin[ |
(kr)3 (kr)? (kr)?
cos kr
hl
kcoskrcos[ | ksinkrcos[ | kcosfcoskrsin[ ]
(kr)? kr kr
sin kr
hn)]——
k sinkr cos[ ] N kcoskrcos[ | kcosOsinkrsin[ |
(kr)? kr kr
cos kr
hn)] (kr)z
2k coskrsin[ | ksinkrsin[ ]| kcosOcoskrcos[ |
(kr)? (kr)? (kr)?
] cos kr
L kr
kcoskrsin[ | ksinkrsin[ ] N k cos 6 cos kr cos[ ]
(kr)? kr kr
] sin kr
L kr

ksinkrsin[ ] N k coskrsin[ ] N k cos @ sin kr cos[ |
(kr)? kr kr

these can be used with Equation (3b) and Equation (10) of the main body to obtain

the full expression for the radial force:



3k cos kr

E. = nEgk3a3al {f%p cos[k(rcos 6 — hy,)] {fl,s cos khy (1 + 3 cos 26) [ (kr)*

3ksinkr kcos kr]
(kr)? (kr)?

4
+ §f0,s sinkh,, cos 0 [

2k cos kr 4 2k sinkr kcos kr]
(kr)3 (kr)? kr

kcoskr ksinkr
— fi,s coskh, (1 + cos 20) [ k)2 + o ]}
2fop k cos 8 cos kr
+ 3 cos[k(rcos6 — h,)] {fl,s cos kh, cos 6 [— BRSO
k cos 0 sin kr] N 2 — [ k cos @ cos kr]}
kr 3 Jos sin khy kr
129 Gtk cos 6 h)]{ kh, (1+3 29)[“058“’5”
5 sin[k(r cos 211 f1s coskhy, cos COE
kcosOsinkry 4 ] kcos@coskr kcos@sinkr
—(kr)z ] + §f0,s sin kh,, cos 8 [ k)2 + = ]

k cos @ cos kr]}
kr

2fO,p .
+ 3 sin[k(r cos 8 — h,)] 1 f1scoskh, cos6

— f1s coskh, (1 + cos 20) [
2k coskr 2k sinkr
G (k)2

kcoskr ksinkr
(kr)? + kr ]}}

k cos kr
kr

2
] + §f0,5 sinkh, [

Expression of the force in the transversal plane can be obtained by substituting
0 = m/2 in the above. Also note that in this case

cosf =0
1+3cos20 =-2
1+cos20 =0
cos[k(rcos@ — h,)] = coskh,
sin[k(r cos8 — h,)] = —sinkh,
and therefore

3k coskr N 3k sinkr
(kr)* (kr)3

E. =nEyk3a3al fl—’pcos[ 11fis coskh, (1 + 3 cos20)
14 2 ,

kcoskr]} 2fop . [ ]{2 - [kcoskr_l_ksinkr]}
(kr)? 3 sl higfossinkhn | =77 kr

3kcoskr 3ksinkr N k cos kr]
(kr)* (kr)? (kr)?

k cos kr N k sin kr]}
(kr)? kr

=nEyk’aja;3 {fl,pfl,s cos? kh, [—

4 .
_§f0,pf0,s sin khn[

which is equivalent to Equation (12) of the main text.



Similarly, for 8 = 0, i.e. along the z direction
cosf =1
1+ 3cos20 =4
1+ cos20 =2

and therefore

F. = nEyk3aza3 {]012—17 cos[ ] {4f1,s cos kh,, [

3k cos kr N 3ksinkr kcos kr]
(kr)* (kr)? (kr)?

N 4 0 kh [2k cos kr 4 2k sinkr kcos kr]
3 o Sinkhn | =773 (kr)? kr
[k coskr ksinkr
— 2f1scoskhy, )2 + s ]}
2fop ( k coskr ksinkr
+ 3 cos[ ]yfiscoskhy, [— a? ke ]
2 ] k cos kr
+ §f0,s sinkh,, T ]}

k cos kr N k sin kr]
(kr)3 (kr)?

k cos kr N k sin kr
(kr)? kr

+ flz—’psin[ ] {4f1,s coskh, [

k cos kr]}
kr

4
+ §f0,s sinkh, [ ] — 2f1scoskhy, [

N 2fop sin[ ] {f cos kh [Zk cos kr 4 2k sin kr 3 k cos kr]
3 Ls "(kr)3 (kr)? kr
2 ] kcoskr ksinkr
+ §f0'5 sin khy [ (kr)? + kr ]}}

which simplifies to

3k coskr N 3ksinkr kcos kr]
(kr)* (kr)? (kr)?
5 k cos kr 4 ksinkr]} 2fop [k ]{[ k coskr ksin kr]}

(kr)? kr 3 COSUET (kr)? kr
N fip . (kr] {4 k cos kr N k sin kr] [k cos kr]}
2 I T es T T ken)2 Jer
2fop 2k coskr 2ksinkr kcos kr]}
3

? Tz ke

E = nEsk*ajaif s {f12_p cos[kr] {4 [

+

sin[kr] [

4.3 .3 6coskr 6sinkr 3coskr sinkr
= nEok*a,as3 f1 fl,pcoskr[ k1) + kr)? - k1)?2 " ]

2fop [cos kr sin kr]
cos kr

3 (kr)? + kr
2fop\ . 2coskr 2sinkr 2coskr
T /ipt =3 )sin kr[ RN ]

when the nodes are aligned with the scatterer particle (h = 0). Note that this force is
directly proportional to the dipole scattering coefficient of the scatterer particle.



Similarly, for the antinodal case (h = 1/4)
cos[k(r — h,)] = cos [kr — %] = sinkr
s
sin[k(r — h,)] = sin [kr — E] = —coskr

Arriving at

3 3 3 fip . 412k coskr 2ksinkr kcoskr
E. = nEyk>ayasfos Tsm[kr] {§ L + )2 - ]}
2fop . 21 kcoskr flp 4 kcoskr k sin kr
T3 Sm[kr]%[_ ke ]} — coslk r]{ R ]}
2fop 2rkcoskr ksinkr
- reoiol |
3 cos[kr] 31 (kr)?2 + kr }

Y s s 2 2coskr 2 sinkr
=nE.k apast,S flPSIH T[ (k )3 (kT)Z ]

0, k
( fip + fp)sinkr [Coljr r]

4fop coskr sinkr
( fipt+ )coskr kr)?2 + = ]}

Note that this force is directly proportional to the monopole scattering

coefficient of the scatterer particle.



Secondary radiation force in the polar direction

The derivatives of the different terms containing 6:

0
%cos[k(r cos — h,)] (1 + 3 cos 26)
= —6sin260 cos[ |+ krsin@ (1 + 3cos20)sin[ |

0
%cos[k(rcose h,)]cos@ = —sin@ cos[ |+ krsinfcosfsin[ |

0
%cos[k(r cosB — h,)] (1 4+ cos26) = —2sin26 cos[ |+ krsinf (1 + cos26)sin|[ |

%sm[k(r cos@ — hy,)] cos@ = —krsinf cos@cos[ |—sin@sin[ ]

0
%sm[k(r cos@ — hy,)] = —krsinf cos[ ]

and on substitution to Equation (3b) and Equation (10):

1 os kr
Fy = —nE0k3apaS f;p cos[k(rcos@ — h,)] {fl,s cos khy, (k )3 [6sin 26]
+ = fOssm kh, (k )2 [sm 0] + fis coskh, (k )2 [6 sin 26|
os kr sin kr
— fis [2sin260] + —fo,s sin kh,, [sin 9]}
2fop os kr
+ 3 cos[k(rcos8 — h,)]]f1scoskh, (k g [kr sin 6 cos 6]
sin kr
+ = fO ssinkh, [kr sin @] + f; s cos khy, [kr sin 6 cos 9]}
f ] cos kr _
+ 7’sm[k(r cos6 — hy,)] {fl scoskh, (k E [—krsin@ (1 + 3 cos 26)]

42 kh, 25T sin 6 cos 6]
fO s Sin " )2 7 sin @ cos
sin kr _
+ fiscoskh, " er)? [—krsin8 (1 + 3 cos 26)]
cos kr
— fiscoskh, o [—krsin6 (1 + cos 20)]
4 ) sin kr _
+ §f0‘s sinkh, [—kr sin 6 cos 0]}
2fop . coskr
+ ;'p sin[k(r cos 8 — hy,)] {fls cos kh,, n Tkr)? [sin 6]

sin kr
+ fiscoskhy, = [sin 9]}}

As all terms contain sin 8 or sin 26, the above force goes to zero when 6 = 0

However, when 6 = /2, only terms cos 6, sin 26 or 1 + cos 26 disappear, leaving



cos kr

(kr)?

flp

5 [sin 6]

1
FB:;nEolr”agas{ cos| ]{ fo,s sinkhy,

sin kr

e [sin 9]}

2 ) C
cos[ ] {gfo,s sinkh,,

4
+ §f0‘s sinkh,

sz,p
3

+ f17'psin[ ] {fls coskh,
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kr [kr sin 9]}
cos kr
" (kr)®
[ krsin@ (1 + 3 cos 29)]}

[—krsin@ (1 + 3 cos 26)]

sink

" (kr)?

2fop . os kr sinkr
+ 3 sin| ]{flscoskh (k E [sin @] + f; s coskh, = [sm@]}

+ fiscoskhy,

now evaluating the remaining terms, and simplifying:
cos[k(rcos@ — h,)] = coskh,
sin[k(r cos8 — h,)] = —sinkh,

flp

coskr sinkry 2f,
fOS{(kr)z kT } 9 fO,SCOSkr

fip {cos kr N sin kr} fop {cos kr N sin kr}
LS\ (kr)2 kr L\ (kr)2 kr

1
Fy = ;nE0k3aga§ sin 2kh,, {

4 sm 2kh, coskr sinkr
= T[EOk apas [(6f1 pfOs 9f1,pf1,s - 6f0,pf1,s) <(kr)3 + (kT')2>

cos kr]

+ 4fopfos e

which is only zero at either the nodes or antinodes, where sin 2kh,, = 0.



Mesh convergence analysis

Mesh convergence analysis was carried out using a uniform and a non-uniform
meshing to assess the convergence speed of the numerical method and verify its
robustness. In both cases, we use a scaling parameter mesh_size to define the
minimum and maximum discretization steps. For the uniform mesh, the maximum
mesh size is given as A/mesh_size, while the minimum mesh size as 4/(2 -
mesh_size). For the non-uniform mesh, the scattering and probe particles are meshed
using the above minimum and maximum values, but the other domains (the fluid
domain and the PML) are meshed using a coarser mesh, with minimum and
maximum size of 1/(0.6 - mesh_size) and 4/(1.2 - mesh_size), respectively.

As the polystyrene particle in water has a lower contrast compared to the
polystyrene particle in air, and consequently its relative secondary radiation force is
lower, we chose this former case to analyze the mesh convergence. The results for
various cases (node, antinode) and along different directions (radial and z) can be
seen in the following Figs. S1-54. The convergence error is defined as

Fm - Fm—l
Fn

error = |

where Fu denotes the secondary radiation force obtained using the m™ mesh_size
parameter. In all cases, the probe particle was placed 0.354 distance from the
scatterer, this distance is approximately halfway between the node and antinode and
therefore has a non-zero force.

—_ 10° g =\ T T . E

< - \ —e— non-uniform mesh |7

w [ N 5 -®-  uniform mesh

5 0E

20 o0-2l A

§ ‘ : w X&——"/‘ ‘\\

= s X,

— . I~ .‘\ b;_i.

g S \

[ N "\

o] . \.«/ \

. —al \

5 10 3

b \

o .

TR — L S 2
5 10 15 20 25 30 35 40 45 50 55

Mesh size parameter (-)

100 ; 3

<L, f e— non-uniform mesh

L '.. -w- uniform mesh

g ' ‘\‘ -

@ S

2 j0-2| el

= - o T

g No—F--

S 108 L S -

= § Mg =T

s e

g 107 S

—_ ®

K q0-3

‘ ‘ . ;
0 50,000 100,000 150,000 200,000 250,000 300,000 350,000
Degrees of Freedom (-)

Figure S1. Convergence analysis results when the scattering particle is aligned with the
pressure antinode and the probe particle is along the z direction. The convergence error is



plotted as a function of the mesh size parameter (top graph) and as a function of the number

of degrees of freedom (bottom graph).
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Figure S2. Convergence analysis results when the scattering particle is aligned with the

pressure node and the probe particle is along the z direction. The convergence error is plotted

as a function of the mesh size parameter (top graph) and as a function of the number of

degrees of freedom (bottom graph).
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Figure S3. Convergence analysis results when the scattering particle is aligned with the

pressure antinode and the probe particle is along the r direction. The convergence error is



plotted as a function of the mesh size parameter (top graph) and as a function of the number
of degrees of freedom (bottom graph).
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Figure S4. Convergence analysis results when the scattering particle is aligned with the
pressure node and the probe particle is along the r direction. The convergence error is plotted
as a function of the mesh size parameter (top graph) and as a function of the number of
degrees of freedom (bottom graph).

Except for the last case (Figure S4), the convergence is fast, and no significant
difference between the uniform and non-uniform mesh can be observed, as far as
the number of degrees of freedom is concerned. For non-uniform mesh, for all four
cases the error is below 1%, when mesh_size > 35, meaning that the particles are
meshed between 0.01431 < mesh < 0.02864 and the other domains between
0.023814 < mesh < 0.04764.

For the uniform mesh, the error is below 1% for all cases when mesh_size > 23,
meaning that for all domains the discretization size is 0.02174 < mesh < 0.04354.

As for the 2D case, increasing the number of degrees of freedom in the same
order of magnitude as for the 3D case would require an inefficiently large mesh, we
decided to use a quartic discretization in this case compared to the cubic
discretization of the 3D case. The quartic discretization allows expansion of a
medium-sized mesh into a large number of degrees of freedom using fourth order
approximation of the solutions over each mesh element. Moreover, as for the 3D case
no significant difference was observed between a uniform and non-uniform mesh,
for the 2D investigations we only applied a simple uniform mesh with the same
characteristics as before.



These results are summarized in Figures S5 and S6.
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Figure S5. Convergence analysis results when the scattering particle is aligned with the
pressure node and the probe particle is along either the r or z direction. The convergence
error is plotted as a function of the mesh size parameter.
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Figure S6. Convergence analysis results when the scattering particle is aligned with the
pressure antinode and the probe particle is along either the r or z direction. The convergence
error is plotted as a function of the mesh size parameter.

In both cases an extremely fast convergence can be observed irrespective of the
particle position: the error is already less than 0.01% when the mesh scale parameter
is 20. For the 2D case, the relationship between the mesh size parameter and the

number of degrees of freedom is summarized in Table S1.

Table S1. Relation between number of degrees of freedom and mesh scale parameter for

the 2D mesh convergence analysis

mesh scale degrees of mesh scale degrees of
parameter freedom parameter freedom
5 2304 29.97421 20714
6.457748 4070 38.71318 25338
8.340503 5166 50 38710
10.77217 6286 64.57748 60140
13.9128 11138 83.40503 95790
17.96907 15974 107.7217 156320
23.20794 18560 139.128 256354




Simulations for nearly touching spheres

Although the methods are not applicable for simulations of touching spheres,
we show that the separation distance (the surface-to-surface distance) of the two
spheres can be arbitrary low. In Figure S7, secondary radiation force results for PS
particle in water, where the scatterer is at the antinode can be seen, showing

separation distances as low as 0.001A with successful simulation.
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Figure S7. Secondary radiation force when the scattering particle is aligned with the
pressure antinode and the probe particle is along the z direction. The distance in this case
corresponds to surface-to-surface distance of the particles.



