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Section I: Background Theories of Magnetic Force and Piezoelectric Voltage Output 

Part I: Magnetic Force 

Before we start deriving the governing equations of the magnetic force induced in the Ni thick 
film of our sensor, we need to mention that the governing equation capable of precisely calculating 
the attractive and repulsive magnetic forces between two magnets is very complex (it depends on the 
shape, magnetization, orientation, separation distance, and so on, of the magnets) and thus difficult 
to derive. Therefore, in order to avoid complex mathematic calculation/estimation, few assumptions 
are made to simplify the complex magnetic-force calculation/estimation for our sensor. These 
assumptions include: (1) The cylindrical Ni thick film on our sensor is considered as a cylindrical 
permanent magnet owning the magnetization-strength which is obtained from measurement. (2) The 
electromagnets used to produce the external AC magnetic field to the sensor are considered as 
cylindrical permanent magnets according to the Ampère model (note: in the Ampère model, the 
strength of a permanent magnet can be expressed in the same terms as that of an electromagnet and 
vice versa). Based on the above assumptions, we can simplify our model into a simple two-magnets 
system. To derive the approximated governing equation for our sensor, the Gilbert model [1] is used 
to express the magnetic force between the Ni thick film and the electromagnets. We chose the Gilbert 
model for magnetic force approximation for two reasons: First, the geometry of the Ni thick film and 
the electromagnet are both of cylindrical shape. Second, the distances between the Ni thick film and 
the electromagnets are much longer than their radii. These two reasons/conditions fit the basic 
assumptions of the Gilbert model for approximating the magnetic force between two cylindrical 
magnets. Therefore, the Gilbert model is appropriate to express the magnetic force in our case. 

In the Gilbert model, the magnetic force between two cylindrical bar magnets, which are placed 
end-to-end at a very long distance (x ≫ R, where x denotes the distance between two magnets and 
R denotes the radius of the magnet) with their magnetic dipole aligned, can be approximated as: 

F(x) ≃ 𝑀 𝑀 𝑅 𝑅 + −  (1) 
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where: 
x is the distance between two magnets. 
µ0 is the permeability of space, which equals to 4π × 10−7 T·m/A. 
R1 and R2 are the radius of the Ni thick film and the electromagnets, respectively. 
M1 and M2 are the magnetization of the Ni thick film and the electromagnets, respectively. 
L1 and L2 are the length of the Ni thick film and the electromagnets, respectively. 
 
According to Equation (1), the magnetic force between two cylindrical magnets (i.e., Ni thick 

film and electromagnets) is determined by their geometry with dimensions (i.e., R1, R2, L1, L2), 
distance between two magnets (i.e., x), and magnetizations (i.e., M1 and M2). However, because the 
geometry with the dimensions of the two magnets (i.e., R1, R2, L1, L2), the distance between two 
magnets (i.e., x), and the magnetization of the Ni thick film (i.e., M1) are given/determined, the 
magnetic force between the sensor and the electromagnets is proportional to the electromagnets’ 
magnetization (i.e., M2; which varies with a magnitude-controllable current provided by a function 
generator). Therefore, by using the governing Equation (1), we can correlate the applied magnetic 
field generated from the electromagnets to the induced magnetic force exerted on the Ni thick film of 
the sensor. For a detailed derivation of Equation (1), please see [1]. In addition, we noticed that there 
are several different approximation equations reported by researchers to express the magnetic force 
between permanent magnets with different shapes (e.g., cuboidal and cylindrical) [2,3]. However, 
although these approximation equations might express the magnetic force as precisely as the Gilbert 
model, most of them are in a very complex form. Thus, the Gilbert model approximation is suitable 
for us to simply express the magnetic-field-induced magnetic force to our sensor. 

Part II: Piezoelectric Voltage Output 

After the magnetic force is induced in the Ni thick film, the relationship between the voltage and 
the magnetic force from the sensor must be estimated. To achieve this, the voltage output of a 
piezoelectric harvester/sensor can be approximated by using below governing Equation (2) (which is 
derived/reported by S. Roundy et al. and our previous work) [4,5]. Note that Equation (2), expressing 
the piezoelectric voltage output of a piezoelectric diaphragm, is estimated by a given driving 
vibration which is modified from Equation (45) in [5]. For a detailed derivation of Equation (2), please 
see [5]. 

𝑉 ≃  𝑗𝜔 2𝑐 𝑑 𝑡𝜀  𝐴𝑘𝜔𝑅𝐶 − 1𝑅𝐶 + 2𝜁𝜔 𝜔 + 𝜔 1 + 𝑘 + 2𝜁𝜔𝑅𝐶 − 𝜔  (2) 

where: 
ω is the frequency of driving vibration. 
ωn is the resonance frequency. 
cp is the elastic constant of the piezoelectric material.  
d31 is the piezoelectric coefficient of the piezoelectric material. 
k31 is the piezoelectric coupling coefficient of the piezoelectric material. 
tc is the thickness of the piezoelectric material. 
k is a geometric constant relates strain to the deflection of the piezoelectric material.  
ε is the dielectric constant of the piezoelectric material. 
R is load resistance. 
Cb is the capacitance of the piezoelectric material. 
ζ is the unitless damping ratio. 
Ain is the Laplace transform of the input vibrations in terms of acceleration. 
 
The dielectric constant ε is calculated by using Equation (3) below [5]. The capacitance Cb is 

calculated by using below Equation (4) [5]. ζ is calculated from piezoelectric mechanical Q by using 
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the Equation (5). The geometric constant k is calculated from the relation of the stress and 
displacement of the diaphragm by using Equation (6) [5]. 𝜀 = 𝑑 𝑐𝑘  (3) 

𝐶 = 𝜀𝑑4𝑡  (4) 

ζ = 12𝑄 (5) 

𝑘 = 16𝑡𝜋 1 − 𝜌  (6) 

where de is the diameter of the electrode covering the piezoelectric material (which equals to the 
diameter of the piezoelectric diaphragm in our case), tc is the thickness of the piezoelectric diaphragm, 
and ρ is the Poisson’s ratio of the piezoelectric material. According to the above Equations (2)–(6), 
since most parts of the parameters in Equation (2) are known by the given design and material 
properties of the sensor, the piezoelectric voltage output (V) is proportional to only one variable, the 
Laplace transform of the input vibration in terms of acceleration (Ain). In addition, according to 
Newton’s second law of motion (i.e., F = ma), the acceleration of an object is proportional to the force 
acting on the object. Therefore, by using Equations (2)–(6), we can correlate the magnetic-field-
induced force exerted on the Ni thick film of our sensor to the piezoelectric voltage output of our 
sensor. In addition, because of the proportional relation between the strength of the magnetic field 
and the induced magnetic force exerted on the sensor (as shown in Equation (1)) and the proportional 
relation between the magnetic force exerted on the sensor and the piezoelectric voltage output (as 
shown in Equation (2)–(6)), we can correlate them and conclude that there is also a proportional 
relation between the magnetic field to the piezoelectric voltage output. To clearly show this, the 
derivation process of the proportional relations of the above equations are shown below. 𝐹 ∝ 𝑀  (7) 

𝐹 = 𝑚𝑎 (8) 

F ∝ 𝑎 (9) 

𝑉 ∝ 𝐴  (10) 

𝑉 ∝ 𝑀  (11) 

The derivation process starts from the magnetic force approximation Equation (1). In Equation 
(1), we can correlate the proportional relation between the induced magnetic force (i.e., F) exerted on 
the sensor and the strength of the magnetic field (i.e., M2) applied to the sensor. The correlation is 
shown as Equation (7). After this, according to Newton’s second law of motion as shown in Equation 
(8), the force (i.e., F) acting on the object is proportional to the acceleration (i.e., a) of an object. The 
proportional relation is shown as Equation (9). According to the piezoelectric voltage output 
approximation Equation (2), the piezoelectric voltage output (i.e., V) is proportional to the Laplace 
transform of the input vibration in terms of acceleration (i.e., Ain), as shown in Equation (10). Finally, 
according to the above derivation, the piezoelectric voltage output (i.e., V) is in proportional relation 
to the strength of the magnetic field (i.e. M2) applied to the sensor, as shown in Equation (11). That is, 
Equation (11) represents the basic relation between the initial input (the magnetic field) and the final 
output (piezoelectric voltage) of our sensor. In addition, the proportional relation between the input 
and output of our sensor can explain the linearity of the magnetic field testing results of our sensor 
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as shown in Figure 9 in the manuscript. Furthermore, several articles regarding pressure 
oscillators/sensors using a piezoelectric diaphragm [6,7] proposed to show the proportional relation 
between the force exerted on the oscillator/sensor and the corresponding piezoelectric voltage output. 
In these articles, the experimental results show that the piezoelectric voltage output is linear to the 
pressure applied to the sensor. This confirms the proportional relation between the magnetic force 
and the final piezoelectric voltage output of our sensor. 

Section II: Frequency Response Measurement of the Sensor 

The frequency response of the fabricated mechanical diaphragm structure of a single sensing 
element was evaluated by using a laser Doppler vibrometer (LDV). The testing setup of the resonant 
frequency test is shown in Figure S1. Figure S1a shows the photograph of the LDV setup. Figure S1b 
illustrates the sensor mounted on the miniature piezoelectric stacked actuator. Figure S1c is the 
photograph of the miniature piezoelectric stacked actuator. The testing procedures are described as 
follows. First, we used double-side tapes to attach the fabricated single sensing element onto a 
miniature piezoelectric actuator, which is a standard testing device used to provide a vibrational 
frequency sweeping to a MEMS device during the resonant frequency test. After this, the laser spot 
of the LDV was aligned onto the center of the Ni thick film (which is also the center of the fabricated 
diaphragm) of the sensing element. After the alignment, a frequency sweep ranging from 1 Hz to 30 
kHz was conducted by the miniature piezoelectric actuator. During the frequency sweeping, the 
frequency response of the sensing element is recorded by the LDV. This completes the resonant 
frequency test of our sensor. 

 

Figure S1. Resonant frequency testing setup using laser Doppler vibrometer (LDV): (a) photograph 
of the LDV setup, (b) illustration of the sensor mounted on the miniature piezoelectric stacked 
actuator for testing, and (c) photograph of the miniature piezoelectric stacked actuator. 

Section III: Test of Magnetic Field Shielding Effect of the Magnetic Field Shielding Box 

To see the actual effect contributed by the shielding box, we conduct a simple test to measure 
the strength of the background magnetic field inside and outside the shielding box. To measure the 
magnitude of the background magnetic fields (includes DC and AC magnetic fields), a Gauss meter 
(model: 5170, manufacturer: F. W. Bell Milwauki, OR, USA) and a Gauss meter’s probe (model: 
STD18-0404, manufacturer: F. W. Bell, Milwauki, OR, USA) were used. The resolution and frequency 
bandwidth of the Gauss meter as 0.1 Gauss and 20 kHz, respectively. The specifications of the Gauss 
meter and Gauss meter’s probe used for measurement are shown in Figure S2. The testing procedure 
is described as follows. First, we placed the Gauss meter probe inside the shielding box to measure 
the AC and DC background magnetic fields in three-axial directions. After this, we conducted the 
same measurements but outside the box. After the test was completed, we recorded and analyzed 
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the values of these background magnetic fields to figure out the magnetic field shielding effect of the 
shielding box. The testing setup and results of the background magnetic field measurement are 
shown in Figure S3a–b and Figure S3c, respectively. As shown in Figure S3c, the testing results show 
that the DC background magnetic fields in X-axial, Y-axial, and Z-axial inside the shielding box were 
0.3 ± 0.1 Gauss, 0.2 ± 0.1 Gauss, and 0.3 ± 0.1 Gauss, respectively. In contrast, the DC background 
magnetic fields in X-axial, Y-axial, and Z-axial outside the shielding box were 0.5 ± 0.1 Gauss, 0.5 ± 
0.1 Gauss, and 0.3 ± 0.1 Gauss, respectively. As for the AC background magnetic fields, all the 
measurement results indicate that there were no AC background magnetic fields inside or outside 
the shielding box (or the AC background magnetic fields were too small to be detected). Therefore, 
due to the above testing results, we can conclude that the magnetic shielding box is able to shield the 
DC magnetic fields by a magnitude of 0.1 to 0.2 Gauss. Nevertheless, these small magnitudes of DC 
magnetic fields (shielded or unshielded) do not influence the sensing results of our sensor. This is 
because the targeted sensing magnetic fields of our sensor are AC magnetic fields. In addition, 
because we utilized the lock-in amplifier to achieve the phase-oriented signal amplification, this small 
DC bias from the background magnetic fields becomes negligible. Therefore, based on the above 
reasons, our sensor (without shielding box) can sense three-axial magnetic fields as well as other 
magnetic sensors. This means that our sensor (without shielding box) can be used for most actual 
applications as well as other magnetic sensors. (Note: this claim is valid when the sensor is away from 
sources of strong magnetic-field interferences such as high-power electrical instruments or 
permanent magnets). Nevertheless, when conducting the laboratory-level tests, we think that it is 
good to have the shielding box to provide a standard near-zero magnetic field testing environment 
(free of magnetic field noises) for the sensor, as a standard testing reference. 

 

Figure S2. The illustration and specification of (a) Gauss meter and (b) Gauss meter’s probe used for 
magnetic field measurement/calibration. 
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Figure S3. The testing setup and results of background magnetic-fields measurement. Photographs 
of testing setup (a) inside the shielding box and (b) outside the shielding box. (c) Table summarizing 
the testing results. 
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