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Abstract: The nonlinear coupled vibration of an electrically actuated arch microbeam has attracted
wide attention. In this paper, we studied the nonlinear dynamics of an electrically actuated
arch microbeam with flexible supports. The two-to-one internal resonance between the first and
second modes is considered. The multiple scales method is used to solve the governing equation.
Four first-order ordinary differential equation describing the modulation of the amplitudes and phase
angles were obtained. The equilibrium solution and its stability are determined. In the case of the
primary resonance of the first mode, stable periodic motions and modulated motions are determined.
The double-jumping phenomenon may occur. In the case of the primary resonance of the second
mode, single-mode and two-mode solutions are possible. Moreover, double-jumping, hysteresis,
and saturation phenomena were found. In addition, the approximate analytical results are supported
by the numerical results.

Keywords: electrically actuated arch microbeam; flexible support; two-to-one internal resonance;
nonlinear vibration

1. Introduction

Electrically actuated microbeams are widely used in many micro-electro-mechanical systems
(MEMS) devices, such as actuators, mechanical memory sensors, energy harvesters, and filters [1-6].
There is a lot of published literature on the modeling, static, and dynamic behaviors for electrically
actuated microbeams [7-9]. To develop devices with more potential, electrically actuated arch
microbeams have attracted the interest of many scientists due to their bi-stable and rich dynamic
behaviors [10-12].

Internal resonance in structures is a promising and interesting nonlinear phenomenon [13-27].
It is capable of coupled nonlinearly vibrational modes in structures and can then exchange energy
between involving modes. Much literature on internal resonance has been published. For example,
Younis et al. [28] first investigated the three-to-one internal resonance of an electrically actuated
microbeam. Dario et al. [29,30] explored the possibility to stabilize the oscillation frequency of
nonlinear micromechanical resonators by coupling two different vibrational modes through internal
resonance. Chen et al. [31] demonstrate a novel strategy to support stable oscillations in nonlinear
micromechanical oscillators. Prashant et al. [32] propose a method to increase the frequency bandwidth
of a microbeam array by coupling different modes. Moreover, there is a lot of literature on the internal
resonance of electrically actuated arch microbeams. For example, Wang et al. [33] studied three-to-one
internal resonance between the first and third modes of a MEMS arch resonator. Alfosail et al. [34,35]
studied the two-to-one internal resonance between the first and third modes of a micromachined arch
resonator. Hajjaj et al. [36] investigated its one-to-one internal resonance. All of this literature found
that the first and third modes are coupled. Recently, Ouakad et al. [37] determined the one-to-one
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and three-to-one internal resonance between the first and second modes in a MEMS arch resonator,
and found that although the frequency ratio of involving modes is an integer, these modes cannot be
coupled and, therefore, energy exchange cannot occur.

Furthermore, in the above literature, the boundary condition of micro-structures is modeled as
perfectly rigid, e.g., clamped. In fact, the clamped boundary condition is hard to achieve practically.
The clamped ends are an idealization of the actual instance, which in fact has some elasticity due
to fabrication imperfections [28,38]. Recent investigations have shown that flexible supports have
a significant effect on the static and dynamic behavior of the structure. Ekici et al. [39] found that
the frequencies with flexible boundary conditions may shift to the right or leftwith respect to the
clamped boundary. Alkharabsheh et al. [40,41] found that flexible supports significantly affect the
quantitative dynamics of the structures, such as changing their natural frequencies, amplitude of
vibrations, snap-through, and pull-in behavior. Therefore, it is more reasonable to model the real
complex boundaries as elastic supports.

Although the above research has found many complex and interesting dynamic behaviors of
electrically actuated arch microbeams with elastic supports, the literature only considers single-mode
dynamics. There is no investigation on the modal interaction.

Therefore, the aim of this study is to investigate the dynamics of an electrically actuated arch
microbeam with elastic supports. The two-to-one internal resonance between the first and second
mode is considered. The method of multiple scales is used to analyze the dynamics of the electrically
actuated arch microbeam. The effect of different system parameters on the frequency response curves
is also investigated. In addition, the analytical results are compared to those of the numerical method.

2. Problem Formulation

We model the imperfect microbeam as a shallow arch with an small initial rise, bg. The schematic
of the electrically actuated shallow arch is shown in Figure 1. The length, width, and thickness of the
arch are L, b, and £, respectively. The initial gap between the electrode is d. The arch is actuated by the
electric load composed of DC voltage, Vpc, and AC voltage, Voc. Assuming the deflection of the arch
is denoted by @(%, f) and the initial shape is denoted by @(%, f) = 0.5by(1 — cos 27%).

L

: Voo
I Stationary Electrode ’—_I_
7 7

Figure 1. Schematic of an electrically actuated shallow arch with flexible boundary.

In the present study, the equation of motion is obtained by assuming that:

1.  The arch is shallow, i.e., d@y/dx < 1; hence, the parallel-plate assumption is valid;
As the microbeam is slender, the Euler-Bernoulli beam theory is used, neglecting the effect of
shear and rotary inertia;

3.  The simplest viscous damping model is adopted to model the dissipative mechanisms of
the resonator;

4.  As the size of the structure is small, the size effects are considered.
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Based on the modified couples stress theory and Hamilton's principle, the governing equation of
the electrically actuated arch can be written as [36,42]

2~ d2w
pAZL W +cq%2 +(E1+pAl2)a—w Po(% d;‘gﬂ)

_EA[Pw | &Py f (a_) sawdan]qe — _erb(Vpe+Vac cosﬁt)2 1)
L\ 0#2 dz2 JJo [\ Jz (9x dz 2(d+do+d)2
The fixed boundary condition at the right end demands that
& A,
wZO,&—?:OatizL @)
Because the left end is restrained by a linear torsional spring, one yields
R o O W .
w:O,KL&—X—EIW:Oatx: (3)

where p, E, u, A, and I are the materials density, the Young’s modules, the Lame’s constants,
the cross-sectional area, and the moment of inertia, respectively. / is the material length scale parameter
to characterize the size effect [18,19,43-61]. ¢ is the viscous damping coefficient. Py is the axial load. ¢,
is the dielectric constant of the air. K| is the spring stiffness.

For convenience, the equation of motion governing the transverse deflection and the boundary
condition can be cast into dimensionless forms by the following parameters:

w=m/d, x=%/L, T = |pAL*/EL t = /T, Q = OT 4)

Bt substituting Equation (4) into Equations (1)—(3), we obtain:

X

. . . 2 L
W+ 2ctw + kqyw'™ + (% + dd;:;(’ )(P —a [(%—w) +29%0 dgio]dx)

_ _ ap(Vpe+Vac cos(O)) ®)
(1+wy+w)>
w(0,t) =w'(0,t) = 0w(1,t) =0w’(0,t) — Krw” (0,t) =0 6)

where the overdot indicates the derivative with respect to ¢, the prime indicates the derivative to x, and

_ EI+pAP d _ ebl _ ookt 5 pr2
ki = J A = 6(%) a2 = Spps 26 =Fr P = )
EL
wy = —55[1 —cos(2mx)], Ky = L

The arch deflection under an electric load consists of a static component due to the DC voltage and
a dynamic component due to the AC voltage. The static component can be obtained from Equations (5)
and (6) by dropping time-dependent terms and denoting static deformation by ¢(x). The result is

o, (Y d*wo Ll(op\?  dydwp],, B Vi
Sl
W(0,8) = ' (0,£) = 09/ (1,£) = 09’ (0, £) — K (0,£) = 0 )

We assume that ws(x) denotes a static equilibrium position in coordinates. Then

ws(x) = ¢ (x) + wo(x) (10)
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Substituting Equation (10) into Equations (8) and (9) and then multiplying the result by
(1+w;)? yields

1
Ky (1 + ws)*w® + (1 + wS)Z[P - aqf (w2 - w'g)dx]w”s +aaV2.=0 (11)
0
The boundary conditions are:
ws(0,£) = w's(0,£) = 0ws(1,£) = 0w's(0,#) — Kyw”5(0,£) = 0 (12)

To obtain the governing equation of the arch vibration, we assume that a dynamical disturbance
v(x, t) takes place around the static equilibrium position. Then,

w(x,t) = ws(x) + v(x,t) (13)

Substituting Equation (13) into Equations (5) and (6), and using Equations (11) and (12) to eliminate
the terms representing the equilibrium position. To third-order in v, the result is:

. . , 1 1
U+ 2c0+ kv 4+ A% — Zalw”sfo w’' v’ dx — alw”sfo v'?dx

’ 1 ’” 1 2 2a2véc
oy b e b v = (14)
_ SanDC 2 4a2VDC 3_
w0’ " xwy’ T 2a5VpcVac cos(Qt)
v(0,8) = v'(0,t) = 0v(1,£) = 0v/(0,1) = Kpv” (0,¢) = 0 (15)

where A2 = P - alfol(w’g - w’%)dx.

3. The Method of Multiple Scales

In this section, we use the multiple scales method to solve Equations (14) and (15). In the presence
of two-to-one internal resonance, the primary resonance of the first and second mode is considered.
To this end, we introduced the two independent time scales:

To=t T; = ¢t (16)

where ¢ is a small dimensionless parameter. It follows that the derivatives with respect to t can be
expressed as expansion in terms of the partial derivatives with respect to the T},

) _ 9 .0 .29 _ , 2
5= o, Team T €55 = Dot eDi+eDy

2 (17)
25 = D2 +2eDoDy + €2(D? +2DoD) + ..
The solution of Equation (14) can be represented by an expansion having the form:
v(x,t;e) = ev1(x, To, Ty, Ta) + €*va(x, To, T1, T2) (18)

In order that the damping coefficients and the external excitation term appear in the
same perturbation equation as the quadratic nonlinear terms, we let ¢ = ec, Vac = &*Vac.
Substituting Equations (16)—(18) into the governing equation, equating coefficients of like power
of ¢, we obtain:

. 1 20, V2
Dévl + ko + A% — Zalw"sf w’ v’ dx — (—Dcvlz 0 (19)
0

1+ ws)3
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) 1 20, V2
ngz—i- kivy + A2y — ZOzlw”st w’ sV pdx — (fjwf)% s 0)
3a, V2
:alw”sfol v’%dx + Zalv”lfol w’'sv’1dx — (fi D)C4 v% =20 VeV ac cos(Q)
Ws
where
v(0,£) = v(1,t) =00/ (0,¢) = Kv” (0,£) = 0/ (1,£) =0 (21)

Equations (19) is the linear eigenvalue problem of the arch. The solution of Equation (19) can be
expressed as:

01(%,To, T2) = Y An(T2)dm(x)enT0 + cc (22)
m=1
where A;,(T5) denotes the complex function to be determined, wy, is the mth natural frequency of the
system, ¢, (x) is the mode function, and cc indicates the complex conjugate of the preceding terms.
The linear eigenvalue problem has been studied by many researchers [62]. As a case study,
we choose dimensionless parameters as k; = 1.03, K; = 0.10, P = 5, a; = 75.62, and a; = 0.11.
Here, Figure 2a shows the variation of the first and second natural frequencies with the DC voltage;
Figure 2b shows variations of the frequency ratio with the DC voltage. It is found that when the DC
voltage is fixed at Vpc = 18.82, the frequency ratio between the second and first natural frequencies
is 2. Hence, a two-to-one internal resonance between the first and second modes may be activated
when Vpc is near 18.82. Here, we assumed that neither of these two modes is involved in an internal
resonance with the other modes. Due to the presence of damping and internal resonance, only the
first and second modes will contribute to the long-time dynamic response. As a result, the solution of
Equation (19) can be written in the form:

v1(x, To, T2) = A1(T2)P1(x)e 170 + Ay (Ty) o (x)e'2T0 + cc (23)

where A; and A, are unknown complex functions. ¢ and ¢, are the first and second modal shapes,
respectively. cc is the conjugate of the previous terms.

60F T T T T ] 3.0

2.5¢

Voc

@) (b)
Figure 2. (a) Natural frequency variation against Vpc; (b) variation of the frequency ratio between the
second and first natural frequencies with Vpc.

Substituting Equation (23) into Equation (20) yields

L(vz) = (—Ziw1D1A1¢)1 — ZiCa)lAl(Pl)EiwlTO + (—2iw2D1A2¢2 - 2ica)2A2¢2)ei‘“2T0
+h11A%el’(1)nTOe—iO‘] TO + leAZZ]eiw] Toeio‘] TO + hzzA%EizszO (24)

+2h11A121 + thzAzzz + H12A1A2€i(w1+w2)T0 — —aszcv;’gc ¢ 4 ¢
Ws
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where c¢c is the complex conjugate of the preceding terms and /fy; =

’7 1 2 ’” 1 ’ 3(12V2 .
al(w o 2dx 4207 [ s idx)— lhcRi=1,2
1 ! o 1” ! ’oar 17 ! o 60(2V%)C
Hip =2aq|w”s | ¢4 pdx+ "y | w'sd’pdx+¢7, | w'sd’ydx |- — P12
0 0 0 (1+ws)

3.1. Primary Resonance of the First Mode

To describe the nearness of the w, to 2w and the excitation frequency () to w1, we let
wy =2w1+ €01 Q=wy+ €0 (25)

where 01 and 0, are the detuning parameters. Due to the homogeneous part of Equation (20) which
has a nontrivial solution, Equation (20) has a nontrivial solution only if the solvability conditions are
satisfied. Because this problem is self-adjoint, it can be demanded that the right hand of Equation (20)
is orthogonal to ¢1 (x)exp(-iw1Tp) and ¢a(x)exp(-iwpTp). Performing these manipulations, we were able
to obtain complex-valued modulation equations

2iD A1 = —2icA1 + 4R1A221€i01T0 - FleiUZTl (26)

2iD1Ay = —2icA; + 4RpA2e91T0 (27)

where

1 1 1 1 arVpcV, 1 1
Ry = 4—f Hypprdx, Ry = 4—f hiadx, Fy = = fc Acf ¢ 5 dx
w1 Jo w2 Jo w1 0 (1+ws)

Next, introducing the polar transformation

A = %aleiﬁl(Tl)Az = %azeiﬁz(ﬂ) (28)

and substituting them into Equations (26) and (27), and separating real and imaginary parts, we obtain
the following modulation equation:

a1 = —cay + Ryayap sinyq — Fysiny, (29)
ay = —cap — Rza% sinyq (30)
,31611 = —Rymap cosy; + F1cosya (31)
ﬁzaz = —Ryz% Ccos Y1 (32)
where
y1=PB2—2B1+01T1 y2 = 02T1 - p1 (33)

Periodic solutions of the system correspond to the equilibrium points of Equations (29)-(32),
which in turn correspond to a} = a, =y} = 7, = 0. Therefore, one can get the frequency-amplitude
relationship in the first mode

a8 + Aqay + Aoa? + A3F2 =0 (34)
IRa |}

= —"9" (35)
(205 — 01) + 2



Micromachines 2019, 10, 729 7 of 19

where

2
A 2¢* = 203(202 = 1) A — (o% +CZ)[(262_01) +C2] Ax — (202 —01)* + 2
' RiR; TR R2R3 S R2R?

To examine the stability of the response, we express the modulation equations as the Cartesian
form. To this end, we introduce:

. 1 .
Ar = 5(p1—ig) Az = 5(p2 —iq2) (36)

N —

Substituting Equations (36) into Equations (26) and (27) yields:

p1 = —cp1 — 0191 + Ri(p2q1 — p192) (37)

7, = —cq1 +v1p1 + Ri(pp2 + q42) + F (38)
Py = —Cp2 —v2G2 — 2Rop11 (39)

g, = —cqo + vap2 + Rz(p% - q%) (40)

where v = 207 - 0y, v, = 03. The eigenvalues 1, of the Jacobian matrix are determined from:

n+c+Rigp v1—-Ripp  —-Rig1 Ripy
-v1-Ripp n+c-Rig2 —-Ripr —Riq

=0 41
2Roq1 2Ropq n+c U2 “4n
—2R2p1 2R7_E]1 %) n +c
Equation (41) can be written as the closed-form:
42020 + [602 +v3 4+ 05 - R3aj + 4R1Rzaﬂr]2
+[4c® + 2c(v? + 02 - R2a2) + 8cRy Roa? [+ 42)
A+ cz(v% + v%) + v%v% - (cz + v%)R%a% + 4(C2 - vwz)Rlea% + 41{%12511‘1L =0

Solving Equation (38), and by then examining the sign of the eigenvalues, the stability of the
equilibrium solution can be found.

3.2. Primary Resonance of the Second Mode

To describe the nearness of the w; to 2w and the excitation frequency Q) to w1, we let
wy =2w1 + €01 Q= wy+ €0p (43)

Performing the similar processes in Section 3.1, we were able to obtain complex-valued
modulation equations

2iD Ay = —2icA; + 4R1 Ay A; 170 (44)
2iD1Ay = —2icAj + 4Ry A2e™01T0 — Fpelo2Tn (45)
1
where F; = azvﬁfzv/‘c f01 (p‘fj} 7 dx, Substituting Equation (28) into Equations (44) and (45) yields:
a1 = —cay + Ryajap sinyq (46)
Y
ap = —cap — Rza% siny, — Fpsiny; 47)

ﬁlal = —Rlalaz COSs 71 (48)
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Boay = —Roa? cosyy + Fp cos 2 (49)

where
Y1 =P2—2p1 +01T1 y2 = 0211 — f2 (50)

The equilibrium points of Equations (46)—(49) correspond to the steady-state response. There are
two possible types of solutions. The first is the single-mode solution (a; = 0, a; # 0) that can be

expressed as:

F
M =0 apg=—2— (51)

[ 2 2
c+02

which is essentially the linear solution in the second mode.
The second is the coupled two-mode solution (a; # 0, a; # 0) that can be expressed as:

2
4 202 (o1 + 02)02{12 N (cz + o%)[élcz + (014 02) ] _4R%F§ —0 (52)
1 R(R, 1 4R2R?

1 1
2 2 2
a5, = R_%[ + 1(01 +07) ] (53)

To determine the stability of the single-mode solution, substituting a; = 0 into Equation (42) obtains:
(712+2017 +c2 4+ vf - R%a%)(nzwLch + 24 v%) =0 (54)

According to the Routh-Hurwitz stability criterion, all eigenvalues are with negative real parts
and then the single-mode is stable if:
R%a% <+ 03 (55)

The stability of the coupled two-mode solution can be determined by substituting the equilibrium
solution (a1, ap) into Equation (42) and then examining the sign of the eigenvalues.

4. Numerical Results

In this section, the numerical example of the electrically actuated shallow arch will be presented.
The present study shows the results of the primary resonance of the first mode (i.e., (2 = w1) and the
second mode (i.e., () = wy) in the presence of 2:1 internal resonance. In all figures, solid lines denote
stable equilibrium solutions, the blue dashed lines denote unstable solutions (saddle-node), and the
red solid lines denote modulated solutions (focus).

4.1. Primary Resonance of the First Mode

In the case of the primary resonance of the first mode, dimensionless parameters of the system are
chosen as k1 =1.03, P =5,¢c=0.01, K;, =0.10, Vpc = 18.82, Vac = 0.05, a1 =75.62, and ap = 0.11 unless
other values are set. The internal resonance condition w,: w; = 2 is satisfied.

Figure 3 shows the frequency-response curves of the primary resonance of the first mode for
different AC voltage (Vac = 0.02, 0.05, 0.10). It is seen from the figure that there are two peaks bending
to the opposite directions. The double-jumping phenomena can occur via increasing or decreasing the
excitation frequency. Hopf bifurcation occurs near o1 = 0 and the amplitude- and phase-modulated
motion may take place. Moreover, increasing the excitation, both the steady-state response amplitude
and the range of resonance frequency increases.
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0.20F—— . : . . o F—— . . . .

ol a1 (Vac=0.10) 006 ———@2(Vac=0.10)
. a)(V4c=0.05) ’ ——a2(Vac=0.05)
a1 (Vyc=0.02) ay(Vac=0.02)

g 0.10f g 0.04f 1
0.05 / K 0.02 7 ]
0.00 ——J Lo il : . g_v—

-04 02 00 02 0.4 —04 02 00 0.2
a2 o2
(a) (b)

90f19

Figure 3. Frequency-response curves of primary resonance of the first mode for V5 = 0.02, 0.05, 0.10:
(a) the first mode, (b) the second mode.

Figure 4 shows the frequency-response curves of the primary resonance of the first mode for
different damping coefficients (c = 0.01, 0.03, 0.05). It is seen from the figure that the double-jumping
phenomena can occur only for small damping coefficients. With the growth of the damping coefficients,
double-jumping reduces to two peaks without jumping and the steady-state response close to
01 = 0becomes the stable periodic solution. Moreover, as the damping coefficients increase, the response
amplitude decreases.

0.20F—— , . , —— 0.06F— : : : :
0.05f ]
0.15r 1 __ —ax(c=0.01)
0.04f
——a(c=0.01) 42(c=0.03)
Jax(c=
5 0.0} @(e=0.03) 1 soo03f fax(e=0.05)
/ a1(c=0.05)
‘ 0.02f
0.05f ]
0.01} % 1
i \i
000k L. . —— 0.00F . . . ]
04  -02 00 0.2 0.4 04  -02 00 02 0.4
o o
(a) (b)

Figure 4. Frequency-response curves of primary resonance of the first mode for ¢ = 0.01, 0.03, 0.05;
(a) the first mode, (b) the second mode.

Figure 5 depicts the frequency-response curves of the primary resonance of the first mode
for different DC voltages. For sufficiently small DC voltages, Vpc, o1 is small enough and the
internal resonance condition cannot be meet such that only single-jumping with hardening-spring
type occurs (Figure 5a). With increases in Vpc, such that 07 becomes near zero but still remains
negative, an additional jumping with softening-spring type emerges to form double-jumping
(Figure 5b). Further increasing Vpc, the modulated motion occurs (Figure 5c). When o7 is almost zero,
double-jumping is near-symmetrical (Figure 5d). Increasing Vpc so that o1 becomes positive and much
larger, the jumping with hardening-spring type becomes much smaller (Figure 5e,f) and the modulated
motion disappears (Figure 5f). Increasing Vpc, 01 becomes larger enough so that the internal resonance
condition cannot be meet again, and jumping with the hardening-spring type disappears, and hence
double-jumping reduces single-jumping with the softening-spring type (Figure 5g).
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Vpc=18.00 Vpc=18.30
0.15

1 S 0.10

S 0.10

0.05

0.00 T 0.00
0.4
(5] 02
(a) (b)
0.20F T r T T T ] 0.20F T T T . T g
0.15 0.15
< 0.10 S 0.10
0.05 0.05
0.00 0.00
o2 o2
() (d)
0.20F T T T T T ) 0.25F T T T T T |

0.15

< 0.10

0.05

0.00

Ve=19.70

Figure 5. Frequency-response curves of primary resonance of the first mode for different DC voltage
(a) Vpc = 18.00 (o7 = -0.75), (b) Vpc = 18.30 (07 = -0.49), (c) Ve = 18.71 (07 = -0.10), (d) Vpc = 18.82
(01 = 0), (e) Vpc =18.99 (01 = 0.17), (f) Vpc = 19.30 (07 = 0.48), (g) Vpc = 19.70 (07 = 0.90).



Micromachines 2019, 10, 729 11 of 19

Figure 6 shows the variation of the steady-state response amplitude with AC voltage in the
presence of two-to-one internal resonances for different AC voltage frequency. At the exact primary
resonance (o = 0), there is only one steady-state response, which is stable for small AC voltages and
modulated for large AC voltages (Figure 6a). When the AC voltage frequency is near the primary
resonance (Figure 6b), there are two stable responses and one unstable response for small AC voltage
amplitudes and the modulated response for large AC voltage amplitudes. By further increasing the
AC voltage frequency, the modulated response occurs at a larger AC voltage. The multivaluedness
leads to the hysteresis phenomenon (Figure 5b—d), which occurs at a larger AC voltage with increasing
growth of the AC voltage frequency.

0.05F
0.10F
0.04f
0.08f
0.03f
. 0.06f
s =
S
0.02f
0.04F (
0.01F
0.02}
0.00k . . ; . A
000 002 004 006 008  0.10 0.00t : . : J
, 0.0 02 0.4 0.6 0.8
AC VA(.
(b)
0.15
=025 4
0.10

A

0.05F

. \ . = 0.00E . . . .
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8

Vac Vac

(© (@)

Figure 6. Response amplitude varying with exciting amplitude in the primary resonance of the first
mode for different exciting frequencies: (a) o = 0; (b) 0, = 0.05; (c) 05 = 0.10; (d) o, = 0.15.

4.2. Primary Resonance of the Second Mode

In the cases of the primary resonance of the second mode, dimensionless parameters of the system
are chosen as k; = 1.03, ¢ = 0.01, K, = 0.10, Vpc = 18.82, Voc = 0.05, @1 = 75.62, and a, = 0.11 unless
other values are set. The internal resonance condition w,:wq = 2 is satisfied.

Figure 7 shows the frequency-response curves of the primary resonance of the second mode for
different AC voltage amplitudes in the presence of two-to-one internal resonance (V ac = 0.08, 0.10,
0.12). There are two kinds of solutions: the single-mode solution (a7 = 0, 4, # 0 depicted with a5, a5)
and coupled nonlinear solution (a; # 0, a; # 0 depicted with ay., a.) due to the internal resonance.
In Figure 7a, the double-jumping phenomenon can be seen clearly, and the response amplitude
increases with the excitation amplitude. In Figure 7b, the amplitude of the coupled nonlinear solution
remains unchanged for different AC voltages, which can be regarded as the saturation phenomenon.
Moreover, the single-mode solution is unstable near 0, = 0. When the AC voltage frequency is far
away from o, = 0, only the single-mode solution, a,, exists.
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Figure 7. Frequency-response curves of the primary resonance of the second mode for V 5¢c = 0.08, 0.10,
0.12; (a) the first mode, (b) the second mode.

Figure 8 shows the frequency-response curves of the primary resonance of the second mode for
different damping coefficients (c = 0.010, 0.015, 0.028). In the first mode, as shown in Figure 8a, as the
damping coefficient increases, the two peaks diminish and then reduce to one peak without jumping.
Moreover, the response amplitude decreases when the damping coefficient rises. In the second mode,
as shown in Figure 8b, as the damping coefficient increases, the response amplitude of the single-mode
solution decreases and that of the coupled nonlinear solution decreases.
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(a) (b)

Figure 8. Frequency-response curves of the primary resonance of the second mode for ¢ = 0.010, 0.015,
0.028; (a) the first mode, (b) the second mode.

Figure 8 depicts the frequency-response curves of the primary resonance of the second mode
for different DC voltages. For sufficiently small DC voltages, Vpc, 01 is so small that the system
is far away from the two-to-one internal resonance. Hence, there is only the linear or single-mode
solution (a; = 0, ap # 0), as shown in Figure 9a. With increasing DC voltage, there are two separated
jumping branches with hardening- and softening-spring types in the first mode, as shown in Figure 9b.
When the DC voltage reaches a specific value, the two jumping branches merge, as shown in Figure 9c.
When further increasing the DC voltage so that the system has the exact two-to-one internal resonance
(01 = 0), the response becomes symmetrical, as shown in Figure 9d. With increasing DC voltage,
so that 01 becomes positive and much larger, the left jumping branch becomes much smaller, as shown
in Figure 9¢ f. With increasing DC voltage, 01 becomes large enough so that the internal resonance
condition cannot be met again and the jumping with the softening-spring type disappears, and,
therefore, the response becomes single-mode (21 = 0, a # 0), as shown in Figure 9g.
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Figure 9. Frequency-response curves of the primary resonance of the second mode for different DC
voltages: (a) Vpc = 18.00 (o7 =-0.75), (b) Vpc = 18.70 (07 =-0.11), (¢) Vpc = 18.71 (o =-0.10), (d) Vpc
=18.82 (01 = 0), (e) Vpc =18.90 (071 = 0.08), (f) Vpc = 18.94 (07 = 0.11), (g) Vpc = 19.80 (07 = 1.00).
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Figure 10 shows the variation of the amplitude of the response with the amplitude of the excitation
in the presence of the two-to-one internal resonance. For the small AC voltage frequency in Figure 10a,b,
when f < f1, there is only the single-mode solution. When f > f1, the amplitude of the second mode
remains constant, while the amplitude of the first mode increases with the growth of excitation. In other
words, there is a saturation phenomenon. For large AC voltage frequencies in Figure 10c,d, for f < f»,
there is only the single-mode solution. For f; < f < f1, the responses are either the single-mode
solution or coupled two-mode solution. For f > f1, there exists only the coupled two mode solution.
Moreover, the hysteresis phenomenon exists, as shown in Figure 10c,d.
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Figure 10. Response amplitude varying with the exciting amplitude in the primary resonance of the
second mode for different exciting frequencies: (a) o, = 0; (b) 0, = 0.01; (c) 0, = 0.04; (d) o, = 0.05.

4.3. Numerical Verification

To verify the steady-state solutions, we integrate numerically the modulation equations, Equations
(29)-(32) of the primary resonance of the first mode and Equations (46)—(49) of the primary resonance
of the second mode using the Runge-Kutta technique. Figures 11-15 show the comparison of the
results obtained by the multiple scales method and the numerical method. The numerical results verify
the double-jumping, hysteresis, and saturation phenomena. For the amplitude of the steady-state
response, the numerical and analytical results are in agreement. Moreover, to verify the modulated
solution in the case of primary resonance of the first mode, Figure 13 shows the two-dimensional
projections of the phase portraits onto the p;—q; plane when o5 is slightly beyond the Hopf bifurcation
point, that is, 0, = -0.0315 and when o, = 0. It is found that the response is modulated. This is in
agreement with the results predicted by the multiple scales method.
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Figure 11. Comparison of the frequency-response curves of the primary resonance of the first mode;
(a) the first mode, (b) the second mode.
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Figure 12. Comparison of the amplitude with forcing amplitude in the case of the primary resonance
of the first mode; (a) the first mode, (b) the second mode.
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Figure 13. Two-dimensional projections of the phase portraits onto the p;—q; plane when o7 is between
the Hopf bifurcation points; (a) o, = -0.0315, (b) 0, = 0.
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Figure 14. Comparison of the frequency-response

curves of the primary resonance of the second mode;
(a) the first mode, (b) the second mode.
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Figure 15. Comparison of the amplitude with forcing amplitude in the case of the primary resonance
of the second mode; (a) the first mode, (b) the second mode.

5. Conclusions

The work explores the nonlinear vibration of an electrically actuated shallow arch with the flexible
supports in the presence of the two-to-one internal resonance. The multiple scales method was used to
solve the governing equation. The response of the system is shown by the frequency-response curves.
The effect of various parameters on the response is investigated. Results showed that the first and
second mode can be coupled due to two-to-one internal resonance. The double-jumping, hysteresis,
and saturation phenomena can occur due to the existence of internal resonance. Moreover, the analysis
predicts that by adjusting the DC voltage, the frequency-response curves transmit from single-jumping
with hardening spring type to double-jumping, and further to single-jumping with softening spring
type. In addition, the analytical results are supports by the numerical method.

Author Contributions: The work described in this manuscript is the collaborative development of all authors.
Conceptualization, Z.W. and J.R.; methodology, Z.W. and ].R.; validation, Z.W. and J.R.; formal analysis, Z.W.
and J.R.; investigation, Z.W. and J.R.; resources, J.R.; data curation, Z.W. and J.R.; funding acquisition, R.J.;

writing—original draft preparation, Z.W. and J.R.; writing—review and editing, Z.W. and ].R.; visualization, Z.W.
and J.R,; supervision, Z.W. and R.J.; project administration, R.J.

Funding: This research was funded by the National Natural Science Foundation of China (Grant No. 51371146).
Conflicts of Interest: The authors declare no conflict of interest.



Micromachines 2019, 10, 729 17 of 19

References

1. Hafiz, M.A.A.; Kosuruy, L.; Ramini, A.; Chappanda, K.N.; Younis, M.I. In-plane MEMS shallow arch beam for
mechanical memory. Micromachines 2016, 7, 191. [CrossRef] [PubMed]

2. Younis, M.I,; Ouakad, H.M.; Alsaleem, EM.; Miles, R.; Cui, W. Nonlinear dynamics of MEMS arches under
harmonic electrostatic actuation. J. Microelectromech. Syst. 2010, 19, 647-656. [CrossRef]

3.  Zhang, H,; Zhong, J.; Yuan, W.; Yang, J.; Chang, H. Ambient pressure drift rejection of mode-localized
resonant sensors. In Proceedings of the 2017 IEEE 30th International Conference on Micro Electro Mechanical
Systems (MEMS), Las Vegas, NV, USA, 22-26 January 2017; Volume 2, pp. 1095-1098.

4. Zhang, H.; Kang, H.; Chang, H. Suppression on Nonlinearity of Mode-Localized Sensors Using Algebraic
Summation of Amplitude Ratios as the Output Metric. IEEE Sens. ]. 2018, 18, 7802-7809. [CrossRef]

5. Tran, N.; Ghayesh, M.H.; Arjomandi, M. Ambient vibration energy harvesters: A review on nonlinear
techniques for performance enhancement. Int. J. Eng. Sci. 2018, 127, 162-185. [CrossRef]

6.  Hajjaj, A.Z.; Hafiz, M.A.; Younis, M.I. Mode Coupling and Nonlinear Resonances of MEMS Arch Resonators
for Bandpass Filters. Sci. Rep. 2017, 7, 41820-41826. [CrossRef]

7. Wang, Y.Z; Li, EM. Nonlinear primary resonance of nano beam with axial initial load by nonlocal continuum
theory. Int. ]. Non-Linear. Mech. 2014, 61, 74-79. [CrossRef]

8. Han, J; Jin, G.; Zhang, Q.; Wang, W.; Li, B.; Qi, H. Dynamic evolution of a primary resonance MEMS
resonator under prebuckling pattern. Nonlinear Dyn. 2018, 93, 2357-2378. [CrossRef]

9.  Farokhi, H.; Ghayesh, M.H. Nonlinear thermo-mechanical behaviour of MEMS resonators. Microsyst. Technol.
2017, 23, 5303-5315. [CrossRef]

10. Ruzziconi, L.; Lendi, S.; Younis, M.I. An Imperfect Microbeam Under an Axial Load and Electric Excitation:
Nonlinear Phenomena and Dynamical Integrity. Int. J. Bifurc. Chaos. 2013, 23, 1350026. [CrossRef]

11. Ramini, A.; Bellaredj, M.L.E,; Hafiz, M.A.A.; Younis, M.I. Experimental investigation of snap-through motion
of in-plane MEMS shallow arches under electrostatic excitation. J. Micromech. Microeng. 2015, 26, 075012.
[CrossRef]

12.  Ruzziconi, L.; Younis, M.L; Lenci, S. Nonlinear dynamics of an electrically actuated imperfect microbeam
resonator: experimental investigation and reduced-order modeling. J. Comput. Nonlinear Dyn. 2013, 8,
011014. [CrossRef]

13.  Farokhi, H.; Ghayesh, M.H. Nonlinear resonant response of imperfect extensible Timoshenko microbeams.
Int. J. Mech. Mater. Des. 2017, 13, 43-55. [CrossRef]

14. Kazemirad, S.; Ghayesh, M.H.; Amabili, M. Thermo-mechanical nonlinear dynamics of a buckled axially
moving beam. Arch. Appl. Mech. 2013, 83, 25-42. [CrossRef]

15.  Farokhi, H.; Ghayesh, M.H.; Hussain, S. Large-amplitude dynamical behaviour of microcantilevers. Int. |.
Eng. Sci. 2016, 106, 29-41. [CrossRef]

16. Ghayesh, M.H.; Kazemirad, S.; Darabi, M.A. A general solution procedure for vibrations of systems with
cubic nonlinearities and nonlinear/time-dependent internal boundary conditions. J. Sound Vib. 2011, 330,
5382-5400. [CrossRef]

17.  Ghayesh, M.H.; Kazemirad, S.; Reid, T. Nonlinear vibrations and stability of parametrically exited systems
with cubic nonlinearities and internal boundary conditions: A general solution procedure. Appl. Math. Model.
2012, 36, 3299-3311. [CrossRef]

18.  Ghayesh, M.H. Nonlinear vibration analysis of axially functionally graded shear-deformable tapered beams.
Appl. Math. Model. 2018, 59, 583-596. [CrossRef]

19. Ghayesh, M.H. Functionally graded microbeams: Simultaneous presence of imperfection and viscoelasticity.
Int. J. Mech. Sci. 2018, 140, 339-350. [CrossRef]

20. Farokhi, H.; Ghayesh, M.H. Supercritical nonlinear parametric dynamics of Timoshenko microbeams.
Commun. Nonlinear Sci. Numer. Simul. 2017, 59, 592-605. [CrossRef]

21. Farokhi, H.; Ghayesh, M.H.; Amabili, M. Nonlinear resonant behavior of microbeams over the buckled state.
Appl. Phys. A. 2013, 113, 297-307. [CrossRef]

22.  Ghayesh, M.H.; Amabili, M.; Farokhi, H. Coupled global dynamics of an axially moving viscoelastic beam.
Int. J. Non. Linear. Mech. 2013, 51, 54-74. [CrossRef]

23.  Ghayesh, M.H.; Moradian, N. Nonlinear dynamic response of axially moving, stretched viscoelastic strings.

Arch. Appl. Mech. 2011, 81, 781-799. [CrossRef]


http://dx.doi.org/10.3390/mi7100191
http://www.ncbi.nlm.nih.gov/pubmed/30404364
http://dx.doi.org/10.1109/JMEMS.2010.2046624
http://dx.doi.org/10.1109/JSEN.2018.2857923
http://dx.doi.org/10.1016/j.ijengsci.2018.02.003
http://dx.doi.org/10.1038/srep41820
http://dx.doi.org/10.1016/j.ijnonlinmec.2014.01.008
http://dx.doi.org/10.1007/s11071-018-4329-4
http://dx.doi.org/10.1007/s00542-017-3381-1
http://dx.doi.org/10.1142/S0218127413500260
http://dx.doi.org/10.1088/0960-1317/26/1/015012
http://dx.doi.org/10.1115/1.4006838
http://dx.doi.org/10.1007/s10999-015-9316-z
http://dx.doi.org/10.1007/s00419-012-0630-8
http://dx.doi.org/10.1016/j.ijengsci.2016.03.002
http://dx.doi.org/10.1016/j.jsv.2011.06.001
http://dx.doi.org/10.1016/j.apm.2011.09.084
http://dx.doi.org/10.1016/j.apm.2018.02.017
http://dx.doi.org/10.1016/j.ijmecsci.2018.02.037
http://dx.doi.org/10.1016/j.cnsns.2017.11.033
http://dx.doi.org/10.1007/s00339-013-7894-x
http://dx.doi.org/10.1016/j.ijnonlinmec.2012.12.008
http://dx.doi.org/10.1007/s00419-010-0446-3

Micromachines 2019, 10, 729 18 of 19

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.
49.

Ghayesh, M.H. Subharmonic dynamics of an axially accelerating beam. Arch. Appl. Mech. 2012, 82,1169-1181.
[CrossRef]

Ghayesh, M.H.; Yourdkhani, M.; Balar, S.; Reid, T. Vibrations and stability of axially traveling laminated
beams. Appl. Math. Comput. 2010, 217, 545-556. [CrossRef]

Ghayesh, M.H. Dynamics of functionally graded viscoelastic microbeams. Int. J. Eng. Sci. 2018, 124, 115-131.
[CrossRef]

Farokhi, H.; Ghayesh, M.H. Nonlinear mechanics of electrically actuated microplates. Int. J. Eng. Sci. 2018,
123, 1339-1351. [CrossRef]

Younis, M.L; Nayfeh, A.H. A study of the nonlinear response of a resonant microbeam to an electric actuation.
Nonlinear Dyn. 2003, 31, 91-117. [CrossRef]

Antonio, D.; Zanette, D.H.; Lépez, D. Frequency stabilization in nonlinear micromechanical oscillators.
Nat. Commun. 2012, 3, 806-812. [CrossRef]

Zanette, D.H. Stability of two-mode internal resonance in a nonlinear oscillator. Eur. Phys. ]. B Condens.
Matter Complex Syst. 2018, 91, 89-95. [CrossRef]

Zanette, D.H.; Czaplewski, D.A.; Shaw, S.; Lo, D.; Chen, C. Direct observation of coherent energy transfer in
nonlinear micromechanical oscillators. Nat. Commun. 2017, 8, 15523-15530.

Kambali, PN.; Swain, G.; Pandey, A K.; Buks, E.; Gottlieb, O. Coupling and tuning of modal frequencies in
direct current biased microelectromechanical systems arrays. Appl. Phys. Lett. 2015, 107, 063104. [CrossRef]
Wang, Z.; Ren, ]J. Three-to-One Internal Resonance in MEMS Arch Resonators. Sensors 2019, 19, 1888.
[CrossRef] [PubMed]

Alfosail, FK.; Hajjaj, A.Z.; Younis, M.I. Theoretical and Experimental Investigation of Two-to-One Internal
Resonance in MEMS Arch Resonators. J. Comput. Nonlinear Dyn. 2019, 14, 011001. [CrossRef]

Hajjaj, A.Z.; Alfosail, FX.; Younis, M.I. Two-to-one internal resonance of MEMS arch resonators. Int. |. Non.
Linear. Mech. 2018, 107, 64-72. [CrossRef]

Hajjaj, A.Z.; Alcheikh, N.; Younis, M.L. The static and dynamic behavior of MEMS arch resonators near
veering and the impact of initial shapes. Int. J. Non. Linear. Mech. 2017, 95, 277-286. [CrossRef]

Ouakad, HM.; Sedighi, H.M.; Younis, M.I. One-to-One and Three-to-One Internal Resonances in MEMS
Shallow Arches. J. Comput. Nonlinear Dyn. 2017, 12, 1-11. [CrossRef]

Mullen, R.L.; Mehregany, M.; Omar, M.P.; Ko, W.H. Theoretical modeling of boundary conditions in
microfabricated beams. In Proceedings of the IEEE Micro Electro Mechanical Systems, Nara, Japan,
30 December 1990-2 January 1991; pp. 154-159.

Ekici, H.O.; Boyaci, H. Effects of non-ideal boundary conditions on vibrations of microbeams. J. Vib. Control.
2007, 13, 1369-1378. [CrossRef]

Alkharabsheh, S.A.; Younis, M.I. The Dynamics of MEMS Arches of Non-Ideal Boundary Conditions.
In Proceedings of the ASME 2011 International Design Engineering Technical Conferences and Computers
and Information in Engineering Conference, Washington, DC, USA, 28-31 August 2011; pp. 197-207.
Alkharabsheh, S.A.; Younis, M.I. Dynamics of MEMS arches of flexible supports. J. Microelectromech. Syst.
2013, 22, 216-224. [CrossRef]

Farokhi, H.; Ghayesh, M.H.; Hussain, S. Pull-in characteristics of electrically actuated MEMS arches.
Mech. Mach. Theory. 2016, 98, 133-150. [CrossRef]

Ghayesh, M.H.; Amabili, M.; Farokhi, H. Three-dimensional nonlinear size-dependent behaviour of
Timoshenko microbeams. Int. J. Eng. Sci. 2013, 71, 1-14. [CrossRef]

Ghayesh, M.H. Viscoelastic mechanics of Timoshenko functionally graded imperfect microbeams.
Compos. Struct. 2019, 225, 110974. [CrossRef]

Ghayesh, M.H. Mechanics of viscoelastic functionally graded microcantilevers. Eur. ]. Mech. A/Solids. 2019,
73,492-499. [CrossRef]

Ghayesh, M.H. Asymmetric viscoelastic nonlinear vibrations of imperfect AFG beams. Appl. Acoust. 2019,
154,121-128. [CrossRef]

Ghayesh, M.H. Dynamical analysis of multilayered cantilevers. Commun. Nonlinear Sci. Numer. Simul. 2019,
71,244-253. [CrossRef]

Ghayesh, M.H. Nonlinear oscillations of FG cantilevers. Appl. Acoust. 2019, 145, 393-398. [CrossRef]
Ghayesh, M.H. Resonant vibrations of FG viscoelastic imperfect Timoshenko beams. J. Vib. Control. 2019, 25,
1823-1832. [CrossRef]


http://dx.doi.org/10.1007/s00419-012-0609-5
http://dx.doi.org/10.1016/j.amc.2010.05.088
http://dx.doi.org/10.1016/j.ijengsci.2017.11.004
http://dx.doi.org/10.1016/j.ijengsci.2017.08.017
http://dx.doi.org/10.1023/A:1022103118330
http://dx.doi.org/10.1038/ncomms1813
http://dx.doi.org/10.1140/epjb/e2018-90030-0
http://dx.doi.org/10.1063/1.4928536
http://dx.doi.org/10.3390/s19081888
http://www.ncbi.nlm.nih.gov/pubmed/31010047
http://dx.doi.org/10.1115/1.4041771
http://dx.doi.org/10.1016/j.ijnonlinmec.2018.09.014
http://dx.doi.org/10.1016/j.ijnonlinmec.2017.07.002
http://dx.doi.org/10.1115/1.4036815
http://dx.doi.org/10.1177/1077546307077453
http://dx.doi.org/10.1109/JMEMS.2012.2226926
http://dx.doi.org/10.1016/j.mechmachtheory.2015.12.001
http://dx.doi.org/10.1016/j.ijengsci.2013.04.003
http://dx.doi.org/10.1016/j.compstruct.2019.110974
http://dx.doi.org/10.1016/j.euromechsol.2018.09.001
http://dx.doi.org/10.1016/j.apacoust.2019.03.022
http://dx.doi.org/10.1016/j.cnsns.2018.08.012
http://dx.doi.org/10.1016/j.apacoust.2018.08.014
http://dx.doi.org/10.1177/1077546318825167

Micromachines 2019, 10, 729 19 of 19

50.

51.

52.

53.
54.

55.

56.

57.

58.
59.

60.

61.

62.

Ghayesh, M.H. Viscoelastic nonlinear dynamic behaviour of Timoshenko FG beams. Eur. Phys. J. Plus. 2019,
134,401-412. [CrossRef]

Gholipour, A.; Farokhi, H.; Ghayesh, M.H. In-plane and out-of-plane nonlinear size-dependent dynamics of
microplates. Nonlinear Dyn. 2015, 79, 1771-1785. [CrossRef]

Ghayesh, M.H.; Farokhi, H.; Amabili, M. Nonlinear dynamics of a microscale beam based on the modified
couple stress theory. Compos. Part B Eng. 2013, 50, 318-324. [CrossRef]

Ghayesh, M.H. Viscoelastic dynamics of axially FG microbeams. Int. . Eng. Sci. 2019, 135, 75-85. [CrossRef]
Ghayesh, M.H.; Farokhi, H.; Amabili, M. In-plane and out-of-plane motion characteristics of microbeams
with modal interactions. Compos. Part B Eng. 2014, 60, 423-439. [CrossRef]

Ghayesh, M.H.; Farokhi, H. Chaotic motion of a parametrically excited microbeam. Int. |. Eng. Sci. 2015, 96,
34-45. [CrossRef]

Ghayesh, M.H.; Farokhi, H.; Alici, G. Size-dependent performance of microgyroscopes. Int. J. Eng. Sci. 2016,
100, 99-111. [CrossRef]

Farokhi, H.; Ghayesh, M.H.; Amabili, M. Nonlinear dynamics of a geometrically imperfect microbeam based
on the modified couple stress theory. Int. . Eng. Sci. 2013, 68, 11-23. [CrossRef]

Ghayesh, M.H.; Farokhi, H. Nonlinear dynamics of microplates. Int. . Eng. Sci. 2015, 86, 60-73. [CrossRef]
Farokhi, H.; Ghayesh, M.H. Thermo-mechanical dynamics of perfect and imperfect Timoshenko microbeams.
Int. ]. Eng. Sci. 2015, 91, 12-33. [CrossRef]

Ghayesh, M.H.; Farokhi, H.; Amabili, M. Nonlinear behaviour of electrically actuated MEMS resonators.
Int. ]. Eng. Sci. 2013, 71, 137-155. [CrossRef]

Ghayesh, M.H.; Amabili, M.; Farokhi, H. Nonlinear forced vibrations of a microbeam based on the strain
gradient elasticity theory. Int. J. Eng. Sci. 2013, 63, 52—60. [CrossRef]

Ouakad, HM.; Younis, M.I. The dynamic behavior of MEMS arch resonators actuated electrically. Int. ]. Non.
Linear. Mech. 2010, 45, 704-713. [CrossRef]

@ © 2019 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1140/epjp/i2019-12472-x
http://dx.doi.org/10.1007/s11071-014-1773-7
http://dx.doi.org/10.1016/j.compositesb.2013.02.021
http://dx.doi.org/10.1016/j.ijengsci.2018.10.005
http://dx.doi.org/10.1016/j.compositesb.2013.12.074
http://dx.doi.org/10.1016/j.ijengsci.2015.07.004
http://dx.doi.org/10.1016/j.ijengsci.2015.11.003
http://dx.doi.org/10.1016/j.ijengsci.2013.03.001
http://dx.doi.org/10.1016/j.ijengsci.2014.10.004
http://dx.doi.org/10.1016/j.ijengsci.2015.02.005
http://dx.doi.org/10.1016/j.ijengsci.2013.05.006
http://dx.doi.org/10.1016/j.ijengsci.2012.12.001
http://dx.doi.org/10.1016/j.ijnonlinmec.2010.04.005
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction 
	Problem Formulation 
	The Method of Multiple Scales 
	Primary Resonance of the First Mode 
	Primary Resonance of the Second Mode 

	Numerical Results 
	Primary Resonance of the First Mode 
	Primary Resonance of the Second Mode 
	Numerical Verification 

	Conclusions 
	References

